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ABSTRACT. An elastic medium with a large number of small axially symmetric
solid particles is considered. It is assumed that the particles are identically
oriented and under the influence of elastic medium they move translationally or
rotate around symmetry axis but the direction of their symmetry axes does not
change. The asymptotic behavior of small oscillations of the system is studied,
when the diameters of particles and distances between the nearest particles are
decreased. The equations, describing the homogenized model of the system,
are derived. It is shown that the homogenized equations correspond to a non-
standard dynamics of elastic medium. Namely, the homogenized stress tensor
linearly depends not only on the strain tensor but also on the rotation tensor.

1. Introduction. One of the fundamental postulates of the elastic medium me-
chanics is the statement that under small deformations the stress tensor olu] =
{oij[u]}? =, in the medium linearly depends on the strain tensor efu] = {e;;[u] =

%(g;‘; + g—:{) f j=1 of the medium. Such a dependence is represented with the aid
of the elasticity tensor A = {anpqr(z,t)}3 , , =1 Namely, the following Hooke law

holds:

olu] = Aelu], (1.1)
where u = u(z,t) is the displacement of the medium, and the fourth rank tensor
A = {anpgr(z,1)}2 , . o1 is symmetrical with respect to permutation of pairs of
subscripts and of subscripts in pairs themselves. This law is experimentally cor-
roborated for the wide class of the homogeneous elastic materials. It appears that
Hooke law also holds for many heterogeneous (composite) media with fine-dispersed
inclusions. In [5], for example, it is shown that in the medium with perfectly rigid
inclusions, the diameters of which tend to zero, the asymptotic behavior of solutions
of the elasticity theory equation is expressed by the homogenized equation

Pu
Por ~ divolu] = pf.
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It is a common equation of the elasticity theory for anisotropic medium in which the
tensor olu| is determined by equality (1.1), where A is the effective elasticity tensor
of the composite medium, possessing all known symmetry properties of the effective
anisotropic medium. But the main thing of that equation is the fact that the stress
tensor linearly depends only on the strain tensor. However, in the literature we
have seen an increasing number of papers devoted to the study (both theoretical
and experimental) of complex substances the properties of which are essentially
different from the ones postulating in classical elasticity theory ([7], [9], [15], [17],
18], [12]).

Particularly, the stress tensor in those papers depends not only on the strain

tensor but also on the rotation tensor wu] = {w;;[u] = %(g;‘? - gzjf) 2 i—1- Namely,
for such substances Hooke law holds in such a non-standard form:
olu] = APelu] + Awlu], (1.2)

where the fourth-rank tensors A” and A can be considered as the deformative and
rotational parts of the elasticity tensor respectively. Moreover, those parts don’t
possess the symmetry properties postulating in classical continuum mechanics.
The examples of such substances are some kinds of liquid crystals, polymers,
polycrystalline materials and so on ([12]). Analogous phenomena also occur in
some fluid media, for example, in suspensions of magnetizable prolate particles
subjected to the influence of strong magnetic fields. However, the characteristic of
the microstructure of such substances is not clearly discussed in all papers known
to us, thus the reasons of their mentioned behavior appear to be hidden.
In this paper we suggest the simplest example of an elastic composite material
for the homogenized motion model of which Hooke law of the form (1.2) holds.
Namely, we consider an elastic medium with a large number of small perfectly
rigid inclusions which are the prolate particles oriented along the fixed direction I.
Under the influence of the elastic medium the particles can move translationally
or rotate around symmetry axis but the direction of their symmetry axes does
not change. Such a motion of the composite can be realized, for example, if the
particles are strongly magnetizable and subjected to the influence of the strong
magnetic field, so that they are oriented along the field direction B (see Figurel).
We study the asymptotic behavior of such a composite when the diameters of
inclusions tend to zero and the inclusions are distributed in the whole volume. As
a result, we obtain the homogenized model of motion for which Hooke law of the
form (1.2) holds.

2. Statement of the problem. Consider a bounded domain € in R? with smooth
boundary 9€). Suppose that this domain is filled with composite substance consist-
ing of elastic medium and a large number N. = O(~?) of small solids Q% bounded
by smooth surfaces Q%. Further we will call them “the particles”.

N .
Let Q. = Q\ U @ be a domain filled with the elastic medium, p, and ps be
i=1
the specific mass density of the elastic medium and of solid particles respectively,

{@npgr} be the fourth-rank tensor (elasticity tensor) which is supposed to be pos-

3 .
o . 3
itive definite and bounded, ofu] = {op,[u] = Zlanpqreqr[g}}mpzl be the stress
qr=
tensor in elastic medium, z be the position of the center of mass of Q¢, u; be the
displacement of the center of mass of Q%, 6 be the rotation vector of Q¢, m’ be the
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FIGURE 1. The elastic medium with oriented particles

mass of Q%, I be the inertia tensor of Q%, and let u_ = u_(z,t) be the displacement
of the elastic medium.
Consider the following system of equations:

u, 9
Pe 8t2 - np§:1 aixp{anpqreqr[ﬂg]}gn = pei87 x € Qt-, (23)
u, =ul+0. x (z—z), 0L=P., zc0Q; (2.4)

miii+ [ olulvds= [ p.f, d (2.5)
oQ1 Qi

PILIE] + P! [ @-ah) xolulvds =P [@w=ul) xpf de (20)
QL QL
where ie = iE (z,t) is the external force acting on the composite, v is the unit inner
normal vector to the surface 9Q¢, and P? is a projection operator onto some fixed
d-dimensional subspace S¢ C R3.
Depending on d, such a system describes non-stationary motions of elastic com-

posite under various regimes of particles rotations. Namely, if d = 3 then the
particles can rotate without any constraints. Such a situation was considered in
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[5]. If d = 0 then the particles move translationally without any rotations. In this
paper, we focuss on the non-standard cases where d =1 or d = 2.

The case d = 1 can be realized, for example, if we consider strongly magnetizable
prolate ellipsoidal particles in the strong magnetic field directed along a constant
vector B. Then all the particles are aligned along B ([11]), and under the influence
of elastic forces they can move translationally or rotate only around their symmetry
axis [ = B, but the direction of their symmetry axis does not change (see Figurel).
In this case, subspace S! is a linear subspace spanned by vector L.

The case d = 2 can be realized, for example, if we consider strongly magnetizable
oblate ellipsoidal particles in the strong magnetic field. Moreover, it is assumed
that the particles are aligned in such a way that their symmetry axes are identically
oriented along the direction [ perpendicular to the field direction B and they can
rotate both around their symmetry axis and around the field direction. In this case,
subspace S? is a linear subspace spanned by vectors [ and B. The result both in
case d = 1 and in case d = 2 is qualitatively the same: the stress tensor in the
homogenized material is expressed via the strain tensor and the rotation tensor in
accordance with (1.2).

The system of equations (2.3)-(2.6) is supplemented by the initial conditions

0 (2,0) = up(@), (z,t)| =uwol@), ze (2.7)
t=0

ul(0) = by, @ (0) = vl 61(0) = 82y = PLy, 6.(0) = w' = Pt (2.8)

(e (2) = uly + 029 % (z — 22) and v.g(z) = vl +wi x (z—2f) at z € JQL) and the
boundary condition on 0f2

@E(lv t) =0, zeo (29)
Theorem 1. There exists a unique solution of the problem (2.3) — (2.9).

We do not give here the proof of the theorem. The main goal of the paper is to
study the asymptotic behavior of the problem (2.3) — (2.9) solution as ¢ — 0.

Before formulating the main result we introduce some definitions and assump-
tions.

3. Additional assumptions and the main result. Let d’ be the diameter of
ellipsoidal particle Q¢, B(Q!) be a minimal ball containing Q%, and R! be the
distance from the ball B(Q!) to other minimal balls and to the boundary 9. We
suppose that both d’ and R satisfy the following inequalities:

Cie < di, RL < Cse, (3.1)
where constants C; and Cy do not depend on € (0 < C; < Cy < 00).

Suppose that rotation of the particle Q¢ is given by the vector Qé such that
Qé = Pdﬁi, where P? is the projection operator onto some fixed d-dimensional
subspace S C R3. Consider a cube K/ with the side length h (¢ < h < 1)
centered at y € (2. We assume that the edges of this cube are parallel to the

coordinate axes. Let Jg [K}/] be the following class of vector-functions:

JEKY] = {w, € BY(K}); w.(z) = w'+ [P +(1— PY)8] x (z—2?), z € QiNK}},
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where w’ and @’ are arbitrary vectors, and fis a given vector. Consider a mini-
mization problem in this class for the following functional (mesocharacteristic):

Al (we,y, T) = Egy[w., w.]+

3
+ PRy [w Z Top" (@ — y)we(z) = Y T (x—y)],  (3.2)

n,p=1 q,r=1
where
3
EG[UE’QE] */ Z aanrenp[gs]eqT[ye}dlv (33)
G n,p,q,r=1
P [u (z), v (@) = ™27 / (u (), v.(2)) da, (3.4)
G
qr 1 q r
¢ (@) = (et +aqe), (3.5)
1,0 0

epi|u] = ( 5‘1;k + aul ) = {T},,} is an arbitrary symmetric second rank tensor,

and 0 < 'y <2isa penalty parameter.

This mesocharacteristic plays the crucial role in our consideration. Roughly
speaking, it allows us to compute the energy of the composite in some mesoscopic
cube of size h (¢ < h < 1), which is a so-called representative volume element.
In other words, if a composite can be described within the effective single medium
approach, then the elastic properties of the composite can be determined by calcu-
lation or measurements in some representative volume element of an intermediate
mesoscale h, which is why we choose cube K}.

Next, observe that the first term (3.3) in (3.2) represents the energy of the
composite. The minimizer w_ of (3.2) is “close”, up to an additive constant, to the
true global minimizer u, of the variational problem, which corresponds to (2.3)-
(2.9) if the tensor T is chosen appropriately. Now one should choose T. If the
single medium homogenized description is possible, then u (x) is “close” to some
smooth (homogenized) vector-function u(z), which depends only on macroscopic
variable z and does not depend on ¢, so that it does not vary on the microscale
€. We then minimize the energy of the composite, adding the constraint that the
minimizer w, is “close” to the linear part (differential) of the global minimizer u,
so that |w. — u| = o(h) ~ h'*% for some v > 0. This condition is imposed by
introducing the penalty term (3.4).

It can be proved that there exists the unique vector-function which minimizes
the functional (3.2); the minimal value of this functional is given by

3
min A, (w,.,y,T) = a% (y,S% e, h Tyr+
o Sy Ao = D iy 85 T
+2 Z anm (y, 5%, &, h)Tppby + Z (y, 5%, ¢, 1)0,0,, (3.6)
n,p=1¢=1 q,r=1

) d d
where a2 (y,5% ¢, h), npq(y75’ g,h) and cJ,(y, 5% ¢, h) are the components of

the fourth-, third- and second-rank tensors respectlvely, defined as follows
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appyr(y, %8, h) = Excy [w", w? ]+ PR [w™ (2) — 0™ (2 — ), w () — " (z — )]

(3.7)
D (u: 5% 2, h) = Egey[w™, 0] + P [w™ (2) — 9" (z — y),v'(2)],  (3.8)
3y, 9% 8,h) = Exylu?,0"] + PEML (z),v"(z)]. (3.9)

Here w"?(x) is the vector-function that minimizes the functional (3.2) in JEQ[KZ]
1
as T = TP = 5(@" ®eP + P ® e"), vi(z) is the vector-function minimizing the

functional (3.2) in J< [K}] as T =0, and " (n = 1,2, 3) form an orthonormal basis
in R3.

Starting from the solution {u_(z,t), u¢, Qi = Pin, i = 1, N.} of the problem
(2.3) — (2.5) we construct the vector function

(2, 1) = Xe(z)uc(z,t) + Z Xe(@)[uf + 02 % (z — )], (3.10)

where x.(z) is the characteristic function of the domain )., filled with the elastic
media, and x%(z) is the characteristic function of a particle QL. We also denote by

pe(z) = pexe(@) + ps Zxa

the density of composite “the elastic media-the partlcles .
We assume that the following conditions hold:

3.0) the sequence p.(z) converges weakly* in L>°(Q) to a function p(z) > 0 and
the sequence f_(z) converges weakly in L2(£2) to a vector-function f(z), as

e — 0.

3.1) the sequence of initial vector-functions @.y(z) = w.(z,0) and o.4(z) =
0, (z,t
% converges weakly in L2 (€2) to vector-functions u(z) and v, (z)

t=0
respectively, as € — 0.

3.2) for some real number v > 0 the following limits exist heterogeneously at x € Q:

d d
. T a’npqr(x S = h) T . anpqr(x S & h) _ d
) Jim iy = = i Ly = = (259,
_ (z, 5% ¢, h) (z,5% ¢, h)

. : npq BT . npq o d

b) Jim Ty == = Jim lim S = by (. 57,
T C’Y (and7€7h) . . c:zyr(£7 Sd7€7h) d
) o S i e — e S,

where {al,,,.(z, S?)}, {bnpq(z, 5}, {cqr(z,5%)} are continuous tensors (at
z € Q).
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Note, that the existence of limits 3.2) is a general restriction on the spatial

distributions of the particles. Since we do not require any spatial periodicity, we
have to impose some conditions on these distributions. In section 7, we provide an
example where limits 3.2) are calculated explicitly.
Remark. If the limits in 3.2) exist for some v > 0, then they exist for any v > 0 and
the limiting tensors do not depend on ~; moreover, {ad,,.(z, S%)} and {cq(z, S%)}
are positive definite tensors (these facts can be proved analogously to [13]).

Now we are in a position to formulate the main mathematical result of this paper.

Theorem 2. Let conditions 3.0)-3.2) hold. Then the sequence of vector-functions
a.(z,t), defined by (3.10), converges weakly in L2 (2 x [0, T]) (for any T >0) to a
vector-function u(z,t), which is a solution of the following homogenized problem:

0%u 3 B
G Z Gy [CLD (.T Sd)eqr[u]+anpqr(x S )wqr[ ] e” = pi, S Q7 t> 0;

p 2 npqr
ot e Oz, |
(3.11
w(z,t) =0, z€09Q, t>0; (3.12)
0
u(e0) = w@), H@h| =u@ ze (3.13)
t=0
Here
1
a"r?pqr = a’gpqr —+ 5 Z bqueln;m npqr - Z Clm€lnp€magr + Z bnplelqh

=1 lm 1
(3.14)

1, 0u ou,
wer[u] = 5(8; — 8%), (3.15)

where {€mp} is Levi-Civita permutation tensor.
The problem (3.11) — (3.13) has the unique solution.

The proof of this theorem is given in sections 4-6. First, in section 4, using
Laplace transform, we formulate a stationary version of the problem (2.3)—(2.9)
with the spectral parameter A . Then we reduce it to a variational form for A > 0.
In section 5, we study the asymptotic behavior of the solution of the variational
problem as € — 0 by using a method close to the computation of a I'-limit. We
find the homogenized variational functional and the system of Euler equations cor-
responding to this functional. Finally, in section 6 we study the analytic properties
of the solutions of these equations in the parameter A, and, applying the inverse
Laplace transform, obtain the homogenized non-stationary problem (3.11) —(3.13).

4. Variational formulation of the stationary problem Use the Laplace trans-
form of the functions to be found: u_(z,t) — v_(z, \), ul(t) — ul(\), 0-(t) — 6L (\).
Taking into account the properties of the Laplace transform, we rewrite the problem
(2.3)-(2.5) in the form
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3
0
)\2;)6@6— Z a {anpqreqr }6 —pef + Apen, 50( )+pe40( ), €8,

n,p,q,r=1
(4.1)
uo=ul +00 x (z—zl), 0.=P, zcoQ, (4.2)
Nmiu® + / oluJvds = dmiuly +mivt + /psis dz, (4.3)
0Qi Qi
PILG) + P [ (@ ) x olulv ds
Qi
PG+ PAL] + P [ (@ 2t) x pf da, (1.4)
Qi
u(z) =0, z€09Q, (4.5)

where ReXA > 0. We extend the displacement function w_(z, A) onto the particles
Q¢ according to (4.2) and keep the same notations for the extended function.

Fix now A > 0. Then the problem (4.1)- (4.5) is equivalent to the variational
problem

O (u.) = min D (ul), (4.6)
2/5635(9)

where }5 (Q) is the class of vector-functions from H*' (2) which are equal to a’ +

0. x (z — z') on the particles Q¢ (a’ and Qi = Pdﬁi are arbitrary vectors), and

3
:/{A2p5<g5,g5>+ Z Anparenp[Ue]eqr U] — 2pg<)\u50+v60+f Ue }dm
Q n,p,q,r=1

(4.7)
where A > 0.
The main goal is to investigate the asymptotic behavior of the solution u,(x) of
minimization problem (4.6), as ¢ — 0. To formulate the homogenization result, we
consider the minimization problem

®o(u) = min  Py(u), (4.8)
weH (@)

3

= /{)\2P<H, Q> + Z a?zpqr (x)enp eqr -2 Z Z bnpq e”P [;I‘Ot H] q

Q n,p,q,r=1 n,p=1g=1
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3
1 1
+ q;l Cqr() [irot Q} . [irot Q] - 2p(f + Aug + vy, g)} dx. (4.9)
The minimizer of this problem is the solution of the following boundary value prob-
lem:

3
8 n
Npu— 3 o [ah g @)eqr [l + 0l (@) ]| " = pf +Apuy+pry, 2 €D,
n,p,q,r=1 p
(4.10)
u(z,\) =0, z€N. (4.11)

The asymptotic behavior as e — 0 of the solution of problem (4.6) is given by
the following theorem.

Theorem 3. Let conditions 3.0)-3.2) hold. Then the solution u_(z, \) of the prob-
lem (4.6) for any A > 0 converges strongly in La(§2) to the solution u(z, \) of the
problem (4.8), as e — 0:

u (2,\) —> uz,A) strongly in La(S).

e—0

The proof of this theorem is given in section 5.

5. Proof of Theorem 3. Let u_(z, A) be the solution of the problem (4.6). Since
0 E:}E (Q), we have:

Bo(u,) < B.(0) = 0, (5.1)
Due to conditions 3.0)-3.1) and the first Korn’s inequality (see [16])
3
oy, <2 30 eyl (5.2
H(9) -
Q P
(4.7) and (5.1) give:
el (0 < C. (5.3)

Therefore the set of vector-functions {u_(z,\), ¢ > 0} is weakly compact in
H'Y(2). Due to the Embedding Theorem, this set is compact in Lo(2). Hence,
there exists a subsequence {u,, (z,)), ¢ > 0} which converges (weakly in H'(Q)
and strongly in L2(€2)) to some vector-function u(z, A). As it is shown below, the
limiting vector-function u(z, ) is a solution of the problem (4.8). It can be proved
(see Lemma 1) that

Ouy, Ou
D R n q 2
+ ——dx >
![anpqr a‘npqr] 8$p (9$r L = ||QHH1(Q)7

and hence, problem (4.8) has a unique solution. From this it follows that the
sequence {u_(z,\), € > 0} is also convergent:

u, — uweaklyin H*(Q), u. — ustrongly in Ly (). (5.4)
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Clearly, u(z) €H' (Q). Show that for any vector-function w € H' (Q) the fol-
lowing inequality holds:

o
1. For any vector-function w € H! () (C3() we construct a special vector-

function w,, 655 (€), such that

lim lim @ (w_,) < ®o(w). (5.6)

h—0e—0
Now we describe this construction. Cover the domain €2 with cubes K f“ centered
at points z, € Q with the edges of length h, which are parallel to the coordinate

axis: Q@ C |J K. Let the centers z, € Q of these cubes form a cubic lattice
acA

of period h — h'tz (0 < v < 2), so that the cubes overlap. Due to the overlap
of the cubes, we can further select smaller cubes Ki;* (with the edges of length

h' = h — 2h'*3) which are concentric to K. Tt is well known (see [6]) that there

exists a set of functions {¢g"(z) € C§°(2)}aea (called a special partition of unity)
such that

Ko
1) ¢5l(a) = {éi;Kh 2061 3 IV @S S
)L h
4) Y ota)=1,2€Q, 5)¢z)=CL zeB@Q), (5.7)
aEA

where C! are the constants (0 < C? < 1), and B(Q%) are the balls centered at

g
points 2! with the radii d’ (see (3.1)), which contain the particles Q%. For the
sake of simplicity, we will omit the superscripts € and h where it will not cause any
confusion: ¢ (z) = da ().
For any vector-function w(z) € CZ()) we construct the vector-function

w,p,(z) Eje (Q) possessing the following properties. First, it approximates (in
Ly(9)) a given vector-function w(z) €H! (Q) for small ¢ and h. Second, it “al-

most” minimizes the functional (3.2).
Note that any vector-function w(z) € C?(K;*) can be written in the form

3
w(z) = w@®) + Y (enplw(@)]e™ (@ — )+
+ waplw (@)Y (x - %)) + g (z), z€K,", (5.8)

where

coplise)] = (G2 2a) 4 520, wnplte)] = (G2 a) - 52(a)),

the vector-function ¢"?(z) is defined in (3.5),
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and Dkga (z) = O(h?7*), k = 0,2. Define the quasi-minimizer w_,(x) as follows:

3
=Y {w(&a) + )
a€EA n,p=1
3
>

enplw () 2 (2) +

3

+ Z wnp[w(ia)]ﬂnp(g - ia) _

n,p=1 k=1

[%I‘Ot Q(la)] kglccu,eh} ’ Qsa(&), (5.10)

where the vector-functions v ’}? (z) are the minimizers of the functional (3.2) in
1
JOKY as T =T = 5(@ ®@eP +eP®e"), and vl _, () are the minimizers of the

functional (3.2) in Jg [K}]as T = 0.

It is obvious that w_,(x) 635 (©). Let us calculate the functional (4.7) on the
vector-function w,, (x). To this end, we distinguish the leading term in ex[w,;]:

3
el @] = Y { D7 enpliolea)lenle @)+

acEN n,p=1

3
- Z[%mtw@a mhi[L Mh]}%( ) + ben(2), (5.11)

m=1
where lim lim |61 1,(0) = 0 (for more details see, for example, [3] and [6]). Then,
h—0e—0

using (5.7) and (5.11), similarly to [1], [2], [3], [4] and [6] we can show that

0 ,0
Eq Eh?—eh Z Z 6"1’) eq?‘ [UJ(JE )]EKhif‘ [QZ:?E}L ’ yg:ah}_

a€A n,p,q,r=1

033 el rotwie,)], Be ot )+ (512

acA n,p=1q=1

1
+Z Z rotw [Qroty(ga)] EK, (W8 ch> U en] + L€, h),
a€el g,r=1
where lim lim L(e h) =

h—0&e—

From (5. 12) taking into account (3.7)-(3.9), we obtain

Balw.,wa] < Y { S s W enplile gz, )l

a€EAN n,p,q,r=1

-2 Z anpq Loy €y h eﬂp[w(ga)} [%

n,p=1g=1

rotw(z,)],+

+ Z (z,,¢,h) ;rotg(ga)]q[%rotw@a)]T} +0(1) (e<h<1). (513)

q,r=1
Here we add in the RHS of (5.12) the positive term
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3 3
> P l > (QZi—’% — "™ (z - %))enpiw(%)] DL [%row(&a)iw
n=1

acA n,p=1

3 3
Z (yg::sgh - qu(g - la)>eqr ZQ I"Ot w )] p

q,r=1

corresponding to the penalty terms in (3.7)—(3.9). Now we make use of inequality
(5.13) to estimate the functional (4.7):

3 a®Y (z., e h
SEDN R ED I R

a€A n,p,q,r=1

(Z,,€,h)
23 > et ot e+

n,p=1g=1

3.

qu(goueah) 1 1
Z* oty [grovute, ), }+

+)\2/(pawsmeh)dg—Z/p5<)@50+y60+i67w6h>dx+6(1) (e h<1). (5.14)
Q Q

Using (5 8), (5.10) and taking into account the fact that the minimizers v’ ,?(x)
and v _, (z) are close, in some sense, to ¢"P(z — z,) and 0 respectively, we can

show that (for more details see, for example, [1] and [3])
lim Tim fJwey, — wl1, @) = 0- (5.15)

Then, passing to the limit in (5.14) ase — 0 and h — 0 and taking into consideration
3.0)-3.2) and the fact that w(x) € C2(2), we obtain

lim lim ®.(w_,) < ®o(w).

h—0e—0

Thus, inequality (5.6) is proved. Next, from (5.6) and an obvious inequality
D, (u.) < P (w,y) there follows the upper bound:

lim @ (u.) < ®g(w), Yw efil (). (5.16)

e—0

2. Prove now the lower bound

Po(u) < lim . (u,), (5.17)

e—0

where the vector-function u(z) is defined in (5.4). For the sake of simplicity we first

assume that the limiting vector-function is smooth enough: u(z) EH L@QNCEQ).

Consider a partition of the domain {2 by non-intersecting cubes Kf" aligned
along the coordinate axes and centered at the points z, forming a cubic lattice of
period h. In each cube the vector-function u(x) can be written in the form
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3

w(z) =u(z®) + Y (enplu(@®))e™(z — 2*)+

+ wnp[u(z®) " (z — 2%)) + O(h?), z € K=, (5.18)

Then, in every internal with respect to Q cube Kf" (which does not intersect the
boundary 0f2) consider a vector-function

3
u(z) = u(z) —wz®) — Y waplu(z®)"(z - z). (5.19)
n,p=1
It is clear that ul(z) € JEEQ (K], where 0" = —%roty(ga)7 and ep,[ul] =

enp[u.] in K. Therefore, from (3.2) and (3.6) for T}, = e,p[u(z,)] we obtain

EK*Q[ Ug, 5]+
3 3

TP [uf (@) = D emplula)le™ (@ —za) ul (@)~ D enplulzy)le™ (2 —z,)]

n,p=1 n,p=1
3
> Z a(r)qur (gou & h)e’ﬂp [ﬂ(@a)] *€qr [ﬂ(@a)] -

n,p,q,r=1

23 3 Bl el ] [rotute,)]

n,p=1g=1

+ Z (z,,€,h) ;roty(ga)]q[%rotg@a)L. (5.20)

q,r=1

v

Estimate now the second term in the LHS of inequality (5.20). Taking into account
(3.4), (5.4), (5.18) and (5.19), we have

3

/ w2 @) = 3 enplule)lg™(@ — z,)|2de = O(T).  (5.21)

Kf“ n,p=1

Sum up inequality (5.20) over all cubes of our partition. Using (5.20)-(5.21) we
obtain

5. % (z,,e,h
wyz Yon 3 et ey ua,)-
aEN n,p,q,r=1
(.8, h
5 Z Z LERGIONE [%row@a)]q+

n,p=1g=1

+Z qrglj e,h) 2r0tu( )]q[%roty(ga)]r}'i_

q,r=1

a2 / (ot u.)dz—2 / pe(Misg g+ f o) dz+O(h2T) (e < h < 1). (5.22)
Q Q
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Then, passing to the limit as ¢ — 0 and h — 0 in (5.22), and taking into account
3.0)—3.2) the fact that u(z) € C?(Q2) and v < 2, we obtain

lim @, (u,) >

e—0
1
/ npq’r' (&)enp [u( )]eq'r -2 Z Z bnpq enp [21‘0'6 u] +
Q mpar=l n,p=1q=1
> 1
Z rot u]q [§rotg]r + AQ(py,@ —2p(Aug + vy —&-L @)} dz = Do (u).

q,r=1
Thus, the required inequality (5.17) is obtained under the assumption that the

limiting vector-function u(z) is smooth. The proof for a non-smooth case u(z) EH !
(Q) is more technical, though its scheme is the same. Namely, it is necessary to
construct smooth approximations u,(z) of the limiting vector-function, then to
obtain for these approximations inequality, which is analogous to (5.17), and to
pass to the limit as 0 — 0. The details of this construction are presented in [4].
The inequality (5.5) follows from (5.16) and (5.17). Theorem 3 is proved. O

6. Proof of Theorem 2. Note, that the convergence in Theorem 3 was proved
for A > 0 only. To prove the main Theorem 2, we need to apply the inverse Laplace
transform to get the convergence of u_(z,t) to u(z,t). To this end, we need to
extend these vector-functions analytically into the complex right half-plane and to
establish their behavior as A — oo.

Lemma 1. For any vector-function uw €H' () the following inequality holds:

ou,, Ou
/[GD +G/R ] -1 d Z HQ||%:I1(Q), (61)

npqr npqrl g, 3
Q

where ab,.. and all, . are defined by (3.14).

o o
Proof. For a given vector-function u € H* () we construct a sequence u_j,(x) €.J¢
(Q) in accordance with (5.10). Using (5.13) and Korn’s inequality (5.2), it is easy
to see that

ou,, Buq

D R 2
}ll%glm ||ush||H1(Q) < /[anpqr +anpqr] I 6 dl’ < C”EHHI(Q) (62)
Q

Taking into account (6.2) and (5.15), we conclude that the sequence u_;(z) (up to
subsequence) converges weakly in H!(Q) to u(z). Therefore

Ou,, Ou

2 . . 2 D R

HQ”Hl(Q) < }lbljrnoshjnz) ngh”Hl(Q) < /[anpqr +anpqr} . .
Q

Lemma is proved. O

dx.
Ox, Oz,

Analogously to [1], [2], [3], [4] and [6], it may be shown that the family of solutions
u,(z, A) of the problem (4.1)-(4.5) is analytic in the domain {ReX > 0}. Moreover,
in this domain the following estimate holds:
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e

o (6.3)

llue (2, Ml o) <

where the constant C' does not depend on e.

Thus, taking into account Theorem 3, the analyticity of u_(x,\) in {ReX\ > 0}
and the uniform bound (6.3), with the help of Vitali’s theorem (see [14]) we conclude
that u_(x,\) converges in L2(92) to some vector-function w(z, A), uniformly with
respect to A in any compact subset of the domain {Re\ > 0}. Moreover, this vector-
function is a solution of the problem (4.10)-(4.11) for A > 0, analytic in the domain
{ReX > 0}, and in this domain

C
lw(z, M[z,0) < o (6.4)

Al
Show that problem (4.10)-(4.11) has a unique analytic solution for all Re\ > 0.
This problem can be written in the following weak form:

Lafu, o] = Falu], Vo €H' (9),

where
1 ou,, Ov
Lafuo] = A [ pu-vde+ 5 [ [aB, +af,, ] 5n 20 g
Alw, v] /pg vaz + B\ /[G”W—Fa”pqr] Oxp Oy L
Q Q
and
1
Fy[v X/ pf + Aoy + puy, T) da.
Q

It is easy to see that

[Lalu, v]| < Cllullm @ vl a1 9), Falv] < CHUHHI(Q Re)\ > 0. (6.5)
Moreover, taking into account (6.1) and identity anpqr + anpq,, qmp + aqmp, we
obtain that

|Lafu, o] > Cllull7 g, Red > 0. (6.6)

Combining now (6.5)-(6.6) and using the Lax-Milgram Theorem, we conclude
that there exists a unique solution u(z, A) of problem (4.10)-(4.11) for any ReA > 0.
Moreover, this solution is analytic in right half-plane {ReX > 0}, since the form
L[u,v] is analytic (see [10]). From this it follows that w(z, ) = u(z, A) in {ReX >
0}.

Due to the estimates (6.3) and (6.4), we can apply the inverse Laplace transform
(see, for example, [14] and [8]) and prove, thereby, the statement of Theorem 2 (see
details in [1], [2], [3], [4] and [6]). O

7. Explicit formulas for the elastic modules for periodic array of particles.
We now show the existence of the limits in condition 3.2) for a particular example of
a periodic cubic lattice. Namely, let the particles Q% be the ellipsoids of revolution

with the same semi-axes al = bl = ae and d’ = de respectively (a < d < ) We

suppose that all the particles Q% are aligned along the direction [ and their centers
zt form a cubic lattice of period .
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Let K! be a cube of side length ¢ centered at the point 2z and containing a
particle QL. Then D! = K!\ Q! is a periodicity cell filled with the elastic medium.
To obtain the standard unit cell we rescale D! by the factor e~! and shift its center
to the origin. Then the domain D = K \ @ is a unit periodicity cell where K is a
cube of side length 1 centered at the origin and @ is an ellipsoid of revolution in K
with the semi-axes a = b and d respectively (a < d < g)

We prove the following.

Theorem 4. For the cubic lattice described above the limits in condition 3.2) ex-
ist, the functions ap .. (y), bupq(y) and cq(y) are constants and are given by the
following formulas:

U pgr = Gnpar +/ Z arister [w" (2)] est (W (2)] dz,
K k,l,s,t=1
3
bnpg = / Z arister (W' (2)]est [u(2)] dz,

k,l,s,t=1

3
Z antster [u9(z)] est [u" (2)] dz,
K kils,t=1

where w"P(z) and ul(z) are the solutions of the following problems, respectively:

3 0
- > —H{ausenw™(2)]}e' =0, z€ K\Q,
k,l,s,t=1 0zs
w'P(z) = —p"P(2) + 0PI x z, z€Q, -1
pt | zxow"lvdz =0, (7.1)
aQ
w'| =w" o] = 0[@””]‘
F Fy F Fy
and
3 0
- 7. {apsten[u?(2)]}e! =0, z€ K\Q,
k,l,s,t=1
wi(z) = [0+ (1—-Phell xz, z€Q, .
PL [ zxoulvdz =0, (7.2)
aQ
w| =w| o] = ol
o Fo Fit F

Here PL is a projection operator onto L, FZ* and F,~ are opposite faces of the cube

K (i=T1.3).
Proof. Let K,% be a cube of side length h (h > ¢) centered at the point y € €.

We seek a function uP(z) minimizing functional (3.2) in Jg[Kﬁ} as T = T"° =

1, .
5@" ® eP 4+ e’ ® e") in the form

u?(z) = U (z) + v (2), (7.3)

where
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UP(z) =" (@ —y )+ s@?”(%). (7.4)

Here @"P(x) is a periodic extension of the function w™?(z) and y = z! is the
nearest to y center of particles Q! (for the sake of simplicity we assume that Y= Y)-
Using the properties of the functions ¢"?(z) and wl”?(z), we have

UP(z) = " (xl —y ) + 0" x (z — 2l), z € QL. (7.5)
Analogously, we seek a vector-function w?(z) minimizing functional (3.2) in
JE [K}] as T =0 in the form

wi(z) = W(z) + h(2), (7.6)

-y
where Wi(z) = 5@’1( *E), and @(z) is a periodic extension of the function
€
ul(z).
Next we obtain variational problems for the correctors v”?(z) and h?(z). Analysis
of those problems and substitution of (7.3)-(7.6) into (3.7)-(3.9), together with a
periodicity of the structure, give

1 1 n r P
h3 npqr(y7€ h) ﬁEKg [Qapﬂgg ] + 0(1) (5 <h<L 1)’

1 n
V(3 1) = 7 By [U27, W3] +2(1) (¢ < h < 1),
1 T
ﬁc’qyr(gﬂ&h) thK“[W&we] +0( )(5 <h <K 1)'
The statement of Theorem 4 follows from the above representation. O

8. Asymptotic formulas for the elastic modules
for small particles. Note, that even in periodic case the obtained formulas for
coefficients defined in condition 3.2) do not clarify their dependence on the particles
orientation. Meanwhile, if the volume fraction of the particles are rather small then
agpqr(x 1) = anpgrs bnpq(x 1) =0, cgr(z,1) = 0. Therefore, it would be interest-
ing to obtain asymptotic expressions of smaller order for those coefficients which
ascertain their dependence on the particles orientation.

To do this, we consider ellipsoidal particles oriented along vector [ and suppose

5
that their diameters are of order ¢ (o > 5) We prove the following theorem.

Theorem 5. For small volume fraction of the particles the following asymptotic
formulas hold:

def npqr(ya la g, h)
h3
7 { [A1OngSpr + Gnrdpg) + A28updor] + Bbaladpr + lplydur + InlySpq + lplyGng] +

dnpq’r (y> L g, h) = aanT+

+C [balyyr + lgbrdup) + Dlalylyle } +(7.),

def bnpq(y7 l? & h)

3
e =7eb Y (Inlk€rpg + lplr€rng) +0(72),

k=1

bnpq(y7 lLe, h)
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- def C’Yr(y7l7ga h)
(g e,y " e D)

i
where 7. = Y 7|Q§|
T KY h

supposed to be of order %, 3 > 2), and constants Ay, Az, B, C, D, b and ¢ depend

on the form of solid Q (of unit diameter) oriented along axis e*.

= TeC(Onp — lnlp) +0(7e),

is a volume fraction of the particles located in K} (which is

Sketch of the proof. For a single fixed ellipsoidal solid @) oriented along axis e'
we consider the following boundary-value problems:

3 0
- > {aklstekl }e =0, z€R3\Q,
k,l,s,t=1 0z
w"(z) = " (z2) +a" +0"e! x z, z€0Q,
[ owlvdz = [ zx oclw™]vdz,e') =0, (8.1)
5Q N
WP = O<@>7 ‘£| — 00,

and

3

0
klisi=1 0% {akls’fekl[@q(é)]}ﬁt =0, z€ R? \ @,

ul(z) = a + [e7(1 — ego3) + 0% x 2, 2 €00Q,
[ oulvdz= ([ zxo[ulvdze') =0,
aQ 0Q

(8.2)

1
|z[?

gq:O( ),|§\—>oo.

There exist a unique solution (w™, a™?, ") of problem (8.1) and a unique solution

(u?,a?,07) of problem (8.2). Moreover, from the symmetry of problems (8.1)-(8.2)

it follows that a™ =0, 8"? =0, a? =0, 82 =0 for all n,p,q¢ =1, 3, and u' = 0.
Introduce the following fourth-, third- and second-rank tensors corresponding to

Q:
3
Anpgr (Q / Z klw"P, wi da,
RI\Q bF=
3 3
bnpe(Q) = / D ewlw™ uldz,  cnp(Q) = / > ewlu” uPldz.  (8.3)
R3\Q i,k=1 RI\Q i,k=1

It is clear that anper(Q) = apngr(Q) = agrnp(Q), bupg(Q) = bpng(Q) and cnp(Q) =
¢pn(@). Moreover, taking into account the symmetry of problems (8.1)-(8.2) and
orientation of @), it can be proved that

a2222(Q) = a3333(Q)7 a1122(Q) = 01133(Q)7
a1212(Q) = a1313(Q), a2222(Q) = a2233(Q) + 2a2323(Q),
b123(Q) = —b132(Q), bupe(Q) =0 in all other cases,
c22(Q) = ¢33(Q), cnp(Q) =0 in all other cases. (8.4)

Let Q% be a particle oriented along [ with diameter di. Consider the following
boundary-value problems:
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3 0
- > 9. {ansen[wt™(2)]}e! =0, ze€R*\QL,
k,l,s,t=1
w"P(z) = g’”’( 2) a4+ 00l X 2,z € OQL,
U[wz,np]ydz _ Pl f z X O'[ znp]ydz _ O (85)
0QL Qi
1
Ml’np = O(@>7 ‘&l — oo,
and
> 9 3 i
- X 9z, {aklateklu’q }e =0, zeR’\Q.,
k,l,s,t=1
ub?(z) = ab? + [0+ (1 — Phet] x z, z € dQL, 56
8.6

J oltivdz=Pt [ zxolul¥rdz=0,
aQi . aQi
iq — _

Introduce the following fourth-, third- and second-rank tensors corresponding to

3

anpqr(Qé) = / Z eir[wh"?, wh ] dz,
o\ k=1
3 3
bnpq(Qé) = / Z € k[ imp u q] d@, cnp / Z ', dg.
R3\Q: “F=1 rRA\Qi HF=

(8.7)
It is clear, that up to rescaling and rotations problems (8.5) and (8.6) coincide with
problems (8.1) and (8.2), respectively. Using this fact and (8.4), it can be proved
that

anpqr(Qé) = (dé)g{ [A1(5nq5pr + 5m“5pq) + A2§np5qf’] +

+B[lalg0pr + lplgOnr + lnlipg + Lplydng] + Cllnlpdgr + lglednp] + Dlnz,,qur},
) ) 3
bnpq(@é) = (dz)gb Z(ankekpq + lplkeknq)v Cqr (Q ) (dl) (5np - lnlp)7

k=1
where A, = a2323(Q), As = a2233(Q), B = a1212(Q) — a2323(Q), C = ann(Q) -
a2233(Q), D = allu(Q) + a2222(Q) - 2a1122(Q) - 401212(@)7 b= 5123(Q) and ¢ =

22(Q)-
Let K% be a cube of side length i (h > ¢€) centered at the point y € 2. Suppose

that the diameters d of the particles Q% are of order O(e%), a > g We seek a

1
vector-function v_} (x) minimizing functional (3.2) in JAKY as T =T = 5(2" ®

e? +eP ®e") in the form

ol (z) = VP (2) + wlf (z), (8.8)
where
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Vi) =@ -y) -y, wi"(z)¢l(x). (8.9)
7 Kg
Here w®"P(z) is a solution of problem (8.5), Z/ stands for summation over all
7 K}i
particles Q% located in K}, (B’ = h —2h'*3 4 > 0) and

oc(x) = o EZED). i) = {;j e CR,).

AVARVAY
N|—= .Jih—\

R
Using the properties of the functions ¢"?(z), w2 (z) and ¢(t), we conclude that
VIP(z) € JHK}).
Analogously, we seek a vector-function v4(z) minimizing functional (3.2) in
JE [K}] as T =0 in the form

vi(z) = Vi(z) + hi(z), (8.10)
where

Viz) =) uli(z)¢(z). (8.11)
1 K}i
Here u’9(x) is a solution of problem (8.6). Using the properties of the functions
ub4(x) and ¢(t), we conclude that VI(z) € JE (K}
Next we obtain variational problems for the correctors v?(z) and h(x). Analysis
of those problems and substitution of (8.8)-(8.11) into (3.7)-(3.9) give

1
Anpgr(y, L€, h) = ﬁEKﬁ VIP. VI +0(r.) (e<h<kl),

Y e r»Ye

- 1
bupg(y: L& h) = 5 Exy[VEP, VI +0(re) (e <h <1),

1
np(y,L,,h) = EEK;{ V2 VPl +0o(r.) (e<h<1).

The statement of Theorem 5 with

Ay Ay B C D b é
Al:7;A2:77B:77C:73D:77b:77027
Q| Q| Q) Q| Q| Q| Q|

follows from the above representation. O
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