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ABSTRACT. We consider solutions to a nonlinear reaction diffusion equation
when the reaction term varies randomly with respect to the spatial coordinate.
The nonlinearity is the KPP type nonlinearity. For a stationary and ergodic
medium, and for certain initial condition, the solution develops a moving front
that has a deterministic asymptotic speed in the large time limit. The main
result of this article is a central limit theorem for the position of the front, in
the supercritical regime, if the medium satisfies a mixing condition.

1. Introduction and main results. We consider the scalar reaction-diffusion
equation
VUt = Ve + g(z,w)v(1 —v), x€R, t>0, (1)

with random reaction rate g(z,w) : R x © — (0,00), defined over a probability
space (2, F,P). We will make assumptions about g and about the initial condition
at t = 0 so that, with probability one, there is a classical solution to (1) satisfying
0<wv<landlim, , ov=1,lim; ;o v = 0. This ensemble of solutions behaves
like a traveling wave or front propagating through the random environment. We
wish to understand the statistical fluctuations of the ensemble at large times.

When the reaction rate g is a constant, this equation is often called the KPP-
Fisher equation, and it has been known for a long time that there is a family of
traveling wave solutions moving with constant speed [12, 7]. There is a minimal
speed ¢* > 0 such that for each ¢ > c¢* there is a traveling wave of the form
v(t,z) = v(x — ct) where 0 < ¥ < 1 and 9(—o00) = 1, 0(4+00) = 0. The equilibrium
states v = 0 and v = 1 are unstable and stable, respectively. So, traveling waves
describe the propagation of the stable state. When g varies with x, there may not be
traveling wave solutions in this classical sense, although solutions may still exhibit
some wave-like behavior. For some examples of such behavior in periodic, almost-
periodic, random media, or general disordered media we refer to [2, 23, 19, 3, 26].

In this paper, we impose a statistical structure on g that is stationary and ergodic
with respect to shifts in x. This means that there is a group of measure-preserving
transformations {7y }rer, acting ergodically on (€2, F), such that for almost every
w€ Q, g(z+k,w) = gz, mw) holds for all x € R, k € R. We also assume that there
are constants gmin and gmas such that 0 < gmin < g(z,w) < gmas holds for all x
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with probability one, so that the state v = 1 is everywhere stable and the state v = 0
is everywhere unstable. Although the statistics of g are translation invariant, each
realization z — g(x,w) will vary with z. We assume that the function 2 — g(z, w)
is almost surely uniformly Lipschitz continuous. Under these assumptions and with
suitable initial condition v9 = v(0,z,w) to be defined later, (1) admits a unique
classical solution v(t, z,w) for almost every w € €.

The initial condition will satisfy 0 < vg < 1, lim,_, o v = 1, and lim,_ ., vg =
0. One can show that v 1 locally uniformly, as t — oo. We define the position of
the wave for ¢ > 0 to be the random process

X(t,w)=sup{r e R| v(t,z,w) =1/2}.

This process will diverge as t — oo, but because the environment is statistically
stationary one expects some averaging to occur in the large time limit. Indeed,
Freidlin and Gértner [8, 9] have proved that for suitable initial conditions the limit

lim =c>0

exists with probability one. This may be regarded as a law of large numbers for
the random wave position. The purpose of the present analysis is to understand
the fluctuations around this average behavior X (¢,w) ~ ct. Specifically, are the
fluctuations Gaussian? Under what conditions will the central limit theorem hold

. X(t,w) —ct > 1 /a/a ,
lim P ——F——>a|=® = — vI2q
A < 7 o (/o) N e Y

for some o > 07

Equations like (1) arise in several physical and biological applications in which
a front or phase boundary develops and invades an unstable phase. The nonlinear
term v(1 — v) is a prototype model that leads to “pulled fronts”. For an extensive
review of such applications, see [25]. From the point of view of applications, the
choice of a coefficient g which varies with x is natural, given that g represents a
physical or biological parameter like a reaction rate or birth rate. Because the
underlying environment may vary in a way that is best described statistically, these
parameters may be described as a random field, and it is interesting to consider
the statistical behavior of fronts moving through such a random environment. For
work on some other models of noisy pulled fronts see [22, 24, 17, 5].

1.1. The linearized equation. The dynamics of pulled fronts depends sensitively
on the behavior at the leading edge where v takes values close to 0, the unstable
state. For this reason, it is natural to first consider the linearized equation

Pt = Pz + g(T,W) 0, (2)

and then try to compare the solution of the nonlinear equation (1) to solutions of
this linearized equation. To this end, we will study a special family of solutions for
x € [0,00) having the form

o(t, z,w;y) = e u(z,w; ),

where for sufficiently large values of the parameter v > 0, the random function
u(-,w;y) is defined by the following theorem.
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Theorem 1.1. There is a real numbery € [Gmin, maz] sSuch that the following hold,
P almost surely: For every v > 7 there exists a unique function u = u(-,w;y) €
C?((0,00)) N C([0,00)) which solves the linear boundary value problem

Ugy + (9(z,w) =Y)u=0, x>0 (3)

and satisfies u(z,w,y) > 0 for all x > 0; u(0) = 1; and limy_, 4o u(x) = 0. If
v < 7, then no such solution exists. For ~v > 7, the limit

p) =l logu(r,w;7) (4)

r—r+00

holds with probability one. The decay rate p(y) is deterministic, and it is concave
and increasing in .

For v > 7, p(t,x,w;v) solves the linearized equation (2) on the half-line z €
[0,00) with boundary condition ¢(t,0,w;v) = €t for ¢ > 0 and initial condition
©(0, z,w;7y) = u(x,w;v) for all z > 0. We define

Y (t,w;y) =sup{z > 0| @(t,z,w;y) =1/2},

and we refer to this stochastic process as the position of the wave ¢ at time ¢.
This process is nonnegative and non-decreasing in t. However, because u may
not be monotone decreasing, Y (t) may not be continuous. Using the fact that
log(u(z,w;y)) ~ —u(y)x as © — oo, we see that the limit
Y (t,w;

i Y@ v ) (5)

tmeo ()
holds with probability one. The properties of the function p(y) (see Lemma 2.6)
imply that the minimal speed

¢ = inf ¢(vy) = inf >0

v>5 v>7 ()
is positive. The asymptotic speed of ¢ depends on the exponential decay rate of
the initial condition, u(x,w;").

To analyze the fluctuations in Y'(t,w;v), we must analyze fluctuations in the
tail of u(x,w;v) via a refinement of (4). We will assume that g satisfies a mixing
condition (38). This is a standard condition that appears in central limit theorems
for sums of dependent random variables; it controls long-range dependence in the
random field g(z,w).

Theorem 1.2. Suppose that g(z,w) satisfies the ¢-mizing condition (38) with
S 0(k)/? < oo. Let v > 7. Then as n — oo, the random variable

log(u(n, w;7y)) + u(y)n 6
(6)
LD
converges in distribution to a centered Gaussian with variance o > 0. If 0® > 0,
then for any M > 0 the family of processes {V,(x,w)}52; defined by

Vn(x,w;v) _ IOg(u(wnaw;V)) + /J,(’Y)T?’La = [O,M] (7)

ovn
converges weakly to a standard Brownian motion on [0, M] as n — oo, in the sense
of weak convergence of measures on C([0, M]) with the uniform topology.
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In principle, the variance o2 could vanish, although we do not have a nontrivial
example of this phenomenon. If ¢ = 0, the convergence described by the theorem
means that the quotient (6) converges in distribution to zero. Later at Proposition
1, we construct a simple example for which o is positive. From this we will obtain
a central limit theorem for the fluctuations of Y (¢,w; ) about its asymptotic mean
behavior:

Theorem 1.3. Suppose that g(z,w) satisfies the ¢-mizing condition (38) with
S 0(k)Y? < oo Let vy > 5, p = u(v), and ¢ = c(y). Suppose that ¢ > 0,
where o is defined in Theorem 1.2. For any o € R,

For each M > 0 the family of processes

lim P

t—o0

Y (nt,w;vy) — ent

p-leoym
converges weakly, in the Skorohod space D, to a standard Brownian motion as n —
00.

Zn(t,w;y) =

t € [0, M]

The processes Y (t,w;v) and Z,(t,w;y) may not be continuous. This is why we
consider convergence in the Skorohod space D — the space of functions on [0, M]
which are right-continuous with left-hand limits, endowed with the Skorohod metric
topology [4].

1.2. The nonlinear equation. Now we return to the nonlinear equation (1). Frei-
dlin and Géartner [8, 9] proved that if

tim_vg(a.w) = 1, )
and 1

Jim ——logvo(w,w) > p* = p(y"), (10)
where

*

7 =inf{y>7]| c(y) =c'}, (11)
then X (t,w)/t — c¢*, with probability one as ¢ — oo. The bound (10) means
that the initial condition vy decays to zero more rapidly than ¢(0,z,w;~*), which
corresponds to the minimal speed c¢*. This result can be extended to more slowly
decaying initial conditions. Specifically, if (9) and

lim —log (e, w) = u(7) < 4, (12

r—r00 €T
hold for some v € (7,~*) (with probability one), then
lim X(t,w)
t— 00 t
So, the decay rate of the initial condition vy selects the asymptotic speed of the
front.

The fluctuations of the solution are a more delicate issue. One expects that the
large time behavior of v(t,z,w) will be close to that of (¢, z,w;~) if the initial
condition vy (x,w) is sufficiently close to u(x,w;vy) = ¢(0, z,w;~) for z >> 1. Thus,
we might obtain a central limit theorem for X (¢,w) by comparing v to ¢ and using
Theorem 1.3. For technical reasons, however, our approach to estimating v by ¢
allows us to consider only supercritical waves which move faster than the minimal

=c(y) > c".
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speed c¢*. We suppose that for some v € (3,v*) the initial condition v (z,w) satisfies
(9) and
Cr(w)u(z, w;v) < vo(z,w) < Co(w)u(z,w;vy), Yax>0. (13)

and some positive constants C;(w), Ca(w). Our main result for the nonlinear prob-
lem is the following:

Theorem 1.4. Suppose that g(z,w) satisfies the ¢-mizing condition (38) with
S 0(k)V/? < co. Suppose that v € (3,7%), ¢ = c(v), p = p(v), and that vy
satisfies (9) and (13). Suppose that o > 0, where o is defined in Theorem 1.2.
Then for any a € R,

oo
lim P (M < a) = ®(afo) = L/ / e V2 4y,
t—o00 plevt V2T s

In [18] the author derived a complementary result in the case that the nonlinear
term is of the bistable or ignition type. Those nonlinearities correspond to “pushed
fronts”, which are not as sensitive to fluctuations in the leading edge of the wave.
Moreover, in that setting the asymptotic wave speed is unique. The strategy in [18]
was to show that the wave is stable with respect to fluctuations in the environment
that are far from the interface, so the motion of the interface depends primarily
on the local environment. That approach relies on stability analysis for generalized
traveling waves developed in [16], and resulted in a full invariance principle for the
wave position.

For KPP fronts (i.e. pulled fronts), stability is a more delicate issue and the
dynamics can be quite complex, even in the case of the homogeneous environment
where ¢ is constant. This is due to the sensitive dependence of the wave on the
leading edge. For recent work on the stability of KPP fronts, see [1] and [11] for
the supercritical case, and [15] for the critical case. As the reader will see later, our
approach to proving Theorem 1.4 is to show that, with high probability as t — oo,
the wave position X (¢,w) (associated with v) does not lag too far behind Y (¢, w)
(associated with ).

Observe that the initial condition vy (z) satisfying (13) is random. In particular,
this assumption excludes the case where vg(z) = Ce™* for z >> 1. In that case
log(u(z, w;y)/vo(x)) behaves like a Brownian motion and is not bounded above
or below; typical values of u(z,w;v)/vo(z) are of the order O(e’V?®) as € — oc.
While the condition (12) is sufficient to select the asymptotic speed, it is not clear
whether this is also sufficient to guarantee the central limit theorem for X (¢,w). To
understand this point, consider the linear equation (2) with g being a constant (i.e. a
deterministic, homogeneous medium). If the initial condition is vg(z) ~ e~ *+ove
then it is not hard to show that the corresponding wave position Y (t) satisfies
Y(t) > ct + koy/t for some positive constant k, and ¢ sufficiently large. Thus,
even in the deterministic linear setting, fluctuations of order e’V® in the initial
condition could lead to O(ko+/t) fluctuations in the position of the wave. We plan
to investigate this issue further in future work.

Let us also point out that our approach to analyzing the nonlinear equation
does not extend to the critical case v = ~*. For critical waves in the homogeneous
medium, there is a logarithmic gap between the solution of the linearized equation
and that of the nonlinear equation: Y (t) — X (¢) ~ 2 logt (see [15], and references
therein). In the random setting, however, it is not clear whether the gap between
¢ and v is only logarithmic or much larger. If the gap is o(v/t) then Theorem 1.4
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also holds in the critical case. We hope to address this critical case in future work,
as well. Fluctuations of the interface in the multidimensional setting is another
interesting and challenging topic. Although asymptotic spreading of the interface
has been proved in this setting ([14, 13, 18]), little is known about the statistics of
the fluctuations.

The rest of this paper is organized like this introductory section. In Section 2
we study the stationary equation (3). There we prove Theorem 1.1 and Theorem
1.2, and we derive some useful estimates on the function u(z,w;~y). In Section 3 we
prove Theorem 1.3 for fluctuations in the position of ¢ which solves the linearized
evolution equation. In Section 4, we prove some technical estimates that are needed
to bridge the gap between solutions of the linearized and the nonlinear equations.
In particular, we show that the leading edge of (¢(t,z,w;v))? is dominated by a
slower-moving wave; this is where we use the supercritical assumption, v € (¥, v*).
In Section 5 we prove Theorem 1.4 using the key estimate in Lemma 5.1 which
shows that, with high probability, X (¢,w) (associated with v) does not lag far
behind Y (t,w) (associated with ¢).

Acknowledgements: I am grateful to Guillaume Bal, Francios Hamel, Jean-
Michel Roquejoffre, and Lenya Ryzhik for stimulating discussions. Also, I thank
J-M.R. for providing drafts of [1, 15].

2. The stationary equation.

2.1. Proof of Theorem 1.1. In this section we give a proof of Theorem 1.1. Most
aspects of the theorem are proved already in [8] (see Chapter 7.5 therein) using the
Feynman-Kac formula and probabilistic estimates. For completeness and in order
to establish some important estimates that we will use later, we give a proof here
using different arguments.

The constant 4 will be identified with the principal eigenvalue of the operator
Ugz +gu on R (in the sense described below), and in order to construct the function
u(x,w;y) we will need to study properties of the eigenvalue problem on bounded

intervals. For an interval I = [a,b], let T'(I,w) be the principal eigenvalue and
I (z,w) > 0 the principal eigenfunction of
!4 gz, W) =T(I,w)!', z¢€(a,b), (14)

with ¢! (a) = %!(b) = 0, and !(z) > 0 for all z € (a,b), and normalized by
[yl de = 1.
Lemma 2.1. There is a constant o € [gmin, Gmaz| Such that the following state-
ments hold P-almost surely. If I C I C R are two intervals, then T'(I;,w) <
I'(I2,w). Also,
I' = lim I'([—k, k],w) = lim T'([0, k], w).
k k— o0

— 00

Proof of Lemma 2.1: If I C I, the fact that I'(I;,w) < I'(I2,w) follows from the
variational representation

(1) =max{ [~ oo dn | wemn, [wa=1}. o

Since gmin < g < gmaxz, this representation also implies g, —7 21|72 < T'([,w) <
Gmaz — 7 2|I|72, because 7~ 2|I|~2 is the principal eigenvalue on of the Laplacian



CLT FOR FRONTS IN A RANDOM MEDIUM 173

on I. It follows that the limit
T = klim L([—k, k],w) (16)

— 00

exists and satisfies T'oo € [gmin, Gmaz]- We claim that I' is a constant, independent
of w. This follows from the ergodicity assumption and the fact that I'oc must be
invariant with respect to the action of 7,. Specifically, the stationarity of g implies
that with probability one,

Poo(mmpw) = lim T([—k, k], mpw) = lim D([—k + z,k + 2], w)
k—o0 k—o0
holds for all € R. However, since I' is nondecreasing in I, I'([—k + z, k + z],w) >
L([—(k — |z|), k — |=|],w), and thus
Foo(mmpw) > klirn L([—(k — |z|),k — |z|],w) =T (w), VzeR
—00
holds with probability one. Since 7, is measure-preserving, this implies ' (m,w) =
P (w), P-almost surely. Now the ergodicity assumption implies T's, is constant,

almost surely.
Since I' is nondecreasing in I, the limit

't = lim ([0, k], w)
k— o0
also exists and satisfies 'Y, < T's. Given § > 0 and € > 0, we may choose K large

so that P (I'([—k, k],w) > T'ec —€) > 1 — 6 holds for all £k > K. Hence, because
is measure-preserving and g is stationary,

PITL(w)>To—¢€) = P(I([0,2k],w)>To —¢)
= P(T([0,2k], mgw) > T — €)
= PT([-kk,w)>To —€) >1—0. (17)

Since § and € may be chosen arbitrarily small, this implies I'Y, > ', holds with
probability one, so 'Y, = T'w. O

In the construction of w(z,w;~y) and in the subsequent analysis we will make
frequent use of the following estimates:

Lemma 2.2. Let I = [a,b] and v > T'. Let € > 0. There is a constant C' > 0,
such that if w(-,w) satisfies

wmm_"(g(wi)_’}/)w 207 (S (avb)
then
w(z,w) < max(0, w(a,w))Ce”@FDWVITo=¢) L max (0, w(b,w))Ce@=0)WVTTo—e),

for all x € 1. In particular, if w(a,w) < 0 and w(b,w) < 0, then w < 0 for all
x € [a,b]. The constant C depends on €, gmas and 7y, but not on w or I.

Proof of Lemma 2.2: We first prove the result assuming w(a,w) = 1 and w(b,w) <
0. Let 6 > 0, and define z = e**~Dw(z,w) — e~ =% which satisfies

Zow — 202+ (g — 7+ 6%)z > (=14 25 — (g — 7+ 6?)) e~ @ 3¢ (a,b)
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and z(a) = 0, z(b) < 0. After multiplying this equation by ¥ = max(z,0) € Hg(I)
and integrating over I, we obtain

[ -2 g? i (18)
I
> (v —6%) /(z+)2 dx + / (-1+25—(g—v+6%) e~ @) T dg,
I I
By the representation (15), the left side is bounded by I'(I,w) [; (= 7 2 dx. Therefore,

(y— 6% —T(I)) /1(Z+)2 dr < _/1 (1425 —(g—~+ %)) e~ @) T dg,

For 8 >0, let 62 =y —Too — B < v —I'(I,w) — B and apply the Cauchy-Schwarz
inequality on the right side to obtain:

+)2 i _ _ _ 2272(zfa) é +1\2
ﬂ/l(z)dx§26/l( 1425—(g—v+6%)) e da:—|—2/1(z)d:1:

Therefore,
/(Z+)2 dx
I
(1420 + gmaz + Tc +5)°
< 232

Observe that the constant on the right side is independent of I and w. Returning
to (18) and applying Cauchy-Schwarz again, we conclude that there is a constant
C1 — depending only on 0§, gmaz, 7V, I'eo, and 5 — such that

[erza
T
Consequently, for all z € T

z 1/2
2(z) < 2% (z) = / z;(s) ds < vz —a (/(z;)2 da:) <+/Ci(z—a)
a I
and thus,
w(z,w) =e 0@ (7 4 7@y < 0@ (/O (2 — a) + e~ "),
Now we let 8 be small so that § = /v —Too — 8> V7 —T'ec — €/2 and we have

IN

8- / —1420—(g—v+ 52))2 e 2@ gy

w(z,w) < Coe~ (=) (V7T —e)
= max(0, w(a,w))Coe” *=NVITx—e)
+ max(0, w(b, w))Cae® VI VI=Tx=e)
since we have assumed w(a,w) = 1 and w(b,w) < 0. In the case w(a,w) < 0 and
w(b,w) = 1, a very similar argument (with z = e?®=%)w — ¢*~?) leads to the same

bound with the same constant Cs, independent of I and w. The general case then
follows from the linearity of the equation. O

The following corollary will enable comparison of functions on the unbounded
interval T = [a, 00).
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Corollary 1. Let I = [a,00) and v > T'oc and € > 0. There is a constant C > 0
such that if w satisfies

Wee + (g9(z,w0) —Y)w >0, Vz>a
with im sup,_, .. w(z,w) < oo, then
w(z,w) < max(0, w(a,w))Ce~ =DV Te=) vy e]. (19)
In particular, if w(a,w) <0, then w(z,w) <0 for all x > a.

Proof of Corollary 1: If w vanishes outside an interval [a, b], then this is an imme-
diate consequence of Lemma 2.2. Otherwise, since M (w) = limsup,_, ., w(z,w)
is finite, we may choose a point b (depending on w) arbitrarily large such that
w(b,w) < 2M (w). Then apply Lemma 2.2 on the interval [a, b] to conclude that

w(z,w) < max(0, w(a,w))Ce™ =NV Te=) L 9N fCe=DVITe=) v 4 e [a,b].

Since b may be chosen arbitrarily large, and since C' is independent of b and w, we
conclude that w(z,w) satisfies (19) for all z > a. O

Now we continue with the proof of Theorem 1.1. The solution u(z,w;y) is defined
as the limit, as k — oo, of the function u*7(x,w) satisfying the boundary value
problem:

upy + (g(w,w) —yu™T =0, @€ (0,k) (20)
with u*7(0) = 1 and «u*7(0) = 0. If ¥ > I, then v > T(][0,k],w) and the
Fredholm alternative implies that there exists a unique solution to this problem.
For each k, u®7(z) > 0 for all x € [0,k]. This follows from Lemma 2.2 applied to
the function w = —u*7(x). Moreover, for each z € (0, k), u*7(x,w) is increasing
in k. Specifically, if 7 > k then we may apply Lemma 2.2 to the function w =
uF (2, w) — w7 (Z,w) to conclude that w7 (z,w) > ub7(x,w) for all x € [0,k] if
Jj>k.

Therefore, for all v > I', we may define

u(x,w;y) = klggo uk 7 (z, w). (21)

By Lemma 2.2, 7 (z,w) < Ce~ (V7= T==92 holds for all z € [0, k] with a constant
C = C(e,7) that is independent of k and w. Therefore, the limit u(z,w;~) is also
finite and satisfies

u(x,w;y) < Ce” (VI Tw—e)e (22)

with the same constant C, independent of w. Because u(z,w;7y) is finite, elliptic
regularity implies that u(-,w;~y) satisfies equation (3) for z > 0, and u(0,w;vy) =1
and u(z,w;7y) > 0 for z > 0. Thus we have established that if v > I'w,, there exists
a function u(z,w;~y) with the desired properties. With Corollary 1 it is not hard to
see that the solution u(x,w;~) must be unique. Moreover, by applying Corollary 1
to the function w = e~ *VY~9min — y(z,w;~) we obtain the lower bound

u(z,w;y) > e TVITImin Y > (). (23)

Let us also observe that for each z, the functions y — u(x + y,w;v) and y +—
u(x, w; y)uly, myw;y) satisfy the same boundary value problem on [0, c0), because
of g(z + y,w) = g(y, mzw). Therefore the uniqueness of v immediately implies the
following useful relation:
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Lemma 2.3. With probability one, u(x,w;vy) satisfies

u(z + y,w;y) = u(@, w; v)u(y, mw; ) (24)
forallz >0,y >0,~v>7%.

Now suppose 7 < I'y, < . If 1% = 27 is the eigenfunction (14) for I = [0, k],
then the function (¢, z) = eT* =¥ (2) satisfies 1y = 10+ (g(x) =) and n 7 oo,
If there were a solution u(z,w;y) satisfying u > 0 for > 0, then the maximum
principle would imply that for suitable constant C, u(x,w;~y) > Cn(t,z) must hold
for all t and x € [0, k]. However, this cannot hold since n — oo as t — oo. Therefore,
for v < ', no such solution exists since I'y, — ' as k — oc.

We now have established the first part of Theorem 1.1 and identified ¥ = I'.
Next we show that the limit (4) exists, almost surely, and satisfies the stated bounds.
For each integer n > 1, we may iterate the equality (24) n — 1 times to obtain

n—1 n—1
log(u(n,w;v)) = log (H u(l, ﬁkw;7)> = Z log u(1, mpw; ). (25)
k=0 k=0
Let qx(w) = logu(l, mpw; 7). The F-measurability of ¢, may be proved as in [19].
By the bounds (22) and (23), E[gx] is finite, so the ergodic theorem implies that the
limit
n—1

—p(y) = lim L log(u(n,w;7)) = lim ~ > ak(w) =E[qo] = E (logu(1,w; 7))
k=0

n—oo N

(26)
holds with probability one. The fact that u is independent of w follows from the
ergodicity assumption, since we can show (using Lemma 2.3) that u(v) is invariant
under the action of every 7y, k € R. Elliptic regularity implies that the limit holds
along continuous x, as well. This concludes the proof of Theorem 1.1. O

2.2. Properties of pu(v) and wu(z,w;v). In this section we gather some useful
observations about the functions p(vy) and u(z,w; 7).

Lemma 2.4. The following bounds hold P-almost surely. If v' >~ > 7, then

u(y,w;7)
u(z,w;y) > ulz,w;y) """~ 27
(@.:9) > i) T2 (21)
forall0 <y <uw.
Proof. By (24) we know that,
u(z, w;7) u(z, w;y') /
—— <L =u(r — y, myw;y and ——Z =wu(r —y, myw;y
wlom) i) wlgo) ™ v 1)

hold for all # > y. By applying Corollary 1 to the function w(z) = u(z—y, Tyw; ') —
u(z — y, myw;y) on the interval = € [y, 00), we see that u(r — y, myw;y) > u(zr —

y, myw; ') for all x > y, so (27) must hold for all z > y. O
Lemma 2.5. Let v > T, v > T and 0 =2y — ' > Ts. Then

(u(z,w;7))? < u(z,w;7 )ule,w; o) (28)
holds for all © > 0. Also, for any € > 0, there is a constant C such that

(u(z,w;7))? < u(z,w;y)Ce (Vo To—e)e (29)
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holds for all x > 0. The constant C depends on o and €, but not on w.

Proof. Let ¢ = 2y — " > T'w. Since 0 > T', the function u(z,w;o) is well-
defined. To make the notation simpler in what follows, we let 8(z,w) = u(z,w;v’)
and 7(z,w) = u(z,w; o). Now consider the function z(z,w) = /0(z)n(x). A simple
computation of z,,/z shows that z satisfies the equation

ren t lola) ~ )= (G2 (30)

Because the right side is nonpositive and because z(0) = 1 and z(z) > 0 for z > 0,
we may apply Corollary 1 to the function w(z) = u(z,w;vy) — z to conclude that
w < 0 for all x > 0. Since u(x,w;~y) > 0 this means that

(u(z,w;7))? < 2(2)? = u(z,w;7)u(z, w; 0) (31)
holds for all z > 0. The bound (29) now follows immediately from (19) applied to
the function w = u(z,w; o). O
Lemma 2.6. Forlﬂé > 7, the function v — u(y) is concave. Also, (v —7) 2 <
() < (v = gmin) 2.

Proof. Let 1 < 72 be such that I'y, < 71 and 2 < 271 4+ I's. Then we may apply
Lemma 2.5 with v = (71 +72)/2 and 7/ = 72. In this case, 0 = 71, and (28) implies

M+
2u(- 5 2) = 2u(y) > u(y) + n(o) = u(m) + p(2)
Since this holds for all such +; and 2, p must be concave. The upper and lower
bound on p follow from the bounds (22) and (23) on u. O

Lemma 2.7. Let v >~ >% and § € [0,/ — Gmin — /Y — 9min |- Then

u(w,wiy) < e ulw,wiv), Va0 (32)

holds with probability one. Thus u(y') > w(y) + VY — Gmin — VY — gmin > p(y)-
Proof. Consider the function z = e~%%u(x, w; ) which satisfies
Zpe 4+ (g(z,w) =)z = 7% (52u(:v,w;7) — 20uy(z,w;y) — (v — ’Y)U(ZC,OJ;’}/)) (33)

The function n = logu(x,w;y) satisfies Nz + (1) + (g(x) —7) = 0. If n, attains
a negative local minimum at a point Z, this implies that ¢(Z) < v and n,(Z) =

=7 — 9(Z) > —\/7 = Gmin- Therefore,
Uz (T, w3 Y) 2 =V = Gminu(@, w; Y) (34)
holds for all z. Therefore,
Zzx + (g(wi) - 7/)2
< e (6%u(z, w;Y) + 2077 = gminu(@,wiy) — (V) = y)u(z,w; 7))

If § € [0,v/Y — Gmin — VY — gmin |, the right hand side is nonpositive. Now
by applying Corollary 1 to the function w = w(z,w;v’) — 2z, we conclude that
u(z,w;v') < z. O
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2.3. Fluctuations in the tail of u. We are ready to prove Theorem 1.2 which
describes fluctuations in the tail of u(x,w;v). We have shown that the functions
u(x,w;y) decay exponentially with rate —u(y). Now consider the partial sums

Silwi7) = logu(N,w:7) = zqk

where gi(w) = logu(l, mpw;y). We will show that for fixed v € (7,00), Sy sat-
isfies the central limit theorem, meaning that the quotient (Sy 4+ Nu(v))/V/N is
asymptotically normally distributed as N — co. One approach to obtaining a cen-
tral limit theorem (CLT) for Sy is to use the method of martingale approximation.
This strategy can be made to work via the following theorem. Let F,7 C F denote
the o-algebra generated by g(z,w) for z < k. Also, let .7-';r denote the o-algebra
generated by g(z,w) for z > j.

Theorem 2.8 (See Hall and Heyde [10], Section 5.4). Suppose that a stationary
sequence {nx}r C L*(Q, F,P) satisfies E[ng] = 0, and that the two series

oo

> (m—EmlFyl)  and > EplFy] (35)
k=1

k=1
converge in L?(Q2, F,P). Then, the limit

(36)

exists and is finite. If 0> > 0 and Sy = Zf;é n;, then as n — oo the family of
processes

Zn(x) = (Sk+(nx—k)nk), k<nzr<k+1, k=0,1,...,n—1 (37)

O'\/_
converges weakly to a standard Brownian motion on [0,1], in the sense of C([0,1])
with the topology of uniform convergence.

In order to apply the theorem with nx = g + p = logu(1, mew;y) + p, we will
require a mixing condition on the random field g(x,w). Suppose that ¢ : [0,00) —
[0,00) is a continuous decreasing function such that ¢(+o0) = 0. We say that the
random field g(z,w) is ¢-mixing if the following holds: for all j > k and any
£e L*(Q,F, ,P)andn € LQ(Q,.F;F,]P),

|E [én] — EEJE[]| < (6(j — k) (EIEZIER]) 2. (38)
Let us suppose that g(z,w) is ¢-mixing for some ¢ satisfying > pe , ¢(k)1/?

Now we consider the first series in (35):

< 00.

Z (no — E[nolFy 1) = Z (90 — Elqo|F;,]) -
k=1 k=1

We need to show that E [|go — E[go|F, ]|?] decays sufficiently fast as k — oo so
that the series converges in L2. Since E[go|F,, | is the best L? approximation of
qgo that is F, -measurable, we can prove the desired result by constructing an F_ -
measurable random variable ¢f, which is very close to go (error decays fast with
k — o0). Since gy = logu(l,w;7), a natural candidate is obtained by solving the
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differential equation with homogeneous Dirichlet condition at = k. Let wg(x, w; )
solve

Wer + (9(z,w) —Y)w =0, x€[0,k] (39)
with w(0,w;y) =1 and wg (k,w;y) = 0. Then for all z € (0, k),

u(z,w;y) = wi(w, w;y) + 2(2, w; V) u(k, w;y)

where zi(x,w;7y) solves (39) with 2;(0) = 0 and zx(k) = 1. Both wy and zj are
F, -measurable. Therefore, with ¢ = logws(1,w;~) we have

wk(l,w;v)) - b (1 _ Zk(l,ww)U(k,ww)>
ulwq) )~ % u(l,w;7y) '

Let e = (/7 —%)/2 > 0. By Lemma 2.2 there is a constant Cy independent of
k and w such that u(k,w;v) < Cie~*¢. By applying the same Lemma to 2, we
see that 0 < z,(1,w;2) < Cre(!=M< also holds. The maximum principle implies
that u(1,w;~) is bounded below by p(1) > 0 where p(x) satisfies pyg + (gmin — ¥)P
for z € [0,2] with p(0) = 1 and p(2) = 0. Consequently, there is a constant Cy,
depending only on «, such that

o — g <log (1 + Ce™™)
holds for all £ > 1, with probability one. This upper bound, and a similar lower
bound, imply that
E [lg0 — Elol 7y, 11*] <E[lgo — go*] < Cse™
for some constant C3 depending only on €. So, the first series in (35) converges in
L?(Q, F,P).
Next, we consider the series

qo—qé——10g<

> Elml Fy -

k=

—

We have to show that E[|E[ny|F, ]|%] decays rapidly as k — oo, and this is where
we use the assumption that g is ¢-mixing. Observe that each ¢, and 7y is ]-",:r
measurable. This follows from the fact that g, = logu(1l, mpw) = log@*(k + 1,w),
where @* is defined for > k by

k4 (g(z,w) =" =0, x>k @k w) =1; lim a*(z,w)=0.

rr Tr—00
Hence, @* depends only on g(z,w) for = > k. Let 6 € L?(Q, F, ,P) with E(6?) = 1.
Because 7y, is ]—',j measurable, 6 is F; measurable, and E[n;] = 0, we have
|E (0B | Fo 1)| = 1E ()] |E (6E[m| ;)]
S(k)PE[(n)*]'/? < Co(k)/2. (40)
The last two inequalities follow from the mixing condition (38). Therefore, as

6 € L(Q, Fy ,P) was arbitrary, we conclude that E ([E[ne|F;]12)"? < Co(k)V/2.
Now the triangle inequality implies

IN

n

1/2 n n
> E[mfo]ﬁ] < S E[EmlF )2 < Y Co)2.
k=m

k=m

E

k=m

Since the series > oo, ¢(k)/? converges, it follows that S 7o Eng|Fy ] converges
in L2(Q, F,P).
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We have shown that the random variables nx = qr + p = logu(l, Tpw;vy) + u
satisfy the hypotheses of Theorem 2.8. Therefore, Theorem 1.2 follows immediately
from an application of Theorem 2.8.

We can construct a class of examples for which the variance ¢? > 0 in Theorem
1.2 is positive. Let {gz(@)}52 _ ., be a family of independent, identically distributed
random variables on a probability space (Q,f' , ]f”) Assume also that g, < gk <
gmaz With probability one and Var(gy) > 0. Now we define (92, F,P) to be the
product space with product measure P defined in the usual way, and for k € Z let

7 act on  as the shift-operator in the natural way: m : (...,0_1,&0,@1,...) —
(..., 0k—1,0k, Wk+1,- - - ). Define the continuous, piecewise linear, random function
9(z,) by

g(z,w) =1 -2+ k)gr(w) + (z — k)gr+1(w) Yz €[k k+1), (41)

for each k € 7Z. Because the g; are independent and idendically distributed, the
family {7y }rez is measure-preserving and ergodic in its action on (92, F,P). So,
Theorem 1.1 applies. Moreover, the mixing condition holds so Theorem 1.2 also
applies.

Proposition 1. Let g(x,w) be defined by (/1). For each v > 7, the constant o
defined by Theorem 1.2 is positive.

Proof of Proposition 1: If ni = log(u(1, mpw;v)) + u, then

n—1n—1 n—1

.1 .2
o = Jm — S Emen) = Eng] + Jm > (n = k)E[nonk]- (42)
k=0 j=0 k=1

We claim that every term in the sum (42) is nonnegative, while E[n3] must be posi-
tive. It is useful to think of the variables n;(w) as functions of the random sequence
{93372 ;- For each positive integer K, we may approximate 1o by 15(g0, g1, - -, gr)
where 7 = log(wk (1,w;7v)) + p, and wx was defined at (39). Similarly, we may
approximate 7; by 7(9;, gj+1,- -, 9j+x) where 1} = logwg (1, 7jw;v) + p. Both
np and 7 are increasing functions of their arguments, so Lemma 2.9 implies that
Cov(ngn;) > 0. Since E[non;] = limg 0 Covlngns], it follows that E[nen;] > 0 for
all j > 0. Because 1 is an increasing function of each of the variables {gi}7°, and
Var(gx) > 0, o cannot be constant. Thus E[n3] > 0. O

Lemma 2.9. Let X = (X1,...,X,) € R™ be a vector of independent random
variables. Suppose that X; takes values in the interval I; C R: P(X; € I;) =1 for
j=1,...,n. Let I = H?:l I;. Suppose that f(xz) : I — R and g(z) : I — R are
such that E[f(X)?] < oo and E[g(X)?] < oo and for each j = 1,...,n either

0/@) S g gna 29 5
8Ij 8Ij
holds for all x € I or
05@) _ o g 290 _
8Ij 8Ij

holds for all x € I. Then Cov(f(X),g(X)) > 0.
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Proof. This follows from Lemma 2.3 of [6]. If X’ = (X71,..., X)) is an independent
copy of the random vector X, that lemma gives the representation

Con(F(X),90X)) = 5 3 v —rr 30 BlAg(X)A, F(X*)
Acty () (e = 141) 27
where Ajg(X) = g(X1,..., Xj-1, X}, Xjy1,..., Xp) — g(X) and X4 is the random
vector given by X! = X/ if i € A and X! = X, if i ¢ A. By our assumptions on f
and g, both A;g(X) and A;f(X*) have the same sign, almost surely. Thus, each
term in the sum satisfies E[A;g(X)A; f(X#4)] > 0. O

3. CLT for traveling front solutions of the linear equation. In this section
we prove Theorem 1.3. For v > 7 fixed, let ¢ = ¢(vy) and p = p(y). The function
o(t, z,w;v) = e’ u(x,w; ) solves the linear boundary value problem
O = Oz + g(z,w)p, x>0,t€R
o(t,0) =€, t>0,
©(0,2) =u(z,w;y), x>0, (43)
For ¢ € (0,1], let us define
Y5(t,w;y) =sup{z > 0| o(t,z,w;7) = 6} (44)

Sometimes we abbreviate: Y5(t). In Theorem 1.3, Y (¢,w;~) = Y5(¢) with 6 = 1/2.
This stochastic process is nonnegative and non-decreasing in ¢t. However, because
u may not be monotone decreasing, Ys(¢) may have jumps. The F-measurability of
Y5(t,w;~y) may be proved as in [19].
We define the random function R(z,w;7) : [0,00) x 2 — R by
R(x,w;v) = logu(z,w;v) + p(y)x (45)
so that
u(,wiy) = TR,

and R(z,w;~v)/x — 0 with probability one as x — oo. For suitable hypotheses on
g, Proposition 1 shows that R(x,w;~y) behaves like a Brownian motion for large .
Specifically, for any M > 0, the family of processes V,,(z,w;v) = R(zn,w;v)/(cv/n)
converges weakly in C'([0, M]) to a Brownian motion, as n — co. For ¢ € (0, 1] fixed,
the wave’s position is

Ys(t,w) =sup{z 20| —z+p "R(z,w;y) +ct = p " log(d)}.
Therefore, if we define h; = Yj(t) — ¢t we have

hi(w) =sup{h > —ct| —h+p 'R(h+ct,w;y)=p log(s)} (46)
Theorem 1.3 now follows immediately from the next lemma applied to h;, with
W =p'Rand § =1/2.

Lemma 3.1. Let £ > 0. Suppose that W (z,w) : [0,00) X = R is a continuous,
random process on (2, F,P) satisfying

lim Wiz,w)

T—r 00 X

=0

and W(0,w) = 0, P-almost surely. Also, suppose that the family of processes
{n=12W (nx,w)}22, satisfies W(0,w) = 0, P-a.s., and converges weakly as n — oo
to kB(z) where B(z) is a standard Brownian motion on the interval [0, M], for any
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M (in the sense of weak convergence of measures on C([0,1]) with the topology of
uniform convergence). Let r < 0 and ¢ > 0. Define the random process hy by

hi(w) =sup{h > —ct| W(h+ct,w)=h+r}. (47)

Then as t — oo, (hy)/\/t converges in distribution to a Gaussian random variable
with zero mean and variance k>c®. If k2 > 0, then the family of processes

——hnt (48)

converges weakly (as n — o0) to a standard Brownian motion on [0,T], in the
Skorohod space D.

Proof. First we show that the finite dimensional distributions of H, (t) converge to
those of a Brownian motion. Then we show that the induced family of measures is
tight in the Skorohod space D. These two conditions imply the weak convergence
stated in the lemma (see Chapter 3, Section 15 of [4]).

For 0 <t <ty <--- <t <T, weshow that the finite dimensional distributions
of {hy;n/v/n}E_, converge to those of {kB(ct;)}%_,. Since ¢ > 0 and r < 0, the
assumptions on W imply that with probability one h; is well-defined and finite for
allt > 0. Let y; = hy;n +ctin, i =1,...,k. Observe that y; is defined as the largest
point of intersection between the line y — y — ct;n +r and the function W (y) which
behaves like Brownian motion:

W(y:) =yi — ctin+r. (49)

Let us now define a subset of 2 on which we can control the possible location of
the intersection points. For € € (0,1/2) and § € R, let

S(e,9) = {w € Q| min(—eg, —ey) < W(y,w) < max(eg,ey), Yy >0}

Because W (-,w) is continuous and grows at most sublinearly, we may choose a
constant § = §j(e) sufficiently large so that P (S(e, g(e))) > 1—e. For § defined in this
way, set Se = S(¢,9(€)). By considering the intersection of the line y — y —ct;n +r
with the functions y — max(eg, ey) and y — min(—eg, —ey), we see that if w € S,
then any solution of (49) must satisfy

y; > min((1—2¢)(ctin—r), —ef+ctin—r),
yi < max((1+2e¢)(ctin—r), eg+ctin—r).

Therefore, if w € Se, then y; must lie in the interval I7
I, = {y e R | |y — ct;n] < max (2ect;n + (1 + 2¢)|r|, eg+|r]) }.

See the figure for an illustration of this point.
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max(ej, ey)

Let a; € R. Since P(SY) < € and hy;, = W (y;) — 7, we have
P ({nfl/?htm > ai, ¥ i})
= P ({n_1/2htm >y, Vil N SE)
+ P ({n—lﬂhtm >ag, Yi}n SS)
< P ({nfl/zhtm > oy, Vi} N SE) +€

= P ({n_1/2W(yi) > Y2 4y, Viln Se}) +e

IN

yel;,,

P <{w | sup n Y W (y) > Y2 + o, Vz}) +e

The family of processes {n~Y2W (nt,w)}>2, converges weakly in C([0,2¢T]) to
kB(t), so it is tight in C([0, 2¢T]). Therefore, as n — oo the last quantity converges
to

lim P <{w | sup n Y2W(y) > V2 £ oy, ¥ z})

n—o0 yelf,n

=P sup  kB(s) >y, Vi . (50)
5>0
|s—cti|<2ect;

Since € > 0 is arbitrary and B(s) is almost-surely continuous, we have

limsup P ({n_1/2htm > g, V’L}) <P({kB(ct;) > i, YVi}).

n—oo
A lower bound is proved in a similar manner:
P ({n_1/2htm >y, ¥ i}) > P ({n_l/thm >y, Vi) N SE) :

which is bounded from below by

P ({w | (W(ctin) —r)n~Y2 > a; —n= Y% sup |[W(y) — W(ct;n)|, ¥ z}) .

yel;,
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Because {n~Y2W(nt,w)}5, is tight in C([0,2¢T]), for any 81,62 > 0 we may
choose € smaller and n sufficiently large so that

P <{w | nY% sup |W(y) — W(ctin)| < 61, V z}) >1— 0.

Therefore,
P ({w|n " hen > i, Vi}) 2 P ({(W(etin) =)0~/ > a; = 81, V i} ) = 6,
for n sufficiently large. Thus, since §; and d2 may be chosen arbitrarily small,

liminf P ({n_l/thm > g, V’L}) > P (kB(cti) > o, Vi)

n—00

holds, as well. This proves convergence of the finite dimensional distributions.
Now we prove tightness in D. We will show that for any ¢; > 0 and ez > 0,

limsupP | sup |H,(t) — Hp(s)| >ea | <e (51)
n—00 s,t€[0,T)
s—t]<8

holds if § > 0 is sufficiently small, and
supP (|H,(0)] > a) < ez (52)
n>1

holds if « is large enough. These two conditions imply tightness in D (and in

C([0,T)), if the processes H,(t) were continuous [4]). For given n and any s,t €
[0,T], let ys = hsp + csn and y; = hg + cst. Then observe that

0 = (9] = =W (30) = W o)

Just as before, we see that for all w € S
lys — csn| < max (2ecsn + (1 + 2¢)|r|, eg + |r]),

and
lys — ctn] < max (2ectn + (1 + 2¢e)|r|, eg + |r]).

Therefore, if s,t € [0,T], |s —t| < 4, and w € S, we must have n=1|ys — y;| <
¢ + 4Tce + 6n~1|r| + 2n~Leg(e). For a given &, let € > 0 be sufficiently small and
then ns . sufficiently large so that ¢d + 4T'ce + 6n=t|r| + 2n~teg(e) < 2¢d holds for
all n > ns .. Now we return to (51). For all n > n; . we have

P sup |Hn(t) - Hn(5)| > €1
s,t€10,T)
|s—t|<6

1

=P sup —=|W(ys) — Wi(ye)| > kce

s)te[O)T]\/ﬁl (ys) = W(y)| 1
|s—t]<do

1
<P sup ——
r,7€[0,2¢T] \/H
|[r—7]<2cé

|W (nr) — W(nt)| > keey | +P(SE).

€
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Recall that P(SY) < e. Now because € € (0,1/2) is arbitrary and because

limsup P sup (nr) = W(nt)| > keer | < ea/2

1
n—»00 r,7€[0,2¢T) \/ﬁ |W
|r—7|<2céd
if ¢ is sufficiently small, this proves that (51) holds for ¢ sufficiently small.

Finally, we prove that (52) holds. Since W(z)/x — 0 with probability one,
W (h,w) = h 4+ r can have no solution if A is sufficiently large, depending on w and
r. Therefore, for any € > 0, P(hg > K) < ¢ if K is sufficiently large. Since hg > 0
and H,(0) = ho/(kcy/n), this implies that for any € > 0, P(|H,(0)] > ¢) — 0 as
n — oo, which clearly implies (52). This completes the proof of Lemma 3.1. O

4. Estimates for the supercritical solutions of the linear equation. Here
we prove some estimates that will enable us to compare solutions of the nonlinear
problem (1) to the functions ¢(t, z,w; ) which solve the linearized problem (2). The
estimates are restricted to the supercritical regime v € (3,~*), which corresponds to
fronts moving faster than the minimal speed, ¢(\) > ¢*. In the following analysis we
will be comparing two functions (¢, z,w;v) and ¢(t, z,w;~’) corresponding to two
values v and 7. With the parameter « fixed, we will use the abbreviated notation
Y1(t) and h; to refer to

Yi(t,w,y) =sup{z > 0] o(t,z,w;y) =1}
and
hi(w;y) = Yi(t, wiy) — (),
always with parameter v, not +'.

Lemma 4.1. Letvy € (3,7*) and u = p(y). There are constants 8 > 0,~" € (v,7*),
and C3 > 1 such that the following holds with probability one: If for some time T > 0
and some constants C1(w), Ca(w) > 0, the function w(t,x,w) satisfies

Wy = Wy + glx,w)w, x>0, t>7
w(t,z,w) < Cr(w)pt, z,w;y), V z>0,t>71.
w(r,,0) < Cow)plr a0 )P, ¥ 220,
then,
p(t, =+ Y1(t),w;7")

w(t,z + Y1(t),w) < max(Cy(w), Ca(w)C3) (V1 (1), w57

(53)

and
w(t,z +Y1(t),w) (54)
< max(Cy (w), Co(w)Cs)u(x, Ty, (1w, ”/)efﬁ(FT)E(t, 6,7, 7)
hold for allt > 7 and x > =Y1(t), where ¢/ := p(v') > p and
E(t,7,w,7,7") = exp (=4 (he(w;7) = hr (w3 7)) + R(Y1(t),w,7) = R(Y1(7),w,7"))
The constant Cs does not depend on w or 7.

The significance of the bounds in Lemma 4.1 lies in the fact that 4/ > ~ corre-
sponds to a wave moving more slowly than (¢, z,w;~). Observe that 4 appears in
(53) and (54), although Y;(t) corresponds to 7. Another important point is that the
terms in the exponent defining E grow at most sublinearly in ¢ and 7. Consequently,
we have the following estimates on F which we use later:
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Proposition 2. Let E(t, 7,7, ,w) be defined as in Lemma 4.1. For any § > 0,
the random variable

£(w) =supe " E(t,0,7,7,w)
>0

is finite with probability one, and for any e > 0,
t
lim ]P(/ e DB 7,7, w)dr > eV = 0. (55)

t—o00 0

Proof of Lemma 4.1: Using the upper bounds on w, we will show that we can fit
above w a wave that moves more slowly than (¢, z,w;v). Let ¢ = v =75 > 0.
Because we have assumed v € (7,7*), we may choose 7' € (v, min(y*,y + €)) such
that ¢ := ¢(v') < ¢(y) and ¢/ = p(v") > p(y). Since (7, Y1 (1, w,7),w;y) = 1, we
have, with probability one,
wrz,w) < Cow)(e(r z,w,7))”
Cg(w) @(Tvwiv'yl) (@(Tvwi;’Y)y (p(TaYVl(T)vw;'yl)
(7, Y1(7),w; ) (p(1,Y1(7), w, 7)) @(T,2,w;7)
p(r,z,w,9)  (u(@ = Yi(7), 7y, (nw; 7))
(1, Y1(7), w;v") w(x —Yi(7), Ty, (ryw; )
for all z > Y1(1) = Y1(1,w, 7). Since 27y — ' > 7, we see from Lemma 2.5 that this
is bounded by

= Cy(w)

o1 2,w,7")
< Cy——F——— 56
w(T,x,w) = 2(‘*}) 390(7_, Yl(T),OJ;’Y/) ( )
for a constant C5 that depends on v and 4/, but not on w or 7.
For 0 <z <Yi(r,w,7v), and t > 7, Lemma 2.4 implies that
t,Y1(7), w; )
t < C t . < C t / SO( ) »
’U}( 7‘T7w) = 1((&))@( ,(E,W,’Y) = 1(00)90( 7x7w7’7)¢(t,yl(7),w;7,)
(7, Yi(T), w3 )
— C t ) ) )
{9 T o W ) i)
t !

@(Ta Y (T)v ws FY/) '
The last inequality follows from the fact that (7, Y1(7),w;y) = 1. Combining this
with (56) and applying the maximum principle, we conclude that

p(t, z,w; )

t < C Co(w)C03) —F/—7————
’LU( 7$7w) ~ ma,X( 1(&})7 2((&)) 3)@(7_, Yl(T),OJ7’y/)
holds for all ¢ > 7 and all > 0. This proves (53). The second bound (54) now
follows from this and Lemma 2.3:

otz +Yi(t),w,y) e (e, my, yw, v )u(Yi(t),w;y')

(58)

= . 59
(. Y1(7),w; ) u(Yi(r),w,7") (59)
Using Y1(7) = ¢7 + h,(w) in the last quotient, we obtain
t Yi(t !
otz + V() w,7) = u(x,le(t)w,vl)e_B(t_T)E(t,T,o.),%v') (60)

(7 Y1(7),w;7")
with = p/(¢ = ¢) > 0 and
E(t,m,w,7,7) = exp (= (l(w) = he(w)) + RV (t),w,7') = R(Ya(7),w,7")) .
This proves (54). O
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Proof of Proposition 2: To see that the random variable £(w) is almost surely fi-
nite, observe that the terms in the exponent defining E(t,0,v,7’,w) grow at most
sublinearly in ¢. Specifically, we have already established that

h
lim +(w)

t—00 t
holds almost surely. Also, R(y,w,v)/y — 0 as y — oo and Y3 (¢,w, )/t — c(7) as
t — oo, so that

’ , ,
i FNW0) o ROO.0 IR0 o BOO0)
t—o0 t t—o0 i (t) t t—00 Y; (t)

=0 (61)

=0 (62)

holds almost surely. Thus {(w) < oo holds almost surely.
Now we prove (55). Let N > 0 and let 7, = kt/N for k = 0,1,2,...,N. The
integral we wish to bound is:

¢
/ eié(th)E(t, 7,7, ,w) dr
0

N
= Z/ e CIE, Ty, w) dr

k=1 Tk-1
N -
< Z e (ht—hr )+ R(Y () —R(Y (%)) M (,t.w) / e 00=7) qr
k=1 Tk—1
where

M(k,t,w)= max p'(hr —hy)+ max R(Yi(m)) — R(Yi(T)).

TE[Th—1,Tk] TE[Th—1,Tk]

(Recall that p/ denotes the constant p(v').) We claim that for any ¢; > 0 and
€2 > 0, we may take N sufficiently large, so that

P(M(k,t,w)gelﬁ, Vk:l,...,N)zl—eg (63)

holds if ¢ is sufficiently large. Therefore, with probability at least 1 — €2, we have
t
| et ) ar
0

N
< 571651\/2 Z e~ (ht—hy )+R(Y (1)) =R(Y (1)) o —8(t—7%)

k=1

N—1
— gLVt L g1Vt Z ot (he=hp )+R(Y () =R(Y (1)) , =6 (t =7k
k=1
By taking a > 0 sufficiently large and then ¢ sufficiently large, we also have
"Nhy — hr Yi(t)) — R(Y;
P(M > a, R (®) — B(Yi (7)) >« Vk_l,...,N—l) < €.
Vi Vi

Therefore, with probability at least 1 — 2e5, we have

t N—-1
/ efé(tf‘r)E(t, T,,Y’,_Y/,w) dr < 571651\/5 + 671661\/2 Z 6204\/{76(1577;6)

0 k=1
S 6—1661\/2 + (N _ 1)5—1661\/fe2a\/z—6t/N
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if ¢ is sufficiently large, depending on €; and e3. Hence,
t
P </ e PCIEB(t 7,7y, w) dr > 251661\/{> < 2 (64)
0

if ¢ is sufficiently large. Since €; and e were chosen arbitrarily, this implies (55).
Let us verify the claim (63). Observe that

RMi(m)) = RMi(7) _ Rlem) — Rler) | RYi(me)) — Rlemw) | Rler) — R(¥i(7))

Vi Vi Vi Vi
(65)

Obviously (et — e7)/t < ¢/N for 7 € [1—1,7x]. Also, Theorem 1.3 for Y;(¢) and
(51) imply that
max |(Yi(7))/t — (e7)/t] < max |(h;)/t] < 2¢/N
TE[Tk—1,Tk] T€[0,t]

with probability at least 1 — e3 if ¢ is sufficiently large. Therefore, since the family
of processes = — R(tx)/+/t is tight in C([0,T]) for any T, we see that

P ( [rnax ]R(Yl(’?'k)) — R(Yi(1)) > elx/g) <1l-¢ (66)
TE[Tk—1,Tk

holds if N is large, and then ¢ is sufficiently large. Similar estimates hold for A, —h,,,

establishing the claim. O

5. CLT for solutions of the nonlinear equation. Finally, we shift attention to
solutions of the nonlinear problem (1), and we prove Theorem 1.4. We suppose that
the initial condition v(0, z,w) = vo(z,w) satisfies (9) and (13) for some v € (7,v*).
For r € (0,1), let X,-(¢,w) be the interface position associated with v(¢, z,w):

X, (t,w) =sup{z e R| v(t,z,w) =1}.

We have already proved Theorem 1.3 for solutions of the linearized equation. So,
if for almost every w we could show that X, (¢, w) stays sufficiently close to Y;.(¢,w)
as t — oo, the CLT would follow for the solutions of the nonlinear equation (recall
Y, defined at (44)).

For simplicity, we now suppose that vo(z,w) = min(1, p(0,z,w;v)) for z > 0
and that vo(z,w) =1 for z < 0. The more general case (13) — where vy is trapped
between two fronts — follows readily from this. The maximum principle implies that
v(t,z,w) < p(t, z,w;v) for all t > 0 and 2 > 0. So, for any r € (0,1) we have

X (t,w) < Ye(t,w) (67)

for all ¢ > 0. However, since v(t,z,w) is merely a subsolution of the linearized
equation, X, (¢, w) might lag behind Y,.(¢,w). So, in order to obtain a CLT for X, (¢)
by comparing with Y;.(¢), we need to show that X,.(¢) stays sufficiently close to Y;.(¢)
with high probability. Actually, we’ll need to introduce a time delay: X, (t+h) stays
sufficiently close to Y,.(t) with high probability, if & is sufficiently large.

Lemma 5.1. Let v € (3,7*). Suppose that vo(x,w) = min(1, ¢(0,z,w;~)) for
x>0 and vo(z) =1 for x < 0. For any € > 0,

Jim P (Xl/Q(t +eVEw) = Vi n(t)(w) > 0) =1 (68)
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Before proving this lemma, let us show how (68) and (67) imply Theorem 1.4.
For h > 0,let G(t,h) C Qbetheset G(t,h) = {w € Q| Xy )o(t+h,w) > Y] 5(t)(w)}.
Then for any o € R

Xipt+hw)—(t+h Y7 0(t —(t+h
]P’( 1/2(t +hw) — (¢ + )C>a) > ]P’( 1/2(t)(w) — (t+ )C>a>
Vt+h Vt+h
~P(G(t,h)°)
Y7 /0(t —t V
_ ]P’( ) te t+h+z>
Vi Vi Vi
—P(G(t,h)°).
Therefore, if we set h = e/t for some € > 0, Theorem 1.3 implies
X1/2(s,w) — sc
NG

with k = ou~te. However, by (68), P(G(t,ev/t)”) — 0 as t — oo, so we must have

lim inf P

§—00

> a> >1—®(a/k+ec/k) — 11?1sup]P’(G(t, eVvVt)©)

X1/2(s,w) — sc

liminf P ( s

§—00

> a) >1—d(a/k)

since € is arbitrary.
An upper bound on this probability follows easily from (67):

and the latter converges to 1 — ®(a/k) as s — oco. This proves Theorem 1.4.

In the proof of Lemma 5.1, the following estimate plays a key role. It gives
a lower bound on the leading edge of the nonlinear wave in terms of the leading
edge of the linear wave. The proof relies on Lemma 4.1 and works only for the
supercritical regime.

Lemma 5.2. Let v € (3,7*). Suppose that vo(x,w) = min(1, ¢(0,z,w;~)) for
x > 0 and vo(z) = 1 for x < 0. Then there is a constant 6 > 0 and a random
variable 0, (w) > 0 such that

otz + Yi(t),w) > otz + Yi(t),w;7)(1 — e %0,(w)) (69)
holds for all x > 0 and t > 0, and for any € > 0,
Jlim P(0(w) < eV =1. (70)
—00

Proof of Lemma 5.2: The strategy here is inspired by [1]. The idea is to think of
the nonlinear equation as an inhomogeneous linear equation. The nonlinear term
is then controlled through the Duhamel expansion and the estimates of Section 4.
Let us define the difference ¥ (¢, z,w) := ¢ — v, which satisfies the equation

6t¢ — Yz — g(xaw)w = g(x,w)v2 < gmamv27 x>0, t>0.

By the maximum principle, v(¢,2) < min(1, p(¢, z,w;v)) for all ¢ > 0, x > 0.
Therefore, gmazv? < gmae min(1,¢?) = K(t,2,w). So, for x > 0, we have 1 <
1 + 12 where ¢ (¢, x) solves

(wl)t:(wl)mm'i_g(xaw)wlu $>0, t>0
Y1(t,0) = e, t > 0; ¥1(0,z) = max(0, (0, z,w;y) — 1), >0 (71)
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and (¢, x) solves
(2)e = (V2)aw + gz, )b + K(t, ), x>0, t>0
Uo(t,0) =0, t>0;  (0,2) =0, z>0. (72)

We will apply Lemma 4.1 to both 11 and ,. For 11 we apply the lemma with
7=0,Cy =1, and Cy =1 to obtain the bound

1/)1(t733+Y1(t)) < C3u('r77TY1(t)wa7/)675tE(t5vavva’}/)'
By Proposition 2, the quantity
§(w) = supe™/2E(t,0,w,7,7) (73)

is finite with probability one. Therefore, for all £ > 0 and « > 0,
Yi(t,x +Yi(t),w) < Csu(z,my, (pw, ”y')e_ﬁtm{(w)
< 036761u($7 % (t)wv 7)67ﬁt/2€(w)'

The last bound follows from Lemma 2.7 with § = /7" — Gmin — V7 — Imin-
Now we bound 2. For each 7 € [0,t), let p(s,z,w;T) : [T,00) X [0,00) x @ = R
solve
ps = paz +9(@,w)p, =>0,s>7
p(s,0)=0, s>t

p(r,x) = K(1,z,w), z>0. (74)
Then v is given by the integral
t
Yo (t, z,w) :/ p(t,x,w;T)dr. (75)
0

Since K (7,2,w) < gmaz min(1, *(1, 7, w; 7)) and K(t, 2,w) < gmazp(t, ,w;7), we
apply Lemma 4.1 to p (with C1 = gmas and Cy = gpmas) and obtain:

p(t,x +Yi(t);7) < Cagmart(, Ty, 1y, w; ¥ )e P Bt 7,0,7,7). (76)

Consequently, using Lemma 2.7 we see that

t
1/)2(t,I + H(t)vw) < C3gmamu(xaﬂ-Y1(t)7w;7/) / eiﬁ(tiﬁr)E(taTawa’}/vﬂ/) dr
0

t
S C3gmam€_6wu(w7 Ty, (t)» w3 7) / e_B(t_T)E(tu T,W,7, ’71) dr
0
holds for all z > 0 and t > 0, where

E(t,7,w,7,7") = exp (= (he(w;¥) — hr(w; 7)) + R(Y1(t), w,7") — R(Y1(7),w,7")) .

Recall that p' refers to the constant u(y’).
Combining the estimates for ¥, and 12 we conclude that for z > 0,

v(t, z +Yi(t),w) etz +Y1(t),w;y) — ¥tz + Yi(t),w)
> QO(t, x + }/i(t)u wy 7) - 036_6Iu(x7 7TY1(t)W7 W)e_ﬂt/zg(w)

t
_OBQmameiému(xvWYl(t)aW;’Y)/ eiﬁ(tiT)E(taTawa’Yvﬂ/) dr
0

w(@, Ty, (yw;Y) (L — e %70, (w))
= (p(f, z+ YVI@)? ws ’7) (1 - 6_516.15((“))) (77)
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where

t
9t (w) = C’gefﬁt/zé(w) + CBgmam / eiﬁ(tiﬁr)E(tv T,W,7, 7/) dr.
0

Finally, the fact that lim ., P(6;(w) < eV?) = 1 holds for any e > 0 follows
immediately from Proposition 2 and the definition of 6;(w). O

Proof of Lemma 5.1: Here is the strategy for proving Lemma 5.1. Lemma 5.2 im-
plies that if Z is sufficiently large, v(t,Z + Y1(t),w) > 2¢(t,Z + Yi(t),w;~) holds
with high probability. So for £ = %gﬁ(t,f + Yi1(t),w; ), we have a lower bound
X(t) > &+ Yi(t). If this level £ is not too small, then v will be larger than 1/2 at
this point Z+ Y7 (¢) if we wait only a little longer. This would give us a bound of the
form Xy 5(t +h) > Z +Y1(t). Choosing T larger, if necessary, the latter is bounded
below by Y7 /5(t). However, the necessary lag time & is random since it depends on
¢, which depends on the behavior of ¢ ahead of the point Y;(¢).
With 6;(w) defined by Lemma 5.2, define

7 = F(w) = max (5 og(26,), Yi a(t) — Yi (1))
and i
l(w) = @(t, T + Yi(t),w;7)(1 — e °%0 (w)).

Observe that if 67 'log(260;) < Yi,2(t) — Yi(t), then & = Y;9(t) — Yi(t) so that
¢ (w) > 1/4. Otherwise ¢; may be small. By Lemma 5.2 and the definition of Z,

Xo,(t) > 2+ Y1(t) > Yy /2(t). (78)
So, we have a bound on the position of the £;-level set of v in terms of Y} /5(t). Since
v(t,z+Y1(t),w) > £, the Harnack inequality implies that there is a constant x > 0
such that

v(t+ 1, z,w) > kb (w), Vre[z+Yi(t)—1,24+Yi(t)+1].
This constant may be chosen independently of w and t. Now we wish to bound the
first time s > ¢ at which v(s,Z + Y1(t),w) > 1/2. To this end, define (s, z) which
satisfies
775:779696+f1/277 z€eR, s>0
with 7(0,7) = 1 for |#| < 1 and n(0,z) = 0 for |z| > 1. Here we choose fi/; =
$f(1/2) so that f(v) = gminv(l —v) > fiov for v € [0,1/2]. The maximum
principle implies that
ot 14 5,2,0) > sy (5,7 — (2 + Y (£))
holds for z € R and s > 0 as long as xl(w)n (s,x — (T + Y1(t))) < 1/2 (before
this time occurs, (s, x) — k€ (s, z) is a subsolution of the nonlinear equation). By
symmetry, 1 has a global maximum at x = 0. Therefore, if we define the function
T:(0,1) = R by
T(¢) =inf{s > 0| n(s,0) > 1/(2k0)},

we have v(t + 1+ s,Z + Yi(t),w) > 1/2 for all s > T({;(w)). So, for all h >
14+ T(l(w)), we have
We now have shown that

P (X1t + evEw) > Yip(t)w) 2 B (T(6(w) < evi—1).
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Therefore, to finish the proof we must bound the distribution of T'(¢¢(w)). It is
not difficult to show that 1 grows exponentially so that for any ¢ > 0, T({) <
k1 + ka|log(€)| for some constants ki, k2 depending only on x and f; /5. Therefore,

P (X1/a(t + eV w) < Yip(t)w)) <P (G(w) < exp(—evi/ks = (14 k1)/ks))

Lemma 5.1 now follows immediately from Lemma 5.3 below, which shows that the
level ¢, cannot vanish too quickly as t — oo. o

Lemma 5.3. With {;(w) defined as above,

lim P (ft(w) < exp(—m/f)) =0

t—o00

holds for any € > 0.
Proof. By definition,

l(w) = @(t, 2+ Yi(t),w; ) (L — e 0(w)) = w(@, my,w;y) (1 —e 70 (w))
> %U(f,ﬂyl(t)ww) (79)

with Z = Z;(w) = max (6 '1og(260;),Y1/2(t) — Yi(t)). If Yije(t) — Ya(t) >
5-110g(26,), then 7 = Yy (t) — Yi(t) so that () > 1/2(t, Y1 /a(t),ws7) = 1/4.
So, it suffices to show that

Jim P ({0 | u(0™ Tog(200), myi owi 7) < exp(—eV), () > 1/2}) =0 (80)
holds. For € € (0,1), u(6~*log(26;), Ty, (1yw;y) < exp(—e/t) holds if and only if

16~ log(26y) — R (67" log(26;), Ty, (Wi ) > eVt

On the other hand, from the bounds (22) and (23) on u, we know that there is a
constant M such that |R(z,w; )| < M(z+1) holds with probability one. Therefore,
if 0, > 1/2,

16~ " log(260;) — R (6 log(26;), Ty, (ryw; ) < (w4 M)d~ ' log(20,) + M < eVt

holds for ¢ sufficiently large, if 6 < & exp(ev/t/p) with p = 2(u+ M)d~'. Therefore,
by (70),

tli)rgOP ({w | u(6~ " log(260;), Ty, (1yw; ) < exp(—eVt), Oy(w) > 1/2})

< Jim B (0,0) 2 Jep(evifp)) =0

t—o00
O
Remark 1. Let us point out that if the statement
i (litminf X1 2(t + eVt w) = Vi a(t)(w) > 0) =1, (81)
— 00

holds (which is stronger than Lemma 5.1), then tightness of the renormalized process
(X (nt) — ent)/+/n would follow from that of Z,(¢,w;~). Thus, we would have weak
convergence of the process (X (nt) —cnt)/(u~tcy/n) to Brownian motion as n — oc.
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The main issue is whether the estimate (55) can be improved to the statement that,
almost surely,
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¢
/ e B 7,7y, w) dT = 0(eVY), as t — oc.
0
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