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ABSTRACT. This paper is devoted to the extension to the full 3 x 3 Euler system
of the basic analytical properties of the equations governing a fluid flowing in a
duct with varying section. First, we consider the Cauchy problem for a pipeline
consisting of 2 ducts joined at a junction. Then, this result is extended to more
complex pipes. A key assumption in these theorems is the boundedness of the
total variation of the pipe’s section. We provide explicit examples to show that
this bound is necessary.

1. Introduction. We consider Euler equations for the evolution of a fluid flowing
in a pipe with varying section a = a(z), see [17, Section 8.1] or [12, 15]:

9 (ap) + 9x(aq) =0
di(aq) + 9, [aP (p,q, E)] = p(p,e) dpa (1.1)
O (aE) + 0y [aF (p,q,E)] =0

where, as usual, p is the fluid density, ¢ is the linear momentum density and E is
the total energy density. Moreover

1¢? ¢ q
E(p,q,E)=§;+pe, P(ﬂvaE):;'*'pa F(P,Q,E):;(E‘Fp), (12)

with e being the internal energy density, P the flow of the linear momentum density
and F' the flow of the energy density. The above equations express the conservation
laws for the mass, momentum, and total energy of the fluid through the pipe.
Below, we will often refer to the standard case of the ideal gas, characterized by the
relations

p=(y—1)pe, S=Ine—(y—1)Inp, (1.3)
for a suitable v > 1. Note however, that this particular equation of state is necessary
only in case (p) of Proposition 3.1 and has been used in the examples in Section 4.
In the rest of this work, the usual hypothesis [16, formula (18.8)], that is p > 0,
9,p(1,8) < 0 and 92 _p(7,S) > 0, are sufficient.
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The case of a sharp discontinuous change in the pipe’s section due to a junction
sited at, say, © = 0, corresponds to a(z) = a~ for z < 0 and a(z) = a™ for z > 0.
Then, the motion of the fluid can be described by

Op+0:.q=0
8tE + aafF(p7Q7E) = 07

for z # 0, together with a coupling condition at the junction of the form:
v (0™, (p,0. B)(t,0-);a%, (p, 0, B) (¢, 04)) = 0. (15)

Above, we require the existence of the traces at x = 0 of (p, ¢, E). Various choices of
the function ¥ are present in the literature, see for instance [1, 5, 8, 9] in the case of
the p-system and [10] for the full 3 x 3 system (1.4). Here, differently from the cited
references, we consider the case of a general coupling condition which comprises all
the cases found in the literature. Within this more general setting, we prove the
well posedness of the Cauchy problem for (1.4)—(1.5). Once this result is obtained,
the extension to pipes with several junctions and to pipes with a W11 section is
achieved by the standard methods considered in the literature. For the analytical
techniques to cope with networks having more complex geometry, we refer to [11].

The above statements are global in time and local in the space of the thermo-
dynamic variables (p,q, E). Indeed, for any fixed (subsonic) state (p,q, E), there
exists a bound on the total variation TV (a) of the pipe’s section, such that all sec-
tions below this bound give rise to Cauchy problems for (1.4)—(1.5) that are well
posed in L1. We show the necessity of this bound in the conditions found in the
current literature. Indeed, we provide explicit examples showing that a wave can
be arbitrarily amplified through consecutive interactions with the pipe walls, see
Figure 1.

The paper is organized as follows. The next section is divided into three parts, the
former one deals with a single junction and two pipes, then we consider n junctions
and n + 1 pipes, the latter part presents the case of a W11 section. Section 3
is devoted to different specific choices of coupling conditions (1.5). In Section 4,
an explicit example shows the necessity of the bound on the total variation of the
pipe’s section. All proofs are gathered in Section 5.

2. Basic well posedness results. Throughout, we let u = (p, ¢, F). We denote
by RT the real half-line [0, +oof, while RT = ]0, 4-00[. Following various results in
the literature, such as [1, 2, 5, 8, 9, 10, 13], we limit the analysis in this paper to
the subsonic region given by A1 (u) < 0 < Az(u) and Aa(u) # 0, where A, is the i—th
eigenvalue of (1.4), see (5.1). Without any loss of generality, we further restrict to

Aoz{uez@wwx]ﬁﬁ;Al(u)<o<A2(u)}. (2.1)
Note that we fix a priori the sign of the fluid speed v, since Aa(u) = q/p = v > 0.

2.1. A junction and two pipes. We now give the definition of weak ¥—solution
to the Cauchy Problem for (1.4) equipped with the condition (1.5), extending [5,
Definition 2.1] and [9, Definition 2.2] to the 3 x 3 case (1.4) and comprising the
particular case covered in [10, Definition 2.4].
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Definition 2.1. Let ¥: (RT x Ag)2 — R3, u, € BV(R;Ag) and two positive
sections a™, a* be given. A W-solution to (1.4) with initial datum w, is a map

u € CO° (R+;L110C(R;A0)) (2.2)
u(t) € BV(R;A4) forae teRT :

such that

1.: for & # 0, u is a weak entropy solution to (1.4);
2.: for a.e. £ € R, u(0,z) = uy(x);
3.: for a.e. t € RT, the coupling condition (1.5) at the junction is met.

Below, extending the 2 x 2 case of the p-system, see [1, 4, 5, 8, 9], we consider some
properties of the coupling condition (1.5), which we rewrite here as

V(e ,u;a",ut)=0. (2.3)
(¥0): Regularity: ¥ € C2 ((R+ X AO)Q;R?’).
(¥1): No-junction case: for all a > 0 and all u=,u™ € Ay, then
U(a,u 5a,u")=0=u" =ut.
(®2): Consistency: for all positive a=,a’,a® and all u=,u" ut € Ay,
V(a=,u";a%u’) =0
U(a,ul;at,ut) =0

The technique in [6] allows to prove the following well posedness result.

= VU(a ,u ;a,ut) =0.

Theorem 2.2. Assume that ¥ satisfies conditions (¥0)-(¥2). For every a > 0
and u € Ag such that

det [Dy-W -r1(@) Dy+V-ro(t) Dy+V-r3(w)] #0 (2.4)

there exist positive 6, L such that for all a=,a™ with |chr — d‘ + |a* — (‘1| < d there
exists a semigroup S: RT x D — D with the following properties:

1. D2 {uecu+LY(R;Ag): TV(u) <é}.

2. For allu € D, Sou = u and for allt,s > 0, Sy Ssu = Ssiiu.

3. For all u,v’ € D and for all t,t' >0,

[~ Sty < L (Jou g+ [t 7]
L L

4. If uw € D is piecewise constant, then for t small, Siu is the gluing of solutions
to Riemann problems at the points of jump in v and at the junction at x = 0.

5. For all u, € D, the orbit t — Siu, is a V-solution to (1.4) with initial datum
Up.

The proof is postponed to Section 5. Above r;(u), with ¢ = 1,2,3, are the right
eigenvectors of D f(u), see (5.1). Moreover, by solution to the Riemann Problems at
the points of jump we mean the usual Lax solution, see [3, Chapter 5], whereas for
the definition of solution to the Riemann Problems at the junction we refer to [8,
Definition 2.1].

Remark that, by an immediate extension of [9, Lemma 2.1], condition (¥0)
and (2.4) ensure that (2.3) implicitly defines a map

ut =T(a",a";u") (2.5)

in a neighborhood of any pair of subsonic states u~, u™ and sections a~,a* that
satisfy U(a™,u";a™,u™) = 0.
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2.2. n Junctions and n+1 pipes. The same procedure used in [9, Paragraph 2.2]
allows now to construct the semigroup generated by (1.4) in the case of a pipe with
piecewise constant section

n—1

a = ap X]—oo,wl] + Z aj X[wj,wj+1[ + an, X[wn,-‘roo[

j=1
with n € N. In each segment |2;,2;1[, the fluid is modeled by (1.4). At each
junction x;, we require condition (1.5), namely

B N for all j =1,...,n, where
V(aj-1,u;;a5,u; ) =0 uE = lim ui(z) . (2.6)

We omit the formal definition of ¥-solution to (1.4)—(1.5) in the present case, since
it is an obvious iteration of Definition 2.1. The natural extension of Theorem 2.2
to the case of (1.4)—(2.6) is the following result.

Theorem 2.3. Assume that U satisfies conditions (¥ 0)-(¥2). For any a > 0 and
any u € Ay satisfying (2.4), there exist positive M,A,§, L, M such that for any
pipe’s profile satisfying
a € PC(R;la—A,a+ Al) with TV(a) < M (2.7)
there exists a piecewise constant stationary solution
n—1
U= UoX)-oo,z:[ T Z ﬂjX]Ij@j#[ X ool
j=1
to (1.4)-(2.6) satisfying
’[Lj € Ay with ’ﬁj—ﬂ| <5f07"j=0,...n
LG (aj,l,ﬁj,l;aj,ﬁj) =0 fO?"j = 1, o5
TV(a) < MTV(a) (2.8)
and a semigroup S*: RY x D* — D* such that
1. D* D {u€ci+LYR;Ag): TV(u—1a) <d}.
2. 5§ is the identity and for allt,s >0, S{S§ = S2,,.
3. For all u,u’ € D* and for all t,t' >0,

St = Sgallgp < Lo (=l + |~ ]).

4. Ifu € D is piecewise constant, then fort small, Siu is the gluing of solutions
to Riemann problems at the points of jump in u and at each junction ;.
5. For all uw € D%, the orbit t — Sfu is a weak ¥-solution to (1.4)-(2.6).

We omit the proof, since it is based on the natural extension to the present 3 x 3
case of [9, Theorem 2.4]. Remark that, as in that case, ¢ and L depend on a only
through @ and TV(a). In particular, all the construction above is independent from
the number of points of jump in a.
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3. Coupling conditions. This section is devoted to different specific choices
of (2.3).

(S)-Solutions. We consider first the coupling condition inherited from the smooth
case. For smooth solutions and pipes’ sections, system (1.1) is equivalent to the
3 x 3 balance law

Op+0eg=—L8,a

a 2
g+ 0:P(p,q, E) = —% dza (3.1)
WE+ 0, F(p,q,FE) = - Oza.

The stationary solutions to (1.1) are characterized as solutions to

Oz(a(x)q) =0 02q = =4 0,a .
O §a(x) P(p,q, E); =p(p,e)0za or {0.P(p,q,E) = —L 9,a (3.2)
O (a(z) F(p, g, E)) =0 0.F (p,q.E) = — £ 0,0,

As in the 2 x 2 case of the p-system, the smoothness of the sections induces a unique
choice for condition (2.3), see [9, (2.3) and (2.19)], which reads
atqt —a"q”
X
(S) ¥=|a"Pu')—a Pu)— / p (R*(x),E%x)) d/ (z)dx (3.3)

-X
atFut) —a  F(u™)

where a = a(z) is a smooth monotone function satisfying a(—X) = ¢~ and a(X) =
a™, for a suitable X > 0. R*, £* are the p and e component in the solution to (3.2)
with initial datum u~ assigned at —X. Note that, by the particular form of (3.3),
the function ¥ is independent both from the choice of X and from that of the map
a, see [9, 2. in Proposition 2.7].

The definition of (S) solution is strictly related to (3.2). As a consequence, it
allows to construct the semigroup generated by (1.1) in the case of a pipe whose
section satisfies the following condition:

a € WH (R;]a— A,a+ A[) for suitable A >0, a > A
TV(a) < M for a suitable M > 0 (3.4)
a'(z) =0 for a.e. z € R\ [-X, X] for a suitable X > 0.

By the same procedure used in [9, Theorem 2.8], thanks to Theorem 2.3, we approxi-
mate a with a piecewise constant function a,,. The corresponding problems to (1.4)—
(2.6) generate semigroups S, defined on domains characterized by uniform bounds
on the total variation and that are uniformly Lipschitz in time. Here, uniform
means also independent from the number of junctions. Therefore, we prove the
pointwise convergence of the S, to a limit semigroup S, along the same lines in [9,
Theorem 2.8].

(P)-Solutions. The particular choice of the coupling condition in [10, Section 3]
can be recovered in the present setting. Indeed, conditions (M), (E) and (P)
therein amount to the choice

atqt —a q
(P) V(e ,u,a",ut) = Pu™) - P(u™) , (3.5)
atFut) —a” F(u™)



680 RINALDO M. COLOMBO AND FRANCESCA MARCELLINI

where a™ and a~ are the pipe’s sections. Consider fluid flowing in a horizontal pipe
with an elbow or kink, see [14]. Then, it is natural to assume the conservation of the
total linear momentum along directions dependent upon the geometry of the elbow,
for a general discussion on the relation between the geometry of the junction and
condition (P), we refer to [10, Proposition 2.3]. As the angle of the elbow vanishes,
one obtains the condition above, see [10, Proposition 2.6].

(L)-Solutions. We can extend the construction in [1, 2, 4] to the 3 x 3 case (1.4).
Indeed, the conservation of the mass and linear momentum in [4] with the conser-
vation of the total energy for the third component lead to the choice

atqt —a"q”
(L) V(a ,u,a",ut)= | a™Put)—a " Pu") |, (3.6)
atFut) —a F(u™)

where a™ and ™~ are the pipe’s sections. The above is the most immediate extension
of the standard definition of Lax solution to the case of the Riemann problem at a
junction.

(p)-Solutions. Following [1, 2], motivated by the what happens at the hydrostatic
equilibrium, we consider a coupling condition with the conservation of the pressure
p(p) in the second component of ¥. Thus

at ¢t —a ¢
() V(a,u,a"ut)=| plp*,e") —p(p~,e7) |, (3.7)
atFut) —a  F(u™)

where a™ and a~ are the pipe’s sections.

Proposition 3.1. For every a > 0 and u € Ay, each of the coupling conditions ¥
in (3.3), (3.5), (3.6), (3.7) satisfies the requirements (¥0)-(®2) and (2.4). In the
case of (3.7), we also require that the fluid is perfect, i.e. that (1.3) holds.

The proof is postponed to Section 5. Thus, Theorem 2.2 applies, yielding the
well posedness of (1.4)-(1.5) with each of the particular choices of ¥ in (3.3), (3.5),
(3.6), (3.7).

4. Blow-Up of the total variation. Aim of this section is to show the relevance
of the bound, required above, on the total variation TV (a) of the pipe’s section.
Consider the case in Figure 1.

A wave o5 hits a junction where the pipe’s section increases by, say, Aa > 0.
The fastest wave arising from this interaction is 03+ , which hits the second junction
where the section diminishes by Aa. Up to the leading terms in Aa and in o3,
we show below that o T is strictly greater than o3. Hence, the juxtaposition of a
suitable number of situations as that in Figure 1 may lead to the blow up in the
total variation of the solution.

Solving the Riemann problem at the first interaction amounts to solve the system

Ls <L2 <T (Ll(u;af')) ;03’) ;0’;) =T (Lg(u; 03_)) , (4.1)

where u € Ay, see Figure 2 for the definitions of the waves’ strengths 017" and
o5 . Above, T is the map defined in (2.5), which in turn depends from the specific
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Aa

u — —

FIGURE 1. A wave o5 hits a junction where the pipe’s section

increases by Aa. From this interaction, the wave U;' arises, which

hits a second junction, where the pipe section decreases by Aa.

- T
T Og

u

FIGURE 2. Notation used in (4.1) and (4.4).

condition (2.3) chosen. In the expansions below, we use the (p, g, €) variables, thus
setting u = (p, g, e) throughout this section.

Differently from the case of the 2 x 2 p-system in [9], here we need to consider
the second order expansion in Aa = a* — a~ of the map T; that is

T(a,a + Aa; u) :u+H(u)% + G(u) (i‘“)z +o (i")z (4.2)

The explicit expressions of H and G in (4.2), for each of the coupling condi-
tions (3.3), (3.5), (3.6), (3.7), are in Section 5.2.

Inserting (4.2) in the first order expansions in the wave’s sizes of (4.1), with 7;
for i = 1,2,3 as in (5.9), we get a linear system in o}, 05,05 . Now, introduce the

fluid speed v = ¢/p and the adimensional parameter

0= (2) = ot

a sort of “Mach number”. Obviously, ¥ € [0,1] for u € Ap. Assuming that the
solution is stationary before the interaction of o3 with the junction, we obtain an
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expression for or;' of the form

ot = <1+f1( A (A)> 7 43)

The explicit expressions of f; and f5 in (4.3) are in Section 5.2. Note that obtaining
f1 and f, amounts to compute the first order expansion of (4.1) in o], o5, o5, solve
the linear system so obtained and expand the solution so obtained at the second
order in (Aa)/a.

Remark that the present situation is different from that of the 2 x 2 p-system
considered in [9]. Indeed, for the p-system fa(9) = fo(9) = 0, while here it is
necessary to compute the second order term in (Aa)/a.

Concerning the second junction, similarly, we introduce the parameter ¥+ =

(vt/ct)? which corresponds to the state u*. Recall that u™ is defined by ut =

Ly (T (L3 (u;03 ); Ugr)), see Figure 2. We thus obtain the estimate

(1—fl<ﬂ+) ) () >03+, (1.4

where 91 = 9T (19, o5, (Aa)/a). Now, at the second order in (Aa)/a and at the
first order in o5, (4.3) and (4.4) give

o3t = —f1(19+)—+f 0%) >

><<1+f1( )&Jrfz( ) ( ) )03
- <1+x(19) (Aaa>2> o5 . (4.5)

Indeed, computations show that fi (J) — fi (J7) vanishes at the first order in
(Aa)/a, as in the case of the p-system. The explicit expressions of x are in Sec-
tion 5.2.

It is now sufficient to compute the sign of y. If it is positive, then repeating the
interaction in Figure 1 a sufficient number of times may lead to an arbitrarily high
value of the refracted wave o3 and, hence, of the total variation of the solution wu.
Below, Section 5 is devoted to the computations of x in the different cases (3.3),
(3.5), (3.6) and (3.7). To reduce the formal complexities of the explicit computations
below, we consider the standard case of an ideal gas characterized by (1.3) with
~v = 5/3. Remark that obtaining the expressions of y is immediate once f; and fo
are known.

The results of these computations are in Figure 3. They show that in all the
conditions (1.5) considered, there exists a state u € Ag such that x(¢) > 0, showing
the necessity of condition (2.7). However, in case (L), it turns out that x is negative
on an non trivial interval of values of ¥. If @ is chosen in this interval, the wave
o3 in the construction above is not magnified by the consecutive interactions. The
computations leading to the diagrams in Figure 3 are deferred to Section 5.2.
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100 —————— 1=
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FIGURE 3. Plots of x as a function of ¥J. Top, left, case (S); right,
case (L); bottom, left, case (P); right, case (p). Note that in all
four cases, x attains strictly positive values, showing the necessity

of the requirement (2.7).

5. Technical details. We recall here basic properties of the Euler equations (1.1),
(1.4). The characteristic speeds and the right eigenvectors have the expressions

)\1:%—6 )\2:% )\32%+C
P p P (5.1)
ry = pc—q re = a | 7= q+pc
gc—E—p E—I—p—% E+p+qc

whose directions are chosen so that V; -r; > 0 for ¢ = 1,2,3. In the case of an

ideal gas, the sound speed ¢ = /0,p + p~2 p O.p becomes
c=+/7(y—1e. (5.2)

The shock and rarefaction curves curves of the first and third family are:

P:_U+Po o < 0

>
S1(up,0) = U:UO_\/_(p_po) (%—p%) for 5 p 5;’
1 1 S Z So

e (3 2)
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p=0+po c < 0
— 0 —a]—=(p— 1_ 1 <
Ss(ug,0) = { U= \/ -2 (3-2) for Lo
e=co—m+p) (3-1) S < S,
p=—0+po c > 0
P
— =, — -1 P < po
Riine) = 3 v=u- [oams)td o 05
S(pa 6) = S(pmeo) e < e
p=0+po c > 0
P
_ _ -1 P 2 Po
Rafuno) = § v=ut [loows) a2 0
S(p,e) = S(po,eo) e > e,
The forward and backward Lax curves have the expressions
_ ) Si(osu,) o<0 S (o3u,) <0
Li(osu,) = Ri(o;u,) o>0 Ly(o3uo) = Ry (o;u,) 0>0
p =0+ po pP=0+po
La(oyu,) = Qv =1, Ly (o;u,) = v=1, (5.3)
P ="Do P="Po
Ly(oiug) = S3(p;ue) o <0 L (oiu,) = Sy (pue) 0<0

Rs3(o;u,) o>0 R (o;u,) >0

5.1. Proofs of Section 2. The following result will be of use in the proof of
Theorem 2.2.

Lemma 5.1. With reference to (5.3), the following equalities hold:

% - —A1(uo) % — Az(to)
901jo—0 | _Fotpo G0 |7 G020 | Botpe  pocs |’
Po Po Po aepo
1
oLs  _ s (1) oL, 0L o
- E ) - 1= 1, 2, 37
(90’3 |J3:0 o+po + %Co 3(72' \oiZO aﬂi ‘01;0
Po Po
apo |oi=0 0 ’ aQO loi=0 0 ’ 8EO |os=0 1 ’
oL oL, oLy oL oL oL,

apo |o;=0 - apo |0'i:0’ 8(]0 |o;=0 B 8q0 |g'i:07 6Eo |oi=0 B an |ai:0.

The proof is immediate and, hence, omitted.
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Proof of Theorem 2.2. Following [7, Proposition 4.2], the 3 x 3 system (1.4)
defined for x € R can be rewritten as the following 6 x 6 system defined for z € R™:
{ QU+ 0, FU)=0  (t,z) € R¥xR*

b(U(t,04)) =0 t € RF (54)

the relations between U and u = (p, ¢, E'), between F and the flow in (1.4) being

p(t, /) pUs
q(t,z/p) wP(Uy,Us, Us)
Ut z) = Eﬁ@fﬁ” and - F(U) = | HEU U 00) (5.5)
alt, 2) P(U,. Us, Us)
E(t,z) F(Uy,Us, Us)

with 2 € RT and E, P, F defined in (1.2). Above, we choose
: [ As(w) Al(u)}
< inf min , 5.6
B et {A1<u> Na() (56)

where B(@,r) is the closed ball centered at # with radius §. In particular p < 0.
The boundary condition in (5.4) is related to (1.5) by

b(U) = W (a*, (UL, Us, Us); a™*, (Us, Us, UG))

for fixed sections a~ and a™.

The thesis now follows applying [6, Theorem 2.2] to (5.4), with n = 6 and [ = 3.
Indeed, the assumptions (), (b) and (f) therein are here satisfied. More precisely,
condition (f) is the strictly hyperbolicity of (5.4), which follows from the choice of
p in (5.6). Indeed, the eigenvalues of DF are

Al = [})\3 A2 = ‘LL>\2 A3 = )\1
A4 = /L)\l A5 = )\2 AG = )\3 .
At the state U = (4, ), by the choice (2.1), we have
A (U) < A(U) < A3(0) <0 < Ay(U) < A5(U) < Ag(U). (5.7)

To verify condition (b), call Ry,...,Rg the right eigenvectors of DF, as F
defined in (5.5). Simple computation show that the determinant in (b) takes the
form

act [Db(0) - R () Db(0)-Rs (0)  Db(0)-Re (0)]

L Ly
p, w. o Dy.w. 22

D+

oLy  OLj ]

0oo |o2=0 Jut |o2=0 dos |o5=0

=det [D,-V -ri(a) —Dy+V-ro(@) — Du+¥-rs(t)]
=det [Dy-V-r(a) Dy+¥-ro(d) D,V -r3(a)],

by (2.4), above all functions are computed at a, @. Finally, condition () follows
directly from (5.7).

Hence, [6, Theorem 2.2] applies, proving all the statements 1.-5., see also [7,
Proposition 4.5]. O
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Proof of Proposition 3.1. It is immediate to check that each of the coupling
conditions (3.3), (3.5), (3.6), (3.7) satisfies the requirements (¥0) and (¥1).

To prove that (P2) is satisfied, we use an ad hoc argument for condition (S). In
all the other cases, the function ¥ admits the representation ¥(a=,u";a™,u™) =
P(a”,u”) —(a™,u"). Therefore, (¥2) trivially holds.

We prove below (2.4) in each case separately. Note however that for any of the
considered choices of ¥,

Du+ \I/(CL_, u, a+7 u+)|u:ﬂ7 a=a — _Du— ‘Ij(a_a u, a+7 u+)\u:ﬁ, a=a (58)
so that (2.4) reduces to
det [Dy-W -r1(4) Dy+ ¥ -ra(t) Do+ V- r3(a)]
= —detD,+V-det [ri(a) ra(u) rs3(a)] .
Thus, it is sufficient to prove that det D+ ¥(a™,u™,a",u")|y=q, o=a # 0.
(S)-solutions. To prove that the coupling condition (3.3) satisfies (¥2), simply
use the additivity of the integral and the uniqueness of the solution to the Cauchy

problem for the ordinary differential equation (3.2).
Next, we have

X
D, (/ p(R*(z),E%=x)) d'(z) da:) =0,

-X

lu=1u, a=a
since a’(x) = 0 for all z, because a~ = a™ = a. Thus, ¥ in (3.3) satisfies
Du+\p(a—7u_7a'+7u+)|u:ﬂ,a:z_z

0 1 0

_& ~ | P (ﬁ _ E) q ( _ 847) Bep

— @3 det 7P+ E 5 \2— 5 P
g 00 (& _E E+p\ E+p _ 953 _ G (L%ﬁ )
ﬁapp+ﬁ(ﬁ2 ﬁ) ﬁ) P 72 “pls 1

= —a’ M () Az (u) As (@),
which is non zero if u € Ajg.
(P)-solutions. Concerning condition (3.5), we have
Du+\II(a_a u, Cl+, u+)\u:17,, a=a — _&QAl(ﬂ)A2(ﬂ)/\3(ﬂ)7

which is non zero if @ € Ay, as in [10], with n = 2.
(L)-solution. For condition (3.6) the computations are very similar to the above

case:
Do+ ¥(a™,u,a", uM) g, ama = —@* A1 (@) A2 (@) A3 (1),

which is non zero if u € Ap.
(p)-solution. Finally, concerning condition (3.7),

D+ ¥(a™,u” 0t ut)|ymg, a=a

0 a 0
=, 9p (3 _E _dH 5 dep
— det Opp + 55 (?2 ﬁ) pr0ep »
_gd 9:p (&2 _E\ _E+p\ GE+D _ 5003 _5d( 0D
a; (9P + %5 (ﬁ2 ﬁ) p) G 05 ® aﬁ<ﬁ+l>
_ 72 = 2 2(=) 0P
= a2\ (1) (c IBHOL )

which is non zero if @ € Ay and if the fluid is perfect, i.e. (1.3) holds. O
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5.2. Computation of x in (4.5). We use below the tangent vectors to the curves

o — Li(0;p,q,¢e) at 0 =0 in the (p, q,e) coordinates. They are:

-1 1 1

= |-ty =De| ,f=| 3 | A= |t-Vvih—De|. (59
—(v=15 5 (=15

The Case of Condition (S). Let ¥ be defined in (3.3) and set

X
Y(a™,a", ) :/ p (R*(2),E%x)) o (x)da

-X
where the functions R% £ have the same meaning as in (3.3). A perturbative
method allows to compute the solution to (3.2) with a second order accuracy in
(Aa)/a. Indeed, (3.2) can be rewritten in normal form as

- __1 1
amp - a01+a: 1-1/9 P
0rq = T ¢

= 1 =
81'6 - a,+ 171/196’

where we assumed that a(z) = a,+=, which is possible by [9, (2) in Proposition 2.7].
Writing the above system as d,u = ¢(x,u), we use below the following relation to
compute H and G:

u(x) = u(0) + ¢(0,u,) x + 1 (&ccp((), Uo) + Oup(0,u,)p(0, uo)) 2+ ...

2
obtaining
2
plaa) 1+ v Aa_ 1499  (Aa +
Po 1-9 a (1-9v)3 a
a(fa) - _ 1—Aa+<Aa>2+...
4o a a
e(Aa)

~1)9 A ~1)3-49 2)02 [ Aa\?
_ H(v )0 Aa  (v—1)3 +(y+2)9% 5 (Aa L
€o 1-9 a 2 (1-9v)3 a

and we get explicitly the terms H and G in (4.2) of the second order expansion of
T:

v _Mﬁp
10" (1- )3
H(pque) = |9 G(paqve) = |q
(7—1)196 _('7—1)3—419-1-(7—!-2)192196
1-9 2 (1—0)3

Solving (4.1) at the second order in (Aa)/a and assuming that the system is at
equilibrium before the interaction of o5 with the junction, we obtain the coefficients
f1, f2in (4.3) and x in (4.5)

932 — 39 — 391/2 — 3

6 (1 —91/2)2 (1 4 91/2)

f2(9) = (187197 +396013/2 — 90405 — 1872911/2 4 18279° + 36369°/2

fl(ﬂ) =

—19089* — 372497/ 4 98509% + 25600%/2 + 104992 + 1329°/2
14479 + 21602 + 45)/ (180 (1- 19)4)
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() = (374197 +792913/2 — 18089° — 374491/2 4 36549° + 7272992

—382109* — 740897/% + 20909° + 53600°/2 + 2308092 + 624932
+12549 + 4329%/2 4 45)/ (180 (1- 19)4) .

The Case of Condition (P). Let ¥ be defined in (3.5). With reference to (4.2), we
show below explicitly the terms H and G in (4.2) of the second order expansion of
T

8 (08 + 207 — )
305302 +30—1)"

H(ﬂ?Qve) = —q
2(59* — 793 — 9% + 30)

9(0% — 392 +30 — 1)
64 (9% 4 39?)
27(9% — 392 +39—1) "

G(p,q,e) = q
56591 — 159993 + 9279 — 4059

I 81(93 — 392 +309—1)

Moreover, the coefficients f1, fo in (4.3) read

VO (992 +209 —27) + 392 — 429 — 9
180 (9 —1) —18(9 — 1)

VU (1549° + 931 9% — 4416 9% + 657092 + 990 + 891)
324(\/?9 (193—31924—319—1)—193—0—3192—3194—1)
86 9% — 3119* — 75293 + 7038 9% + 1026 9 + 81
324(@ (193—3192+3z9—1)—z93+3192—3z9+1)'

Next, x is given by
VO (40795 4 1931 9* — 7858 93 + 14766 92 + 11799 + 1863)
324(\/?9 (93 — 302 + 39 — 1) —193+3192—319+1>
—239° + 1419 + 200293 + 15714 92 + 25659 + 81
324 (\/5 (193—3192+319—1)—193+3192—319+1) '
The Case of Condition (L). Let ¥ be defined in (3.6). Then,

X:

49
—p 3-1”
H(p,q,e) = | —q and  G(p,q,e)= | ¢
0 3592 —9 (49 —1)
o 9(W—-1)

The coefficients f1, fo in (4.3) read

H®) = 0
VI (6392 — 1069 4 27) + 2192 — 789 + 9
f2(f‘9) = )
36 (VI (9 —1) =0+ 1)
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so that x is

VO (6392 — 1069 + 27) + 2192 — 789 + 9
18<\/1§(19—1)—19+1) '
The Case of Condition (p). Let ¥ be defined in (3.7). With reference to (4.2),
[ 2 (49 + 1292 + 99) ]
42093 4+992)+27(29+1
H(pvQ?e) = —q

X:

)P

2 (49°% + 1292 + 99)
4(2034902)4+27(29 +1)

4 (9? + 39?)
L2099 127 (20+1)
G(p.ge) = | q ;

12 (9% 4 29?)
4(2934992)+27(29+1)

e

e

with f; and fy given by
—29% +49% +39 -9

ht) = 2492 + 120 +9)
3204 + 8V (493 + 992 — 949) + 316 9> + 55892 + 2169 + 81
20) = 6 (16 9% + 9693 + 21692 + 2169 + 31) ’
so that
X_601944—96\/5(193+192—319)+700193+1107192—54q9+81

6 (1694 + 9693 + 216 92 + 216 9 + 81)
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