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ABSTRACT. We consider a simplified model for two-phase flows in one-
dimensional heterogeneous porous media made of two different rocks. We focus
on the effects induced by the discontinuity of the capillarity field at interface.
We first consider a model with capillarity forces within the rocks, stating an
existence/uniqueness result. Then we look for the asymptotic problem for
vanishing capillarity within the rocks, remaining only on the interface. We
show that either the solution to the asymptotic problem is the optimal entropy
solution to a scalar conservation law with discontinuous flux, or it admits a
non-classical shock at the interface modeling oil-trapping.

1. Introduction. We are interested in a simplified model of incompressible im-
miscible two-phase flows within heterogeneous porous media made of several rock
types. We consider a one-dimensional porous medium —represented by R— made
of two porous sub-media —represented by 1 = {x < 0} and Q = {x > 0}—. For
the sake of simplicity, each sub-domain 7 and s is supposed to be homogeneous,
i.e. its physical properties depend neither on time nor on space. We will focus
on the effects of discontinuities arising at the interface between the different rocks,
represented in the sequel by {x = 0}.

We consider a incompressible immiscible two-phase flow within this medium,
driven by gravity /buoyancy forces and by global convection. Such models are par-
ticularly used in petrol engineering to predict the motion of oil. The underlying
mathematical problem, in the case of homogeneous domains has been widely stud-
ied, leading to numerous publications. We refer for example to [4, 7, 16, 22| for
detailed informations on such models and their mathematical treatments. The case
of domains with “smooth” variations of the data has been studied in [5, 17].

We assume that the fluid is constituted of two immiscible phases, so-called the
oil-phase and the water-phase. Considering the conservation of both phases, we
obtain the following equation in each §2;:

$i0u + 0x (qfi(u) = Ai(w) (Oomi(u) — pg)) =0, (1)

where ¢; € (0,1) denotes the porosity of €;, u stands for the saturation of the
oil-phase —then wu is bounded between 0 and 1 and (1 — u) is the saturation of the
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water-phase—, ¢ denotes the total flow-rate, g is the gravity vector, p stands for
the difference between the volume masses of both phases, f;, \; and 7; are Lipschitz
continuous functions, depending also on the rock, fulfilling for i € {1,2}:

(H1) f; is an increasing Lipschitz continuous function, with f;(0) =0, f;(1) = 1;
(H2) \; is Lipschitz continuous, with A;(0) = X\;(1) =0, A\i(s) > 0 if s € (0,1);
(H3) m; is an increasing Lipschitz continuous function;

(H4) g is a non-negative constant.

Remark 1. In fact, ¢ has to be supposed constant only in Sections 3.1 and 3.2.
The choice g > 0 is arbitrary, and can be replaced without any additional difficulty
by ¢ < 0. The assumption (H4) can be relaxed in Section 2, and replaced by:

(H4bis) g € BVoc(R4).
We refer to [12] for this latter point.

In this contribution, we will particularly focus on the effects of the discontinuity
arising for {# = 0} of the capillary pressure function z — (-, x), where m(u,z) =
m;(u) if & € ©;. A first existence/uniqueness result on this topic has been given in
[8], while the convergence of a numerical scheme was proven in [19] (see also [20, 21]
for different numerical methods). Recently, a new formulation for the transmission
conditions between €23 and {25 at the interface has been given (see [10, 15]), allowing
to treat a large class of couple (7, m2).

Organization of the paper. In Section 2, we introduce the graphical transmission
conditions already mentioned above to couple the equations governing the flow
within each rock. The non-linear transmission conditions, whose justification is
detailed in [10, 15], lead to a monotone operator. Then, we state an adaptation to
the case of an unbounded domain of the main results proven in [11, 15], i.e. the
existence and uniqueness of the solution for a suitable definition.

In Section 3, we consider the problem obtained for capillary pressures depending
only on space, but not on the saturation, i.e. as

Oumi(u) tends to 0. (2)

In this case, the equation 1 turns to a first order scalar conservation law with a
discontinuous flux function. This latter family of equation has been widely studied
during the last ten years. In particular, it has been shown by Adimurthi et al. [2]
that such equations can produce an infinite number of L!-contraction semi-groups,
but there is a unique optimal entropy condition respecting a fundamental prop-
erty of the entropy solutions for regular flux functions, that is the prohibition of
undercompressible shock waves. Kaasschieter [23] proved that in the case of a con-
tinuous capillary pressure field, the saturation profile for the limit 2 is the unique
optimal entropy solution, computed in [1]. The limit 2 means that the capillary
forces vanish within the homogeneous subdomains. In the case of a discontinuous
capillary pressure field, the capillary forces still work at the interface, oriented from
the large capillary pressure to the small capillary pressure. It will be shown that,
under technical assumptions, if both phases move in the same direction or if the
capillary forces at the interface and the buoyancy work in the same sense, then
the saturation profile is the unique optimal entropy solution. Reversely, if both
phases move in the opposite directions and if the capillary forces at the interface
are opposed to buoyancy, then a steady undercompressible shock-wave occurs at
the interface corresponding to a so-called connection in [2, 9] and so-called in this
paper non-classical shock.
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FIGURE 1. The monotone graphs 7; (i € {1,2}) are built by adding
the semi-axis (—oo, m;(0)] and [m;(1),00) to the graph of the func-
tion ;.

2. Graphical transmission conditions. The flow within each sub-domain €Q; is
governed by the equation 1. Coupling conditions have to be imposed on the inter-
face. The first one follows from the conservation of mass, requiring the connection
of the fluxes. Denoting by

Fy = qfi(u) — Xi(u) (0pmi(u) — pg),  in Q. (3)
The solution u must satisfy, in a weak sense,
Fi(zx=0")=F(z=0"). (4)

The other condition, which consists in requiring the connection of the mobile phases
(see [19]), yields the following graphical transmission relation derived in [10, 15]:

7 (ur) N2 (ug) # 0, (5)
where u; stands for the trace of uj, on {z = 0}, and the monotone graph 7; is
defined by

i (5) if s € (0,1)
i(s) =< (—oo,m(0)] ifs=0
[:(1), 00) if s=1.
Let ug be an initial data in L>° N LY(R), 0 < ug < 1 a.e., fulfilling furthermore
qfi(uo) — Ai(uo) (Oxmi(uo) — pg) € L (), (6)
1 (uo,1) N T2(uo,2) # 0, (7)

where ug,; stands for the trace on {z = 0} of (uo)|,, -

Definition 2.1. A function w is said to be a bounded-fluz solution to the problem
1-3-4-5 associated to the initial data wug if it fulfills
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u € C(Ry; LY(R)) with 0 <u <1 ae;

F; € LOO(Ql X R+);

71 (u1(t)) N2 (ua(t)) # 0 for ae. t € Ry;
for all » € D(R x Ry),

/O OO/R Pudypdadt + /R Puop(-,0)dx + /0 OO/R FiOypdzdt = 0. ®

Remark 2. Tt is worth noticing that the existence of the traces u; € L>®(Ry) is
provided by the regularity of F;. Indeed, denoting by ¢; the increasing function
defined by ¢}(s) = A\i(s)mi(s), the d,p;(u) belongs to L>(Q; x Ry), then ¢;(u)
admits a strong trace on {x = 0}. Thanks to assumptions (H2)-(H3), ¢; ' is
continuous, then u admits also strong traces.

Ll

As already stressed, u represents the saturation in oil of the fluid, then it has
naturally to stay bounded between 0 and 1, as required in the first point of Defi-
nition 2.1. The denomination bounded-flux solution clearly comes from the second
point. The connection of the capillary pressures 5 is required by the third point.
The equations 1, the connection of the fluxes 4 and the respect of the initial value
are required in a weak sense by the formulation 8.

We can now state the main result of the current section.

Theorem 2.2 ([11, 15]). Let ug fulfill 6-7, then under assumptions (H1)-(HZ2)-
(H3)-(H4), there exists a unique bounded-flux solution w corresponding to the
initial data ug. Moreover, if vy denotes another initial data fulfilling 6-7, and if
v denotes the bounded-fluz solution associated to vg, then the following contrac-
tion/comparison principle holds: for all t € R,

/¢> w( t) — v(z, ) da:</¢> (uo(x) — vola))* da, (9)

where a™ (resp. a~ ) denotes the positive (resp. negative) part of a € R and ¢(z) =
o; if x € Q.

Theorem 2.2 is a straightforward generalization to the case of unbounded do-
mains of the results presented in [11, 15]. The fact that the flux belongs to L™ is
required to deal with the interface during the uniqueness proof, based on the dou-
bling variable technique. In order to obtain the needed L*°-estimate on the flux, the
problem has to be reduced to the one-dimensional case. In that latter case, the flux
satisfies formally a linear parabolic equation with discontinuous coefficients, and
thus the maximum principle [15]. This point can also be carried out by considering
a monotone finite volume scheme, and the underlying monotone scheme satisfied
by the discrete fluxes [11].

Remark 3. A very simple density argument would allow us to extend the L'-
contraction semi-group — then also the existence/uniqueness frame— to initial data
in L1(R) N L (R), but this would lead to an abstract definition for the solution
that we will avoid here, but that is clarified in [11, 15].

Remark 4. Changing u by (1 —u) in the problem does not change its nature, then
we can extend the existence uniqueness frame for large data, i.e. for data such that
(1 — u) belongs to C(Ry4; L'(R)).
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FIGURE 2. Capillary pressure graphs for capillary pressure depend-
ing only on space.

3. Capillary pressure depending only on space. The graphical connection
of the capillary pressure allows us to consider any increasing Lipschitz continuous
functions m; in the model. Particularly, we can choose 7§ (u) = P; 4+ eu, where P; is
a fixed real value. We then look for the asymptotic problem as € tends to 0.

Notation. In the sequel, we will denote by u. the unique bounded flux solution
to the problem 1-3-4-5 associated to the initial data uy —which is supposed to
fulfill 6-7—, where 7; has been replaced by 7.

We denote by G; the Lipschitz continuous function defined by

Gi(u) = qfi(u) + Xi(u)pg.
(H5) For i € {1,2}, there exists b; € [0, 1] such that G; is increasing on [0, b;] and
decreasing on [b;, 1].
Assume for the moment that u. converges towards a function u in L*(R x Ry ) as
€ — 0, admitting strong traces u; on the interface. Then u is a weak solution of

¢i0u+ 0,Gi(u) =0 in Q,
G1(u1) = Ga(uz) at the interface {x = 0}, (10)
’U,|t:0 = Up-
It is not difficult to check that ujg, satisfies a classical entropy criterion, i.e. for all
k€ [0,1],
G0 (u— k)" + 0y (Hix(u, k) <0 in D'(Q x Ry), (11)
where

Gi(u) = Gi(r) ifuz=>rk,
Hii(u,k) = Hi—(k,u) = { 0 ) ) otherwise.

The equations 11 does not provide enough informations about the behavior of the
solution at the interface. In particular, it is shown in [2] that any undercompressive
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steady shock wave at the interface is allowed by 11, leading to infinitely many L*-
contraction semi-groups. An additional condition has to be derived at the interface
to select the convenient contraction semi-group. Let kqpe be the piecewise constant
function defined by (see Figure 3):

o if fl(bl) S fg(bg), then

Kopt (T) = {

01 =bifx < 0,
0y = Inin{u | fQ(V) = fl(bl) } if ¢ > 0;

o if fl(bl) Z fg(bg), then

Kopt (T) = {

0, = Inax{u | fl(V) = fg(bg) } if z < 0,
92 = bQ if z > 0.

FIGURE 3. Example of functions G; satisfying (H5) and of the

so-called optimal connections Kopt(z) (see [2, 9]).

We can now define the notion of optimal entropy solution to the problem 10, which
is the unique solution prohibiting all the undercompressive waves (see [2, 9]). This
solution is the limit of the saturation profile for vanishing capillarity in the case of
a continuous capillary pressure field (see [1, 23]).

Definition 3.1. A function w is said to be an optimal entropy solution to 10 if it

satisfies

l.ue L*RxRy), 0<u<1 ae,;

2. Vih € D(R x Ry ),

OO/gbuatwd:cdt—l—/(bum/)(-,O)d:c
o Jr R
+

r

/ G;(u)0zpdxdt = 0;
Q

ie{1,2}

3. Vi € [0,1], Vb € DH(Q x RL),

/ ¢ (u—rR) T+ [ bi(uo — K)FY(-,0)dx
o Ja, Q

+/ / H;y (u, k)Optbdaxdt > 0;

(13)
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4. Vi € DH(R x R,),

/ / d) U — ’iopt 8t1/}dzdt + / d) uo — ’iopt 1/}(70)6117
(14)
+‘/0 /Hzi u, Kopt) Oz pdxdt > 0.

ie€{1,2}

Such an optimal entropy solution is unique as soon as it admits strong traces
on the interface (see [9]). The existence of strong traces is provided under assump-
tion (H5) by a result of Panov [26]. Denoting by u; the trace on {z = 0} of Ul ez, >
the relation 12 ensures that

Gl (ul) = GQ(UQ). (15)

Theorem 3.2 ([9]). Let ug € L®(R) with 0 < ug < 1 a.e., then, under assump-
tions (H1)-(H2)-(H4)-(H5), there exists a unique optimal entropy solution u
to the problem 10 in the sense of Definition 3.1. Moreover, if vy € L (R) with
0 <wvy <1 a.e and if one denotes by v the unique corresponding optimal entropy
solution, then the following comparison principle holds: for a.e. t > 0, VR > 0,

R R+Lgt
/ p(u(z,t) —v(z, t)Ede < / P(uo(z) — vo(z))Fdz.
-R —R—Lgt
In the following, we will discuss the convergence —or not— of the function u,
towards the optimal entropy solution. Roughly speaking, it will be seen that, under
additional technical assumptions, if both phases move in the same direction, or if
the capillary forces are oriented in the same sense as the gravity, then u. converges
towards the optimal entropy solution. Reversely, if both phases move in opposite
directions, and if the capillary forces and the gravity forces work in the same sense,
then a stationary non-classical shock —i.e. a steady undercompressive shock wave—
occurs at the interface.
In the following, without loss of generality, we suppose that pg > 0, i.e. the
gravity works in the sense of increasing x.

1. Gravity and capillarity working in the same sense. As previously, we
define ¢ (u) = P; + cu. In this section, whose results’ proofs are detailed in [13], we
suppose that P; > P, i.e. that the capillary forces are also oriented in the sense of
increasing x. In the case where ¢ < P, — P, the graphical transmission condition
75 ((ue),) N 75 ((ue)y) # O turns to the very simple relation:

(ue)y =0 or (ue)y =1. (16)
In order to study the problem, we have to make the following assumptions.

(H6) The gravity and the capillarity work in the same sense at the interface, that
is in our case P, > Ps.

Theorem 3.3 ([13]). Let up € CP(R*), 0 < ug < 1. Then under assumptions
(H1)-(H2)-(H4)-(H5)-(H6), u. converges in L'(R x R) towards the unique
entropy solution to the problem 10 corresponding to initial data ug in the sense of
definition 3.1.

Remark 5. The L'-contraction principle 9, holding both for the bounded-flux
solution and for the entropy solution, allows us to extend this result of convergence
using density arguments to any ug € L'(R), 0 < up < 1 a.e., using the abstract
notion of solution pointed out in Remark 3.
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The proof of Theorem 3.3 can be split in two distinct parts. In a first time, we
have to prove that u. converges in L'. This is performed in [13] using a compactness
argument based on BV estimates. Then it remains to check that the limit v is an
entropy solution, i.e. that it fulfills the entropy formulations 13 and 14. The idea
used in [13] is the study of the steady solutions to the problem 1-3-4-5, which are
bounded-flux solutions. As e tends to 0, they tend to piece-wise constants functions,
F(z), to which the limit u can be compared. The entropy formulations follow.

Remark 6. The entropy solution u admits strong traces u;, ¢ € {1,2}, on the
interface {« = 0} thanks either to a BV -estimate if the initial data is smooth, or to
the fact that (H5) implies that G; is not constant on any non-degenerate interval
of [0, 1], allowing to use the result of Panov [26]. Nevertheless, those traces do not
satisfy “u; = 0 or ug = 1”7 in general (see e.g. [6]).

As it is stressed in [13], under assumption (H5), the optimal entropy solution is
the unique function u satisfying the family of inequalities 13 which maximizes the
oil flux through the interface. Indeed, denote by u; € L>°(R4) the trace on {z = 0}
of ujg s, , then thanks to Adimurthi et al. [1], the flux F(uy,u2) at the interface
is given by

F(ul,u2) = min{Godl(ul,O) ,GOdQ(l,UQ)} (17)
where God; is the exact Riemann solver corresponding to the function G;, that is

n%inb]Gi(s) if 0<a<b<l,

) _ s€|a,

Godi(a,b) = Hl[%X]Gi(S) if 0<b<a<l.
s€|b,a

Let @ be another solution satisfying 13 and the Rankine-Hugoniot relation
Gi(in) = Ga(tiz),

where u; stands for the trace on {x = 0} of U, «z, Then since Godi(a,a) =

G;(a) and since God; is non-decreasing with respect to its first argument and non-
increasing with respect to its second argument, one has

G1 (’&,1) S G0d1 (ﬁl, O) and GQ('ELQ) S GOdQ(l,ﬂQ).
In particular, the oil flux at the interface satisfies
Gl (’fl,l) = Gg(ag) S min {GOdl(’al, 0) ,GOdg(l, ’112)} . (18)

The relation 18 ensures that the optimal entropy solution to the Riemann problem
corresponding to a left state u; and a right state @y provides a larger flux that the
weak solution u. This particularly allows us to claim that u is the solution to 13
which satisfies 15 and maximizes the flux at the interface.

3.2. Gravity opposed to capillarity. In this section, we consider the case where
P, < P, where the capillarity works at the interface in the sense of decreasing x.
In this case, for ¢ < P, — Py, the graphical condition 7§ ((uc);) N 75 ((ue)y) # 0
turns to the relation

(ue)y =1 or (uc)y =0. (19)

Contrary to what occurs in Section 3.1, stated in Remark 6, we will show that,
under the technical assumptions (H7)-(H8), the relation 19 is preserved in the
limit as € — 0 if both phases flow in opposite directions.
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FIGURE 4. An example of function G; fulfilling the assumptions
(H5). The represented value u} defined in (H8) separates the val-
ues of the saturation where both phases flow in the same direction
and the values of the saturation where both phases flow in opposite
directions (cf. Remark 7).

Assumptions. We detail now the assumptions needed for the current frame.
(H7) The gravity and the capillarity work in the opposite senses at the interface,
that is in our case P, > P;.
(HB8) Let ¢; be the increasing function defined by ¢;(u) = [, Ai(s)ds. There exist
R >0, a>0andm e (0,1) such that
frowr'(s) 2 a+ R(pr(1) =)™ if s € [pr(1) — o, 1 (1)].
Moreover, denoting by
wy =min{v € [0,1] | G;(u}) = q},
it follows from assumptions (H1)-(H2)-(H4)-(H5) that
Gi(s)<q if s<uf, (20)
Gi(s)>q if se(uf,l). (21)

Remark 7. If u € [0,u?], then the oil flow-rate G;(u) has the same sign as the
water flow-rate ¢ — G;(u). Thus both phases move in the same direction. Reversely,
if u € (u}, 1), then both phases move in opposite directions (see Figure 4).

Both phases moving in the same direction. As stated in Remark 7, the case where
both phases move in the same direction corresponds to small saturations, i.e.

0<u<wu ae in; xR (22)
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Suppose that 0 < ug < uf, then the L*-estimate 22 holds also at the limit (but not
for u. for positive €). It follows from (H5) that G; can be supposed to be monotone.
In particular, one has 0 < u;(¢) < u} for a.e. ¢ > 0. Since G; is increasing on [0, u}],
the discontinuity at the interface between u; and us cannot be undercompressive.
In this case, it has been shown in [14] that the solution u coincides with the unique
optimal entropy solution u to the problem 10.

Theorem 3.4 ([14]). Let ug € C°(R*xR4), with 0 < ug(x) < uf forx € Q;. Then
under assumptions (H1)-(H2)-(H4)-(H7), u. converges in L*(R x Ry) towards
the unique entropy solution to the problem 10 in the sense of Definition 3.1.

Remark 8. Here again, the convergence result can be extended to any initial data
in L'(R) using the abstract notion of solution for u..

Both phases moving in opposite directions. Contrary to what precedes, we will now
consider the case of large initial data. Note that 19 and Remark 4 allow us to
consider the bounded flux solution associated to large initial data for small .

Definition 3.5. A function u is said to be a non-classical solution to 10 if it fulfills

l.ue L®(RxRy), 0<u<1 ae,; B
2. for both i € {1,2}, for all p € DT (Q; x R4), Vs € [0, 1],

/OO/ oi (u— K)i Oppdadt +/ b (up — H)iw(-,O)da@
0 Jo, o,

> T (23)
+/0 /Q Hit(u, k)0ppdadt + La, (v — H)i/o (0, )dt > 0,

where v; = 1,72 = u3 and Lg, is any Lipschitz constant of G.

As it appears in the formulation 23, where the formulations in both €; are
disjoined, a mon-classical solution can be seen as the apposition of the entropy
solutions of two distinct initial boundary value problems in both €;

¢i0u+ 0,Gi(u) =0  inQ; x Ry,
Uly—og = U0 in €2, (24)
ul::() = ’77/ in RJ’_.

Thanks to [24, 25], the problem 24 admits a unique solution in ;, fulfilling a
L'-contraction principle, then we can directly claim that there exists a unique non-
classical solution to the problem 10 in the sense of Definition 3.5, and that a L'-
contraction principle holds true.

Suppose that the trace conditions on the interface are fulfilled in a strong sense,
as it is the case if ug satisfies the conditions 25 stated below (see [14]). Then, because
of the discontinuity between 1 and u occurring at the interface {x = 0}, u does not
satisfy the entropy formulation 14. This non-entropy satisfying discontinuity is said
to be a non-classical shock, since it is an undercompressive shock wave, violating
this way the fundamental property of the entropy solutions.

We state now a convergence result which, roughly speaking claims that, under
technical assumptions, if both phases move in opposite directions, and if the gravity
and the capillarity work in opposite directions, then u. converges towards the unique
non-classical solution wu.
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We require that ug is constant equal to 1 on a small interval at the upstream
side of the interface, and constant equal to u3 at the downstream side, i.e.

{uo € C™(9Q;), with (1 —ug) compactly supported, u} < ug < 1,

25
there exists 7 > 0 s.t. (UO)‘[*%U] =1, (uo)‘[om] = uj. (2)

In [14], using assumption (H8), some particular sub- and super-solutions are built
in order to show that, for ¢ sufficiently small, u. = 1 on the small interval [—121, O}.
Then the limit v admits also a strong trace u; = 1 at the interface. Since u < 1
on the interval [0,7], we deduce from the Rankine-Hugoniot relation 15 and from
assumption (H5) that us = uj.

Theorem 3.6 ([14]). Assume that (H1)-(H2)-(H4)-(H5)-(H7)-(H8) hold. Let
ug be an initial data satisfying 25. Then u. converges almost everywhere in R X
R4 towards the unique non-classical solution w to the problem 10 in the sense of
Definition 3.5.

Remark 9. Here again, a convergence result for all initial data ug € L such that
(1 —ug) € L' can be derived using a density argument.

Solution of type (1,u3). In this paragraph, in order to characterize the saturation
profile when the capillary forces and buoyancy work in opposite directions in a
unified way, we use the notion of solution of type (1,u3) introduced in [2, 9] and
defined below. Denote by ke the piecewise constant function defined by

ey = [ L 2<0,
ne =y i 2> 0.

Definition 3.7. A function u is said to be a solution of type (1,u3) to the prob-
lem 10 if it belongs to L>®(R x Ry) with 0 < uw < 1 a.e., if it satisfies the weak
formulation 12, the inner entropy inequalities 13 and the following formulation:
Vip € DT(R x Ry),

/00/ o(u — an)i&ﬂ/) dxdt + / d(ug — Iinc)il/}(', 0)dx
o Jr R
+/0 Z /RHii(u,mm)wadxdt > 0.

ie{1,2}
Theorem 3.8 (]9, 14]). Let ug € L*(R) be a smooth function with ug(0~) = 1
or up(0") = 0, then, under assumptions (H1)-(H2)-(H4)-(H5)-(H7)-(HS), u.
converges almost everywhere in R x Ry towards the unique solution of type (1,u3)
in the sense of Definition 5.7.

(26)

Oil trapping at the interface. Assume that ¢ = 0, then 5 = 0. The boundary
conditions prescribed in 24 are fulfilled in a strong sense, i.e. u admits strong traces
on both sides of the interface equal to ;. The flux at the interface is then equal to
f1(1) = f2(0) = 0. This means that the oil present in €y cannot reach Q3, and that
it remains trapped by the rock discontinuity.

Suppose now that ¢ > 0. Thanks to conservation of mass, some oil has to
overpass the interface. The solution of type (1,u}) is the one that minimizes this
quantity. Indeed, it is easy to check that U, 18 the unique entropy solution to

¢16tu + 6mG1 (u) =0 in Ql X R+,
U,o = U0 n (), (27)
U, _, =1 in Ry.
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Since the dependance of the solution u of 27 with respect to the boundary condition
prescribed on the interface is monotone, u maximizes the quantity of oil remaining
in 7 thus it minimizes the quantity of oil that overpasses the interface.

It is also worth noticing that 27 implies that the oil-flux at the interface is lower
or equal to g. So the problem can be seen as a locally constrained conservation law
in the sense of [3, 18].
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