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ABSTRACT. In this paper we investigate an initial boundary value problem
(IBVP) for the Nishda’s model in 3-dimensional space with a forward moving
physical boundary. It is shown that the solution converges to zero with an
exponential rate by energy estimates.

1. Introduction. The 3-dimensional Nishida’s model
pe + div(pu) = 0,
(pud)s + div(piiud) + p3, = —rpul,  (w,1) € R® x R, 0 = (ul,u?,u?) € R,

is a hyperbolic model for a porous media equation
1
= — A ’Y. 1
Pt o p (1)
Here, k > 0 is a constant to model the magnitude of the viscosity, and p7, v > 1,
is the pressure for an isentropic gas flow with a given ~-law. This 3-dimensional
Nishida’s model in the Eulerian coordinate is a direct generalization from the one-

dimensional model in the Larangian coordinates, [13]:

vy —my =0,

my+ (v, = —m.

The time-asymptotic analysis on the Nishida’s model was first initiated by [4] in
the global normed space. There were many interesting mathematical works followed
in the global normed setting, due to the strong physical background and significant
mathematical challenge of the Nishida’s model. For the existence theory and large
time behavior of the solutions, one can refer to [1]-[4], [6]-[9], [11], [13]-[15], [19]-][26]
and the references there.

We have mentioned that such a system is the mathematical model for compress-
ible flow through a porous medium. Therefore Nishida’s model can be widely used
in the real world, such as oil exploration and so on. Since the physical boundary
always exists in real world and its presence also provides with much richer phenom-
ena, the initial boundary value problem interests us. However, there is not so much
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literature on the initial boundary value problem as that on Cauchy problem. The
reason is that many problems besides the interesting phenomena arise from the pres-
ence of the physical boundary. Most of the recent work are for 1-dimensional space,
[5, 12, 16, 17, 18]. In [10], the half space problem for 2-dimensional Nishida’s model
is considered and the existence theory is obtained there by the energy method.

In this paper, we consider the pointwise structure of an initial-boundary value
problem for the 3-dimensional Nishida’s model with the presence of a physical
boundary at x = bt:

pr + div(pd) =0, x1 > bt,t >0,
(pu?)y + div(pin?) + p3 = —kpu?,
(p, 0)(,0) = (p°, 1°)(x),

ul(bt, z9,23,t) = 0,
in particular (p, )|,—o is sufficiently close to (p, @) = (1,0) and
b>0.

The sign of the parameter b plays an important role in determining the structure
of the solution of (2) with a given boundary condition p = 0 at 2! = bt. When
b > 0, the solution of (2) will decay exponentially fast. Thus, one just needs to show
that the solution of the Nishida model decays to zero exponentially fast in order to
justify the relevance between the Nishida model and the porous media equation (1)
for b > 0.

For convenience of analysis, one considers the following change of variables

oc=p—1,
T =1,

m =z — bt,
2 = X2,
3 = 3.

Then, (2) becomes

o —boy, + 23:1 ufh_ = —div(ot), m >0,7>0,
ul —buj + oy, + ku! = Q7 (0, 0), (3)
u' (0,m2,m3,7) = 0,
where
Qo i) =7y(1-(1+0)"?) o, —0 Vv

Notation. For any given m € N and any function f in R* x R2, the norms || f||m
and |[|fllln are

1

2

Wl = 3 //Im,,fm, NPdifdn |

o<|al+|B|<m

= 3 /wﬁ (0,17 2dnf

0<|B|<m

2
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The initial data (p(n,0),d(n,0)) is assumed to satisfy
[||eP D (6(n, 0), (5, 0))||]4 < € for some €, 3 > 0. (4)

This paper is devoted to the pointwise structure of the solution and its exponen-
tial rate of convergence with the presence of a physical boundary condition and the
main result is:

Theorem 1.1. For a given b > 0 there exist § < b and €y > 0 such that for any
€ € (0,€) the solution of (3) with the initial condition (4) satisfies

(0, T)(n, 7))| < Ce=PT+MD/C|||Pn1/2 (5 T) (-, 0)]||2 for some C > 0.

Remark 1. Since b > 0, there is a spectral gap property of the linearized equation
around a constant with the homogenous boundary condition posed here. Thus, we
are able to get the exponential decaying rate of the solution by weighted energy
estimates.

However, when b < 0, the solution will decay algebraically only and we suppose
that the Green’s function method and weighted energy estimates should combined
together to yield the pointwise estimates for the solution. Thus, such a case will
be much more complicated. We have to construct the Green’s function while we
also need a priori decaying estimates for derivatives since the nonlinear system is a
quasi-linear one. We will generalize b > 0 to |b| # 0 in the near future.

2. Energy estimates. With a standard local existence theory for (o, 4), one can
assert the smallness property, |[[e®"o (-, 7)|||l4 + |[[e®1a@(-, 7)|||4 + || o (-, 7)||4 +
|e?17'l4(-, 7)||4 < 1, of the solution for 7 in a small time interval, [0, 7). Thus, one
can make a priori assumption on the solution (o, U):

sup (e (,7)lla + lle”"a(, 7)) < 6 <1, (5)
where 0 < e € § < b.

2.1. Lower Order Estimates. By multiplying the equations in (3) with

e and efm % respectively, one integrates the equations over RT x R? to yield
that

0 3
:/ / Mg (o —boy, + Zufh + div(ol))
0o Jre =
Z P (= by o, o = Q1 (D) | df
1d 1
_ 2 )2 /
_Ed—/ / o +Z;(uj) dn’dn;
b 1
2 i\2 / 1
5/ U—I—Z;(uj) dn —/Rzaudn

J=1

=0
=0



136 SHIJIN DENG

= 1 pb - pb J
e [T G+ 3 (5 ) 00

Jj=1

e} 3
Bm @2 @ N2 dn'd
—I—/O /R2e o +Z(2V+I€ (u) n dny

j=1
8
o (8)
—|—b/ o2+ —(? | dy
R2 = Y
n1=0
00 3 W
<-2 / / e | odiv(oi) + > —Q(0,1) | dn/dns.
0 JR2 =7
By a priori assumption (5) and Sobolev’s inequality, there is C' > 0 such that
S
odiv(od) —I—Z —Q’(0,0)| <CO | o —I—Z (u?)?
j=1 v Jj=1
By the property § < (3 < b, one has
d 1 1 b 08b
Bn1/2 (12 = 2 Bn1/2 Bn1/2212
—lle o, —= O[5+l (o, = Dlle+ = llle”™ Zolll5+ (- +2f<é)|||6 ulllg < 0.
pll ( 7 )G+ 7 )lo+ 0

Thus for 7 > 0,

. Bb [T gpr—s -
[le?™ (@ @)l + 5 [ el (0, D) )l 1ds

<ye= P12 (0, @) (-, 0)]1[5-
2.2. High Order Energy Estimates.

For the purpose to prove a priori assumption (5), we need to rewrite (3) in the
following symmetric form in order to close the nonlinearity by energy estimates:

8U+ZA )0, U + B(U)U = 0, (10)
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where
S0
0 — 0 0
AO(U) _ 'y(1+g)’Y ) ,
0 0 Saree !
0 0 0 s
—btu’ 1 0 0
1+o b+1
1 —btul 0 0
A (U) = s bt ,
0 0 TTro) 0
0 0 0 _—btu!
o)
’U.2
=0 1 0
0 4 0 0
wy=| § e L h
y(1+o)7=2 8
0 0 0 B S
’U.3
=0 0 1
AWy =| , T .|
SICEERR )
o T
0 0 0 0 ”
0 % O O ul
B(U): 0 7(1+0) K 0 , U= 2
v(1+o0)7=2 u3
0 Aoy u
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One needs to consider the high order derivatives aﬁ—kasz 02302 with s1+ 89+ 83 =

T2 7N3 "M

k, 0 < k < 4. Since the procedure for the low order energy estimates is not valid for
the variables 9, (o, U), one can use phe estimate on 0,2 (0, ), 0,2 (0, i), and 0; (0, 0)
together to yield the estimate for ;! (o,U). This is due to the hyperbolicity of the

system (10) and 0 < § < b. Then,
3
O U =—(A1(U)! (AO(U)arU—i— ZAZ'(U)BWU—FB(U)U) .
=2
Here, the matrix A;(U) is invertible due to 0 < 6 < b and (5). Thus,

oy = — zm: Con (09, ((AL(U)) M Ao (1)) 0-05 U
3=0

3
205, (U A(V)) 9,05 790 + 0, ((Ax(U) ™ B(U)) a;;;—m> .
=2

This yields

(11)
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[le”m/28U][lo

m—1
<C Z > llePm o rogUlllo+6 > (1P 2U[m-1-5 | - (12)
k=0 |a|=k J=0

From (12), we can find that we only need to study the estimates for Bf_ka,‘;‘//U(|a’|
=k, 0 <k <4). Then we can get estimate for 8ﬁ’k8,°7‘U (o] = k,0< k< 4).
One applies aﬁ—kag/ to (10)with |&/| = k to yield that
3
Ao(U)0-(0F %05 U)+ZAZ-(U)8W (0F %00 U)+BU) (0505 U)+Lar = 0, (13)
i=1
where L, is the nonlinear term and it contains only the derivatives with order
no greater than 3. By a priori assumption (5) and the Sobolev’s inequality for
dimension 3, it follows

4
1% Larlllo < C8 Y |I[€”m U lla-r for |o] < 4.
k=0

Similar to (12), the derivative on time variable 7 can be transferred to that on
spatial variables 1. Thus, one has

1" Larlllo < O(1) Y dll[e”MaU][lo for |o'] < 4. (14)

|a| <4

By multiplying (13) by eﬁma4*kaa’U with |o/| = k and integrating the product
in the domain [0, 00) x R?, one has

0= / /R (o ) - (Ap(0)- (0o U)

+ZA  (027F00'U) + BU) (02 U) +ca,> dn' dny

i=1

| =

(ORI U - Ag(U)(02F 0% U diy

S~

N =
QU

(ORI U - (Ao(U)) - (027405 U d' diy

0
2l
(84*’“8,‘7‘,/U)A1(U) (02 F% U dnf (15)

m=0
6 o0

R2
R2

S

wl»—ﬂ N =3

\

PM(9LRAN U - AL(U) (92702 Ui diy

\
N | =

[\

0 R2
/ / P (D2 ka U - BU)(0EF 0 U)dnf diy
Rz

3 Z | [ @rtogvy (w05 oy vyinan,

+/ / P (OFROU) - Loodn' .
0 R2
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From (10), one has that
|||eﬁ"1/28i‘_k8,‘;‘,/U(-,O)|||0 < C|)|e#m/2U (-, 0)|||4 for some C > 0. (16)

The the boundary condition 8ﬁ_k8,‘;‘//u1(0,77',7') = 0 and the structure of A;(U)
combined with a priori estimate (5) result in that

1 / /
- —/ (02 koo U AL(U) - (02 R0 U)dn > 0. (17)
2 ]R2 n n 771:0
Under a priori assumption (5), the matrix A, (U) and B(U) satisfy for f < 1
v (—gAl(U)—i—B(U))ﬁz %5-Ufor any 7 € R*. (18)
By a priori assumption (5),
sup 9, A;(U)(n,7)] < O(1)d for |af < 2. (19)
m >0
n/ER2

The above estimates, ((16), (17), (18), (19)), yield
d oo oo , ,
— B 9=k U) - Ag(U) (92~ k0 U)dn'd
dT/O~/O~/]R2e (T 77) 0()(7’ 77)77771

/ / efm (8ﬁ7k8,°7‘/,U) - Lordn'dny| .
o Jr2
(20)

b A
+ <7—05 [[e?m /204 ka2 U2 < 2

It remains to estimate the RHS of (20). From (14), for 0 < k <4, |o/| < k,

[ [ e @ty oditin| < calien ooy vl ool 2013

(21)
From the property of Ag(U), (21), and (20) one has for |o/| < k
d / b /
2 jjesmrzan-kaz vz + Bjjemrzan-rag v 2
dr / 4 (22)
<05 (|l 20805 Ul + Ille” /20113
This yields that
d ko b ko
> (gl zortor vl + Filemm oo vl
0<k<4
|’ [<k
(23)
<cs | S0 [|lePm/2etmi2gikon |3 + ||/ 2U] | 3
0<k<4
|’ |<k

This, (12), and 0 < € < § < b yield that
d b
2 ez + 2yeom e <o,

This inequality results in

BbT

e 720 (7|13 < = [ /2U (-, 0)]I[3 < O(1)ee™ 5.
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2.3. Decaying rates on 7’ variables. To obtain the exponential decaying rate
on 1 variables, we choose another weight function e®(m=m2%13) to apply the same
energy estimate. ,

By multiplying the equations in (3) with en+81ml+8nsl 5 and efm+Blml+5ns| “71

respectively, one integrates the equations over R x R? to yield that

Joe) 3

= [ [ [ emremieinto (o, by, 3, + div(om)
0 RQ .
J=1

3

u? . . . . 5
+Z ﬁ771+ﬁ\772\+ﬁ\773|7 (ul = bl 4oy, + Ku! — QY (0, ) dn'dm

3
1 .
eBm+BInz|+Bns| 2 22 | an'd
2dT/ /]R? U"’E,y(“) 1 an

j=1
b 1
n _/ edimitoiml (62 4 5™ Lz ) gy - / Blnel+81m | L g
2 Jpe — Y R2 =0
j:l i
=0
[e’e] ﬁb 3 .
_|_/ / ePmtBina|+Blns| [ 252 Bou — 525971(%)0“]
0 R2 2 j=2
3 3 .
b ) i
+ <ﬁ_ + n) (u?)? + odiv(od) + Y Y Qi (0,0) | dfdn:.
o\2y il
(24)

Here,
K7 x>0,
sgn(@) = —x, x<0.
By the property that 0 < 3 < b, one has

5 2 < PBb o ko iy2
Z o2 — Bout —ﬁngn 7; UuJ—I—Z ——I—/@ (u”) ZZO' +;§(u3) . (25)
From (24), (25), and the boundary condition u!(0,7) = 0, one has

3

/ / 5771+ﬁ|772|+5|773 0—2 + Z l 2 d?]ld’lh
R2 v

Jj=1
3

> pb b N2 /
+/ /eﬁn1+ﬁ\n2\+ﬁ\ﬁs\ POz P yk) @) | dydm
o R2 2 J; 27y ( )
S 1
+b/ Amaltinsl | 52 ¢ 3™ L0y

m=0
oo 5wl
< - 2/ / ePm+BInz|+B6ns| odiv(ot) + Z = Q' (0,T) | didnm.
R? 7
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From the following fact

3
odiv(ol) E

and the property § < < b, one has

(o,0)] <C6 U—i—ZuJ ,

u’
’Y =1

di|||e(ﬁn1+ﬁ\n2\+ﬁ\ns\)/2(m %J)mg + ||e(ﬁ\n2|+ﬁ|ns\)/2(07 %3)”3 o
+%|||e(ﬁm+ﬁ\n2\+ﬁ\ns\)/20|||g + (f_j + 2H)|||e(5m+ﬁ|nzl+ﬁlns\)/23|||(2J <0.
Thus for 7 > 0,
|[|eBm+BImzl+BImsD/2 (5 ) (-, 7)|]]3
+% /OT e~ PUT=3)/8)||(BmABInzl+BInsD)/2 (5 §) (-, 5)|||2ds (28)

<rye Pb/8)||eBmABInzl+8InsD/2 (5 7) (-, 0)]]|3.

Based on this low order estimates, the high order estimates can be obtained
similarly. Thus it will yield

||[eBmEnEn) /207 (. 7)|[12 < e—%meﬁ(’hinziﬁs)/?[](.,0)|||i < O(1)ee

This concludes a priori assumption (5). The weighted function ePlmEn2£ns)/2 gnd
Sobolev’s inequality conclude Theorem 1.1.
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