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ABSTRACT. In [2] Barenblatt e.a. introduced a fluid model for groundwater
flow in fissurised porous media. The system consists of two diffusion equations
for the groundwater levels in, respectively, the porous bulk and the system
of cracks. The equations are coupled by a fluid exchange term. Numerical
evidence in [2, 8] suggests that the penetration depth of the fluid increases
dramatically due to the presence of cracks and that the smallness of certain
parameter values play a key role in this phenomenon. In the present paper we
give precise estimates for the penetration depth in terms of the smallness of
some of the parameters.

1. Introduction. In this paper we study the system
up = K(u?) e — Bu? — v?)
evy = (V) g + Bu? — v?)
where ¢, k, 8 > 0. The initial and boundary data are:
u(z,—1) =v(z,—1) =0 forz >0
u(0,t) =v(0,t) = f(¢t) fort>—1,

in Q@ =R x (~1,00), (1)

(2)

where

feC?(-1,00)), f(-1)=0, f=0inR", f>0in (-1,0), f/ >0in (-1,-1).
(3)
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System (1)-(2) was introduced in [2] as a model for one-dimensional groundwater
flow in a porous stratum which contains a system of cracks: u(x,t) denotes the
fluid level in the porous blocks, v(z,t) the level in the system of cracks. Initially,
at t = —1, no fluid is present. The function f(¢) represents a boundary impulse at
x = 0, concentrated in the time interval (—1,0).

Almost fifty years ago Barenblatt ([1]) introduced the porous medium equation

to describe the evolution of the fluid level A in a porous medium. Through an
explicit example he observed that the spatial region occupied by the fluid expands
with finite speed of propagation. This hyperbolic-type behavior distinguishes the
porous medium equation from the linear heat equation and leads to the existence
of interfaces or free boundaries between the regions where h > 0 and h = 0. The
porous medium equation became a model equation for a large class of degenerate
parabolic equations, since then extensively studied in the literature (see [11] for a
review). Much less is known about systems of degenerate parabolic equations: most
papers in the literature are dedicated to case studies.

Concerning system (1), numerical evidence in [2, 8] suggests that the speed of
propagation dramatically increases in the presence of small amounts of cracks, a
phenomenon which is most relevant in applications (think of the importance of the
penetration depth’s size in case of contaminated groundwater). Smallness of at least
some of the parameters in (1) seems to play a key role in this phenomenon and it
is the purpose of this paper to get more quantitative insight.

More precisely, we are interested in the behavior of the interface for small values
of ¢ and 3, keeping k constant. As we shall see in section 2, problem (1)-(2) has
a unique solution (u,v) and the interval where u > 0 and v > 0 is expanding with
respect to time: there exists an interface r(t) such that

supp v(t) = suppu(t) = [0,7(t)] for ¢ > —1; r increasing, continuous; r(—1) = 0.
(5)
To indicate the dependance on € and 8, we write u. g, ve g and r. 3. Our main
result is an estimate for r. g at time ¢t = —1, an intermediate value in the interval
(—1,0) where f > 0, for small values of € and 8. It turns out that we have to
distinguish the cases 8 < e and 8 > e:

Theorem 1.1. (The case § <¢) Let 0 < e < 1/k and0 < 8 <e. Letr. g(t) be the
interface defined by (5). Then there exist positive constants Cy and Co depending
only on f such that

Cl 1 C2

1< _hy< 22

\/g — 7‘5,[3( 2) = \E
Theorem 1.2. (The case 5 > ¢) Let r. g(t) be the interface defined by (5). Then
there exist positive constants By, C1 and Co depending only on f and k such that

2 2
ﬁlog (1 +le) < 7"573(—%) < ﬁ (logf —|—C’2>
if0<e<1/k,0< B <Py ande<p.

In particular r. g(—3) — oo as , 8 — 0.
It turns out to be particularly instructive to consider the first moments of u and
ev (see also [2]). Observe that the total moment can be easily calculated: for all
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t>—-1
o} t
/ z(u(x,t) + ev(z,t))de = (k + 1)/ f2(r)dr
0 ~1
Theorem 1.3. Let (uc g,ve,8) be the solution of (1)-(2). For any —1 <t < —3

B I3 2ue g, t)de — /ifj f2(r)dr
B=o(e) = {ono x5, ) — fjllf2(7)d7 ase—0 (6)

and

fooo zue gz, t)de — (K + 1) fil f2(r)dr

— 0. 7
1.7 exve g(a, t)de — 0 as ()

eo(ﬂ)é{

The interpretation is immediate but helps to understand the dichotomy which
we have encountered in Theorems 1.1 and 1.2: if the exchange parameter 3 is
small compared to €, in the limit of vanishing € and S the exchange term is too
weak to have any effect on the values of the single moments, while if ¢ is small
compared to 8 “all fluid which rapidly enters the porous medium through the cracks,
enters the pores”. Since the total amount of fluid which enters the porous medium
through the cracks vanishes as ¢, — 0 (fooo eve g(z,t)de — 0 as ¢ — 0 since v. g
and [;° exv. g(,t)dx are uniformly bounded, see also (11)), the first moments are
particularly useful to describe the role to the exchange term.

Observe that the information about the interface and first moments can not
be obtained from the limit solution for vanishing 8 and e. Indeed, since u and v
are uniformly bounded (see (11)), it is easy to prove that, independently of €, u
converges to a solution of the porous medium equation as 5 — 0:

Proposition 1. Let k > 0 be constant, let U be the unique solution of the problem

up = k(u?)ge  in Q
u(0,t) = f() ift>—1 (8)
u(z,—1) = ifx>0

and let (ue g, veg) be the solution of (1)-(2). Then for any T > —1
ue g — U uniformly in IR" x (=1,T] as B — 0,
uniformly with respect to e € (0, 1].

The paper is organized as follows: in section 2 we prove the existence and unique-
ness of a solution and list some preliminary material, in section 3 we prove Theo-
rem 1.3, and in section 4 we prove the estimates for the interface.

2. Preliminary results. In this section we prove that problem (1)-(2) has a unique
solution and we list some basic properties of the solution.

Definition 2.1. A pair (u,v) of continuous functions defined on @ is a solution of
(1)-(2) if for all T > —1

(i) u,v e C([-1,T]): LP(R")) N L>®((—~1,T) : BV(IR")) for 1 < p < 0

(ii) u?,v? €L°°( 1,T: HY(IRY))
(431) u and v satisfy ( )
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(iv) for all ¢ € HY(Qr) with ¢(0,¢) = 0 for a.e. t € (—1,T) and ((x,T) = 0 for
a.e. v € R,

/ / (66— r(0)aGe = Bl = 0?)0)
:// T(eth — (1¥)aCe + B(u® — 0?)() =0,

where Q7 = R" x (—1,T].

Proposition 2. Let e,5,k > 0 and let f satisfy (3). Then there exists a unique
solution of problem (1)-(2).

Proof. We approximate the degenerate parabolic system by a nondegenerate one:

up = K(u?) e — B(u? —v?) in QM) = (0, M) x (—1,00)
evy = (V%) g + B(u? — v?) in QM)
w(M,t) =v(M,t) =u(zx,-1) =v(z,-1) =0 forx>0,t>-1
u(0,t) =v(0,t) = f(¢t)+ o for t > —1,
(10)

where M, o > 0. By standard theory, problem (10) has a local (with respect to time)
smooth solution, (us,ar, Vs, ar), which can be continued as long as it is bounded. We
use the theory of invariant rectangles (see [4]) to get a priori estimates. If T < —1,
the rectangle [0, f(T)+ o]? is invariant for t € [~1,T], and if T > f%, the rectangle
[0, max(_y 7y f + 0]? is invariant. Therefore

3 (11)

t ifx>0 —1<t<
0<o0 <uenm(z,t),vem(x,t) < {f()+a ne .
29

max_y f+o ifz>0,t>—

and the solution (us ar, Vs nr) exists globally, for all ¢ > —1.

Let £(x) be a smooth nonnegative function such that £(0) = {(M) =0, £ =1
in (1, M — 1), and [£'|,|¢"] < C in (0, M) for some constant C > 0. Omitting
the subscripts o and M, multiplying the equation of u by &2 and integrating over

%M) = (0, M) x (—1,T) we obtain

/OM (u(-,T) —0) & = - //Q(TM>(u2 et - 2“//Q<TM> (W),

Adding this to a similar expression for v we find that
M
|t =) ety e ==z [[ e a4 02),
0 Q(TM)

=2 //Q(M)(ff’)’ (ku® +0%) < CT

for some constant C' which, in view of (11), does not depend on o and M. Hence
ug, v — 0 and vy — o are uniformly bounded in L>(—1,T; L*(0, M)).
We set ¢ = (f +0)? (1 — &) + 02+ and multiply the equation for u by u? — 1,

a function which vanishes at x = 0 and z = M. Integrating by parts over Q(TM) we
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obtain

M M
%A (u’(-,T) — 0?) —/ (Y (z, T)u (.,T)_w(@o)U)Jrg/ by

()

o ff - [ ] )

Since u—o and v—o are uniformly bounded in L°°( T ) and L*(—1,T; L' (0, M)),
the integrals at the left hand side and the latter one at the right hand side are
uniformly bounded. By Hélder’s and Young’s inequalities, the second term at the
right hand side is bounded by & I QU (u2)2 plus a constant which does not depend

on o and M. Hence fo<M>(u
T

for v.

We can also multiply the equation for u by (u? — 1)); and integrate by parts.
Leaving the details to the reader and proceeding similarly for v, we find that uf, M
0% and v2 ; — 0 are uniformly bounded in L>(—1,T : H'(0, M)).

The uniform boundedness of u, pr — 0 and vy 3 — 0 in L>®(—1,T : BV(0,M))
follows from a standard argument (formally: differentiate the equations with respect
to x, multiply by, respectively, sgn (u,) and sgn (v,.), and integrate by parts). Since
ug. — 0 and v, — o are uniformly bounded in H*(—1,7 : H=1(0, M — 1)), this
implies that uy ar —o and v, ps — o are uniformly bounded in C([—1,T] : LP(0, M)))
(see [9]). More precisely, we have enough compactness to pass to the limit o — 0,
M — oo along subsequences and obtain a solution of problem (1)-(2) (observe that
the continuity of u and v follows from properties (i) and (i¢) of Definition 2.1).

It remains to prove the uniqueness of the solution. If (u1,v1) and (ug,vs) are

)2 is uniformly bounded. The same estimate holds

two solutions, we use j;T(u% —u3) and j;T(v% —v3) as test functions in (9) and add
the two corresponding expressions:

//QT T —u3)(ur — uz) + e(vi — v3) (v — v2))

and hence u; = us and v; = vy in Q. O

We now list some basic properties of the solution. We recall that we are partic-
ularly interested in values —1 < ¢ < —%, for which f’ > 0.

Proposition 3. Let ¢,8,k > 0, let f satisfy (3) and let (u,v) be the solution of
(1)-(2). Then:

(1) forall -1 <t< —f, uw and v are nonincreasing with respect to
(i) forall -1 <t < — , u and v are nondecreasing with respect to t
(t51) ifer <1, v >w in [0 00) x [-1,—3]
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(tv) suppv(t) = suppu(t) = [0,7(t)] for all t > —1, where r is a nondecreasing
and continuous function such that r(—1) =0
(v) forallt > —1

/OO z(u(x,t) + ev(z,t))de = (k + 1)/ f2(r)dr.
0 ~1

Proof. (i): It is enough to prove the result for the solutions (ue, as, Vs, ar) 0f problem
(10). Omitting subscripts we know from (11) that, if ¢ < —%, u(0,t) = maxu(-,t),
v(0,t) = maxv(-,t), u(M,t) = minu(-,t) and v(M,t) = minv(-,t). Hence u,(0,1),
v5(0,t), u,(0,t) and v,(0,¢) are nonnegative. Setting z = u, and w = v,, the
rectangle (—oo,0] X (—o0,0] is invariant for the system

{zt = Kk(2uz2)ze — 28(uz — VW)

EWy = (2Uw).L.L + ZB(UZ - UU}). (12)

(7i): The proof is identical to the previous one: for the solutions of problem (10),
ut(0,t) > 0, v4(0,¢) > 0 and us (M, t) = v:(M,t) = 0, and setting z = u; and w = vy,
the rectangle [0, 00) x [0, 00) is invariant for system (12).

(443): Setting z = U, pmr — Vo,p and omitting subscripts,

zt = K(u+0)2) e + (ke — Doy — B (1 + &) (u+ v)z.

Since z vanishes if x = 0, x = M or t = —1, it follows from part (i) and the
maximum principle that z < 0in @ if ke — 1 < 0.

(iv): It is well-known (see for instance [7]) that nonnegative solutions of the equation
Uy = K (u2)xz — Bu? satisfy the following positivity property:

u(xo,to) > 0= u(xg,t) > 0 for t > t.

In our case uy > &k (uz)m — Bu? and evy > (vz)m — Bv?, and therefore the positivity
property holds for both u and v. Hence there exist nondecreasing functions r,, r,, :
[0,00) — [0, 00] such that for all ¢ > —1 and > 0

u(z,t) >0 x <ry(t), viz,t) >0z <r,(l).
By the continuity of v and v the functions 7, and r, are continuous from the left:
ry(t) = ru(to) and 7, (t) = 7, (to) as t 7 to. (13)

We claim that r,(¢) = r,(t) for all ¢ > —1. Arguing by contradiction we assume
that r,(tg) < 7,(tg) for some ¢ty > —1 (by symmetry, the case r,(to) > r(to) is
identical). By (13) and the monotonicity of r,, there exists § > 0 such that

u=0and v>0inR:=[ry(to), 5 (ru(to) + rv(to))] X [to — 6, o).

Hence the equation for u is not satisfied in R and we have found a contradiction.
Setting r = r, (= r,), we have to prove that r(t) < oo for all ¢ > —1 and that r is
continuous. Since r is continuous from the left and nondecreasing, it is enough to
prove that, given tg > —1, for all 1 > r(to) there exists ¢; > to such that r(¢;) < ry.

Below we briefly sketch the proof, which relies on a technique which was devel-
oped in [5, 6] to establish the occurrence of waiting time phenomena in degenerate
parabolic equations. In [3] it was already applied to a degenerate parabolic system.

Let ¢(x) € WH*°(IR") such that supp ¢ C [r(to), oc]. We multiply the equations
of uy pr and vy ps in (10) respectively by (ug p — 0)¢? and (vear — 0)p?, sum the
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two equations, and integrate by parts over (0, M) X (tg,t;). Passing to the limit
o — 0, M — oo we eventually get that

1 o0 t1 [e%¢]
= / w4+ ev?)| + / / 202 (kuu2 + vo?)
2 0 to 0

t
' t1 o0
—|—/ / 2<pm<p(f<m(u2)$ + ’U(UQ)QC) <0.
to 0

Hence, by Holder’s and Young’s inequalities,

s3] t1
sup /go (u? +v?) // (uu? + vo?) <C’1// S40%)  (14)
te(to,t1) JO to bupp@

for a constant C; depending on ¢, £ and ||¢|]1,00-

Without loss of generality we may only consider the right continuity of r(t) at
the initial time g = —1. Therefore r(tg) = r(—1) = 0.

Let n > 0. We set

0 ifex<n
p=pp(z):=| z—n ifn<z<n+1
1 ifx>n+1

and substitute ¢ = ¢, into (14). Hence for any n <& <n+1

t1 C /tl/oo 5 3
su u? +v? uu + vv —_ u” 4+ v°). 15
te(tol,)tl) / /to / (f n)? ( ) (15)

By Gagliardo-Nirenberg’s inequality there exists a constant K such that

9

foon([)' (L' o

and v satisfies the same inequality. Combining (15) and (16) and using Hoélder’s
inequality, we conclude that for all 0 <np < & < 1

/t:l/ u + 03 <C’2(t1—to)%(g 177)% </t:1/noo(u3+v3)>

Now Stampacchia’s iteration lemma [10, Lemma 4.1] implies that for any 0 < r < 1
there exists a t; > t9 = —1 such that

t1 [e'e]
/ / (u® +v*) = 0.
to 1

(v): Let M > ¢ > 0. Multiplying the equations for u, as and us, as by x, integrating
by parts and omitting subscripts, we obtain

-
I

|

1

/mgaj((u(w, T) = o)+ e(o(z,T) — 0))da
0
T T (17)
ZM+4%/ «ﬂﬂ+0f—u%m¢»ﬁ+mq/ (ku® +0%)_ (o, t)dt.

-1 -1
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Adding the equations for u,, as and g multiplied by, respectively, z*u] 5, and

2,2 :
zvg 5, We obtain

M
% -/0 2 ((u3(x7T) — 03) + 6(1)3(55,T) — 03)) dzr + _//Q<TM> 22 (n(uQ)i + (v2)i)

T
—|—5// z? (uz—vz)zzn// u4—|—M2cr2/ (ku? +v%) (M, t)dt
QM) QM) 1
T T

— (k+1)Mo*(T + 1) §/<;//

u
M
QT( )

since u, p and uy pr have a minimum (with respect to x) at © = M. Hence

If QU z? (m(uQ)i + (UQ)i) is uniformly bounded and therefore there exists a se-
T

quence (zon, My, 0,) — (00,00,0) such that the terms in (17) which contain xg
vanish as n — oo. O

The following two results will be used several times in the paper.

Lemma 2.2. Let (u,v) be the unique solution (in a sense similar to Definition 2.1)
of the system

Uy = K(U%)ge + BO? in IRT x (=1, —1]
ety = (V)2 in IR" x (—1,—1]
which satisfy the initial-boundary conditions (2). If ek <1, then© > u and T > v
in R" x [-1,—1].
In view of Lemma 3(it), the proof is a consequence of the comparison principle
(applied first to the equation for v and then to the one for u).

Lemma 2.3. Let T > —1 and let (u,v) be the unique solution (in a sense similar
to Definition 2.1) of the system

Uy = ’1(@2)322: - 5(22 - 22) m QT

vy = (0%)za — BU° in Qr
which satisfy the initial-boundary conditions (2). Then u <wu and v < v in Qr.

Again the proof uses the comparison principle (applied first to the equation for
v and then to the one for u).

3. First moments. In this section we prove Theorem 1.3. We present all calcula-
tions in terms of the solution (u,v), but passing to (ue a,vs,n) and arguing as in
the proof of Proposition 3(v) they can be easily justified.

Multiplying the equation for v by x and integrating by parts we have that

/000 exv(z,t)dx = /t f2(r)dr — 5//t 2(v? — u?)dzdr. (18)

If -1 <t < —3, it follows from Proposition 3(iii) that

0<ﬁ// v—u dwdt<ﬁ// zvidedr

and vy < (v%)4, in IRT x (=1, —1]. Hence, since f is non decreasing in (—1,—1),

v(z,t) <V (;1%

) ifz>0-1<t<—3,
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where V(y) is the unique solution of
(V3" +3yV' =0in R, V(0)= f(-3), V(co)=0.

It is well-known that V' has compact support: there exists y* > 0 such that V(y) > 0
ify<y*and V(y) =0if y > y*. Therefore, if 5 =o0(¢) as ¢ — 0,

ﬁ//txUQd;L‘dTSﬂ//tCEVQ <\/i\[%) dxdr

= g// y(T + 1D)V?(y)dydr — 0 as € — 0,
€ JJ(0y)x(=1,)

and (6) follows at once from (18) and Proposition 3(v).
It remains to prove one of the limits in (7). Let u and v be defined by Lemma 2.3.
Since (v?)4r — Bv? = v, > 0if t < —%, it follows from the maximum principle that

1
v(z,t) < f(t)efi‘/m for x > 0. In particular we find that for —1 <t < —%

6// t avidadr = // (2(v2) 20 — w0, dadr = /tl f2(r)dr — 5/000 zv(z, t)dz

> [ tl F2(r)dr — £(t) /0 Y e VPG,

- [ P = S50 /0 ye~ 3y — [ s w50

ife=o0

(8) as 8 — 0. Hence, by Lemma 2.3,
/ zu(z, t)dx > / zu(z, t)dx = // (mx(f)m — Bzu® + ﬁxf) dxdr
0 0 t

>(k+1) /tl f2(r)dr — 6// zuldrdr +o(1) as B3 —0

and (7) follows at once if we show that

1
2

oo
/ zu?(z,t)de < C for —1<t< —
0

for some constant C' which does not depend on . Indeed, multiplying the equation
for w by zu we find that

d oo oo oo
i— zu?(z,t)dr = %mfg(t) — 2/<;/ ruu? + ﬂ/ zu(v? — u?)dx
dt Jo 0 0

< 26f3(t) + BL2(1) /OOO vl t)de < 2rf3(t) + Br + 1)f2(t)/0 £2(r)dr.

4. The penetration depth. In this section we prove Theorems 1.1 and 1.2. The
proof of Theorem 1.1 is immediate: setting s = /ex, the lower bound follows from
Lemma 2.3:

B
v = (0%)ss = T8 2 (0%)5s — 2
and \/er. g(—%) > so, where s is the interface at time ¢t = —1 of the solution of

{wt = (v?)4s — 0?2

f >0,t> —1.
v(0,8) = f(1), v(s,~1) =0 O °

Similarly, the upper bound follows from Lemma 2.2: 7y = (7?),.
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It remains to prove Theorem 1.2. Without loss of generality we may assume that
B> 2 (19)

instead of 8 > e. Indeed, if ¢ < 8 < 2¢, Theorems 1.1 and 1.2 are equivalent and
Theorem 1.1 is still valid (as follows at once from its proof).
Introducing the independent variables

y=av/Band 7 = =(t+ to), (20)

o™

system (1) becomes
_ 2y .2 2 _
ur =¢ (;(u )yy2 C 2“’ ) R <B(t° 1),oo>. (21)
Vr = (V%)yy +u° — v €

Setting
u=eY?¢ and v=eY 3w, (22)

we have that

;= e Y/? 2% —1)g? + w? to—1
q e, ;(K(g )yy gq) 2(‘% )q —|—1U) y>0,7_>6(0 ) (23)

wr = e V2 ((w?)yy - 2(w?)y +¢%) €
Setting

Yy
z :/ etds =4Vt — 4 & eV = (2+4)/4,
0
we end up with the following system for g and w as functions of z and 7:
16(k—1
{QT =€ (f‘é(q2)zz - 211 (q2)z + (z(+4)2) q2 + (qufl)z 'lU2) if2>0.7> /B(tO — 1)
wy; = (0?),, — ?74(11)2)2 + ﬁqz €
(24)

The proof of Theorem 1.2 is based on the construction of comparison functions
for w(z, 7). The proof of the lower bound for r. 5(—3) is straightforward. The proof
of upper bound is more complicated and rather lengthy.

4.1. Theorem 1.2: Lower bound for r. s(—31). From the equation for w(z,7)
one easily obtains the lower bound for r. g(t). Let to = 3, s0 =3 < ¢ < —3 if
0<r< 4%. Let w be the solution of

wy = (w?),, for0 <7< %

w(z,0) =0 for z >0

w(0,7) = f(~3/4) for0<7< £,

Since w, < 0, w is a subsolution: w > w in R x [0, %] In addition w is selfsimilar:

wer =9 (12) =0 (o) = ;;1) @)

Since g has compact support, say [0, ], the interface of w is given by z = 4ap+/7.
This yields a lower bound for the interface r. g(t) of the original problem at ¢ = f%:

re,g(—%) > %log <1 + ?\/é) > % (1 + O;O f) (26)
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4.2. Theorem 1.2: The upper bound for 7. g(— ) Let y, 7, ¢ and w be defined
by (20) and (22). Counsidering ¢ and w as functions of y and t, we have that:

Lemma 4.1. There exists a constant C such that for any y > 0, —1 <t < —%,
0<e<1/k and B8 > 0 sufficiently small,

(i) w?(y,t) < f2(t) fy 2(s,t)ds;
(i1) Q(yvt) < f(t )+Cﬁ(t+ 1);

(iii) f(2 Maly hdy < T+
such that ¢(0) =0, ¢ >04n (0,1) and ((y) =1 fory > 1.

where 0 < A < % and ¢ is a smooth function

Proof. (i): Since wy > 0 if t < —1, it follows from (23) that
(w?)yy — 2(w?)y +¢* > 0.

Hence w?(y,t) < £(y), where £ is the unique solution of

0" =20 = —g*(y,t) fory>0
£(0) = f(t), £(c0)=0.

The desired result follows easily from the explicit formula for ¢:
M) = [P,
y

and, since e ¥Y¢? = u? is decreasing in v,

/ / e~ q2(&, t)deds
g/o S¢%(s, t)/S e 5dfds/quQ(s,t)ds.

(#i): By (23) and part (i) of this lemma,
=¥ (k(@*)yy — 26(a%)y + (5 = D@ + w?)
<Be % (K(QZ)yy —2k(q%)y + (k — 1)@ + f2(t) + /y q2(s,t)ds> .
0

We fix —1 < T < —1 and look for a supersolution g(t) for —1 < ¢ < T which does
not depend on y (one easily checks that the maximum principle continues to hold
even though the equation contains an integral term). We require that g(0) = f(T)
and

726 (- 1 maxlue £ ) P 4 0
Since ¢ > f(T) > f(t) we may define g by
q’:6(11+26’1)§2 for —1<t<T
q(=1) = f(I).

If 8 > 0 is sufficiently small, g is well defined in [—1,T], and for such values of 3
we have that g(T) < f(T) + CB(T + 1).

(ii7): Multiplying the equation for q(y,t) by ¢(?(y)e*¥/B and integrating by parts
over IR" we obtain from part (i) of this lemma that
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/O " 2 (y)eMaly, Dy

<[ (m (el e (OB oot
+£2(1) /ODO CQe(*‘é)H/Om Cze(/\_é)y/quz(s,t)ds
= (li —1+x(A- %)2 + 2k (A — %)) /OOO C2e<>‘—%)yq2

1

" /0°° (4“ (A= 3¢+ 26 () + 2@4”) ((3)v 2

/oo CQ(s)e()\ié)sds <5 1 e(A7%>y
y 7= A

and ¢ is uniformly bounded (by part (i7) of this lemma),

d [ 2, |y Bj /°° (r—1)y 2 CcB
< 2)Y < .
dt/o Clye Q(y,t)dy_AﬁJr%i/\ o ¢ (y,)dy < 7—5

=

L
B

Since

Lemma 4.1 implies the following upperbounds for the functions ¢ and w:

Proposition 4. For allyy >0 and 0 < A < % there exists a constant C = C(\;yo)
such that for all 8 sufficiently small

q(y,t) < CBe™™  fory >yy, —1<t< —2and 0 <e < 1/k. (27)
In addition

limsupw(y,t) < f2(t) uniformly in (y,t,e) € R" x (—1,—3) x (0,1/k]. (28)
B—0

Proof. By part (iii) of Lemma 4.1
| awn<cs c1<is-y
yo/2
for some constant C' depending on yo and A. Hence
e il
/ Oty <0 (—1<t< 1)
Yo /2
and since u, < 0 this implies that
v 1y,
u(y,w/ (2)7qs < o,
Yo/2
Hence

1 1
WH3)C8 e (3 sy,

1) < <
u(o?) e(A+%)y _ e(>x+%)yo/2

1
and multiplying by e2? we obtain (27).



GROUNDWATER FLOW IN A FISSURISED POROUS STRATUM 7
It follows from (27) and the boundedness of ¢ that

/ Py, t)dy — 0 as g — 0.
0
Hence part (i) of Lemma 4.1 implies (28). O

Now we are ready to construct a supersolution for w with compact support. We
set
g

’T:g(t'f'].), 224(6% —1)
and look for a supersolution of selfsimilar type:
4
w(z,7) =h . in Q(B) := (Z,T):z24(\ﬁ—1),1§7§£ .
VT
In view of (24) it is natural to define the parabolic operator

7 9 16
Z+4(w )Z+(z+4)2q'

L(w) = —w, + (w?)., —
Then . ) 16
TL(w) = (h*)" — ;(hQ)/ + §Sh/ + qu2(z,7'),

where we have set s = (z +4)/y/7. By (27), with A = 1,

2 2
¢*(y,m) < CB%e™2 = % < % if 7> 1.
ST S

On the other hand, ¢ < w, and therefore we would like to define i as the solution
of the problem

y
2

1 Cp?
()" — Z(h?) + ish' + 2 min {16h2(s), —Sg
h(4) =~
for a suitable choice of v > 0.

= >
} 0 fors>4 (29)

Proposition 5. Let 3 > 0 and v > 0. Then there exists a compactly supported
solution of Problem (29) which is nondecreasing with respect to 8, and, for each
8>0, h— 00 in Cie([0,00)) as v — oo.

Before proving Proposition 5, we finish the proof of Theorem 1.2. Let h(g) be
the solution of Problem (29) and let (w, q) be the solution of the system which we
are interested in (of course (w,q) will depend on S and €). By the latter part of
Proposition 5, we can choose 7 so large that for all 0 < e < 1/k and sufficiently
small 8 > 0 satisfying 8 > 2¢

w(z,1) < hy(z+4) for z>0.
Here we have used the uniform boundedness (with respect to 8 and ) of the support
of w(z,1) which follows from the fact that, for all 8 and ¢, w(z, 7) is smaller than
the solution of (see (24) and use that ¢ < w)
wy = (w?),, — ﬁ(wz)z + ﬁuﬁ in IR" x (0,1]
w(0,7) = f(1/2) for0<7<1
w(z,0) =0 for z > 0.
By the monotonicity of h(gy with respect to 3,
w(z,1) < hg) (2 +4) for z>0.
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4
Hence we can apply the comparison principle to w(z,t) and hg) (z} ) in Q(B)
T

if v is so large that
B

w(z,7) <~ forall z >0, O<T§2—€.

In view of (28) this is clearly possible and therefore

4
w(z,t) < hg) (z\; ) in Q(B).
Let [0, 5(5)] be the support of h(g). By the monotonicity of h(g) with respect to
B we have that s(3) < s(;) and proceeding as in (25) and (26) we find the desired
upperbound of 7. g (%)

In order to prove Proposition 5 we use the following shooting problem:
h e C([4,00) NC%({s > 4;h(s) > 0})
h() =, K(4) =a
2\ 712\ 1 / 1 : 2 CﬂQ .
(h*)" = 5 (h%) + gsh’ + — min < 16h%(s), —— p = 0 if s > 4 and h(s) > 0
s s
if A hits 0 for a finite value of s, it is extended by 0,
(30)
where o € IR is the shooting parameter.
Lemma 4.2. Let h be the solution of the shooting problem (30).
(#) If W'(s1) <0 and h(s1) > 0 for some s1 > 4, then h'(s) < 0 for s > s1 as long
as h(s) > 0.
(ii) Let
~y
=—— d = —4 :2( 1+ +1). 31
Qy 2 (m o 1) an Sy Oy ﬁ ( )
Let 4 <51 < s,. If
h(s1) =7+ ay(s1—4) and K (s1) < ay, (32)

then h is concave for s > s1 as long as it remains positive, h hits O in a point
80 < 8, and

1
limsup A/ (s) < —=sp. (33)
S—So 4
Proof. Part (i) follows at once from the equation:
1 7 1. L, . Cp?

(i7). By (34), K”'(s) < 0 for s > s; as long as h(s) > 0 and h/(s) < —1s. We consider
the segment in the plane which connects the points (4, ) and (s,,0), where s, > 4

is chosen such that
0 _1
(—oy '7)377—4 = 1%
i.e. ay and s, are given by (31). Condition (32) means that (s1,h(s1)) is a point of
this segment and that h’(s;) is bounded by the (negative) slope «., of the segment.
Hence 1/(s) + +s < 0 and h is concave for s > s1 as long as h(s) > 0. In particular

h hits 0 in a point sy < s, and B'(sg) < @y = —1s, < —1s0. O
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Lemma 4.3. Let h be a solution of the shooting problem (30) which hits h =0 at
sp > 0, such that lim h(s)h'(s) =0 and limsup h'(s) < 0. Then
$—So s—50
) , 1
lim A'(s) = —=sq.
S—Sg 4

Proof. Since (h?)' = 0 at the interface sy, we may use De 'Hopital’s Rule:

h'h (h?)" 7.1  8h? 1
lim A'(s) = lim — = 1 = i Tho e 20 ) = g,
Jm () = lim 5= = T Sopm = lm (S s G ) T g

O

Lemma 4.4. Let 8 > 0.
(i) Let h be a solution of the shooting problem (30) and let o, < 0 be defined by
(31). If a < vy, then h is not a solution of problem (29).
(it) Let hy be a solution of problem (29). Then hy — 00 in Cioe([0, 00)) asy — oo.
Proof. (i) By part (i) of Lemma 4.2 h hits zero in a point sy where limsup 2/(s) <

5—80

—150. If h were also a solution of problem (29), then (h?)'(so) = 0 and Lemma 4.3

leads to contradiction.
(#4). Arguing as in the proof of part (i), it follows from part (i¢) of Lemma 4.2
that
hy(s) >~y +ay(s—4) for 0<s<s,.

In view of (31) e, s, — 00 as v — oo and the result follows at once. O

Lemma 4.5. Let v > 0 and B > 0 be fized. Then there exists C, > 0 such that for
any solution h of the shooting problem (30) which hits 0 at a finite value of s, say

50,
/ h(s)ds < C.
4

Proof. If a < v, the result follows at once from part (ii) of Lemma 4.2.
If o > o, we integrate the equation in (30) by parts:

S0 1 1 So
(h?) (s0) =20y — nyz + 7/ —h?(s)ds + 2y + 7/ h(s)ds
4 4 S 2 4
so 1 ) 5 CBQ
—[1 82m1n{16h (8),82}d8.
Since (h?)'(sg) < 0 this implies that
1 [ 7 < 1 7 cB?
- h(s)ds < —2 -2 -2 02/ —d —~2 -2 _—
2/4 (s)ds < =207+ 7" =27+ CP et a7+ 705
O

Lemma 4.6. The shooting problem (30) does not possess solutions h such that
h(s) >0 for alls >0 and h(s) —0 ass— occ. (35)

Proof. We argue by contradiction and suppose that there exists a solution h which
satisfies (35). Then there exists a sequence s, — oo such that (h?)'(s;) — 0 as
k — co. We claim that

(h?)(s) =0 as s — o0. (36)
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To see this, it is enough to prove that (h?)'(s) has a limit as s — co. By part (i)
of Lemma 4.2, h/(s) < 0 for s large enough; therefore, for s large enough,

(h?)"(s) = —%sh’(s) (1 - 2§h(s)) - ghz(s) z -0

S

for some constant C;. Since (k%) € L'(s,00), lim (h?)(s) exists and we have

S$—00
proved (36).
Now we can apply De 'Hopital’s Rule to

(h2)'(s) = [ min { 2950, S22 g

12

lim

S—00 h(s)

. L(h?) —ish I 14h(s) s\ _
S§—>00 h/ - GLIEO S B 2 -

= lim

On the other hand

1 [~ 16h2(t) C32 1 [ 16h%(t) > 16
— i —— 3 dt < dt < h —dt
h<s>/s mm{ 2 ’t4} —h<s>/s R (5)/5 g0

as s — oco. Hence we have found that

N () { C)
lim ' (s) = Jim, on(s) | O

which is a contradiction with (36). O

Lemma 4.7. For any v > 0 and 8 > 0 there exist solutions of the shooting prob-
lem (30) which are positive for all s > 0.

Proof. We claim that for any given s; > 4 the solution h is non decreasing in [s1, 00)
if h(s1) and h'(s1) are large enough. If the claim holds, the desired result follows
at once, since for any given -, ; and ag there exist 6 > 0 and a > 0 such that
h(446) >~1 and A/ (44 0) > a;.

Let h(s1) > As? for some positive constant A to be determined below and let
h/(sg) > 0. Then there exists a maximal interval [sq, s3) (where s3 € (81, 00]) such
that

h(s1) > As? and h/(sg) > 0 in [s1, 82). (37)
We have to prove that so = 0o if we choose h(s1) and h/(s;) sufficiently large.
Using the equation for h? (see (30)), it follows from (37) that

()" > (7 - 41) Yy - S i (51, s0)

(s—(7—ﬁ)(h2)/)' > —CﬁQg_H_ﬁ,

and integration in (s1,s) leads to the inequality

e = () " <<h2>’<sl> - (mfﬁ)> -

Choosing A such that 7 — ﬁ > 2 ie. A > 2—10, a second integration implies that
we can choose h(s) and h/(s1) so large that h(s) > 2As? and h'(s) > 1 in (s1, 82).

Hence sy = o00. O

Hence
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Proof of Propotition 5. Let
A, = {a € R: the solution & of the shooting problem (30) hits zero at finite s}.

Set ap = sup A,. By Lemma 4.7, op < 0.

We claim that o € Ay. We consider a sequence «,, / ag, with «,, € A, and
the corresponding solutions h,, and hq of problem (30) (if o is an isolated element
of A the claim is trivial). By Lemma 4.5 ffo hn(s)ds < C, and, since h,, — hg in
Cloc([4,00)), also [, ho(s)ds < C. Hence ho(s) — 0 as s — oo and it follows from
Lemma 4.6 that oy € A.

Now, let sg be the value of s at which hg hits 0. We must show that

(h3)'(s0) = 0.
Taking this time a sequence o, N\ ag, hn(s) > 0 for all s > 4 and it remains to
prove that, in a neighborhood of sq, h2 — h2 in C!. Since h,, — hg in Cioe([4, 00))
it is enough to prove that (h2)" is bounded in a neighborhood of sy uniformly with

respect to n. ~ B
For all h > 0 there exist § > 0 and an integer 7 such that h,(s) < h whenever

n > n and s € [s9 — 6,250]. We choose h < “6 and § < 2, then

112
1 2 1
02" = —gont(s) (1= m(5)) = Bao2 = —c

for all s € [sg — 0, 25¢] uniformly with respect to n.
We claim that k], > —2s in [so— 6, 2s¢]: if h/,(5) < —25 for some 5 € [sg— 4, 23],
then

B (s)R(5) < —I. (s) (is + h;(s)) <0 in[53s0),

and h,, hits 0 in some point s; < 250+ g5, in contradiction with the strict positivity

of hy,,. The lower bound for h/, and the equation for h2 (see (30)) yield (h2)”" < C
in [sp — 9, 2sp], uniformly in n. O
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