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ABSTRACT. In this work, we propose a mixed finite element method for solv-
ing elliptic multiscale problems based on a localized orthogonal decomposition
(LOD) of Raviart—-Thomas finite element spaces. It requires to solve local
problems in small patches around the elements of a coarse grid. These compu-
tations can be perfectly parallelized and are cheap to perform. Using the results
of these patch problems, we construct a low dimensional multiscale mixed fi-
nite element space with very high approximation properties. This space can
be used for solving the original saddle point problem in an efficient way. We
prove convergence of our approach, independent of structural assumptions or
scale separation. Finally, we demonstrate the applicability of our method by
presenting a variety of numerical experiments, including a comparison with an
MsFEM approach.

1. Introduction. In this work we study the mixed formulation of Poisson’s equa-
tion with a multiscale diffusion coefficient, i.e. where the diffusion coefficient is
highly varying on a continuum of different scales. For such coefficients, the solu-
tion is typically also highly varying and standard Galerkin methods fail to converge
to the correct solution, unless the features on the finest scale are resolved by the
underlying computational mesh. A classical application is the flow in a porous
medium, modeled by Darcy’s law. In this case, the multiscale coefficient describes
a permeability field, which is heterogeneous, rapidly varying and has high contrast.
Classical discretizations that involve the full fine scale often lead to a vast number
of degrees of freedom, which limits the performance and feasibility of corresponding
computations. In this paper, we address this kind of problems in the context of
mixed finite elements.

We will interpret the mixed formulation of Poisson’s equation in a Darcy flow
setting, referring to the vector component as flux, and the scalar component as
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pressure. In Darcy flow applications the flux solution is of particular interest since
it tells us how a fluid is transported through the medium. It is desirable and
common to use flux conservative discretization schemes. The proposed method is
based on the Raviart—Thomas finite element [31] which is locally flux conservative.
Concerning the mixed formulation of Poisson’s equation, corresponding multiscale
methods were for instance proposed in [1, 5, 6, 9]. These methods are based on
the Raviart—Thomas finite element and fit into the framework of the Multiscale
Finite Element Method (MsFEM, cf. [19]). Another family of multiscale meth-
ods is derived from the framework of the Variational Multiscale Method (VMS)
[20, 21, 22, 24, 29]. Multiscale methods for mixed finite elements based on VMS are
proposed and studied in [4, 25, 28]. Inspired by the results presented in [28], a new
multiscale framework arose [26]. We refer to this framework as Localized Orthog-
onal Decomposition (LOD). It is based on the idea that a finite element space is
decomposed into a low dimensional space that incorporates multiscale features and
a high dimensional remainder space which is given as the kernel of an interpolation
or quasi-interpolation operator. The multiscale space can be used for Galerkin-
approximations and allows for cheap computations. Various realizations have been
proposed so far. For corresponding formulations and rigorous convergence results
for elliptic multiscale problems, we refer to [2, 14, 15, 18, 26] for Galerkin finite
element methods, to [13, 14] for discontinuous Galerkin methods and to [17] for
Galerkin Partition of Unity methods. Among the various applications we refer to
the realizations for eigenvalue problems [27], for semilinear equations [16], for the
wave equation [3] and for the Helmholtz equation [30].

In this paper we introduce a two level discretization of the mixed problem, that is
we work with two meshes: A fine mesh (mesh size h) which resolves all the fine scale
features in the solution and a coarse mesh (mesh size H) which is of computationally
feasible size. This gives us a fine and a coarse Raviart—-Thomas function space for
the flux. We denote them respectively by Vj, (high dimensional) and Vg (low
dimensional). The kernel of the (standard) nodal Raviart-Thomas interpolation
operator Il onto Vi is the detail space V}f . This space can be interpreted as
all fine scale features that cannot be captured in the coarse space Vgy. A low
dimensional ideal multiscale space is constructed as the orthogonal complement to
the divergence free fluxes in Vhf . We prove that this space has good approximation
properties in the sense that the energy norm of the error converges with H without
pre-asymptotic effects due to the multiscale features. However, the basis functions
of the ideal multiscale space have global support and are expensive to compute.
We show exponential decay of these basis functions allowing them to be truncated
to localized patches with a preserved order of accuracy for the convergence. The
resulting space is called the localized multiscale space. The problems that are
associated with the localized basis functions have a small number of degrees of
freedom and can be solved in parallel with reduced computational cost and memory
requirement. Once computed, the low dimensional localized multiscale space can
be reused in a nonlinear or time iterative scheme.

We prove inf-sup stability and a priori error estimates (of linear order in H)
for both the ideal and the localized method. The local L?-instability of the nodal
Raviart—Thomas interpolation operator leads to instabilities as h decreases for the
localized method. We show that these instabilities can be compensated by increas-
ing the patch size or using Clément-type interpolators instead. In the numerical
examples we verify that the localized method has the theoretically derived order
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of accuracy. We confirm our theoretical findings by performing experiments on the
unit square and an L-shaped domain, as well as using a diffusion coefficient with
high contrast noise and channel structures. The proposed method is also compared
numerically with results from an MsFEM-based approach using a permeability field
from the SPE10 benchmark problem.

2. Preliminaries. We consider a bounded Lipschitz domain @ ¢ R? (dimension
d = 2 or 3) with a piecewise polygonal boundary 92 and let n denote the outgoing
normal vector of 9€). For any subdomain w C 2, we shall use standard notation
for Lebesgue and Sobolev spaces, i.e. for r € [1,00], L"(w) consists of measur-
able functions with bounded L"-norm and the space H'(w) consists of L?-bounded
weakly differentiable functions with L?-bounded partial derivatives. The full norm
on H'(w) shall be denoted by || - ||g1(.), whereas the semi-norm is denoted by
|l =1V - 22 w)-

For scalar functions p and ¢ we denote by (p, q)., := fw pq the L3-scalar product
on w. When w = Q, we omit the subscript, i.e. (p,q) := (p,¢)q. For d-dimensional
vector valued functions u and v, we define (u,v),, := [ u-v with (u,v) = (u,v)q.
Observe that we use the same notation for norms and scalar products in L? without
distinguishing between scalar and vector valued functions. This is purely for sim-
plicity, since the appropriate definition is always clear from the context. We use,
however, bold face letters for vector valued quantities.

In the following, we define the Sobolev space of functions with L2-bounded weak
divergence by H(div,w) 1= {v € [L}(w)]¢: V-v € L*(w)}. We equip this space
with the usual norm || - || g (qiv,w), Where Hv||§{(div,w) = ||V v||2L2(w) + ||v||%2(w).
Additionally, for w = Q, we introduce the subspace Hy(div,Q) := {v € H(div,Q) :
v -n|gq = 0} of functions with zero flux on the boundary, where v - n|gg should be
interpreted in the sense of traces. We denote by L*(Q)/R := {q € L*(Q) : [, ¢ = 0}
the quotient space of L?(€2) by R. The continuous dual space of a Banach space X
is denoted by X'.

2.1. Continuous problem. With these definitions we are ready to state the con-
tinuous problem, which is Poisson’s equation in mixed form with Neumann bound-
ary conditions on the full boundary.

Definition 1 (Continuous problem). Find u € V := Hy(div,Q), p € Q := L%(Q)/R
such that
(A_lu’v) + (V ' Vap) = 07

(1)
(v -, Q) = 7(.}07 Q)7
forallveV,qgeQ.
We pose the following assumptions on the coefficient and data.

Assumption A (Assumptions on coefficients, data and domain).

(A1) A € [L>®(Q)]4*? is a diffusion coefficient, possibly with rapid fine scale vari-
ations. Its value is an almost everywhere symmetric matriz and bounded in
the sense that there exist real numbers o and 8 such that for almost every x

and any v € R4\ {0}
(Afx)"lv) -

v
< B < oo.
V-V

(A2) f e L?(Q) is a source function that fulfills the compatibility condition fQ f=0.

0<a<
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(A3) The domain Q is a bounded Lipschitz domain with polygonal (or polyhedral)
boundary.

We introduce the following bilinear forms and norms. Let
a(u,v):= (A tu,v) and b(v,q) = (V-v,q)
and, further,
vV := ||V||H(div,Q) and ||Q||Q = ||Q||L2(Q)-
The energy norm is defined as the following weighted flux L2-norm,

2 —
IVII® = 1A= 2V 72 () = alv,v)

The energy norm can be subscripted with a subdomain w C , for example ||||Hi,
to indicate that the integral is taken only over that subdomain.

The following lemma gives the conditions for existence and uniqueness of a solu-
tion to the mixed formulation in (1) for subspaces ¥V C V and Q C @. This lemma
is useful for establishing existence and uniqueness for all discretizations presented
in this paper, since all presented discretizations are conforming.

Lemma 2 (Existence and uniqueness of solution to mixed formulation). LetV CV
and @ C Q. Denote by K ={v eV :b(v,q) =0Vq e Q}. Ifa(-,-) is coercive on
K with constant & > 0, i.e. a(v,v) > @||v||?, for v € K, and bounded with constant
B >0, ie |a(v,w)| < B|v|vIwly for all v,w € V, and additionally b(-,-) is
inf-sup stable with constant v > 0, i.e.

b(v,q) -

inf sup =%,
a€Qvey [[Vllviidlle

then the problem a(u,v) 4+ b(v,p) — b(u,q) = (f,q) for all (v,q) € V x Q has a
unique solution (u,p) € V x Q bounded by

231/2 B
[ully < rl/%llfllm(m and |pllq < ﬁllfllm(sz)-
Proof. See e.g. [8, Theorem 4.2.3]. O

Under Assumptions (A1)—(A3), the conditions for Lemma 2 are satisfied for
Y =V and Q = Q with @ = a, = 8 and 7 being a constant that depends only
on the computational domain. The lemma then yields a unique solution to the

continuous problem (1).

2.2. Discretization with the Raviart—Thomas element. Regarding the dis-
cretization, we introduce two conforming families of simplicial (i.e. triangular or
tetrahedral) meshes {7} and {7y} of  where h and H are the maximum ele-
ment diameters. Throughout the paper we refer to 7; as the fine mesh and to Ty
as the coarse mesh. Hence, we indirectly assume h < H. We pose the following
assumptions on the meshes.

Assumption B (Assumptions on meshes).

(B1) The fine mesh T, is the result of one or more conforming (but possibly non-
uniform) refinements of the coarse mesh Ty such that T, N Ty = 0.

(B2) Both meshes T, and Ty are shape regular. In particular the positive shape
reqularity constant p for the coarse mesh Ty will be referred to below and is
defined as p = minper, dcil?;lnBTT where By is the largest ball contained in the
element T € Ty.
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(B3) The coarse family of meshes {Tu} is quasi-uniform, whereas {Tp} could be
obtained from an arbitrary adaptive refinement.

Remark 3 (Quadrilateral or hexahedral elements). Affine quadrilateral (or hexa-
hedral) elements can also be used. However, the definition of the Raviart—-Thomas
element presented below in this paper is based on triangular (or tetrahedral) meshes.

We denote by ¢t and T an element of T, or Ty, respectively. Similarly e and
E denote an edge (for d = 2) or a face (for d = 3) of the elements of 7, and
Tr. Further, n. (respectively ng) is the outward normal vector of an edge (or
face) e (respectively E). We continue this section by discussing finite element
discretizations using the two meshes.

We denote all polynomials of degree < k on a subdomain w by P*(w) and a d-
dimensional vector of such polynomials by [P*(w)]?. We introduce the Hy(div,2)-
conforming lowest (zeroth) order Raviart—-Thomas finite element. For each fine
element ¢t € T;, and coarse element T' € Tg, the spaces of Raviart—Thomas shape
functions are given by

RTw(t) = {v|; = [P°(t)]? + zP°(t)} and
RT u(T) = {vlr = [P°(T))? + 2P*(T)},

respectively, where x = (x1,...,x4) is the space coordinate vector. The Raviart—
Thomas finite element spaces on 7;, and Ty are then defined as

Vi, ={v € Ho(div,Q) : v|, € RT(t) Vte T} and
Vi ={v € Hy(div,Q) : vlr e RTu(T) VT € Tu}.

The degrees of freedom (in the coarse and fine Raviart—-Thomas spaces) are given
by the averages of the normal fluxes over the edges (respectively faces for d = 3).
We denote the degrees of freedom by

1 1
N.(v) ::E/v-ne and Ng(v) ::E/EV.HE

for the fine and coarse discretization, respectively. The direction of the normal n.
(respectively ng) can be fixed arbitrarily for each edge (respectively face). Here, N,
and Ng are bounded linear functionals on the space W := Hy(div, Q) N L*(§2), for
some s > 2. Note, that the additional regularity (i.e. L*(f2) for s > 2) is necessary
for the edge integrals to be well-defined (cf. [8]). We introduce the (standard) nodal
Raviart—Thomas interpolation operators Il : W — Vj, and Il : W — Vj by fixing
the degrees of freedom in the natural way, i.e. II, and Iy are defined such that

N.(II,v) = Ne(v) and Ng(Ilgv)= Ng(v).
Additionally, we let Qg C Qp C Q be the space of all piecewise constant functions
on Ty and Ty, with zero mean. We denote by P, and Py the L2-projections onto Q,

and Qpg, respectively. Using the fine spaces, we define the fine scale discretization
of (1), which will be referred to as the reference problem.

Definition 4 (Reference problem). Find uy € V}, and py, € Qp, such that

G(U}“V}L) + b(vhaph) = 07
b(un, qn) = —(f,qn),
for all v, € Vj, and g € Q.-
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A similar problem can be stated with the coarse spaces Vg and @ g with flux solu-
tion ug. The remainder of this section treats only the fine discretization. However,
all results hold also for the coarse discretization.

We denote the space of divergence free functions on the fine grid by

KhZ:{VEVhZV-VZO}. (3)

Remark 5 (Kernel of divergence operator). A natural definition of K} for our
purposes is K, = {v € V;, : (V-v,qn) = 0 Vg, € Qn}. However, since we have
V.-v e @ for all v eV, (due to the definition of the Raviart—Thomas element),
we can characterize K}, equivalently as done in (3).

To establish existence and uniqueness of a solution to the reference problem,
we use that Il is divergence compatible, i.e. we have the commuting property
V -Ipv = P,V - v for v.€ W, and that IIj, is bounded on W (but not on V1), i.e.
there exists a generic h-independent constant Cyy such that ||[II,v|ly < Cw | v|w
for v.€ W. Using this, the inf-sup stability of b(-,-) with respect to V}, and Qp
follows: For q € Qy,

b(V, q) _ (v : HhV, q) (V ©V, q)
sup ——~ = sup —————~ > RS Y
vev, IVIlv  vew  Tpv]lv vew Cw|[v]lw @
V-w, , L
2 ( q) 2 (2.0 :CW10Q1||(IHL2(Q)7

~ Cwlwlw — CwCallqllL2(a)

where w € W is chosen such that V-w = ¢ and ||[w|w < Caqllq|r2(q). This is
possible by letting w = V¢ for a solution ¢ to A¢ = ¢ in 2 with homogeneous
Neumann boundary conditions. Now, applying Lemma 2 with V = V}, Q = Qy,
K = K}, we can derive the constants @ = a, 8 = 8 and == C’V_V1C'§1 and
establish existence and uniqueness of a solution to the reference problem (2). Note
that the inf-sup stability constant v is independent of A and hence also holds for
the pair of spaces Vg and Qg.

In the following, we are mainly interested in approximating the flux component
uy, of the solution. We treat u,, as a reliable reference to the exact solution. Note
that the L2-norm of the divergence error is controlled by the data

IV-u=V w2 < |If = Pufllre)-

For the energy norm of the flux error, we have the following error estimate in the
energy norm for the lowest order Raviart—Thomas element:

llu = wall < Chlul ),

where C is independent of h. For a problem with a coefficient A that has fast
variations at a scale of size €, we have in general that |u|g1 (o) ~ e~ 1. Hence, we
require h < € before we can observe the linear convergence in i numerically. We
call the regime with h > € a pre-asymptotic regime. The goal of this work is the
construction of a discrete space which does not suffer from such pre-asymptotic
effects triggered by A. In the following, we assume that the fine mesh is fine
enough (in the sense that h < ¢€) so that ||u — uy|| is sufficiently small and hence
uy, a sufficiently accurate reference solution. With the same argument, the accuracy
of the coarse solution uy will not be satisfying as long as H > €. Note that reference
problem (2) never needs to be solved. It just serves as a reference.

In the next section, we will construct the ideal multiscale space of the same (low)
dimension as Vy, but which yields approximations that are of similar accuracy as the
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reference solution uy, (in particular in the regime H > €). Throughout the paper,
we do not consider errors that arise from numerical quadrature. For simplicity, we
assume that all integrals can be computed exactly.

3. Ideal multiscale problem. In this section, we construct a low dimensional
space that can capture the fine scale features of the true multiscale solution. We
focus on constructing a good multiscale representation of the flux solution u only.
We call it ideal since the reference flux solution is in this space for all f € Qg. This
should be contrasted to a localized multiscale space to be introduced in Section 4.
In addition to the spaces V}, and Vi defined above we introduce the following detail
space as the intersection of the fine space and the kernel of the coarse Raviart—
Thomas interpolation operator,

Vi={veV,: lyv=0}

Since V;f is the kernel of a projection, it induces the splitting V;, = Vg @ Vhf , where
Vi is low dimensional and V}f is high dimensional. We refer to V,f as the detail
space. In this section we aim at constructing a modified splitting, where Vj is
replaced by a multiscale space which incorporates fine scale features.

3.1. Ideal multiscale space. We will construct the ideal multiscale space by ap-
plying fine scale correctors to all coarse functions in Vp, i.e. so that (Id — G)(Vy)
is the desired multiscale space for a linear corrector operator Gy,. The corrector op-
erator is constructed using information from the coefficient A, and has divergence
free range in order to keep the flux conservation property of the coarse space.

The definition of the corrector requires us to construct the splitting K, = Ky &
K;CL with

Kl :={ve K, :Tlyv=0}, and Ky := Range((Ilg)|x,)-

Next, we introduce an ideal corrector operator. We distinguish between local
(element-wise) correctors and a global corrector.

Definition 6 (Ideal corrector operators). Let a®(u,v) := (A~tu,v)p for T € Tg.
For each such T € Ty, we define an ideal element corrector operator Gg V= K}fl
by the equation

a(GEv,vh) = aT (v, vh) (5)
for all v € K!. Furthermore, we define the ideal global corrector operator by
summing the local contributions, i.e. Gy, := 3 o, GYT.

The ideal corrector operators are well-defined since equation (5) is guaranteed a
unique solution by the Lax—Milgram theorem due to the coercivity and boundedness
ofa(-,-) on K ffl Using the ideal global corrector operator, we can define the discrete
multiscale function space by

= (Id = Gn)(Va),

where Id is the identity operator. This space has the same dimension as Vy. Fur-
thermore, it allows for the splitting V}, = Vi, © V}f . Note that the ideal multiscale

space is the orthogonal complement of K} with respect to a(,-), i.e.
a(vig,v') =0 (6)

for all vi%, € Vi, and vie K.
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3.2. Ideal multiscale problem formulation. In this section, we use the previ-
ously defined ideal multiscale space to define a (preliminary) multiscale approxima-
tion. The ideal multiscale problem reads as follows.

Definition 7 (Ideal multiscale problem). Find up®, € Vi and py € Qu, such
that

a(u’y, va) + b(va, pr) =0, )
b(uE?hv QH) = _(fa qH)a

for all v, € Vﬁn; and gy € Qg.

Lemma 8 (Unique solution of the ideal multiscale problem). Under Assump-
tions (A1)-(A3) and (B1)-(B3), the ideal multiscale problem (7) has a unique
solution. In particular, we have

b(v,q)

y14+a '8 < inf sup — )
lallg IIvlly

9€EQH VeV

i.e. inf-sup stability independent of h and H.

Proof. We let Kp5, = {v € Vi, : V- v = 0}. The coercivity of a(-,-) on Kp3,
follows immediately from its coercivity on K}, since Kj% C Kjp. The operator
Id — G}, is stable in V' with constant 1 + a~!f, since V - G,v = 0 and

IGhV1172q) < @ a(Ghv, Gyv)
=a ta(v,Gypv)
<o BVl ey IGRVI Lo

for all v € V. Combining these results with the inf-sup stability of b(-,-) on Vx and
Qu, we get
b
v < inf sup (v. )

9€QH veVy m
(V- (Id - Gp)v.q)

<(1+a'B) inf sup 8
& vey Talg 10— Gvlly ®)
_ (1+04_1ﬁ) inf sup Lv,q)’
1€QH vevis, |Q||Q vl

i.e. b(-,-) is inf-sup stable with constant (1 + a~*3)~! independent of H and h.
We note that K35, = {v € Viij, 1 b(v,qu) = 0 Yg € Qu}, since V- v € Qp (see
Remark 5). Finally, we apply Lemma 2 with V = V5, Q@ = Qpu, K = K35, and
constants & = o, =B and 5 =~(1+a~18)"L. O
3.3. Error estimate for ideal problem. In this section, we show that the flux
solution of the ideal multiscale problem above converges in the energy norm with
linear order in H to the reference solution. This convergence is independent of the
variations of A, i.e. we do not have any pre-asymptotic effects from the multiscale
features.

Lemma 9 (Error estimate for ideal solution). Under Assumptions (A1)-(A3) and
(B1)~(B3), let up, solve (2) and uy, solve (7), then

llan —uf, ||| < BY2CCaH| f — Pufllie()
where C, g and Cg are independent of h and H.
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Proof. Parametrizing the solutions u,(f) and uj,(f) by the data f, we use the
triangle inequality to obtain

un(f) = a5 (Ol < lan(f) — an(Pa )l + |||un(Pa f) — i, (Pa f)|]|
[l (P f) — wi ()]

The two last terms will be shown to equal zero.

For the first term, we proceed in several steps. Let us define ay := u,(f) —
un(Puf) = un(f — Py f), which is the flux solution for the data f — Py f. The
corresponding pressure solution shall be denoted by py. First, we observe

[ ll® = (f = Paf.pn) = (f — Puf,bn — Pubn) (9)
<|f = Pufll2lpn — Pubnlr2(o)-

In order to bound the term |pn — Pupnllr2(0), we let ¢ € H{(Q) be the weak
solution to A¢ = pp — Pypn. Then we have

8%y = (Bn — Prpn, ¢ — Pad) < CpaH|[pn — Prpnllr2o)|¢lm @)
Defining w := V¢ we get V-w = p, — Pgpp and ||wl[r2) < CpaH||pn —

PHﬁhHLa(Q Next, we use a pair of projection operators ﬁh : V. — V, and
: @ — @Qp that commute with respect to the divergence operator, allows for
771 to be non quasi-uniform, and where Hh is L?-stable, i.e. PhV w=V- th
and ||HhW||L2(Q) < Cgllwllz2(q), with Cg independent of h. The existence of such
operators is proved in [11]. Exploiting this stability and the fact that p, — Py pp, =
P, (V - w) (since Py, is a projection on @, and pp, — Pupn € Q1), we obtain
1 — PrpnllZz i) = (Bn — Papn, pn) = (Pa(V - W), bn)
= (V- Thw, ) = —(A™ iy, Tyw) < |8l A2 w| 2o
< 2051l wli 20 < BY*CCpaH llanlll|pn — Prinll2)-
Combining this estimate with (9) yields
-2 -
s ll* < B82CqCpaH|lf = Prr fll 2o lan]-
For the second term, we have V - urns W (Prf) € Qp since the correctors are
divergence free. This implies V - u}j (PH f) = —Pg f, hence

V-ufp (PHf)—V'uh(PHf) =0,
ie. ui, (Puf) —un(Puf) € K. Now, from first the equations in (2) and (7) in
combination with the a(-, -)-orthogonality between Vi, and K} we get
a(up(Prf),v) =0, v eV, V-v=0, and
a(urﬁfh(PHf),v) =0, veVyy, V-v=0, and
a(up’ (Paf),v) =0, veVf, V.v=o0.
Since V;, = Vi © Vhf , we obtain
a(up(Pu f) —ag,(Puf),v) =0,
for all v € Kj. Choosing v = un(Ppf) — up’,(Puf), we see that uy(Puf) =
uj, (Pr f), thus the second term equals zero.
To show that the third term is zero, it is sufficient to show that u'j®, (f — Py f) =
0. The data f—Pgy f is L?-orthogonal to the test space Qy and it enters the equation
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(7) only in an L* scalar product with test functions. Hence u},(f — Puf) =
upy, (Pa(f — Puf)) = 0. B

4. Localized multiscale method. The ideal corrector problems (5) are at least

as expensive to solve as the original reference problem. Hence, we require to localize
these problems to very small patches, without sacrificing the good approximation
properties. If we can achieve this, the corrector problems can be solved with low
computational costs and fully in parallel. In this section, we show that this is
indeed possible. We prove that we can truncate the computational domain €2 in
the local corrector problems (5) to a small environment of a coarse element 7.
This is possible, since the solutions of (5) decay with exponential rate outside the
coarse element T. We obtain a new localized corrector operator which can be used
analogously to the ideal corrector operator to construct a localized multiscale space.
This localization reduces the computational effort for assembling the multiscale
space significantly.

In addition to the assumptions (A1)-(A3) and (B1)—(B3), we require additional
assumptions on the computational domain and the mesh. More precisely we assume
the following for the analysis.

(A4) We consider d = 2 and a simply-connected domain Q C R?.
(B4) The fine grid 7}, is quasi-uniform, i.e. the ratio between the maximum and the
minimum diameter of a grid element is bounded by a generic constant.

We note that assumption (A4) is crucial for our proof. Assumption (B4) on the
other hand could be dropped with a more careful analysis. In this case the estimates
(and in particular the decay) will depend on the inverse of the minimum mesh size of
the fine grid in a patch U(T). For simplicity of the presentation, we do not elaborate
this case and restrict ourselves to quasi-uniform meshes, i.e. to (B4). Note that even
though we fix d = 2, we keep the general notation d to illustrate how the results are
influenced by the dimension. The localized method can be formulated analogously
for d = 3.

In order to localize the detail space K,fL, we use admissible patches. We call
this restriction to patches localization. For each T € Ty we pick a connected
patch U(T) consisting of coarse grid elements and containing 7. More precisely,
for positive k € N we define k-coarse-layer patches iteratively in the following way.
For all T € Ty (which are assumed to be closed sets), we define the element patch
U (T) in the coarse mesh Ty by

Uo(T) = T7
, , (10)
Un(T) = {T" € Tu - T'nUa(T) # 0} k=1,2,....
See Figure 1 for an illustration of patches. For a given patch U(T), we define the
restriction of Vif to U(T') by

VIU(T) ={weVi:w=0inQ\U()}.
Accordingly, we also define

KL U(T)) :={w e Vi(U(T)): V-w =0}.

Using this localized space, we define the localized corrector operators. Localized
quantities are indexed by the patch layer size k.
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(A) One-coarse-layer patch, k = 1. (B) Two-coarse-layer patch, k = 2.

FiGURE 1. Illustration of k-coarse-layer patches. Dark gray sub-
domain is T. Light gray subdomain is Uy (7).

Definition 10 (Localized corrector operators). For each T' € Ty and k > 1 layers,
we define a localized element corrector operator G;ﬂk 1V = KL (U(T)):

a(Gikv,w) =a’(v,w) (11)

for all w € K} (Ug(T)). Further, we define the localized global corrector operator
Gh,k = ZTGTH Gz:,k'

The localized corrector operators are again well-defined by the Lax-Milgram the-
orem, exploiting that a(,-) is a weighted L?-scalar product. Note that the defini-
tion of Kf(Ux(T)) implies Neumann boundary conditions on the localized corrector
problems (11). We define a localized multiscale function space by

ViEsh = (1d = Gh) (Vi)
and state the localized multiscale problem as follows.

Definition 11 (Localized multiscale problem). The localized multiscale problem
ms,k

reads: find uzf,’lk e V" and pg € Qu, such that

a(u5F, va) + b(va, pr) = 0,

12
b(uEf;Lk,qH) = —(f,qu), (2

for all vj, € V;Z’k and gy € Qp.
Definitions 10 and 11 constitute the proposed multiscale method. Next, we show
that the above stated problem is well-posed.

Lemma 12 (Unique solution of localized multiscale problem). Under Assump-
tions (A1)-(A3) and (B1)-(B3), the localized multiscale problem (12) has a unique
solution for all k, h and H.

Proof. We use similar arguments as in Lemma 8. The basic difference is that we
need to show stability for the localized corrector operator Gy, . We start with the
stability of the localized element corrector operators. Here we have for arbitrary
veV

|||G£,kVH|2 = Q(Gz;kv7G£,kV) = aT(Vng;kV> < |||V|||T|HG£,kVH|- (13)
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Now, we can prove L2-stability of the localized global operator. We get
||Gh,kV||2L2(Q)

2
§ T
Ghﬁkv

TeTu L2(Q)

=a”! Z Z a(G v, thv)

Te€Tu T'CUL(T)

Loy 5 (el + o)

TEeTu T'CU(T)

(13)
a Gk S IGTv [P < a7 GRS IVl < o 8GR VIR o)

TET TET

g ( Z G{’kv, Z Gi}v)

TeTH T €Ty

| /\

IN

where C, is a constant only depending on the shape regularity constant p of the
coarse mesh. Similar to (8) we derive inf-sup stability with

b
v < inf sup M
9EQH veVy ||Q||Q vy

b
< (14_0[*1/2/31/20‘)1/2]&1/2) inf sup H(V,l])l
q€Qu VEVIE:S};IC q”Q ”V 1%

Observe that the inf-sup stability constant 72 := (1 + a_l/Qﬁl/szlmkd/z)_l de-
pends on k this time. O

The inf-sup stability constant ’yg depends on k due to overlapping patches. We
come back to another estimate of the inf-sup stability constant in Section 4.3 after
proving the decay of the correctors.

It is important to note that in the localized case we do not have orthogonality
between szk and K! as in the ideal case (cf. equation (6)). This orthogonality
was crucial in the error estimate for the ideal method presented in Lemma 9. In the
localized case, we rely on the exponential decay of the localized element correctors,

which justifies localization to patches.

4.1. Error estimate for localized problem. In this section we state the main
result of this paper, which is an a priori error estimate in the energy norm between
the reference solution and the localized multiscale approximation. We first present
a logarithmic stability result for the nodal Raviart—Thomas interpolation operator
11y for fine scale functions and then state a lemma on the exponential decay of the
correctors. Then the main theorem follows. The proof of the exponential decay is
contained in Section 4.2. The notation a < b stands for a < Cb with some constant
C that might depend on d, ), a;, 8 and coarse and fine mesh regularity constants,
but not on the mesh sizes h and H. In particular it does not depend on the possibly
rapid oscillations in A.

We recall a well known stability result for the nodal Raviart—-Thomas interpola-
tion operator.

Lemma 13 (Logarithmic stability of the nodal interpolation operator for divergence
free functions). Assume (B1)-(B4). For any given element T € Ty there exists a
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constant C that only depends on the reqularity of T and the quasi-uniformity of Ty,
such that
M evallZzcry < CAH/B)?|[Vhl720r),

with \(H/h) := (1 +log(H/h))'/? for all v}, € V}, with V - v}, = 0.

A proof for this can be found in [34, Lemma 4.1]. This result holds for both
d=2 and 3.

Remark 14. There exist unconditionally L2-stable Clément-type interpolation
operators for which we could define A(H/h) := 1 for all h and H instead, see
[7, 10, 11, 32]. In particular, the operators introduced in [7, 11] are projections
and were used as a technical tool in the proof of Lemma 9 above. However, these
operators are hard to implement in practice and hence are not used in the proposed
numerical method.

Lemma 15 (Exponential decay of correctors). Under Assumptions (A1)-(A4) and
(B1)-(B4), there exists a generic constant 0 < 6 < 1 depending on the contrast
B/a, but not on h or H such that for all positive k € N:

2
S (GIv—GE )| S KA/ RGP 3 IlGEv||F (4

TETH TeTH
forallveV.
Proof. The lemma is a direct consequence of Lemma 21 in Section 4.2. O

Now, combining the error estimate for the ideal multiscale method in Lemma 9
and Lemma 15 we get the following a priori error estimate of the localized multiscale
method.

Theorem 16 (Error estimate for localized multiscale solution). Under Assumptions
(A1)-(A4) and (B1)-(B4), for a positive k € N, let uy, solve (2) and u?,’f solve
(12), then

([ = wié ||| S HLE = Par ooy + K2AH/RYOAED| 200y, (15)
for some 0 < 0 < 1 depending on the contrast 8/ca, but not on k, h and H.

Before stating the proof, we discuss the role and choice of k. The second term
in the error estimate (15) is an effect of the localization. This term can be made
small by choosing large values of k, i.e. large patch sizes. A natural question is how
to choose k to make the second term of order H to some power.

We write A = A(H/h) for convenience. Let k = 2d~"log(§)A\~'k = —CyA~ 'k,
where Cp = —2d~'log(d) > 0 is a constant independent of H and h. We are
interested in the asymptotic behavior, so we consider H < 1. Setting the second
term in (15) equal to H||f||z2(q) yields

,;ez; _ 709/\74/(171}[2/017
that is k = W(—CyA~¥9"2H2/?) where W is the Lambert W-function. In terms
of the number of layers k, we get k = —C(;IAW(—CQ)\_‘l/d_lHQ/d). This equation
has two solutions for sufficiently small H. Since we require k& > 1, we pick the
branch W < —1.

Another, more practical option is to choose k = RAlog(1/H) for some constant
R. Then the expression k%2\0%/ will be asymptotically (as H — 0) dominated by
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the power H %1989  Choosing R sufficiently large yields arbitrary order of accuracy
of the term. The fine mesh size h is often fixed and we can choose

k= (1+ |log,(H)|)'/*log,(1/H) (16)
for some bases r and s of the two logarithms.
Remark 17. If Clément-type interpolation operators are used, we have A = 1
independent of H/h. Choosing k = C'log(1/H) makes the second term in (15)
proportional to log(1/H)¥?H~¢1°8¢  For an appropriate C' we can make the first
term in (15) dominate the error estimate.
Proof of Theorem 16. Let ﬁgbhk = ((Id = Gpr) o g )uf), € V;Z’k, then u?hk
uES;Lk is divergence free. Hence, by Galerkin orthogonality we have

ms,k ms,ky __ ms,k ~ms,k
a(up —wp, up — upyt) = a(uy — Wyt un — Up )

and obtain
= | = e = i = o = v+ i — s

The first term can be bounded by ﬂl/zCﬁCp,dHHf — Py f]l12(0) by Lemma 9. Re-
garding the second term, using [34, Lemma 4.1] and stability of the ideal multiscale
solution, we get

> ermaug|* < S (gl = [IMauil* S AE/R 110
T€ETH T€ETH
and can combine this with Lemma 15 to get

| = 1G]

m ~ms,k
H‘uH,h — Uy}

= Z (Gik - Gz)HHuth

TETH

1/2
< K2 N(H/h)gF/AH) ( Z (| GE I gus, || )

TeTH
S KYPNH/R)2OR A £l 2.

O

4.2. Proof of exponential decay of correctors. This section consists of four
lemmas, Lemma 18-21, of which the last one is the main result. The two first
lemmas are auxiliary and are motivated by steps in the proofs of the latter two.
Before starting, we need to set some notation and introduce some tools. We use the
notation VVI})CQ(]Rd) = {f: f € H'(w) V compact subsets w C R%}. Note that we
will use the letter K to denote arbitrary triangles of the coarse mesh 7Ty. The first
lemma says that every divergence free function w in H(div, ) is the divergence of
a skew-symmetric matrix.

Lemma 18. Let Q be a simply connected domain with Lipschitz boundary and let
w € H(div,Q) with V-w = 0 in Q. Then there exists a skew-symmetric matriz
¥ € W2 (R4 with Vb € [L2(RD] and [, 9 = 0 such that

loc
w=V-9Y in Q and HV’L/)”HLz(w) 5 ||W||L2(w) fO’I“ w C Q. (17)
Here, the divergence of ¥ is defined along the rows.
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Note that the above lemma is the only instance, where we require the restriction
d = 2. Even though the existence of the skew-symmetric matrix is also available for
d = 3, we could not prove localized estimates of the type ||Vl 12wy S Wl £2(w)-

Proof. The result is a combination of well-known results. First, we extend the
divergence-free vector field w € H(div,{2) to a divergence-free vector field w €
H(div,R9). In particular we have w € [L2(R?%)]¢ and w = w in Q. Note that the
extension of w to R? will be typically not zero outside of . The existence of such
an extension operator was proved in [33, Proposition 3.8]. It is well known that
there exists a skew-symmetric matrix ¢ € [VVJ)E (R4))4%4 with V;; € [L2(R)]4,
such that w = V - ¢ (see [23, Lemma 2.3]). The matrix is only unique up to a
constant, so we fix the constant by fQ 1 = 0 (which gives us a Poincaré inequality).
The inequality |[Vebs;l12(w) S [[Wllr2@) (for w € R?) can be seen as follows for
d = 2. Obviously, if ¢ = j we obtain Vi;; = Vi,;; = 0 and estimate (17) is trivial.
If i # j, we obtain by using the skew-symmetry

1WlI72 () = IV - 9172 () = 01911 + Oathral| T2 () + 1018021 + Bathaa |2
= [|8at12]| 72 () + 1019211720y = [20012]1 720y + 1018012117 20y
= IVl 2y = V2111720

i.e. we obtain even equality in estimate (17). O

We also require suitable cut-off functions that are central for the proof. For
T € Ty and positive k € N, we let the function 7, € Pi(Th) (globally continuous
and piecewise linear w.r.t. Ty ) be defined as

nri(x) =0 for x € Up_1(T),

nri(x) =1 for x € Q\ Up(T). (18)

We start with the following lemma, which enables us to approximate truncated
functions from K }CL

Lemma 19. Let w;, € Kf and let ¢ € [W22(Q)]9¢ with wy, = V -1 denote

loc
the corresponding skew-symmetric matriz as in Lemma 18. Let furthermore Vg :=

|K|7* [ 1 denote the average on K € Ty and let Yy € [L*(Q)]"*? denote the
corresponding piecewise constant matriz with Yy (x) = Y for x € K. The broken
divergence-operator Vg + is given by Vg -v:=V -v|g for K € Ty. The function
nrk € Pi(Th) is a given cut-off function as defined in (18) for k > 0. Then, we
have that the function Wy, := I, (V - (nr k) — (Mg olly) (V- (nrat)) € K fulfills
the following estimate for any K € Ty

IV - (nrx0) = Vi - (e xbm) — Wil L2k
_ {A(H/hnwhnm) K C Up(T) \ Uy (T)

~

0 otherwise.
Obviously we also have supp(Wy) C Q\ Ug_1(T).

Proof. First, we observe that the skew-symmetric matrix ) must be a polynomial of
maximum degree 2 on each fine grid element. We use this in the following without
mentioning.
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We fix the element 7' € Ty and k& € N and denote 7 := 7. Furthermore, we

define for K € Ty
—i [0 e v K[
K K

We define Wy, := IIj, (V - (np)) — (I oI1y,) (V - (n2p)) and observe that w;, € K} and
wp, = Wy, on Q\Ug(T). The property 15 (Wy) = 0 is clear. The property V-wy, = 0
follows from the fact that 7y is still skew symmetric and that V - (Il o IT, ) (+) =
(P o Pp)(V - ). Since g and ci are constant on K we have

Hh (V . (CKT/JK)) =V- (CKwK) =0 onK. (19)

Furthermore, since Iy (vy) = vy for all vy € Vi and since V - (nYx) € Vi we
also have

Mg o Tp)(V - (mpx)) =T (V- (mk))  on K. (20)

Finally, we also have on K,
(g o ) (V - (ex¥)) = ex (Il o I)(V - ¢) = ekl (wy) = 0. (21)
Combining (19), (20), and (21) we obtain for every K € Ti
(T o 11 ) (V- () — T(V - (0¥k)) | p2 (k)

= (Mg oILp) (V- () =V - (cxp) = V- (k) + V- (cx¥k)) [l 22(x)
= [|(Ilgr o p) (V- ((n — ex) (¥ — ¥K))) 22k - (22)

Now, we consider the quantity we want to estimate. For any K € Ty,

IV - () = Vi - (u) — WallL2(x)

V- =) = Hp (V- (Y — ¥K))) 2 (x0)
+ 1In (V- (¥ = ¥K))) = W (V- () + (L o 1) (V- (09)) |22 (k)

IV - = ¥r)) = Hn (V- = ¥K))) 20
+ (T o Ip) (V- (n30)) — Tn(V - ()| 22 (k)

LNV (0= ex) @ =) =T (V- (0 = exc) (@ = i) L2,
+ (T o 1) (V- (0 = ex) (8 = ) Il 2

S AMH/RIV (= ex) (@ = ¥r)llL2x (23)

IN

In the last step we used Lemma 13, the property that I,V - ((n — cx) (¥ — ¢¥k)) is
divergence free and the fact that IIj, is locally L2-stable when applied to functions of
small fixed polynomial degree, i.e. for fixed ¢ € T, and r € N there exists a constant
C(r) that only depends on r and the shape regularity of ¢ such that

)|z < C@)Ivlz  for all v € [Br(1))
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Continuing from (23) we obtain

)
IV - ((n = ex) (@ — ) 17250
S N0 =)V Pl + 110 = vr) Vil
S H2IVl e a0 V0172 )

an {Hwnizm K € U(T)\ U (T) (24)

~

0 otherwise.

Note that we used the properties of 7 to obtain the Lipschitz bound ||n—cxk ||L(x) S
H||VnllL~x) < 1 and that V) has no support outside U (T') \ Ur_1(T). We also
used the Poincaré inequality for n — cx which has a zero average on K. Combining
(23) and (24) yields the sought result. O

We continue with a lemma showing the exponential decay of solutions to problems
of the form in (5).

Lemma 20. Now, let w! € K{L be the solution of
/ A~ *wT vy, = Fr(vy) for all vy, € Kf (25)
Q

where Fr € (K is such that Fr(vy) = 0 for all vi, € KL (Q\ T). Then, there
exists a generic constant 0 < 6 < 1 (depending on the contrast 5/a) such that for
all positive k € N:

" Mgy S 02 [l (26)

Proof. The proof exploits similar arguments as in [30]. Let us fix £k € N. We denote
again 1 := nrx € Pi(Ty) (as in (18)). We apply Lemma 19 to w? € K!. The
corresponding skew symmetric matrix shall again be denoted by 1 = ¥(w’) and
we define

Wi =ML (V - (1)) — (Mg o 11) (V- () -
We obtain that V - () — Vg - (mbg) — W is zero outside Uy (T) \ Ux—1(T) and

IV-0) =V - (oe) =W || L2 )\ (1)) S AH /B || L2 0y 00\ U1 (1)) -

(27)
First observe that
/ A 'wl o wT = / AWl W = Fp(wh) =0 (28)
Q\Ui_1(T) Q
and
nwl =nV .- =V () — V. (29)

With that we have

/ A twT . wl < / AwT - (qpwT)
Q\UL(T) N\Ur-1(T)

@) / AW (V- () — V)
Q\Uk,l(T)

@ / A-YWT (V- () — 9V — wT)
O\Up,-1(T)
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N / AW (V- () = Vi - (npm) — W)
O\Ur—1(T)

=1
4 / AW (Vi - (bsr) — V).
O\U,—1(T)

=II
For I we use (27) to obtain

2
I § )‘(H/h)‘||WT"|UK(T)\Uk71(T)

and for II we obtain

1= / AW (Y — ) V)
Q\Ui—1(T)

N Z H|WT|HKH||V77HLW(K)HV1/J||L2(K)
KeTu
KCU(T)\Ug_1(T)

2
S "‘WT"’Uk(T)\Uk,l(T)'

Now, denote by L := CA(H/h), and we get

<1l

2 2 2 2
"‘WT"|SZ\Uk(T) < L|"WT"’Uk(T)\Uk,1(T) TH’Q\Uk,l(T) - "|WT‘|’SZ\Uk(T))

where C is independent of T, k£ and A, but can depend on the contrast. We obtain

2

1+ L71)71|||WT|HQ\Uk_1(T)'

2
|||WT|||Q\U,€(T) <

A recursive application of this inequality and H|w ||WT|||Q yields

Meorwoer <

2 _ - 2 _ 1y 2
11977 Wi,y < €7 18TEM [[w Tl < e s HETDRAHM T,

where we used Bernoulli’s inequality and that 0 < L= < C~! in the last step. The
choice 6 := (1 + C~1)~! proves the lemma. O

The following lemma is the main result of this subsection. It can be directly
applied to the localized corrector problems (11) with Fr(vy) = a™ (v,v4), G} v =
wl* and GI'v = wT for any v e V.

Lemma 21. Let the setting of Lemma 20 hold true and let additionally wT* €
K! (Ui(T)) denote the solution of

/ AYWEFR vy = Fp(vy)  for all vy, € KL (UL(T)). (30)
U (T)

Then, there exists a generic constant 0 < 6 < 1 (depending on the contrast) such
that for all positive k € N:

Z (WT _ WT,k)

TeETH

2
S KONCH/R)OPRAEM S W20 (31)
Q TGTH
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Proof. Let nr i, be defined according to (18) and denote z := 3 .., (wl —wTk) ¢
K!. We obtain

lz[[7, = Z (AN W' = whF) (1= nre)z) + (AN W = whF) nregaz).
TeTn 1 _I

The first term is estimated by
L wh =M gzt = nr i)y, o) < W7 = w5 gzl o)

For the second term we have z € K,fl, hence there exists again a skew-symmetric
matrix ¥ = 1 (z) with the properties as in Lemma 18 with

N k412 = N7 k+1V -0 =V (7 k10) — V07 k11

We define z := II,(V - (N1 k+1%)) — (g o IIp) (V- (N1 k+19)). Using Lemma 19
and supp(nr x+12)Nsupp(w*) = () we get

(Afl(WT - WT’k), 77T,k+1Z) = (AilWTJ)T,k-&-lZ)

28 ~

@ / AW (V- (g ¥) — OV g1 — 2)
Q\Uy(T)

= / A (W = wDR) (V- (i1 ¥) — Vg1 — 2)
Q\Uw(T)

Now proceed as in Lemma 20 to obtain
IS AH/B)[[w =W | llzll o, (-

Combining the estimates for I and II and applying Holder’s inequality finally yields,
for k> 1,

llzlle, S AE/R) > |[w" = wF || llzlly, o
TeTy

3 (32)

d 112

SR>y E AN
TeT

It remains to bound H|WT — WTk|||; In order to do this, we use Galerkin orthog-

onality for the local problems, which gives us

2 . - 2
" =W <t =T

Again, we use Lemma 20 to show

2 2
llw” = w5 oA [l (33)

~

Combining (32) and (33) proves the lemma. O

4.3. Inf-sup stability revisited. The decay results can be used to prove another
inf-sup stability constant 7} in addition to 49 from Lemma 12 for the bilinear form
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b(-,-) with the localized multiscale space. Using Lemma 21, we obtain
2

IGhkv = GuVliz) = Z (Gh v —Giv)

TeTu L2(Q)
< RIACH/ BP0 S GTV
TETH

S KOH/ )G v ||, ).
We get the following stability
|GhivllLz) < 1Grev — Grvlie) + |Grvlz2 ()
< (RY2AH/RE A 1) v 12 0.

Using the same technique as in Lemma 12, we obtain an inf-sup stability constant
vE = (2 4 kY2N(H/R)OR/AEHP)) L

For the nodal Raviart—Thomas interpolation operator Iz, A(H/h) depends on
h and H, and we cannot obtain a uniform bound on the constant for this estimate
either. However, for L2-stable Clément-type interpolation operators (discussed in
Remark 14), we have \(H/h) = 1, independently of h and H. If using such an
interpolator in place of Ilg, the inf-sup stability constant v,i can be bounded from
below by a positive constant independent of h and H, since k%/26* is bounded from
above with respect to k.

5. Numerical experiments. Four numerical experiments are presented in this
section. Their purpose is to show that the error estimate for the localized multiscale
method presented in Theorem 16 is valid and useful for determining the patch sizes
and that the method is competitive.

A brief overview of the implementation of the method follows. The two dimen-
sional Raviart—Thomas finite element is used. For all free degrees of freedom e
(interior edges), the localized global corrector Gj, @, for the corresponding basis
function @, is computed according to equation (11). The additional constraints on
the test and trial functions to be in the kernel to the coarse Raviart-Thomas pro-
jection operator are implemented using Lagrange multipliers (in addition to those
already there due to the mixed formulation). The corrector problems are cheap
since they are solved only on small patches. This can be done in parallel over all
basis functions. Finally, problem (12) is solved. Regarding the linear system arising
here, we compare it with the linear system arising from a standard Raviart-Thomas
discretization (using Vi for the flux) of the mixed formulation on the coarse mesh:

6 %)-6)

for matrices K and B and a vector b. The difference with the multiscale method
is that matrix corresponding to the bilinear form a(-,-) is computed using the low
dimensional modified localized multiscale basis {®5 — G4, Pg}p spanning V' Z’k.

Since the correctors are divergence free, K is replaced by a different matrix K in
the system above, whereas B and b are left intact.

In all numerical experiments below, the diffusion matrix is diagonal with identical
diagonal elements, A(z) = A(x)I, with I being the identity matrix, for a scalar-
valued function A.
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5.1. Investigation of error from localization. In this experiment, we investi-
gate how the error in energy norm of the localized multiscale solution is affected
by the localization to patches of the correctors. The error due to localization is
bounded by the second term in the estimate in Theorem 16. This term will be the
focus of this experiment.
The computational domain is the unit square = [0, 1)? and the source function
is given by
1 if z € [0,1/4]?,
flz) =< -1 ifze[3/4,1)%
0 otherwise.
We consider three different diffusion coefficients A:
1. Constant: A(z) =1 in the whole domain.
2. Noise: A(x) is piecewise constant on a 27 x 27 uniform rectangular grid. In
each grid cell, the value of A is equal to a realization of exp(10w), where w is
a cell-specific standard uniformly distributed variable.
3. Channels: A(7) is as is shown in Figure 2. It is piecewise constant on a 27 x 27
uniform rectangular grid. The coefficient A(z) = 1 for z in black cells and
A(z) = exp(10) for z in white cells.

FIGURE 2. Coefficient A defined on a 27 x 27 grid of €.

(A) Coarsest mesh, h = 1. (B) One refinement, h = 1/2.
FIGURE 3. Family of triangulations of the unit square.

Figure 3 shows the mesh used in the experiment. Both fine and coarse meshes are
constructed as shown in the figure. A reference solution u, was computed with

the standard Raviart-Thomas spaces V}, and Q, with h = 278, Solutions u?,’f to
the localized multiscale problem were computed using H = 272,273,...,27%, The

patch size k was chosen as
k= C(1+ logy(H/h))"/? logy(H ™)

rounded to the nearest integer with C' = 0.25 and C' = 0.5. The relative error
(using the reference solution in place of the exact solution) in energy norm, i.e.
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H)uh - urlrfth‘/H|uh||| was computed. See Figure 4 for the resulting convergence

of this error with respect to H for the two values of C'. Note that since f €
Qp for all examples, the first term in (15) vanishes. The error is hence bounded
by kY2XN(H/h)?6%/ /M || f||12(q), which allows for a careful investigation of the
influence of k, H and h. A reference line proportional to H? is plotted for guidance.
We can see that we achieve convergence for both choices of C. However, since k
is rounded to an integer, the convergence plots have a staggered appearance. This
example shows that the error due to localization can be kept small and decreases
with H. The plots also show the relative error in energy norm for the standard
Raviart-Thomas discretization on the coarse mesh. It is evident that the localized
multiscale space has good approximation properties since it permits convergence
while the standard space of the same dimension does not.

5.2. Investigation of instability. In this experiment we show how singularity-
like features can appear in the solution, probably as a result of high contrast in
combination with the L?-instability of the nodal Raviart-Thomas interpolator.

Again, we consider the unit square Q = [0,1]2. The diffusion coefficient A is
chosen according to Figure 5. In other words, A is defined as

Alw) = exp(10) ifzy <1/20rze[;-27514+27% x [§,1+277],
R otherwise.

The source function is chosen as

fz) =

-1 ifay<1/2,
1 otherwise.
This particular choice of A and f yields a localized multiscale solution with a clear
singularity-like feature at « = (21, z2) = (1/2,1/2) in the localized multiscale solu-
tion.
We use the family of triangulations presented in Figure 3 and fix H = 1/4 so that
f is resolved on the coarse scale. Then f € Qg and all error stems from localization
(see Theorem 16). We let the resolution h of the fine space be h = 275,276 .. 279,
Choosing k = 2, we compute the localized multiscale solution uEf;Lk and reference
solution uy, for the given values of h.
From the error estimate in Theorem 16, we expect to have

| S KA/ RO ED 2
x log (h_l) as h — 0.

ms,k
e = i

The energy norm of the error is plotted in Figure 6. We can see that for this partic-
ular problem and range of h, the error increases with h and with the rate log(h~1)
as predicted by the error estimate. However, the error estimate seems not to be
sharp for this particular example. Figure 7 shows the reference and multiscale flux
solutions. The magnitude of the reference solution is in the range [0, 3], while the
multiscale solution has a spike reaching magnitude 30 at © = (1/2,1/2). Interesting
to note is that the singularities vanish for the ideal multiscale method, i.e. without
localization, see Lemma 9.
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(A) Diffusion coeflicient is constant.
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(¢) Diffusion coefficient has channel structures.

FI1GURE 4. Convergence plots for localization error experiments.
Relative error in energy norm for three choices of A, for different
values of the constant C' determining the patch size. The number
adjacent to a point is the actual value of k for the specific simulation
corresponding to that point.
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FIGURE 5. Coefficient A defined on a 2% x 25 grid of 0 where
A(xz) = 1 for z in black cells and A(x) = exp(10) for x in white
cells.

2.1072 . . .

A—A [ ocalization error
- - 2-1073%-log, h71

ms,k

(Tt |

log, b1

FIGURE 6. Divergence of the energy norm of the localization error
of a particular multiscale solution as h decreases.

5.3. Convergence in an L-shaped domain. Next, we consider an L-shaped
domain with noisy diffusion coefficient A (case 2. in Section 5.1) and with f ¢ Qp.
In this experiment, we show that the localization error investigated in the previous
section can be dominated by errors from projecting f.

We use the domain © = [0, 1]2\ [1/2,1] x [0,1/2] and the triangulation presented
in Figure 8. Both fine and coarse meshes are constructed as shown in the figure.
Further, we choose the source function as

1/2+$1—£C2 ifl‘2<1/2,
fl@)=¢—-1/2+ 21 —22) ifay >1/2,
0 otherwise.

Note that f ¢ Qu and || f — P f|12(0) S H. A reference solution u;, was computed
with the standard Raviart-Thomas spaces Vj, and Q;, with h = 278, Solutions u?h}c
to the localized multiscale problem were computed using H = 272,273,...,276,
The patch size k was chosen as

k=C(1+ 10g2(H/h)>1/2 logy(H ™)
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30
27
24
21
18
15
12
9
6
3
0

9. . . _9-9
) )
) Reference solution, h = 2~ (B) Multiscale solution, h = 2
H=2"?2 k=2

FIGURE 7. Magnitude of flux at the centroid of the triangles.

(A) Coarsest mesh, h = 1/2. (B) One refinement, h = 1/4.

FIGURE 8. Family of triangulations of the L-shaped domain.

rounded to the nearest integer, with C' = 0.25 and C = 0.5. The relative error in
energy norm was recorded for the solutions corresponding to the values of H. The
resulting convergence plot can be found in Figure 9. We expect the first term in
the error estimate,

_ . msk
up —Upy,

| S HIS = Pafla + KNHWOED | fll o) (34)

to be of order H2. From the convergence plots we can see that C' = 0.25 is not
sufficient to make the localization error of at least order H2, however, C' = 0.5 is.

5.4. Comparison with MsFEM. We compare the proposed method with the
results obtained using the Multiscale Finite Element Method (MsFEM) based ap-
proach in [5]. The domain is = [0,1.2] x [0,2.2] and the permeability coefficient
A is given in a uniform rectangular grid of size 60 x 220 by the 85th permeability
layer in model 2 of SPE10 [12].

The method proposed in [5] is based on a fine and a coarse mesh with quadrilat-
eral elements. The fine mesh is uniform 60 x 220, i.e. aligned with the permeability
data, and the coarse mesh is 6 x 22, so that each coarse element is subdivided into
10 x 10 fine elements. The implementation of the method proposed in this work
uses triangular meshes, which is why we divide each of the rectangular elements
into two triangular elements by a diagonal line drawn from the upper left corner
to the lower right corner. As coarse mesh, we use a similar triangular mesh that is
constructed from a 6 x 22 rectangular mesh such that the fine mesh is a conforming
refinement of the coarse mesh.
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FicURE 9. Convergence plot for experiment with L-shaped do-
main. Shows relative error in energy norm for two values of C' and
a series of values of H. The number adjacent to a point is the
actual value of k for the specific simulation corresponding to that
point.

The (quasi-singular) source data f is equal to 1 in the lower left and —1 in
the upper right fine quadrilateral element. Note that such f is a discretization
of point sources that model production wells. In particular, the source terms on
the continuous level are mathematically described by Dirac delta functions. Hence,
for h — 0, we only have f € W="2(Q) for m > %, opposed to f € L3() as is
required for our analysis. To account for this difference, we follow [28] and compute
the localized source corrections F,? e VE(U(T)) on f-coarse-layer patches for
Te THa _

a(By V1) 0 B A0 L) = ~(Fai)
for all vi € V{(U,(T)) and ¢}, € QF (Us(T)), where Q% (Uy(T)) is the restriction
of Q! to Uy(T), analogous to the definition of V,{(Uy(T)). (The pressure solution
F}T 4 f is not needed for correcting the flux and is discarded after its use as Lagrange
multiplier). Since f is non-zero only for the two triangles 77 and T5 in the lower
left and upper right corners, only two such corrector problems need to be solved.
The total localized source correction is Fff = Fgl ’Ef + ng’gf € V}f.

The localized corrector problems (11) are unaffected by the source correction.
The right hand side of the localized multiscale problem (12) is appended with the
localized source corrections and instead reads: find u?hk’l such that

a(ugfﬁkx’ Vh) + b(vhva) + b(urfl}?};kf, QH) = _(f’ QH) - Cl(F}ff, Vh)'
Using a value of ¢ = 0 will be referred to as an ad-hoc source correction, since we
do not expect to have any decay of the correction already within the source triangle
itself. The source corrected solution is urﬁfilk’e + Fif.

We emphasize that the need for source correctors for singular source terms is not
an exclusive drawback for our approach, but it is a common necessity shared by all
comparable multiscale methods in this setting. In particular they are also used for
the MsFEM-based approach in [5] that we use for our comparative study.

The proposed localized multiscale method was used to solve for the flux in the
described problem for three corrector patch sizes: k = 1,2, and 3. Three variants of
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TABLE 1. Relative error in energy norm and L?-norm for the
SPE10-85 problem.

Method k¢ Energy norm L?-norm
Proposed method 1 - 0.7863 0.4069
without source 2 - 0.7856 0.3369
correction 3 - 0.7855 0.3325
Proposed method 1 0 0.1541 0.2700
with ad-hoc source 2 0 0.1515 0.1467
correction (¢ = 0) 3 0 0.1537 0.1379
1 1 0.1090 0.8292
1 2 0.0459 0.2703
1 oo 0.0350 0.2504
Proposed method 9 9 0.0549 0.7453
V\;ltih Zozrcelcorrectlon 9 3 0.0185 0.0517
(t="Fkk+1,00) 2 0o 00150  0.0490
3 3 0.0080 0.0178
3 4 0.0051 0.0424
3 o 0.0041 0.0088
HEO0-0S [5] - - — 0.3492
source correction were used: i) without source correction, i.e. uﬂ?;lk, ii) with ad-hoc
source correction, i.e. uI;lI,S,’f’ZJrF ' f for £ = 0 (without interpolation constraint), and

iii) with source correction, i.e. ugs;f’( +F,ff for £ = k,k+1,00. A reference solution

u;, was computed on the fine mesh. Table 1 shows the relative energy norm and L>3-
norm of the difference between the localized multiscale solution and the reference
solution for the different values of k& and ¢. The corresponding L2-norm of the error
for the MSFEM method with oversampling HE0-OS proposed in [5] is also presented
in the table. Note that HE0O-OS is based on a discretization with roughly 33% less
degrees of freedom than the proposed method, since it uses quadrilaterals instead
of triangles (however, since this holds for both the fine and the coarse mesh, the
relative change in the amount of degrees of freedom with respect to the reference
solution is the same). The flux solutions are plotted in Figure 10.

The results show that the proposed method even without error correction com-
pares favorably with the homogenization based approach. Ad-hoc error correction
gives small errors for this problem in both norms. For source correction with patch
size £ = k, instabilities similar to that studied in Section 5.2 cause the error to
increase. However, letting £ = k4 1 is enough to get errors that compare favorably
with [5].

Acknowledgments. We gratefully acknowledge the anonymous reviewers for their
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