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ABSTRACT. This contribution is concerned with the formulation of a heteroge-
neous multiscale finite elements method (HMM) for solving linear advection-
diffusion problems with rapidly oscillating coefficient functions and a large
expected drift. We show that, in the case of periodic coefficient functions,
this approach is equivalent to a discretization of the two-scale homogenized
equation by means of a Discontinuous Galerkin Time Stepping Method with
quadrature. We then derive an optimal order a-priori error estimate for this
version of the HMM and finally provide numerical experiments to validate the
method.

1. Introduction. In this contribution we are concerned with the numerical analy-
sis of a numerical multiscale finite element method for advection-diffusion problems
where the coefficient functions have rapid oscillations within the space variable and
where a large macroscopic drift may be expected. This means that we treat equa-
tions of the type

kO —V - (AVuc) + e 10 - Vu' =0 in R? x (0,7), (1)

u(0,-) = vp in RY,

with a very small parameter e that should be regarded as a measure for the degree
of fineness of the problem. For the time-dependent coefficients we assume that they
primarily contain microscopic oscillations, whereas the behaviour on the macro-scale
is constant. Moreover, the velocity field b€ is assumed to be divergence-free. Even
though, the case where the coefficients are also allowed to vary on the macro-scale is
not part of this work, a generalization to this situation is possible, but yields several
difficulties. These difficulties already arise in the homogenization theory for such
problems, where a so-called exponential spectral problem is required to formulate
the homogenized equation (see Allaire and Orive [5]). We therefore postpone the
analysis of the general case to future work. We note that problem (1) also covers the
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treatment of advection-diffusion-reaction problems, if the corresponding coefficients
are periodic and independent of ¢, i.e. if the problem with additional reaction term
is of the following kind:

O — V- (A (%) vde) +e b (%) VU + €% (%) @ =0 in RY x (0,7), (2)

uc(0,-) = ¥p in R%.

Here, the assumption that V - b = 0 is not needed. The matching was treated by
Allaire and Raphael [6, 7] in 2007, who show that, by means of certain spectral cell
problems, equation (2) can be transformed to a simple advection-diffusion prob-
lem with a divergence-free velocity field b. The transformation itself can be easily
calculated and results among others in the additional coefficient function k.

The scaling of the convective term with 1 in equation (1) refers to a large Péclet
number (see for instance [9]). Hence, in this contribution we are interested in the
advection dominated case.

Equations of type (1) have a variety of applications such as reservoir displacement
problems, the modeling of semi-conductor devices, polymer chemistry and especially
models for transport of solutes in groundwater and surface water. Here, we may
for instance look at the modeling of groundwater pollution, where the interest is to
determine the concentration of the contaminant in the water. In particular when
the water content takes values that are close to saturation, large Péclet numbers
will occur. This is due to the fact that saturation implies that the diffusion process
has only a minor influence and the flow is primarily caused by gravity.

The problem with the numerical treatment of this type of equations, is the in-
credibly fine micro-structure, which also may have an important influence on the
coarse scale properties. To compute reliable numerical approximations with a stan-
dard method for parabolic equations, this structure must be well resolved. Since
this results in an intractable computational demand, we are interested in reducing
the high complexity of such problems by formulating suitable methods that get
by without global fine-scale calculations. In particular we are concerned with ap-
proaches that allow us to remain independent of the fineness parameter €. Even if
it is getting smaller, the computational demand remains constant.

There are several approaches dealing with that problem, which is why we give
a small survey on the different techniques. Since some of the methods, treating el-
liptic homogenization problems, have not yet been adapted to parabolic equations,
we also include the stationary case in our overview. A first example for a method
to solve fine-scale problems, is the so called multiscale finite element method devel-
oped by Hou et al. This method is applicable to heterogeneous composite materials
as well as to porous media. The elliptic case was treated in [20, 21], whereas the
applications to two phase flow in porous media were observed in [14]. Multiscale
methods for solving parabolic equations with continuum spatial scales and heteroge-
neous coefficients were discussed by Jiang, Efendiev and Ginting [22]. A projection
framework for multiscale methods for the elliptic case is presented by Nolen, Papani-
colaou and Pironneau [27]. Another possibility of finding a proper approximation to
the solution u¢ of an elliptic homogenization problem, could be realized by means
of a two-scale finite element method, such as proposed by Schwab and Matache
[24, 25, 30]. Here it is assumed that the coefficients are periodically oscillating.
Therefore, the method makes explicit use of the so-called two-scale homogenized
equation that is equivalent to the standard homogenized problem. In [19], Hoang
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and Schwab introduce a two-scale FEM which is realized by a discretization of this
formulation on sparse grids. In a contribution of Arbogast et al [8], a multiscale
mortar mixed finite element discretizations for second order elliptic equations is
treated. Here an overall domain €2 is subdivided into coarse elements, the subdo-
mains, on which the original problem is posed. These subdomains are discretized
on a very fine grid scale and are stringed together by a low degree-of-freedom mor-
tar space. For a ‘divide-and-conquer’ spatial and temporal multiscale method for
transient advection-diffusion-reaction equations, see the work of Gravemeier and
Wall [15]. Adaptive algorithms for stationary fine-scale problems were developed
by Oden and Vemaganti [28, 32]. These algorithms determine a number of cells in
which the error between the homogenized solution and the exact solution is still
too large. Locally on these cells, a fine-scale problem is solved whose solution is
added as a perturbation to the homogenized solution. The local error indicators are
measured in a quantity of interest, which could be a norm concerning the physical
background. One further method to treat fine-scale problems is the heterogeneous
multiscale finite element method (HMM), as shall be discussed in this paper. Ini-
tially introduced in 2003 by E and Engquist [10, 11, 12], the HMM is based on
a standard finite element approach, whereas the evaluation of the corresponding
discrete bilinear form is achieved by means of solving local cell problems in quad-
rature points. This method is not restricted to the case of periodicity. The HMM
for elliptic problems on non-perforated domains was treated in contributions of E,
Ming and Zhang [13], Abdulle and Schwab [4] and Ohlberger [29] and the perforated
case by Henning and Ohlberger [18]. The parabolic case (HMM) was observed by
Abdulle and E [3] and Ming and Zhang [26]. In another work of Abdulle [1], an
algorithm for solving advection-diffusion problems is presented, where the HMM is
combined with an Orthogonal Runge-Kutta Chebyshev (ROCK) method, in order
to get an efficient resolution of the micro-structure.

Among others, a-priori results concerning HMM were achieved in [1, 2, 10] and
[13]. The associated proofs, however, made direct use of the local problems be-
longing to the method, so that these approaches are not applicable to a further
a-posteriori theory. To avoid this problem Ohlberger [29] reformulates the HMM
into a discrete two-scale equation in order to compare this reformulation with the
corresponding two-scale homogenized problem. On this basis a-posteriori estimates
for the elliptic problem could be shown by Ohlberger for the case of domains without
inclusions [29] and by Henning and Ohlberger for the case of a perforated domain
[18].

The goal of this paper is an original formulation of the HMM for advection-
diffusion problems with rapidly oscillating coefficient functions and a large expected
drift. Since the large drift is a result of the microscopic behaviour, we integrate this
heuristic ansatz into our approach. A detailed motivation behind the method will
be given. For the case of periodic coefficient functions, we will show that our method
is equivalent to a discretization of the two-scale homogenized equation by means
of a Discontinuous Galerkin Time Stepping Method. Using this technique of a
reformulation (see also [29] and [18]), the heterogeneous multiscale method is put
into a variational framework, which simplifies the analysis. In this paper we focus
on a-priori error estimates, whereas a-posteriori error estimates will be considered
in a forthcoming work [16].

The article is structured into four main parts. Section 2 introduces some general
assumptions and recalls several important analytic results of the homogenization
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theory. The next part is concerned with the derivation of the HMM for advection-
diffusion problems and its reformulation under certain circumstances. In the follow-
ing section the a-priori error estimate is derived, using this reformulated version.
In the last part, we state two numerical model problems to show the applicability
and efficiency of our method.

2. General assumptions and analytic results. In this section we are dealing
with the periodic setting and the homogenization of equation (1). Moreover, we
introduce all the definitions and notations that are required to formulate the het-
erogeneous multiscale finite element method.

2.1. The continuous setting and a homogenization result. This subsec-
tion is covering the treatment of the following linear advection-diffusion prob-
lem with rapidly oscillating coefficient functions and a large expected drift: find
u¢ € HY(0,T; H (RY)) with

T x . T .
/0 /Rd k (t, ;) Buuc(t, z)®(t, ) + A (t, ;) Vus(t,z) - VO(t,x) de dt (3)

T
+ / / 671b<t, E) SVus(t,z)®(t,x) dedt =0 Y& € H(0,T, H'(RY))
0 Rd €

and uf(0,-) = vg. For our purposes, it is sufficient to assume that the coefficient
functions fulfill some regularity and ellipticity properties, such that the equation
admits an unique solution. The most important condition is the periodicity of
the coefficients. In this sense, the model equation is the basis for our analysis.
Nevertheless, the HM method introduced in section 3, is applicable to far more
general cases.

The fundamental demand for our strategy to prove convergence of the later
method, is the existence of a so called two-scale homogenized equation of the problem
above. This is why we devote this subsection to recall the corresponding analytical
results and its requirements.

To be sufficiently smooth for a subsequent numerical treatment, we assume from
now on, that the coefficient functions are Lipschitz-continuous and that the initial
value belongs to H'(R?). Moreover, these assumptions guarantee that we have a
regular solution of the corresponding two-scale homogenized equation. This regular-
ity will become important within later error estimates. The following assumptions
are made:

Assumption 2.1 (General analytic assumptions). We assume that the coefficient
functions are Lipschitz-continuous, that the initial value is regular and that k is
positive with average one, i.e.:

_ dxd _

Ae (Hl’OO(O,T; H;’OO(Y)) DAt y)E-€> €2 VE € RY ae. in (0,T) x Y;
_ d _

be (Hl"’O(O,T; H;’OO(Y))  Vb(t,) =0 ae. in (0,7); voe H'(RY);

ke HY>(0,T; H;’OO(Y)); k> 0; / k(t,y)dt =1 everywhere in [0, T].
Y
Note that the regularity assumptions enable us to formulate the HMM with
a pointwise evaluation of the coefficient functions. The condition that k(t,-) has
average one, is just a normalization property, which simplifies the later results. The
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existence of k itself, may for instance be the result of a transformation from an
advection-diffusion-reaction problem to an equation of the type above.
We introduce the following spaces:

Definition 2.2 (Analytic spaces). For 0 < m < oo, 1 < p < oo and for any
d
Y = »1:[0(@“ b;) C R? with a; < b;, we define

Cj?(yl) ={¢c CO(Y/)| ¢ is Y’ — periodic},
Hm,p(y/) — WH‘HH'"L,p(y/) and

0= {0 e HLY) |, o) dy =0}

For Y = (0,1)? we furthermore define the following Bochner-spaces:

I:=H"'RY) x L*(R?, H{(Y)),
Io == H'(R?) x L*(RY, H{(Y)),
X°(0,T) := L*(0, T; H'(R%)) x L*((0,T)xR%, H} (Y)) and
X'0,T) == H'(0,T; H'(R) x L*((0,T)xR%, H} (Y)).
Let Q be a domain, then | - [y (o) denotes the semi-norm on H*(2) and the full
norm is denoted by || - || x(q) - Moreover, we introduce on L?(Q, H*(Y)):
1 k
2
1P| L2 (0,15 (v)) = (/ |®(x |Hk(Y)) and [|®| 2o, mr(v)) = D 1Pl2(.mi(v))-
1=0

Iy is a Hilbert space with respect to the norm |[(®, ¢) |1, := |®| g1 (may+|D| L2 (e, 11 (v)
and X°(0,T) with [[(®,9)ll xo(0,7) = |®| 20,751 Ra)) + |9l L2((0,7) xR, 11 (v)-

The following convergence was initially introduced by Marusi¢-Paloka and Piat-
nitski [23]:

Definition 2.3 (Two-scale convergence with drift). Let B € H(0,T)¢ be a given
drift, (u®)cs0 a sequence in L2((0,T) x R%) and ug € L2((0,T) x R? x Y). Then we
say u€ is two-scale convergent with drift to uyg, if

. T . B(t) = T
lim u (t,x)® (t,o — —=,— | dedt = uo(t, z,y)®(t, z,y) dy d dt
c=0Jo Jre € € 0o JreJy

for all functions ® € L2((0,T) x R4 CO(Y)).

In order to finally state the two-scale homogenized equation for problem (3), we
still need some additional definitions. They will be used throughout the paper.

Definition 2.4. We define the space, and space-time averaged drift velocities b and
B through

b(t) := ]{/ b(t,y)dy, B(t) ::/0 b(s) ds
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and the parameter-depending bilinearform £ € C%*([0,T],£(I,I")) by

B0) ((wo, ), 0,60 = [ 50 %o ([ ) = [ [ 069 wto)u

- [0 Ve (/le)+/Rd/yb<t,->~<vzuo+%ul>¢1
+ AdLA(t,~)(Vmuo+Vyu1)~(Vm<1>o+vy¢1)'

Now we are prepared to formulate the main result. It is obtained by making the
following asymptotic expansion ansatz for u°:

u(z) = uo(t,x — @) + euy (t,x - @, x) + O(€?).

€

In problem (3), we use test functions which are expected to be in resonance with
the oscillations of u€, i.e. test functions of the form

O¢(z) = Dg(t,z — B<t)) +epr (t,x - %, :v)

€ € €

Forming the limit in the resulting weak formulation with € — 0 yields the subsequent
homogenization result (see [17] for details). The rather complicated structure of
the two-scale operator F is a natural effect of the homogenization process. Indeed,
decoupling the problem below and forming the effective macro problem, yields a
parabolic equation, which only contains a diffusive part.

Theorem 2.5 (Two-scale homogenized equation with drift). Let Assumption 2.1
be fulfilled and let (u®)c~o be the sequence of solutions of Problem (3). Then there
exist functions (ug,u1) € X*(0,T), such that we have the following convergence up
to a subsequence:

u® = ug two-scale with drift B(t) and
Vu® = Vyug + Vyur two-scale with drift B(t).

(up,u1) is the unique solution of the homogenized problem

T T
~ [ w0000} oy + [ EO((un, ), (B0, 61)) = (00,2000 Ny (4)
0 0

for all (®g, ¢1) € H(0,T; H'(RY)) x L2((0,T) x Rd,Hﬁl(Y)), Oy(T,-) = 0. More-
over, we have the following reqularity for the solutions

ug € HY(0,T; HY(RY)) N L2(0,T; H*(RY)) and

ui € L*(0,T; HY(RY, HY (Y))) N L2((0,T) x RY, H(Y))
and the following estimate holds true

[ut| 20,1y xre, m2(v)) < Cluolpz(o,m;m1 ey < Cllvol| L2 way- (5)

Proof. A detailed proof can be found in [17], where the result is a combination of
Theorem 3.1, Proposition 3.3 and Remark 3.6. O
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2.2. The discrete setting. Before we formulate the heterogeneous multiscale
method for our types of problems, we still need to make several definitions in order
to introduce the discrete spaces that we are dealing with.

Therefore, let Ty = {T}|j € J} be a regular simplicial partition of R, and
{(gi,x;)]i € Q;} a given quadrature rule on T; € Ty with weights ¢; and quadrature
points x;. By 7 we denote a regular periodic partition of Y with index set K
such that 75, = {Sk|k € K}. Furthermore we define the 3-tuple in R? by vy =
(%, e %) and the e-scaled unit-cells, centered around a quadrature point z; by
Yie = {x; — vy + ey ly € Y}. The associated bijection z{ : ¥ — Y; . is given
by z(y) == z; — vy + ey, Vy € Y and 3§ : Y; . — Y the corresponding inverse

T—Ti+€V]

mapping defined by y§(x) := 2 Vx € Y, .. For simplification we will use

€ —
equidistant time steps. Therefore, we define t" := nAt, where At := % denotes the
step size and N € N the maximum number of time steps. Moreover, we introduce
the following spaces:

Definition 2.6 (Discrete spaces). For the multiscale method we define
Vi = VH(Rd = {®y € H'R)NC'R?) |®p, € P(T) VT € Tu};
Wi (Y) = {¢n € H{(Y)NC(Y) | ¢ns € P™(S) VS € T };

Wi (Yie {on € H{(Yi ) NCO(Yi )| (o1 0)js € P™(S) VS € Tl
VEREW(Y)) = {¢n € L*RY,HI(Y)) |on(,y)ir € PUT) VT € Tu,yeY;
on(z,) € W(Y) Vo € RY};

and for a reformulation of the method we also introduce

I = VER?Y) x VI(RL, WH(Y)), the space of solutions per time step;

Iy == VE(RY) x L2(RY, WH(Y)), the space of test functions per time step;
X#(0,T) = VR3,(0, T Vg (RY)) x V2, 5 ((0, T)xR?, W;;(Y)), the solution space;
X5(0,T) := V2,(0,T; V&(RY) x L2((0, T) xR, W (Y)), the test space.

)
)
)
)

Here V2,(0,T) denotes the space of piecewise constant functions on every interval
[nAt, (n + 1)At] C [0,T). Vgt’H((O,T) xR?) is the space of piecewise constant
functions on elements [nAt, (n+1)At] x T, T € Ty. Xz and Xp should be seen as
different approximations of the original solution space X°. After reformulation, X
is the solution space for our HMM-approximation. In the following section, we will
see that the reformulation of the HMM yields the possibility to use test functions,
which partially contain a very general L2-part, therefore we also introduce Xp.
This fact is used for achieving our a-priori error estimate.

3. Heterogeneous multiscale method for advection-diffusion problems.
We are now prepared to derive a suitable multiscale finite element method for a
general (possibly non-periodic) problem of the following kind:

find u¢ € H*(0,T; H'(R?)) with

/ ’ / k (t, 5) Bpus(t, z)B(t, z) + A (t, 2)Vus (¢, ) - VO(t, x) da dt (6)
R €

T
/ / e L (t, ) - Vus(t, 2)®(t,z) dedt =0 Y& € H(0,T, H (RY))
0o Jra



718 PATRICK HENNING AND MARIO OHLBERGER

and u¢(0,-) = vgp. We demand that b° is divergence-free. If there is additionally
some cell size 1 > § > 0 with fz+[_5,5]d bé(t,y) dy = 0 for all (t,2)€[0,T]xR? we
do not need further assumptions on A€. If b€ does not have local zero average, we
assume that A€ and b¢ are only micro-scale functions, i.e. they only show a micro-
scopic behaviour and are constant on the macro-scale (for fixed t). However, these
restrictions are not necessarily needed. At the moment they should be regarded as
a simplification for the method. If there is absolutely no restriction on the scale
separated functions b€ and A€ (except div b = 0), the coeflicients need to be pre-
modified according to the macroscopic drift. This may for instance involve a scale
separation by means of multiresolution analysis.

Moreover, we note that the specific structure of k°(¢,z) = k(t, £) with average
Jy k(t,y) dy =1, is also not a real restriction, but a simplification. The case with
a completely general k¢ yields no further difficulties but does not make sense in
the formulation above. This is due to the fact that the coefficient function k¢ only
occurs when the considered problem is a transformation of an originally more general
problem with reaction. This transformation however, is only possible under certain
conditions. Therefore, if the other coefficient functions fulfill these conditions, we
always have that k€ is of the form k(-, 2).

3.1. Motivation for the formulation of the multiscale method.

In this subsection, we a heuristic approach of how to formulate the multiscale
method. It should not be regarded as a proof, but only as a motivation for the
scheme that we find in Definition 3.1.

Let ® € H'((0,T) x R?) be a test function, then we start with the variational
formulation of (6):

T T 1 T
/ / k¢Oyucd +/ / AVut - Vo + 7/ / - Vu)d =0
R4 Jo R4 Jo € Jrd Jo

and u¢ fulfilling the initial-boundary condition. Using that b€ is divergence-free we
obtain:

T T 1 T
/ / kOyucd +/ / AVut -V — 7/ / (b - VP)u = 0.
Re JO Re JO € Jrd Jo

We make a finite-element approach with quadrature formula for this problem. Keep-
ing in mind that u¢ and the coeflicient functions contain fine-scale oscillations, we
naturally formulate the following equation:

(u?fl, (I)H)L2(RN) = (u?[, (I)H)LZ(RN) + AtA?le(u}?rl, (I)H) V‘I’H < Vé
with
Alum,n)i= 303 af A0 B (wn)0) - Vi () o
jeJieQ; “Yie
1 n
- Y Y af ) Vea) RO (un)@) d
jerieq; JYie©

Here, Aj, and b5, denote adequate approximations of A° and b° (see Definition 3.1 for
(n)

details). RZ(-n) denotes a reconstruction operator, such that R;"’(ug) approximates
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u®. Note that k does not occur in the scalar products of the kind (uf, ®x)r2®y),
since it has average 1 on the micro-scale:

(wpr, ) 2@y Z Z qiugy (z Z Z qZ][ k upy (2:)®p ().

JjeJi€Q; JEJi€Q);

There are two questions that arise with this approach:
1. Why do we approximate — [p, fOT (b - V@) uc instead of [p, fOT (b - Vu) ®?
Does it make a difference?
2. How do we determine the reconstruction operator Rgn)?

The answer to the first question is very much related to the answer of the second
question. In general, the reconstructions in a heterogeneous multiscale method have
difficulties to capture terms of order O(e). For instance: Assume that we make the
ansatz u®(z) = uo(z)+euy(z, £), then VR;(uy) approximates V, up + V, u; instead
of V ug+€Vyu1 +V,u1. Normally, this is not problematic, since € tends to zero. But
in a term that is scaled with %, it becomes significant. On the other hand, in the re-
construction R;(ug) itself (an approximation of ug + euq) the term of order € is still

existent. Therefore, — > ., Zier qijlyi ) Lo5 (", @) - Vo @y () R(,”)(uH)(JU) dx

1
is expected to be a relatively exact approximation (it also captures the O(e)-terms),

whereas . ; ZZEQ q,fy L5 (1", 2) -V, Rgn) (ug)(z) @y (z) dr does not approx-
imate the right term (it does not capture the O(e)-terms).

Now we focus on question 2. The discrete problem for the determination of the
reconstructions is given by a discretization of the local resonance condition, namely
find R™ (ug) € ugr + W (Y;,5) with

/ A (87, 2V, R™ () () - Vi bn(z) e

/y “b (" x) - Ve R (u)(2) dn(x) dz =0, Vo, € Wi(Yig).

€

This equation can be interpreted as that the micro-scale oscillations of the re-
construction R;(up) are in resonance with all functions ¢, € Wﬁ (Yis). This is
what we expect if we make the ansatz u®(t, ) = uo(t,x) + eus(t,z, ) + O(€?).
Note that the test function ¢, should be interpreted as a shifted test function
scaled with €, i.e. it is of the type e€¢p. Therefore, the multiplication with %
is neutralized and we do not deal with the same problem as in the global equa-
tion. This means that using sz‘.a Lo5 (1", 2) - V, RE") (urr)(x) ¢p(z) do instead of

fY . L5 (1", ) - Vou () Rgn)(uH)(x) dx makes sense in this formulation. Both

expressions only differ in a term of order O(e).

Using the derived method as described above will still produce wrong approxi-
mations for u¢. Why? Again we need to focus on the macro-scale part with the
%-dependence. Defining the local centered reconstruction by:

B (u)(@) o= R () (@) = (s (2) = ws (@)
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we look at the difference between the expressions:

€

]ly Lt 2) - ¥ @ () R (un) (@) da (8)
Even if they seem almost identical, the difference may be crucial. Both terms differ
in the separation of the scales. In (7) the scales seem to be ’less separated’ than
in (8). For instance, in (8) we are essentially dealing with an average over the
micro-scale behaviour. In (7) on the other hand, the macro-scale behaviour has
an influence of order € on the average. At first view, an O(e)-discrepancy seems
to be negligible, but again the %—scaling can produce a significant difference. The
following argumentation is to emphasize this. Let us assume that b°(¢,z) = b(t, ¥)
with b(t,-) being Y-periodic and having zero average, then we have for a suitable
approximation by:

]{/ %b;(t",x) Ne @) up(z;)de =up(z;) VpPu(z;) ]{/ %b;(t",x) dx =0.
(9)

If we furthermore define the fine-scale part by ICE") (upr) == Rgn) (ugr) —um, we have:

(8):]{/‘ Lhe 4 @)V, dpa () (wrr () + K7 (ur))

€

i€

i€

: 1 n
@][ Sbs (17 @) - Vi @y (1) K () da.
YA

i,€

On the other hand for (7):
1 n
(7) = ][ (1 0) Ve @ () (@) + K ()} dn
Yi,e

© ]{/ %bi(t”,x) Ve @ (z;) (UH(x) —un (i) + Kgn)(uH)) du

€

:]é %b;(t”,x)Vx@H(w‘i) (up () —up(z:)) de

€

1 n
+f D) Vet (e) K ) do
Y;

i€

Thus, (7) and (8) differ in:

]{/. %bz(tn’x)'vﬂcq’ff(xi) (ug(z) —ug(xz;)) do (10)

€

— ]{V %b;(w,x)-vxqm(xi) (Vug (2:) - (x — 2)) da.

€

Since we only have |x — ;| < e and at the same time a scaling with %, the difference
(10) is neither equal to zero nor does it converge to zero. Therefore, (7) and (8) are
obviously different. In the following we work with (8), since a clearer separation of
the scales corresponds more with our approach for u¢. As we will see later on, this
choice is the ’right’ choice.

We simplify the subsequent considerations by assuming that the macroscopic drift
B is only time dependent. Since we expect the solution u¢ to have a large drift,



HMM FOR ADVECTION-DIFFUSION PROBLEMS 721

we integrate this presumption into the method itself. Just like in the analytical
contemplations, we make the ansatz:

ut(t, ) = ug (t,x - BE”) + euy (mc - @, (x,e_1)> +0().  (11)

€

Here, the last component of u; describes the microscopic behaviour of w¢ (without
being necessarily periodic).

Instead of approximating Uy (¢, x) = ug (t, T — @) the multiscale method will

be designed to approximate only (¢, z) by using an approach of characteristics.
With this approach we have the advantage that the strongly dominating part of
order % can be erased in our discrete problems. Moreover, we do not have to use
small time step sizes to capture the drift.

In order to incorporate these ideas into the method, we proceed heuristically.
Equation (11) suggests to test with
oe(t,x) = ®° (t, T — B(t)) + et (t T — B(t) (m € )) to determine the changes on
the macro-scale and on the micro-scale. Terms which are of the order O(e) are
neglected.

00 (t,x) = 0,9° (t,a: - B(t)) - 1B(z&) -V, ©° (t,x — Bit)) (12)

—ib(t)-ewlzt, : ,(x»e‘1)>+0<f>-

B(t)
€
Note that the average b(t) of the advective part b is equal to the derivative of the
macroscopic drift B(t). k¢ shall be disregarded for the moment, since it produces
no crucial changes. Since

T T
/ / (u P dtde = — / / u 0y D€ dt du
R4 JO R4 JO

we conclude with (12) that there should be an additional term on the macro-scale,
that behaves like (ug + eul)%bvm ®Y. We therefore need to add the following part
to our method

jeJieQ;
On the micro-scale we observe that there should be an additional term behaving
like [pa [y uoVe@!'. Since [pu [y uoVed' = — [oa [y Voo, we add
— fY 1p(t") - Vyup () én(z) do to the micro-scale equation. This concludes our
con51derat10ns and we are ready to formulate our multiscale finite element method.

3.2. Formulation of the HMM for the general non-periodic case.

In this subsection, we state the heterogeneous multiscale finite element method for
advection-diffusion problems. No periodicity is assumed for this part. The HMM
reads as follows:

Definition 3.1 (HMM for advection-diffusion problems with large drift). Assume
that b€ is a divergence-free advection velocity, then we define the HMM approxima-
tion Uy of u¢ by

1 tn
Us (4", ) 2= (s — / f bi(y,s) dy ds)
€ Jo Yi.s
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where u?;t € V}, is defined as the solution of

(U?{ ,@H)Lz(RN)+AﬁAnH+1<u?I+17CDH) = (u’ﬁ,@H)Lz(RN) VCI)HGVIQ,
with
AR (g, @) - ZZ%][ AS (7, 2)V, R™ (ug)(z) - Vo &1 (1) dar
JereQ

N ][ (1" )5 (1)~ 5", ) ) - Ve ir(s) RO () () dir

JjEJI€EQ;

Here, Aj, bj, and kj, are assumed to be suitable approximations of A€, b¢ and
ke. If these coefficient functions are sufficiently regular, we may for instance use

A5 (L, ) ae s,y = At x5 (yr)) and b5, (¢, ) e (Sg) = b°(t, x5 (yk)), where y; denotes
the barycenter of Si. Moreover, we define bh fy b5, (t,y) dy.
The local centered reconstructions are given by

R (@m)(@) = B (@n)(@) — (2u () = @u (1)),
and for @y € V}; the local reconstruction operator RE") itself is defined by the
solutions Rg")(q)H) € &y +W(Y;5) of
n 1 € run n
/ AL (", 2)V, RS (@) (x) - Vi b () dx+/ 05, (1", 2) - Vo R @) () dn () deo
Y;

)6 Y €

1 —0,1
:/ ki (t", x) bh ") Vo @y (z) én(zx)de, Vop € Wit (Yis)-
Yi,s
The initial value u9;, = 09, is given by a suitable discretization of vy. For the
parameter 0 we furthermore assume § > e. An expedient choice for the periodic
case could be § = ¢, for the non-periodic case § = me, m > 1.
In Definition 3.1 we assume that jfy_ S ks (¢, x) dx =1 for all Y; 5 and for all time

steps t™. If this is not the case, the HMM needs to be modified according to a new

drift of the form
" Sy bi(s @) dx

ijz',a ki (s, z) dx

This can be done in a straightforward way.

By (t") = ds.

3.3. The HMM and its reformulation for the periodic case. In section 4,
we derive an a-priori error estimate for the HMM defined in 3.1. To do so, we need
to restrict ourselves to the case of periodic coefficient functions. In this subsection,
we therefore introduce a simplified formulation of the HMM in the periodic setting.
We show that it is equivalent to a direct discretization of the homogenized problem
(4). This result yields the basis for the analysis in section 4.

In Definition 3.2 below, we only use a Newton-Cotes quadrature formula of order
zero. Note that this is not a real constraint. For the case of quadrature formulas
of higher order, additional error terms occur, which depend on this order. Refor-
mulations of the HMM will therefore contain an approximation error related to
the quadrature. The following method is merely a simplification of the method in
Definition 3.1. In the following, we will always refer to this simplification.
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Definition 3.2. Let z; be defined as the barycenter of the macro-grid element
T; € Ty and yy the barycenter of micro-grid element S;, € 75. Under Assumption
2.1, we furthermore define the discrete approximations of A€, b¢ and k€ by

A (tz) = A (t", x;(eyk)) bt x) =D (tnv x§(€yk)> kit z) =k (tn’ xjiyk))

for (¢,x) € [t", ") x 25(Sk). Moreover, we make use of Ay(t,y) := Aj (L, ey). by
and kj, are deﬁned in analogy Since by, is a Y-periodic function we can snnphfy the

definition of bh to:

In the periodic setting, Definition 3.1 can be expressed as follows:

Definition 3.3 (HMM for periodic coefficient functions). In the case of periodic
coeflicient functions we will use the following version of the HMM. Here the HMM
approximation Uy of u€ is given by

Ug(t",r) = ’ﬁw**/ ][bhy, dy ds),

where u;tt € V}} is defined as the solution of:
(W, @r)reeyy = (Wi, ®u)peee) + AMAFT (W @) YOy €V,

with

A, ) i= ST 45,0 0)% R (wan) (@) - V() d

jeJ Jre
1 €/m T n € (4N n
+Z|Tj|]€ (™ 2)Ba(t") = B (1", 2) - Ve B () R (up)(z) da.
jedJ g€

x;, A5, b5, ki and by, are given by Definition 3.2. The local centered reconstructions
are defined by:

R (@) () = R (@n) (@) = (®r () = (),
and for @y € V}; the local reconstruction operator Rgm itself is defined by the

solutions Rg-")(q)H) € &y + W, (V) of

/ A (7, 2V, R(@ ) (1) - Vi b0 (1) dt + / Lo (17, 2) -V RI(@ ) () 6 ()

Y. €

/ Bt 2) S0 V(o) on(e) o, Von € WE(Y;0)

The initial value u% is given by u%; := 0% = Ty (v°).

To prepare for the numerical analysis, we now draw our attention to a reformu-
lation of this method. For this purpose, we introduce the bilinear forms Ey and
GN:
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Definition 3.4. We define the operator E}; € ﬁ(fHJ}{) by:

Ef ((um, un), (@, dn)) = /Rd/ybh(t"w) (Voun () + Vyun(2,y) én(z,y) dyda
+/R/Y (kn (", y)br(t™) = bp(t™,y)) - Ve @ (z) up(x,y) dy dz
—/Rd/ykh(t",y) by (t") - Voup () én(z,y) dy do

[ ] A ) (o) + Vs, - (% 81 (0) + ¥y 1 (,0) dy
R Jy
and the parameter dependent bilinear form Ey € V2,([0,T], L(Ix, I};)) by

Eu(t) (um,un), (@, ¢n)) = B (wm,un), (P, ¢n)) for t e (¢, "],
Moreover, we define the jumps over ¢t by:

e am _.n no._ 1 . N E X
(U] :=u! —u, where uf} : tl{‘r%u(t, ), u”: tl}rﬁu(u )

and a corresponding space by:
Xae = {(®o,$1) € X°(0,T) |@ojjin 1) € PO, " HY(RY))L.  (13)
For simplification we furthermore denote for n > 0 and (@4, ¢p) € X (0,T)
Oy = (Pn) = (Pn)"T (14)
The bilinear form GV : X1(0,T) x Xa; — R is given by:

N-1
GN (o, ur), (@0, 1)) =Y _ ([to]n, (P0)}) L2qey + (0)5, (20)}) £2(re)

N-1 ¢t
X/
n=0 tm

and analogously for the discrete case GY : X5(0,T) x X5 (0,T) — R:

(Oruo, Po) L2(rey + E(t)((uo, ur), (Do, ¢1))>

N-1
G ((um, un), (®a, én) = > ([unln, (@8)) 2@ + (ur), (®a)}) L2(2e)

2

tn

tn+1

(Ovum, @) 2waey + B (t)(wm, un), (Pm, ¢h))> .

The following theorem shows that in the periodic case, the HMM is equivalent to
a discretization of the two-scale equation (4) by means of a Discontinuous Galerkin
Time Stepping Method with quadrature. In this spirit, vy is an approximation of
the macro-scale portion ug, whereas Kp(ug) (defined in the subsequent theorem)
approximates the micro-scale part u;. This fact will help us to derive a correspond-
ing a-priori error estimate.

Theorem 3.5 (Reformulation of HMM). Suppose that H >> € and let Uy, u%y
and Rgn)(u’ﬁ) be given by Definition 3.5. We furthermore define (ugy, Kp(ug)) €
Xu(0,T) by upngn+r] = uytt and Kn (i) gn o1y = lC;l"H)(u?jl), where

K (ugy) € VR, WL(Y)) s given by Ky (uhy) (2, y)ir, v = 1K (ulh)(ey) and
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]an) (uty) € W(Y;e) by IC](-") (uly) == Rgm (u¥y) — uly. Note that any periodic func-
tion should be seen as its extension to the whole R?, so that the preceding definitions
make sense. With these assumptions, we have that (ug, Kp(ug)) € Xg(0,T) is a

solution of
Gy (um, Kn(un)), (@u, o)) = (W, (Pu))
for all (®g, én) € X (0,T) and for all N, where NAt < T.

The proof of this theorem follows the ideas of a reformulation in the elliptic case
(see [29] and [18]). The details are given in Appendix A.

4. A-priori error estimates. In the following we are concerned with deriving an
a-priori error estimate for our heterogeneous multiscale finite element method for
advection-diffusion problems in the periodic setting. This estimate indicates the
rates of convergence that we expect for the given HMM. The basic concept of this
section will be similar to the one suggested in [31], chapter 12, for the treatment of
the equation dyu — Au = f. Note that it is only the structure of the proof, which
is still the same, but the completion is much more complicated. There are several
additional difficulties in our problem, which are not treated in [31]. In particular
the existence of time-dependent coefficient functions and the non-symmetric main
part complicate the analysis. The problem of non-symmetry is treated in Lemma
4.7, where we give an equivalent formulation of the dual problem. Another novelty
concerns the elliptic projection operator, which has to be introduced to finish the
proof with an optimal order of convergence in space.

This rest of this section is structured as follows. First, we introduce a dual
backward problem (Definition 4.2) which we use to derive an equation for the error
(Lemma 4.4). After this, the contributions of the error identity need to be controlled
by the L2-norm of the error itself. These estimates are given in the Lemmas 4.6
and 4.8 below. For Lemma 4.8, it is essential to symmetrize the problem. This is
achieved in Lemma 4.7

From now on, the error function between the homogenized solution and the HMM
approximation is denoted by e”, i.e.

e"(-) =up(-) —uo(t",)
for 0 < n < N. With this notation, we now formulate the main result of this paper.

Theorem 4.1 (A-priori error estimate). Under the Assumptions 2.1 and if v%
solves [ou v ®Y = [pavo®Y VY € VE(RY), the following a-priori error estimate
is fulfilled:

N|=

tN+1
N 2
||€ ||L2(Rd) SCH 1I§nnanN (||UOHL2(tn,71,tn;Hz(Rd))) (log A )

N

tN+1
+CAt11SnnaSXN(Hatuo|\Lz((tn717tn)de)) <10g N} )
+C (At + H + h)|[(uo, w1) | x0(0,7)-

The theorem shows, that our multi-scale scheme is first order in time and second
order in space. The term (At+H +h)|(uo, u1)|| xo(o, ) describes the approximation
error determined by the qudrature rule. Choosing better approximations for the
coeflicient functions improves this error.
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The rest of this section is concerned with proving Theorem 4.1. Before we start
with introducing a suitable dual backward problem, we state a formulation of equa-
tion (4) which might be helpful, since the dual problem will be formulated in an
analogous way.

Corollary 1. Let Xa: be given by (13). For any solution of equation (4), we have
GN((U'O7U'1)7 (¢a ¢)) = (UOa (I)EJ',-)Lz(Rd) V(‘b, ¢) € XAt-

This result is obvious, since ug is continuous in ¢ (which gives us [ug], = 0) and
since (Ouo, ) p2ma) + E(t)((uo, 1), (®,¢)) = 0. With regard to this corollary, we
introduce the corresponding, discrete backward problem:

Definition 4.2 (Discrete backward problem). We call (zg, z,) € Xg(0,tV 1) the
solution of the discrete dual backward problem, if

G%((q)fh (bh)’ (’ZH; Zh)) = (((I)H)iv7 eN)Lz(]Rd) v ((bHv ¢h) € XH(07 tN>' (15)

Remark 1. The discrete backward problem (15) is equivalent to the following

backward Euler discretization. The initial value 25 ! is defined by 2N ™' := N

and (2, 2)) € Iy is given by the equation
(25 ) L2 ray = (Par, 28y) L2 (ra)y + ALER(®a, ¢n), (25, 21)), ¥ (Pu, én) € Tn.
The following assumption is needed so that the error identity holds true.

Assumption 4.3. We assume that the discrete initial value v is given by the
following local L2-projection [, v} ®Y = [pa vo®Y VOY, € VA (RY).

Now, we are able to state an equation for the L2-error [V 12 (ga).

Lemma 4.4 (Error i~dentity). Suppose that the assumptions 2.1 and 4.3 are fulfilled
and that (zp, 2n,) € X (0,tY) denotes the solution of the discrete backward problem
(15). Then the following error identity holds true for all (¥, 1) € X (0,tV):

tN
e 12 gy = / Bt () ((uo — Wity s — tn)s (251, 2n) dt
tN

N
+ Z(\IITPLI - UQ(t"’ .)7 Z?I—HL — Z]T_LI)LQ(]Rd) +/0 (E — EH)(t)((uo,ul), (ZH, Zh)) dt.
n=1

Remark 2. The error contributions on the right hand side of the error identity
correspond to the space discretization, time discretization and data approximation
errors. Estimates for these individual terms will be derived in the Lemmas 4.6 and
4.8 below.

Proof of Lemma /.4. We start with the equation

(€N, e™) p2may = (ugy —uo(t™,-), €™) p2(a) (16)
= (upy — U, 6N)Lz(JRd) + (W37 — uo(tN, ), eN)LZ(Rd)~

Using Assumption 4.3, Theorem 3.5 and Corollary 1, we have

Gg((quK:h(uH))v ((I)H7 (bh)) = GN((UO7 u1)7 (q)H’ d)h))
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for all (@, ¢n) € Xu(0,tV). Testing with (2, z5,) therefore yields
(ury — Vi, €M) poay = G (ug — Yo, Kn(ug) — ¥n), (21, 2n))
= Gu((un,Kn(un)), (zm, 2n)) — GR(Ya,¥n), (2, 2n))
= G"((uo,u1), (21, 21)) — Gy (Vi vn), (21, 21))
(GY = GY)((uo, 1), (2, 21)) + G ((wo — Vi, ur — ¥n), (2, 21))

tN

= /0 (B = BEm)(t)((uo, u), (2, 2n)) dt + G ((wo — Wz, ur = ¥n), (211, 20)).

This implies
tN
(ug - \Ilg, eN)Lz(Rd) = / (E — Eg)(t)((uo,u1), (za, zn)) dt (17)
0
tn+1

N-1
+ Z/ (at<’u,0 - \II}?H) ZZJF )Lz(Rd) —l—EH(t)((’U,O — \I/H,ul - lﬂh), (ZH,Zh)) dt
n—0 tn

N—
Z ug — \I/H n7zH+1)L2(]Rd) + (’U() - W}I72}7)L2(Rd).

Moreover, we see that

N-1 ¢l
Z ( (8t(u0 — \I/TIL{Jrl) Z}L{Jr ) L2(R4) + ([UO—\IIH]WZ?{JFI)Lz(Rd)) + (’U() - \I/}LI,Z}LI)Lz(Rd)
n=0 "

I
OMZ

¢t N-1
( 8tU()7 Zerl)Lz(Rd)) - Z([\I/H]n,ZZJrl)Lz(Rd) + (’UO — \I/}{, Z}{)LZ(R‘!)

n=1
N—-1 N—-1
= (o (") = uo(t™, ), 2 ) oy — D (Wi = Wi 255 Lo ey
n=0 n=1

+(vg — \Il}iv Z}_I)LZ(Rd)

N-1 N-1
= (uo(t™*1, ), Z?I—‘rl)L?(]Rd) - Z (uo(t",-), Zzﬂ)m(md)
n=0 n=1
N-1 —
— z:(\ll’r;{-i-l7 )2 (Rd) + Z \I/H,ZH LZ(]Rd)
n=0 n=1
N-1

= (U —uo(t™, ), 25 = 28 raay + (uo(t™,-) — Ui, 23 ) 12 (ra)
1

n

Combining this result with (16), we obtain:

||€ HLZ(]RUZ) = (UH \IjHa )L2(]Rd) + (‘I’g - UO(tN, '),GN)L2(Rd)

tN N-1
= /(E — En)(t)((uo, u1), (21, 20)) dt + Z (U —uo(t™, ), 25 — 23 r2ma)
0 n=1
+(uo(t™, ) = W, 21 ) p2ray + (U —uo(t™, ), ™) 2 (ray
tn+1

+ Z/ EF ™ (wo — W, uy — ), (21, 21)) dt
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= /O(E — Ex)(t)((uo,u), (2, 2n)) dt + Y (W —uo(t",-), 2 = ) oy
+ o EH(t)((uo - \IIH,’U,l — ’(/Jh)7 (ZH, Zh)) dt.

O

In the following we derive some estimates, which we need to control the right
hand side of the error identity in Lemma 4.4. For simplification, we introduce the
following notations.

Definition 4.5. We define:

gt

1
ap = Kt/ uo(t, ") dt,

tn
fH(uo)(-, x)'(t77,7tn+1] «Rd ‘= IH(’U,BLJFI)({,C)

Here 75 denotes the corresponding Lagrange interpolation operator. Moreover, we
establish the notation 2} = (2}, 2}).

In the next lemma, we derive an estimate for the space derivative contributions
of the solution of the discrete backward problem in Definition 4.2:

Lemma 4.6. Assume that the general assumptions 2.1 are fulfilled, then we have
the following estimate for the solution of the discrete backward problem (15):

N
>~ ot (5 ey + 128 Eaqga ) < CleN 2aggay-

n=0
Proof.
Since (23, 25 ") 2ray = (25, 21) L2 ey + AER (F, 25) > ||zI"{||%2(Rd), we have
22l 2y < llzE 1l L2gay < o < l2h 2 (Ra)- (18)
N
This implies > At|lz5]|72gay < VeV ]72 g0y (19)
n=0

Using the Poincare inequality for functions with mean zero, we get

N N
Z Atl|zp 172 e, vy < C Z At |72 a1 (v)- (20)

n=0 n=0

(19) and (20) imply that it is sufficient to bound the semi-norms in the estimate of
Lemma 4.6, i.e. we restrict ourself to the following term:

N
Z At (|Z}L{|§{1(Rd) + |Z}TLL|2L2(]RI1,H1(Y))> .

n=0
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First we get

N N-1
(2ioe™ ety = D_OtER (i, i) + 3 (o5 = 2 24 ) e + 1207 o)
n=0 n=0
N 1 N—
= ZAtEH ZH,ZH 5 Z n+1l _ ZHvZIZ+ _ Z?I)L%Rd)
n=0 n=0
1 N-1 1 N—-1
+§ Z(Z?{+1,ZZ+1)L2(Rd) - 5 Z (Z?I,Z?I)LQ(Rd) —+ ||Z(IJ"IH%2(R11)
n=0 n=0

> Z AtER (5%, 2%,
n=0
This inequality together with the ellipticity of EY, (With constant 1) yields

Z At (|ZH|H1(Rd) + 127 22 e, Y))) Z ALEY (25, 2F)
n=0

< (erp €M) p2@ay < €V 17z gay-
O

The bilinear form E7 is not symmetric, which complicates the analysis. To avoid
rather technical estimates to treat the non-symmetric case, we use a symmetrization
result which is given in Lemma 4.7 below. It is well known, that the standard
homogenization of problems like (3), yields a limit problem of the type

8tu0 -V (AVUO) = 0,

where A is a symmetric, coercive diffusion matrix, only depending on ¢ (see for
instance Allaire and Raphael [7]). The relation between this problem and the two-
scale homogenized equation was shown in [17], Theorem 3.8. The following lemma
is the equivalent result in the discrete setting. It simplifies the subsequent analysis
enormously.

Lemma 4.7. We introduce the operator T : VA (RY) — VI(RY, WH(Y)), where
TR (®g) € VIR, WE(Y)) is the unique solution of

/Y (B (t",9) — Fn (", bR (")) - W @t (2) Gn(y) dy
- /Y AWt 4V, 6n(y) - (Ve ®rr(z) + ¥, T2 (D) (2, ) dy

+/th(t",y)-Vy¢h(y) T @u)(zy) dy  for all ¢, € Wy(Y).
Moreover, we define the symmetric bilinearform S% : VE(RY) x VE(RY) — R by:
SE(Pu, Vh)
=[] A (T )5, T @) )5 Vo 0) 5, T (W) ) dy

With theses definitions, the solution of the discrete backward problem (15) (see also
Remark 1) fulfills the equation

((I)Hy 221+1)L2(Rd) = (CI)H, Z?I)Lz(le) + AtS}LI((I)H, Z?I), (21)
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for all @y € VE(RY). We also have T (2%) = 2z} and
® 5[ %1 gay < SE(Pw, Par) for all g € Vi

Proof. The proof of this lemma is completely analogous to the proof in the contin-
uous setting, which can be found in [17], Theorem 3.8. O

Lemma (4.8) below is an estimate for the contributions of the discrete time
derivatives of the solution of the discrete backward problem in Definition 4.2. To
prove it, we make use of the symmetrisation result in Lemma 4.7. On the basis of
this result, the proof is quite analogous to the one presented in the book of Thomée
[31], chapter 12.

Lemma 4.8. Under the general assumptions 2.1, we have the following estimate
for the solution (zg,zn) € Xu(0,tNTY) of the discrete backward problem (15):

1
n+1 n <C 1 tN+1 2 N
ZFHZ ZHHB(Rd), 0g Al e ||L2(Rd)-
n=0

The proof of Lemma 4.8 is given in Appendix B.

With the preceding estimates, we are now ready to prove the a-priori error estimate
of Theorem 4.1.

Proof of Theorem j.1. Choosing (¥, ¢p) = (Zx(ug),0) in Lemma 4.4 yields:

™72 ey = ; B (t)((wo — Zu(uo), w1, (1, 21)) dt (22)
tN N o
+/O(E — Eg)(t)((uo,u1),(zm,2p)) dt JrZ(IH(uO)"—uo(t”7 ), zzﬂ—z}’{)B(Rd).

n=1
Now we estimate the different summands. Since we have Lipschitz continuous co-
efficient functions we use Lemma 4.6 to get

tN

/0 (E — En)(t)((uo,w), (211, 20)) dt

2

IN

N
Ot + H + 1), 1) | xog0.7) (Zm(zznipm + |z::||%2<Rd7H1<y>>))

IN

C(At+ H + h)l[(uo, u1) | xo0,7) ||€N||L2(Rd)-
The third summand in the right hand side of (22) is separated as follows:

N
> Ta(uo)™ = uo(t™,), 25 = 2) 12ra)
n=1
N N
Z(IH(UO) u072?1+1 - ZH L2 Rd Z - UO tn ) ZITfI+ - Z?I)Lz(Rd)'
Since

n n 2
n n 1 t t
||u0 - Uo(t 7')||2L?(]Rd) S /Rd <At /tn71[ |8ﬂt0(8,-)| ds dt)

< At”atuo||i2((tn—1’tn)><Rd)
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we get by means of Lemma 4.8

N
Z —uo tn ) Z?I+1 —Z?I)Lz(Rd)
n=1
N
< At I<Ila<X (||8tu0||L2((tn Ltn)xRd) ZO n+1 ZITfIHL2(Rd)
tN +1 N
< CAt gla<x (HatUOHL?((tn 1,t7)xR4) (log At) ||€ ||L2(Rd).

And moreover:

N
Z(IH(UO) —Umz?ﬁ _ZZ()L?(Rd))

n=1

N
< O Hagllme o 25 — 25l 2y

n=1

IN

1
C 7;1 HZE ||u0||L2(t”*1,t”;H2(]Rd)) ||21n{+1 - Z?IHL?(W)

9 tNJrl 2 N
< CH lglarg}(N(Huo||L2(tn—1,tn;H2(Rd))) (log At) ||6 ||L2(]Rd).

It remains to estimate the first summand in the right hand side of (22). To do so,
we denote 8 := sup [[E(t)| s, Moreover, we define the projection operator
0<t<T

Py = (PR, PP : Iy — Iy by:
Ef(0,®n5) = Ef (Pl (v), ®n) Y0up, € Iy and Yo € Io. (23)
szh is well-defined due to the Lax-Milgram Theorem. Since for v = (vg,v1) € Iy

1P n (), < Bl (Php(v), Pia(v)) = Efi (v, Piy (v) < BIPg ()11, [10]l5,

and since
|P1?I’UO|H1(]R“1)
I Prrll 2 ey, vy = sup T EE—
HILOREDVD) = i@y 1ol @)
< sup ‘PHUO|H1(R‘1) + |P}?U1‘L2(Rd7H1(Y))
T (won)elo\{0} Yol mey + [V1lL2®e, 51 (v))
we also get:

1 PE | 2wy, vy < IPE N o0,y < B- (24)



732 PATRICK HENNING AND MARIO OHLBERGER

Now, we are prepared to estimate the first summand in the right hand side of (22).
Using Remark 1, (23) and (24) we get:
tN
En(t)((vo — Zu(uo), ur), (21, zn)) dt
0
o,

N tn
= S w-Tatw)d, [ wdt). G

tn—1

t" t"
(0 </ g —IHwo)dt) Py </ u dt>>,<zz,zz>>
n:l t’n* t"l*
N Zn+1 . Z]Tf[ t" N
= Z( " At aP}-} /)5\7171 uO_IH(UO)dt )L2(Rd')
n=1

n t"
< n
A H||L2(Rd)||PH||L(H1(Rd),VI;)H2||/ g dt|| g2 (ma)
tnfl

IA
M=
T
&

Z’I’L
TH |2 @ay BH? /Dt luol| L2 ((¢n-1,em), 12 (R )

IA

] =

T
&

IN

1
9 tN+1 2 N
pH axy (luoll L2 -1 ¢n; 12 may)) | log N e[| 2 (ra)-

O

5. Numerical experiments. In the following we look at two model problems to
demonstrate the applicability of the HMM given by Definition 3.3. In the first
example, we apply the method to an advection-diffusion problem with a non-zero
drift. The time-dependent coefficients are periodic in space. Here, the exact solution
u€ is unknown, but since ug(t, x — @) is a good approximation of u¢, we use this
as a reliable reference. u can be determined very efficiently by using the associated
homogenized macro problem, see Theorem 4.7 in [17]. Here, we need to solve the two
corresponding cell problems for every time step and the resulting macro problem
afterwards. In the second example we will apply the method to an advection-
diffusion problem without drift, but with a heterogeneous diffusion matrix. Here the
standard homogenization theory fails, so that we have to determine u€ by a standard
computation on a very fine grid. We will see that to obtain a sufficiently accurate
approximation with a Backward-Euler (Linear-)Finite-Element Scheme (BE-FES),
the grid needs to be about 6 times finer than for a comparable approximation
computed with the HMM.

In this chapter we will use the following notations: For the n’th time step
u; denotes the HMM approximation, whereas uy, ¢ denotes the approximation
gained by a Backward-Euler Finite-Element Scheme. The corresponding error func-

. . B(t"
tions are given by e” := wuo(t",:) — v} and eBy g = uo(t", — (6 )y — Ubws-
lle™ll 2o 1 letwell2 o
e |7 oy = e 2— and ||e?, Sy = aite denote the as-
le™ 122 Mo (8™, )M L2 0 lewelze @) lluo (t7, = ZE2) || 12 g

sociated relative errors. N will define the maximal number of time steps, i.e. tN =1
or alternatively At = %, with time step size At. In both numerical experiments the
observed time interval [0,7] will be given by [0,0.3] and the fineness parameter e

will be set to € = 0.01. For k,m € Ny, § € R and the error function g : R* — R
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TABLE 1. Model problem 1. Relative errors for N = 20 and de-
creasing mesh sizes (H, h).

’ H \ h \ ||€1||£€2Z(Q) \ H€N||7Lezl(n) \ HB}BWEHTL%Z(Q) \ ||€gWEHZeZZ(Q) ‘
2-3 ] 2-3 0.497 2.674 0.349 1.76
2-3 ] 273 0.339 0.727 0.292 1.17
2-3 | 273 0.206 0.297 0.246 0.983
2=1 277 [0.1748836 | 0.1945293 0.292 0.955
2=1 275 [0.1748802 | 0.1945079 0.292 0.955
2=1 276 [0.1748784 | 0.1945025 0.292 0.955
2-2 | 273 [ 0.1428528 | 0.1372253 0.318 0.968
2-3 | 2% [0.1428393 | 0.1371633 0.318 0.968
2-3 | 2=% | 0.1428358 | 0.1371477 0.318 0.968
275 [ 275 0.135 0.112 0.334 0.967

we define the experimental order of convergence (EOC) of g in (k6 — 0) by

g(kd)
log (4
log(k)
Model problem 1. In our first numerical test, we look at the following model
problem: find u¢ € L?(0,0.3; H!(R?)), with

dus — V- (A(t, %)we) + e’lb(t, f) -V =0 in (0,0.3) x R? and

EOC (15-5)(9) == (25)

5sin(5mry) sin(5mzz)  in [—0.2,0.2]?
0, else.

u6(07x17x2) = {
Here A<(t,x) = A(t, ) and b°(t,z) = b(Z) are defined by:

(1 + Lsin(27y; )cos(2myz) 0
Alt,y) = ( 0 1+ Lsin(2my; )cos(27ys2) and

bt y) = —sin(27y ) cos(2my2) + 1—10
Y- cos(2my1) sin(2mys) — 15 )
In Table 1 we see, that the relative error between the homogenized solution and
the approximation gained by the HMM in Definition 3.3 is small and diminishing

for decreasing mesh size, whereas the relative error between ug(t", - — %N)) and
the Backward-Euler Finite-Element solution uy ;¢ remains essentially the same for
the whole computation series. We do not observe any convergence for the BE-FE
Scheme for these refinement levels. In fact, a mesh size of at least H -3 (roughly
€) is required, so that the BE-FE Scheme yields a first reliable approximation of u¢
in Model Problem 1. Table 1 also gives a hint for the relation between macro mesh
size H and micro mesh size h. In this example we observe that choosing h smaller
than H, has almost no effect on the quality of the solution. The computation
time for solving one cell problem is increased, but the error remains basically the
same. For small values of H it may be even expedient to choose h larger than H,
since, in this case, there is no need for solving the cell problems with the same
accuracy. Compare for instance the computations for (H,h) = (2_%,2_%) and

(H,h) = (2_%,2 s ). In Figure 1 we give a comparison between the isolines of
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FIGURE 1. Model problem 1. Comparison of the isolines between
up(t,-) and uly for different resolution of the HMM ((H,h) =
(274,275), N = 20 (left), and (H,h) = (27°,27%) , N = 40
(right)). The color gradient is from green (minimum —4.51-1073)
to blue (mazimum 4.51-1073).

FIGURE 2. Model problem 1. The isolines of approximations of
u¢(tN,-) are shown for a Backward Euler FE Scheme with different
space and time resolution (H = 274, N = 20 (left), H = 279,
N = 40 (middle), and H = 2=%, N = 40 (left)). The color
gradient is from green (minimum —4.51-1073) to blue (mazimum
4.51-1073).

TABLE 2. Model problem 1. With Definition (25), we calculate
the following EOC’s in space, i.e. EOComu ny—(m,n))- For each
computation N is fized (and therefore also At). To get reliable
results for the convergence rate in space, we choose N large enough.

(N|kxH—H]| kxh—h |EOC(") | EOC(eRwg) |

101273 52-3 273 52-3 ] 1.9105 0.8155
2] 2352712735971 1.9015 0.2929
40277 =273 [ 273 =273 | 2.0247 0.0204
40 27525 [ 2745275 1.618 -0.0203

the exact solution and the HMM solution, gained for different values of (At, H, h).
We see that the lines match quite well. The better correspondence of the isolines is
achieved for higher resolution level of the computational grid. In Figure 2, on the
other hand, the isolines of BE-FES approximations at different refinement levels are
expressed. Obviously, the first two approximations (for (At, H) = (% -1073,27)
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TABLE 3. Model problem 1. With Definition (25), we calculate the
Jollowing EOC's in time, i.e. EOCan;—n¢)- For each computation
(H, h) is fized. We decrease (H,h) with At to reduce the influence
of the error in space. For 10 — 20 and H = 2_%, the mesh size does
not seem to be small enough. We observe the EOC’s for N — 2N
with N = 3,5, 10.

N>k N| H | h |EOC(™) [ BOC(eNyp) |

356 2% 27 1.1164 ~0.2045
510 272|272 | 1.0425 -0.1179
10520 272272 | 0.6608 -0.0497
1020 |22 ] 276 0.8994 -0.0488

and (At,H) = (3 -1073,275)) are not reliable. Comparing them with the isolines
of the exact solution in Figure 1, we immediately verify that they significantly differ
in shape and height. Only for (At, H) = (31073, 27%) the solution is reasonable.

Experimental orders of convergence are shown in Table 2 and Table 3. In order
to get reliable results for the EOC for the space refinement, we needed to choose
At small in comparison to H? (see Theorem 4.1). Therefore, taking only values
fulfilling At << H?, we tried to assure that the influence of At is kept small. With
regard to Theorem 4.1, we expect an EOC of 2, if u° is a regular solution and if
we have good approximations of the coefficient functions. This is confirmed by the
table. The relatively bad value (1.618) for 2% — 275 is probably due to At no
yet being small enough. Moreover, we point out that the EOC’s for the BW-FE
Scheme directly imply that we do not have a convergence to u¢, as long as we do
not have a highly refined grid that captures €, i.e.H =~ ¢ = 0.01.

In Table 3, corresponding time EOC’s are shown. For the BW-FE Scheme it is
obvious that we cannot observe a convergence in time as long as we are not fine
enough in space. For the HMM we notice, that the time convergence seems to be
linear, which also corresponds with Theorem 4.1. Again we needed to guarantee
that we have a sufficiently small mesh size in order to avoid that it has a visible
influence on the results. For this purpose we assumed that roughly H? < At holds
true. For (At,H) = (2%, 2*%), this assumption is not fulfilled. Immediately we see
the loss of quality at this result.

Model problem 2. In the se;cond numerical test, we observe the following model
problem: find u€ € L?(0,0.3; H([-1,1]?)) with
O — V- (A(z)Vu) + e () - Vut =0 in (—1,1)% x (0,0.3),

u® =0 on d(—1,1)* x (0,T) and
10sin(27z) sin(27z2)  in [0,0.5]?

€ 07 ) =
w0, 2) {0, else.
Here b°(t,x) = b(t, £) is defined by

[ 3sin(27y;) sin(27ys9)
b(t,y) = <§cos(27ry1) cos(27ry2)>
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TABLE 4. Model problem 2. Relative errors for N = 20 and de-
creasing mesh sizes. gain we see that the relative HMM error
is significantly decreasing, whereas the relative BE-FES error for
T = 0.3 remains at a value of roughly 0.5.

| H [ h el g |11 g | lebwellifg) | leBwsllifg) |
23 [ 2735 | 0.153 0.49 0.245 1.198
273 | 273 0.086 0.209 0.137 0.36
273 [ 273 | 0.047 0.101 0.172 0.551
2—1 1274 0.031 0.049 0.192 0.533
272 272 [ 0.024 0.035 0.183 0.447
275 | 279 0.02 0.027 0.192 0.459
and A€ by
a(Z) + Lsin(2m2r)? 0
A(z) = < (F)+ 3 i (2m %) oz + sm(27r¢”1)2)
where
14 sin(2my; )sin(27ys) on [-0.1,0.1]2,
14 tsin(4my;)(cos(2myz) — 1) on [-0.2,0.2]?\ [-0.1,0.1]2,
14 15 (cos(2my1) — 1) (cos(4myz) — 1) on [—0.3,0.3]?\ [-0.2,0.2]?,
1+ (33sin(2my1 )sin(2my; ) (cos(8yz) — 1)) on [—0.4,0.4]\ [-0.3,0.3]2,
a(y) == ¢ 1+ (3sin(4my;)sin(2mys2)) on [-0.5,0.5]?\ [-0.4,0.4]%,
14 (£sin(myy)(cos(2mys) — 1)) on [—0.6,0.6]2\ [-0.5,0.5)%,
14 (35 (cos(4myr) — 1)(cos(2mys) — 1)) on [—0.7,0.7]2\ [-0.6, 0.6,
+ (3sin(2myy )sin(2my1 ) (cos(2myz) — 1)) on [-0.8,0.8]%\ [-0.7,0.7]2,
1, else.

Here we are dealing with the bounded domain [—0.1,0.1]? instead of R? and an
additional homogeneous Dirichlet boundary condition. Since b meets the assump-
tions div b(t,-) = 0 and [, b(t,-) = 0, we do not have a macroscopic drift of order
%. In this case the HMM can be formulated analogously to approximate the corre-
sponding solution. Assuming that the coefficients are periodic, the same a-posteriori
and a-priori estimates as in the sections 4 and 5 can be obtained. This example is
to focus on the applicability of the HMM in the case of heterogeneous structures
within the coefficients, since standard homogenization fails for such problems.

Again, we compare the HMM with a standard Backward-Euler (Linear-)Finite-
Element Scheme. The results are essentially the same as for Model Problem 1. In
Table 4 we see that the relative HMM error is rapidly decreasing, whereas the BW-
FES error remains between the values 0.36 and 0.55 without showing convergence.
In Figure 3 we observe that already for a mesh size of (H,h) = (27%,27%), the
isolines of the exact solution u¢ and HMM approximation ugy match very well. In
comparison, the isolines of the BW-FES approximation are totally different. Even
for the higher refinement level in Figure 4 ((H,h) = (275,27%)), the BW-FES
approximation has not yet gained a better quality. Instead, the isolines of the
HMM approximation are now almost identical with the ones of the exact solution.
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FIGURE 3. Model problem 2. Here we have (H,h) = (274,271)
and N = 20. The color gradient is from green (minimum 0) to
blue (mazimum 2.148). In the left hand figure we see a comparison
between the isolines of u¢(t™,-) and uly. In the right hand figure
the isolines of the BE-FES solution are shown.

FIGURE 4. Model problem 2. Here we have (H,h) = (275,275),
N = 20 and a color gradient from green (minimum 0) to blue
(mazimum 2.148). In the left hand figure we again compare the
isolines of u¢(t™,-) and uly. In the right hand figure we compare
the isolines of the exact solution with the ones of the BE-FES so-
lution.

First correlations between the isolines of BE-FES approximation and the exact
solution start to show up at a mesh size of H = 276, Here, the relative error is
||.egWEHzezl(Q) = 0.027. To obtain a comparable result with the HMM, we can be 4
times coarser.

The experimental orders of convergence in Table 5 show again that the HMM
seems to converge with second order in (H, k). The bad results (EOC= 0.69, EOC=
0.87 and to a certain extend EOC= 1.51) are due to the fact, that the time step
size At is too large in comparison to H2. In Table 6 we observe that the BE-
FE Scheme does not converge on coarse grids, which is clear. The time EOC’s of
the HMM seem to be a little too small, since we expect values around 1. Again,
this observation is related to the fact that the mesh size is not yet small enough in
comparison to the time step size. For highly refined grids the results will be probably
better, showing a linear behaviour. Nevertheless, we note that Model Problem 2
includes a heterogeneous diffusion matrix, which implies that the Theorem 4.1 is
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TABLE 5. Model problem 2. With Definition (25), we calculate
the following EOC’s in space, i.e. EOC(o(g ny—(m,n))- For each
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computation N is fized.

[N[H—k-H] h—sk-h [EOC(E™) [ EOC(eNyws) |

20273 5273273 5273 2284 1.1208
20 23 5274 [ 235 27% | 20816 ~0.5638
10272 5273|272 5273 | 0.6923 0.3132
20272 5272272 5272 | 1.5105 0.3002
40272 5273 [27% 273 | 2.0603 0.2944
20 27 ¥ =275 [ 27 ¥ 5275 | 0.8758 0.2149

TABLE 6. Model problem 2. With Definition (25), we calculate the
Jollowing EOC's in time, i.e. EOCai—nq)- For each computation
(H,h) is fized.

(N—k-N[ H | h [EOC(") | EOC(eFwpg) |

510 [273]272] 0.8408 -0.1123
5510 | 27|27 0.9262 ~0.1086
10520 | 27|25 06728 0.0515

not applicable. Even though we may expect the same results in most cases, other
properties could show up.

General comment: The numerical results have demonstrated the applicability
of the HMM of Definition 3.3. The orders of convergence, predicted by Theorem
4.1, could be verified. Results of good quality could be gained with much coarser
discretizations of the macro grid than with a comparable Backward-Euler Finite-
Element Scheme. Since ¢ = 0.01 was still relative large in comparison to what
we could encounter in other problems, this advantage will become much bigger for
wider scale separation between micro and macro scale. For several problems, the
computational demand for solving the fine-scale equation with a Finite-Element
or Finite-Volume-Scheme will be even too high for practical applications. In such
cases there is no alternative but a multiscale method. For problems such as Model
Problem 1 or 2, one may argue that the computational complexity for solving all
the cell problems may be of equal or even larger than a BE-FE Scheme with highly
refined grid. But note that all the cell problems are independent from each other,
which suggests to solve them in parallel or in a preprocessing step. Assuming that
the results of the cell problems are available, the remaining HMM macro problem
is only of minor complexity and can be solved very fast.

6. Conclusion. In this contribution we formulated the heterogeneous multiscale
finite element method for advection-diffusion problems with rapidly oscillating co-
efficients and large expected drift. For the case of periodic coefficient functions we
derived a corresponding a-priori error estimate in the L°°(L?)-norm. The conver-
gence is of second order in space and first order in time. In order to demonstrate the
applicability and efficiency of the method, numerical experiments were given. One
model problem covered the case of a large drift, another model problem the case
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of a heterogeneous structure within the diffusion matrix. Even for relatively coarse
grids, both problems could be solved with high accuracy. In order to establish a
basis for possible adaptive mesh refinement algorithms and error control, we will
also apply the techniques of this paper to derive an associated a-posteriori result,
based on local error indicators. This will be the subject of future work.
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Appendix A. Proof of Theorem 3.5. Here, we want give a detailed proof of
Theorem 3.5, which is given in two steps. We start with the following lemma (a
reformulation for a fixed time step n):

Lemma A.1. Suppose that H >> € and let Uy, u}; and IC;L")(UTI;) be defined in
Theorem 5.5. If u% = v%, then we have that for n > 1, (u”H,IC,(ln) (u})) € Iy is a
solution of

(™ i)y = (i) + OB (g, K4 (i), (@11,6))

for all (P, ép) € Iy. Note that this equation can be decoupled again into macro
and micro-scale part by choosing @y = 0.

Proof. We start with the local part. From Definition 3.3 we have

A0, 2) 9 R (Br) 0 V(o) da+ [ L0 0) 9 B @) ) o) d

Yiie v

_ / Bt ) L0(") Volyr(a) on(e) e, Von € W (V)
Y.

J:€

Since V@ p is a constant on Y ., we obtain by using the definition of K;n)(QJH) and
the transformation formula for x§(y) = z; + ey:

[ A5 (%K @) a5 ) + Ve B (a,)) - Vi)
+ [ b)) - (VK @) w50) + Ve Pale,) onlasw) dy

= [ K@) ) Ve Bale) onlas) du Von € WY,
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Since V, ICén)(CDH)(xj,y) =V Ian)(CDH)(ey), we have

VK (@) (w5()) = (G, K4 (@) g =

Defining ¢y, € WAY) by o (y) := %(i)h(ey)) (and extending it by periodicity), we
get and in analogy to ICELn)(q)H):

We therefore obtain:

€

Ly (y)

z5(y)

) dy

z5(y)

[ e Z (0 @, B2 4 9 te)) - B
# [ e B0 (k0 @)y, Y

€

>+vm<1>H<xj)) edn()y gy

:/Ykh(t",m;iy)) %Bh(t”).vm(I)H(xj) eéh(xi(y)

Because the equation holds for every ¢, € W(Y), it also holds for ¢p(z,-) almost
everywhere in z and with ¢, € L2(R% W}(Y)). Since %ﬁl) =y + ¢ and since
every function is y-periodic, we obtain:

[ A ) (KL @) wy.0) + Vo)) - V(o)
+ [ oty - (VK @) (g, ) + Vi () on(wy) dy (26)

Y
=/ kn(t"y) bu(t") - Ve ®u(z;) én(z,y) dy,  Von € L*(RY, Wy (Y)).
Y
Analogously we get for the global problem:

A (", 2)V R (uh) (2) - Vi @y () dar
Yj.e

7 (BB =¥ 0) - Vebaly) B () o) da

= A ) (Vo) + VKL () y00) - Vi) dy
+]€ % (kn (£ )b (#") = b (8", 9)) - Ve B () (i (5) + €K (wly) (5, 9)) dy
= A (Vo) + B KL (i) 0)) - V() dy

Y
+]£ (B (£, 9)bu (") — b (", y)) - Ve @rr () K (i) (. y) dy,
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since f5, L (kn(t",y)bn(t") — bp(t",y)) Vo ®r(x;) u}(x;) dy = 0. Choosing Py =
u in (26) and adding this summand to the global equation yields:

Ay B
= Sl ([ A ) (Tl + K0 i) - Vo) d)

jeJ
3 ( [ e () = e, ) - Ve aas) KL () ) dy)
jed

o[ A ) (B 03000+ Vo) -Gy ) dyt
/Rd/ bu (", y) VIC ( )(xvy)'i‘vmu’}fl(x)) on(x,y) dyda
_/Rd/ykh(tnw) b (") - Vel (x) on(x,y) dy de.

Since the quadrature is exact for piecewise constant functions we finally obtain:

Ay (i, @) = Bfy (e, K (i), (11, 00)) V(@1 60) €

Now the reformulation can be proved.

Proof of Theorem 3.5. For (®p,¢5) € Xu(0,T), we define (@7, ¢7) € Iy by
1 tn+1

(@50 = ((Pr)} & L onlt) dt).
With Lemma A.1 we therefore obtain for all (®5, ¢) € Xz (0,T)
(whr, (Pm)Y) 2@y
= @) + AER (KD ), (@) o).
Defining [ug]o := u}; — uY;, we get by summing up:

N-1

> (o @)} 2wy + AEF (Wi K0 i), (@a) 07 ) ) =0,
n=0

Since (®)T = ®p(t,-) for all t € (£7,#"+1] and since ¢} ' = ft" qSh ) dt , we
obtain

N—1 N—1 gn+l
> (unln, (@u)D) 2@y + Y Ey(t) ((wr, Kn(ug)), (Pu, ¢n)) =0
n=0 n=0/t"

Together with O;(ug )|t 4n+1) = 0 we finally have the result. O

Appendix B. Proof of Lemma 4.8.

Proof of Lemma 4.8. We denote || | =1 llz2@®e) and (-,-) := (-,-)L2(re). Using
(21) and testing with &5 = zH Land &y = zgﬂ — zg, yields the equations:

(a2 = o) = ASH N )
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and
Iz = 251> = AtSy (2 T 2i) — ALSH (23, 23)-

Combining this and since S (2N, Z¥) > 0 we obtain:

Izt — 25 |1° < AtSH (et 2R)
= ()
N
< llem™ =z llle™]l.

In particular this yields

(" —tN)AtIIZN+1 l* < Jle)%. (27)

Now suppose that n < N — 1. We test with &y = z}_}“ z%; to obtain:

oot — 2l = 2S5 — 2, )
= —AtSH(ET — 2, A = 2) — AtSE (2, 2E) + AtSE (5T 2
< —AUSE (2 2g) + ASE (2 2.

Here we used the symmetry of S%. Multiplying with (V! — t”)ﬁ and summing
up yields:

N-1
) Z tNJrl n ”Zn—i-l ZZ”Z
n=0
N-1 N-1
< = N —)SE G R + Y (VT =) SEGET L 2.
n=0 n=0
=I
In order to estimate I, we use
St 2 = Sh(eh 2iy) (28)

ST A — S, o) + (S — SETGET 2.

Since Ay, is a piecewise constant interpolation of a Lipschitz continuous coefficient
function and due to T} (z};) = zj, we first get:

n n ’I’L n n 2
(SH+1 SH)( H H) < CAt (||Z HHHl(Rd) + ||Zh+1HL2(]Rd,H1(Y))) .

The Young inequality and Lemma 4.6 therefore yield:

N—
DN )(SET = ST (25 25 < ClleN 1 Fagay- (29)

n=0

,_.
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Now we estimate I by making use of (28):

L< ) (N =S = SETOEET 25

N-1 N-1
3TN SR ) — ST (N — ) S (2, 24)
n=0 n=0
N-1
+ Y ASE T 2
n=0
N-1
= D (N (S = SE T AT + T — ) S (2l 22
n=0
N
NS (sl 20) + D AR (R 7).
n=1
(29) and again Lemma 4.6 yield:
N
I< C||€N||L2(Rd + 22 AtSy (=g, 2f) < C”eNHQL?(Rd)'
n=1

Together with (27), we finally have
N

1
S =)l = 2R < Clle By
n=0
and therefore
N
3 ol - silace
n=0
; 1
N 1 2 /N 1 i
< (ZtN+l "> (Z (¥ =17 Hznﬂ Zg%z(w))
n=0

[N ”

tN 1
< O</0 tN+1—tdt> [ | L2 (re)

(NFLN 2 N
- o(1og At) e 22 gy
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