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ABSTRACT. We derive linear elastic energy functionals from atomistic models
as a ['-limit when the number of atoms tends to infinity, respectively, when the
interatomic distances tend to zero. Our approach generalizes a recent result of
Braides, Solci and Vitali [2]. In particular, we study mass spring models with
full nearest and next-to-nearest pair interactions. We also consider boundary
value problems where a part of the boundary is free.

1. Introduction. The passage from discrete atomic models to continuum theories
is an active area of current research in continuum mechanics. For elastic systems
one usually refers to the Cauchy-Born rule to obtain macroscopic energy densities
from atomistic interaction functionals. The Cauchy-Born rule states that — roughly
speaking — each individual atom follows the macroscopic deformation gradient and
in particular does not take into account fine scale oscillations on the microscopic
scale.

For a two-dimensional mass spring model, the validity of the Cauchy-Born rule
for deformations close to a rigid motion has been proved by Friesecke and Theil in
[8]. Their result has been generalized to arbitrary dimensions by Conti, Dolzmann,
Kirchheim and Miiller in [3].

If the deformation gradients are very close to SO(d), the set of orientation pre-
serving rigid motions, then we expect linear elasticity theory to apply. This relation
has been made rigorous by Dal Maso, Negri and Percivale who derive the energy
functional of linear elasticity as a I'-limit of nonlinear elasticity for small displace-
ments in [5]. (See also the author’s article [10] for a strong convergence result for
the associated minimum problems.)

Recently it has been noted that one can derive linear elasticity functionals directly
from certain atomistic pair potentials: For a special class of pair interaction models
Braides, Solci and Vitali prove I'-convergence of the discrete energy functionals to
the energy functional of an associated continuum linear elasticity energy functional
(see [2]). In this set-up one has to deal with two small parameters € and § measuring
the typical interatomic distance and the local distance of the deformations from the
set of rigid motions, respectively.

The aim of the present article is to extend these results in three directions.
Firstly, we will drop the assumption that atoms are allowed to interact only along
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special edges of a simplicial decomposition of the lattice unit cell (thus answering
positively an open problem posed in [2]). In particular, our approach will allow us to
deal with full next-to-nearest neighbor interactions in mass spring models. (In a 2D
square lattice, e.g., the contributions of both diagonal springs can be considered.)

Secondly, by considering more general ‘cell energies’, it will be possible to also
deal with mass spring systems for which individual pair interactions might not
be equilibrated in the reference lattice. In this regime it turns out that one has to
carefully choose the two small parameters in the I'-limit process to obtain the desired
result: We will assume that ¢ < §2. This seems to be a reasonable assumption from
a physical point of view as ¢ refers to the ratio of microscopic to macroscopic length
scales, while § is a small macroscopic parameter describing the range of applicability
of linear elasticity theory. Note that this would always be satisfied if one first applies
the Cauchy-Born rule, i.e., sends ¢ — 0 and then derives the linear limit § — 0.
Technically this condition ensures that even for mismatching equilibria of surface
and bulk energy contributions, the surface terms cannot dominate the bulk terms.

Finally we will also consider more general non-affine boundary conditions and in
particular also investigate the case when a part of the boundary is free. For the
sequence of minimizers of the associated boundary value problem we also prove a
strong convergence result to the minimizer of the limiting continuum functional.
(If Dirichlet boundary conditions are imposed on every surface atom, by a suitable
renormalization of the elastic energy, one can in fact drop the assumption ¢ < §2
even for incompatible surface and bulk energy expressions.)

To be more specific, we consider the portion e£LN {2 of some scaled Bravais lattice
L that lies in some fixed domain  C RY. If E.(y) denotes the elastic energy of
a deformation y : e£ N Q — RY, our main modeling assumption is that, roughly
speaking, E. be decomposable as a sum of the form

Ee(y) = Z Ween(Vy|q) + surface terms,
Q

where the sum runs over scaled unit cells @ C € induced by €£ and the discrete
gradient ?y‘Q consists of all the relative displacements of the corners of (). Here
Ween is of order one (in atomic units) and so we have to consider the scaled quantity
adEg(y) so as to arrive at macroscopic energy expressions for small interatomic
distances €.

For mass spring systems for which not every individual spring is minimal in the
reference configuration, Weey typically assumes a positive mininmum value p; and
one has to renormalize by subtracting a term u|Q] in the energy functional in order
to ensure Weep = 0 at the identity. Note, however, that the surface terms, which are
also decomposable into unit cell contributions, will in general not be equilibrated
at the identity. As the number of surface atoms scales with ~ ¢!=¢ our energy
functional becomes

B, (y) = Z Weet(Vy0) + O(e).
Q

In order to derive the functional of linear elasticity theory, we consider deforma-
tions y = Id + du in terms of the small displacement du and multiply the energy by
§~2. This way, we finally are led to investigate the functional

072 E(1d + 6u) = 672>~ Ween(V(Id + 6u) g) + O(5%).
Q
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This formula also illustrates why the assumption ¢ < §% will be of importance.
Rigidity estimates will now guarantee that in the limit £, — O:

1. Manifestation of the Cauchy-Born rule: The discrete gradient of the atomic
displacements reduce to classical gradients, i.e., the microscopic deformation
gradient follows the macroscopic deformation gradient.

2. Linearization of the energy functional: Wee reduces to its Hessian Q.o at
the identity.

3. Passage from discrete to continuum theory: The discrete energy functional
converges to an integral functional.

As a consequence, the discrete energy functionals will be seen to I'-converge to the
common energy functional of linear elasticity, which is derived from Wce by the
Cauchy-Bern rule.

The paper is organized as follows. In Section 2 we introduce the atomistic models
and state the main results on their discrete-to-continuum convergence properties:
Theorem 2.6 states compactness of finite energy sequences and the I'-convergence to
a corresponding continuum limit as an integral functional over a suitable quadratic
form of the limiting linear strain. In Theorem 2.7 we prove strong convergence of
minimizers of the discrete problems to the minimizer of the continuum theory.

The following Section 3 is devoted to technical preliminaries for the proofs of these
results. The main tool is a careful interpolation in between the atomic positions,
which will enable us to make use of the corresponding continuum results. By our
general interaction assumptions, however, there is no associated triangulation of
the body where the energy can be recovered from an energy density defined on the
dx d gradients of some linear interpolation. Instead, we will have to consider discrete
gradients, i.e., d x 2¢ matrices that will account for all relative displacements in a
typical lattice cell. The ideas in this section are inspired by [9]. As in this paper
(also compare [11] for the 2D case), an important ingredient for our compactness
results is (a discrete version of) the geometric rigidity result of Friesecke James
and Miiller, cf. [6]. However, near the free part of the boundary, discrete rigidity
may fail. Our main focus in Section 3 will be on how to overcome this difficulty.
As a by-product, we state a slightly generalized version of the discrete geometric
rigidity result of [9], which allows for a more general shape of the macroscopic region
occupied by the atoms.

In Section 4 we will then give the proofs of Theorems 2.6 and 2.7. The scheme to
arrive at a linearized limiting functional follows [5, 10] and also draws ideas from [6].
In fact, the strategy of our proofs is to reduce the problem to the continuum setting
investigated in [5, 10], and we refer the reader to these papers rather than re-deriving
the results that are needed here. However, as mentioned above and also noticed in
[2], the discrete nature of the atomistic interaction raises additional difficulties for
the simultaneous linearization/discrete-to-continuum limiting process. We exploit
techniques developed in [3, 9, 11] to overcome these problems.

In the last Section 5 we will give some examples of mass spring models as admis-
sible atomistic interaction functionals and their limiting continuum linear energy
functionals. In particular, we will discuss the nearest neighbor interaction in a
triangular lattice (recovering the functional derived in [2]) and the nearest and
next-to-nearest neighbor interaction in a square lattice in 2D. In 3D we will first
discuss a general nearest and next-to-nearest neighbor model. By way of example of
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an equilibrated bcee crystal, we will then also show how our technique can yield con-
tinuum theories rigorously even if the basic assumption on the interactions, namely,
to be decomposable into individual lattice cell contributions, fails.

2. The model and main results. Let @ C R? be a bounded Lipschitz domain
and £ some Bravais-lattice in R?, i.e.,

EZ{)\IU1+---+/\dUd:)\la---a)‘dEZ}:AZd

for linearly independent vectors vy, ...,vq € RY, where A is the matrix (vy,. .., vq).
For notational convenience we will suppose that the v; are labeled such that det A >
0. We assume that the atomic positions in the reference configuration are given by
the points of the scaled lattice £, = €L that lie within Q. Here ¢ is a small
parameter measuring the interatomic distance and eventually tending to 0. Note
that £. partitions R? into ‘unit cells’ eA(\ + [0,1)%), X € Z4.
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FIGURE 1. Reference configuration of an atomic system.

We denote the shifted lattice eA((3,...,4)T + Z%) consisting of the midpoints
of the unit cells by £.. Accordingly, if # € R? we denote by # = z(z, ¢) the element
of £, lying in the same unit cell as z. The e-cell corresponding to x is defined by
Q:-(z) =z + A[-5,£)% A corner of Q(z) is an element of Z + A{—5, 5}%.

The deformations of our system are mappings y : Q N L. — R In order to
keep track of the images of atoms under such deformations we choose a numbering

21,..., % of the corners A{—1, 1} of the reference cell A[—3,2)? and view

202
Y(x)=(y1,...,y2¢) = (T +¢€21),...,y(T +€294)) and

Z = (z1,...,294) )

as elements of R4*2*. Let
LL(Q)={z €L :Q(x)NQ#0D}, L(Q) = L) +e{z1,...,20a}.

Whenever convenient we will extend the deformations y : £ NQ — R% to a function
on L.(2). (The energy functional will of course not be affected by this extension.
For the precise definition of the values on the additional sites we refer to the next
section.)

Our basic assumption is that the energy of a deformation y can be expressed by
cell energies W, : £.(2) x R¥2" — [0, 00] in the form

Es(y): Z Ws(jay(j))v (2)

ZELL(Q)
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where W,(Z, -) splits into a bulk and a surface part

Ween(e 1F), if Z.(z) = {1,...,2},

Waurtace(Ze(Z),e7F),  if T.(7) # {1,...,2%}, 3)

We(z,F) = {
where Z.(z) = {i : T + ez € Q} C {1,...,2%}. We also assume that the surface
terms only depend on the atomic positions of those atoms that lie in £, N in the
reference configuration, i.e., Weurace(Z, E_1Y) depends on the second variable only
through (y;)ier. Note in particular that there are no more than 22" different surface
functions Wurtace(Z, -). The rescaling by =1 is due to our choice of measuring the
energy contributions of cell deformations in atomic units.

Remark. Note that such a decomposition of the energy is possible for suitable mass
spring models; e.g., in a two-dimensional square lattice with nearest and next-to-
nearest neighbor interaction one would assign half of the interaction energy of the
nearest neighbor bonds to each of the two adjacent cells. Note also that even in this
simple example Wyyrface and Ween could have mismatching equilibria if the ratio of
the preferred distance between next-to-nearest neighbors and nearest neighbors is
not v/2. See Section 5 for more general examples, also in 3D.

Before we describe the properties of these cell energies in more detail, we intro-
duce the discrete gradient of a lattice deformation y : £.(2) — R If 2 € Q.(7)
with z € £L(Q), set

2d
_ _ i ~ 1
Vy(z) = (yr =, - Y20 — 1), Y=15a E Yis
i=1

yi =y(T+ez),i=1,...,2% (So in particular Vy is a piecewise constant function
on © with values in R7*2*)) Also let

SO(d) :== {R:= RZ : R € SO(d)} c R"*2",

where Z is the d x 2¢ matrix (z1,. .., z94) introduced in (1).
Our general assumption on the cell energies is the following

Assumption 2.1. (i) Each of the energies Ween, Waurace(Z, ) : Rax2" _, [0, o0],

T c {1,...,2%}, is invariant under translations and rotations, i.e. for F' €
Rd><2d7

WCCH(RF + (C, ceey C)) = chll(F),
Wsurfacc(:zv RF + (Cv ey C)) - Wsurfacc(I; F) VI C {15 ey 2d}

for all R € SO(d), c € RY.
(ii) Ween(Y') is minimal (= 0) if and only if there exists R € SO(d) and ¢ € R¢
such that
Yi =Rz +c¢, 1= 1,...,24

Wisurface is bounded in a neighborhood of SO(d).
(iii) Ween is C? in a neighborhood of SO(d) and the Hessian Qe = D?*Ween(Z) at
the identity is positive definite on the orthogonal complement of the subspace

spanned by infinitesimal translations (x1,...,24) — (c,...,¢) and rotations
(w1, .., 29a) = (Ax1, ..., Azga), AT = —A.
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(iv) Ween grows at infinity at least quadratically on the orthogonal complement of
the subspace spanned by infinitesimal translations, i.e.

> 0.

Here V = {F € R>*2" . Fy + ...+ Fpa = 0}.
Note that for the quadratic form Qe these assumptions imply that
Qcen(v,...,v) =0 and Qcen(Az1,...,A29,) =0 (4)
for all v € R? and A € R™*? with AT = —A.

Definition 2.2. We say that Wiuace is compatible with Ween if Waurface(Z, ) <
CWeen in a neighborhood of SO(d).

In order to study boundary value problems, we consider the Dirichlet boundary
0., which is a closed subset of 9 of positive H?~'-measure, and boundary data
given by g € W1>(Q). The space of continuum displacements is H'(g, 9Qx, ),
the H'-closure of {u € W1 (Q,R?) : u(x) = g(x) Vo € 00}

The definition of the appropriate function space in the discrete setting is subtle,
in particular since we do not assume that 9 is smooth or that 9 = 0Q,. In
order to avoid pathologies due to the loss of rigidity near the free boundary, one has
to prescribe boundary values in a suitable e-neighborhood of 92, for the discrete
displacements. We introduce the following notation.

Definition 2.3. (i) Fix a point zp € Q (independent of ). Then by . we
denote the connected component of (Ua(i)cﬂ Qs(:f)) containing zg.

(i) We write z € £L(Q2)° and call Q.(Z) an inner cell if Z € L. N Q.. If T €

OLL(N) := LL(Q) \ LL(Q)°, then Q(Z) is called a boundary cell. The set of

the corners of all boundary cells, respectively inner cells, is denoted 0L (),
respectively £.(€2)°.

Note that as ¢ — 0, €. does not depend on the particular choice of zy. For

sufficiently small e, €. is the connected component of (Ué(f)cﬂ Qs(a_:)) which

contains the bulk part of the inner cells. Also note that since €2 is a Lipschitz
domain, there exists a constant C' = C(2) such that sup{dist(z,Q.) : z € Q} < Ce.
For two points Z,7" € LL(9) we denote their lattice geodesic distance, i.e., the
length of the shortest polygonal path (Z = Zo, Z1,...,Z, = &) with z; € LL(Q) and
Tit1 — &; € {£v1,...,*va} connecting T and &' by dist,s (q)(Z,2’). (Also because
Q is a Lipschitz domain, dist,, (o) (z,2') < C|z — 2'[.)
By extension we may furthermore assume that g € W1 (R4 R9).

Definition 2.4. (i) A boundary cell @ = Q.(Z), T € ILL(Q), is called a Dirichlet
boundary cell (z € 9LL(?).) if there exists a cell Q' = Q(T'), T’ € ILL(Q)
such that Q' N 0, # () and distzr () (@, Q") < distz (9)(Q',Q2:). The set of
corners of these cells is denoted 9L (£2)..

(ii) Now suppose u : L£.(Q) — R is a lattice mapping. We say that u €
A-(g,004,Q), if u(x) = g(x) for every z € 0L(Q)..

Remark. This definition of A, guarantees that even under very weak assumptions
on the surface energy Wgurtace, the bulk part of the body ‘feels’ the boundary condi-
tion g. Under additional assumptions either on the geometry of Q (asking, e.g., 99
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to be C1) or on the rigidity properties of Wyurace (€.g., imposing suitable growth
conditions), the notion u € A. can be relaxed in the sense that only those boundary
cells that actually contain a piece of 0S), are defined to be Dirichlet boundary cells.

Finally we have to make precise in which sense discrete lattice mappings are
understood to converge to continuum deformations. To this end, for f € L2(R¢,R™)
define P.f € L? by

Pf(r) = ]{2 @ (5)

where Q. (z) is the lattice cell containing x. It is not hard to see that P.f — f
in L? as e — 0. Now if f € L?(2,R™), then we first extend f to a function in
L?(R? R™), again denoted f, and define P.f as before.

Definition 2.5. Let ¢, — 0 and suppose y;, : QN L., — R% y € L2(Q,R?). We
say that y; converges to y, i.e., yp — vy, if

el Y k(@) = Pyy())* — 0.
mEQﬁL‘,Ek

Note that this definition does not depend on the particular extension that has
been chosen for y. We also remark that our notion of convergence is equivalent to
asking that suitable interpolations (e.g., piecewise constant or piecewise affine on a
triangulation subordinate to the lattice) of 3 converge to y in L?(Q2, R?).

We will derive linear elasticity functionals by studying the functionals

Ia,é :Aa(gu 89*7 Q) - R7

w02 B (Id 4 0u) = 6% Y We(z,2(Z + 6Vu(z)))
TELL(Q)

for lattice displacements u : £.(Q2) — R?. The main results of this paper are the
following:

Theorem 2.6. Suppose Ween and Wirtace Satisfy Assumption 2.1 and e, 0k are
sequences converging to 0 as k — oco. In case Weenn and Wiyrtace are not compatible,

assume that also limy_, 5k5;2 =0. Set I, = I, 5, -
Compactness: If T, (ug) is equibounded for a sequence (uy) of lattice displacements,
then there exist modifications uj, € Ac, (9,0, Q) with uj, = up on L., (2)° U
0Lc, ()« such that for a subsequence (not relabeled) w) — w for some
u € H'(g,00,,Q). Moreover, the (piecewise constant) discrete gradients Vuj, con-
verge to Vu - Z weakly in L*(Q) and thus Vu, — Vu - Z in L3 (Q\ 00\ 0Q.).

loc

T'-convergence: The functionals I, I'-converge to the functional

1
I: Hl(g,aﬂ*,ﬂ) —R, uw~ m/QQCCH(e(U) 7).

(Here e(u) denotes the linear strain e(u) = ((Vu)™ + Vu).) Le.,

(i) T-liminf inequality: All sequences (ux), ug € Ac, (9,0, Q), converging to
some u € H*(g,00.,Q) satisfy the estimate

likm inf I (ug) > I(u).
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In fact, this is true under the weaker assumption

£ > |ug(z) = Peyu(z)* — 0.
w€L., (2)°UIL., ().

(ii) Ezistence of recovery sequences: For every u € H'(g,00., Q) there is a se-
quence (uy), ur € Az, (9,00, Q), such that ur, — u and

klim I (ug) = I(w).

By general arguments in the theory of I'-convergence and the fact that the mini-
mizer of the limiting problem is unique (by Korn’s inequality), one can now deduce
that, if wy is a minimizer of Iy, then w) — w (and so ‘wp — w away from the
free boundary’) and Vwy, — Vw - Z weakly in L2 (Q\ 0Q\ 0Q.), where w is the
minimizer of I. In fact, following the approach in [10] we can show that recovery
sequences converge even strongly:

Theorem 2.7. Suppose (uy) is a recovery sequence for u. Then Vuy — Vu - Z
strongly in L2, (Q\ 00\ 0Q.).

loc
We call (wg), wi, € Az, (g,00,Q), a sequence of almost minimizers if
klim (I (wg) — inf{Ix(v) : v € A., (9,00.,2)}) — 0
for £ — oco. The previous theorem immediately implies strong convergence of wy:

Corollary 2.8. If (wy) is a sequence of almost minimizers, then Vwy, — Vw - Z
strongly in L2 _(Q\ 0Q \ 0%.), where w is the unique minimizer of I.

loc

Remarks. (i) As our definition of convergence can be reformulated in terms
of the usual L2-convergence of suitable interpolations as remarked before,
we are indeed proving a I'-limit result in the usual set-up of convergence in
metric spaces (see, e.g., [1, 4] for general introductions to the theory of T'-
convergence).

In the next section we will associate carefully chosen modifications uj, (on
the free part of the boundary) and interpolations @y to lattice displacements
ug. Our proofs will in particular show that one has weak H'-compactness for
the interpolations: Ij(uy) < C implies @, — u in H' (up to subsequences).
For recovery sequences u; — u and sequences of almost minimizers (wy) we
will see that @ — u and @, — w strongly in H'.

(ii) By standard arguments in the theory of I'-convergence it is straightforward
to include loading terms of the form

Le(u)= Y le(z) - u(2),
xeQNLe

where [. — [ for some [ € L?(2) in the sense of Definition 2.5, e.g., l.(z) =
P.l(x).
(iii) In case 0, = Of) we can renormalize the energy by setting

Ef(y) = Eo(y) - Y. We(z,Y(2) = > Ween(Vy(7))-
TEILL(Q) TELL(Q\ILL(Q)

Then I, defined accordingly, will satisfy all the assertions in Theorems
2.6, 2.7 and Corollary 2.8 with limiting functional I, even if Wyyrface is not
admissible in the sense of Assumption 2.1.
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(iv) Note that indeed F +— 5zt—rQcen(F - Z) is the quadratic form of the energy
per unit volume of linear elasticity obtained from the atomistic model by
applying the Cauchy-Born rule. Here, the Cauchy-Born rule does not enter as
an assumption but rather is a consequence of our analysis: For a given linear
macroscopic deformation gradient F, the discrete gradient of a typical unit
cell is the discrete gradient F' - Z induced by F'.

3. Discrete deformations. In the following paragraphs we introduce the main
technical tools for passing from discrete lattice deformations to continuum objects
which are more amenable to the analytical limiting process in the proofs of Section
4. Recall Definitions 2.3 and 2.4. In the following we will call two cells Q and Q'
neighbors if @ N Q7 # (. The d x 2¢ matrix assumed by the discrete gradient Vy
on some cell @ will be denoted @y@.

3.1. Modification. To every lattice displacement u € A. (resp., deformation y =
Id 4+ du) we associate a modified displacement u’ (resp. deformation y’) in the
following way. On Dirichlet boundary cells and inner cells in the bulk nothing
changes, i.e.,

y'(z) = y(z) for € (L (2) N Q) UILA(Q);

in particular, u(z) = g(z) for x € 9L (). On the remaining boundary cells we
proceed as follows: Consider the 27 sublattices L ; with L ; = z;+ 2L and extend
successively in the following Steps 1.1+, 1.1-, 1.2+, 1.2-, ..., 1.d+, 1.d-, 2.1+, 2.1-,
2.24, ..., 2.d-, 3.1+, ..., where
Step i.j+ : For every cell Q = Q:(7) with ¥ € L ; such that there exists
acell Q' = Q:(T+ev,), i.e. sharing a (d— 1)-face with @, on the corners
of which y’ has been defined already, we extend y’ to all corners of @ by
choosing an extension ¢’ such that dist? (@y"Q, SO(d)) is minimal.

Since €2 is assumed to have a Lipschitz boundary, the number of iterations needed
to define ¥’ on all boundary cells is bounded independently of e.
If v/ is being extended to the corners of ) in some step as described above, let
Qg be the set of cells on every corner of which y’ has already been defined in a
[e]
previous step. Note that (UQ,GQQ Q’) is connected by Definition 2.4. Since () has

a Lipschitz boundary, we can choose a subset Bg of Qg containing all neighbors
o
of @ that lie in Qg in such a way that (UQ’GBQ Q’) is connected and such that

#Bg is bounded independently of @ and ¢ (see Figure 2).

The advantage of this particular modification scheme is that the rigidity of the
modified deformations on non-Dirichlet boundary cells is controlled by the behavior
in the bulk and on the Dirichlet boundary cells.

Lemma 3.1. Suppose y' is defined on a boundary cell Q = Q(T), T € OLL(N) \
OLL(Q) . as described above. Then there is a constant C' such that

Q'€Bqg

We defer the proof of this lemma, which is based on a discrete geometric rigidity
estimate, to the end of this section. As a consequence we note the following estimate.
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FIGURE 2. Bg (shaded) and Q.

Lemma 3.2. There exist constants ¢,C > 0 (independent of € and y) such that,
setting Ve := {x € Q : dist(z,9Q) > ce}, the estimate
> dist®(Vy/(z), SO(d)) < C Y dist*(Vy/ (2, 50(d)),
ZEOLL(Q)\OLL(Q)« TEB:
where Be = {T € LL(N)°UILL(N) : T ¢ V.}, is satisfied.

Proof. This follows directly from Lemma 3.1 by induction on the extension
steps. O

The versions of Lemma 3.1 and Lemma 3.2 for displacements u(z) = § ! (y(z)—x)
read as follows. (Also the proof of Lemma 3.3 will be given at the end of this section.)

Lemma 3.3. Suppose u is the extension on a non-Dirichlet boundary cell QQ =
Q-(Z) as described above. Then there is a constant C such that
|@u/|Q|2 S C Z |?u’|Q/|2.
Q'€Bg

Lemma 3.4. There exist constants ¢,C > 0 (independent of €, 6 and u) such that,
setting Ve := {x € Q : dist(z,9Q) > ce}, the estimate

> V' (@) < C ) V' (@)
ZEILL(Q)\OLL()« TEB:
where Be = {T € LL(N)°UILL(Q) : T ¢ V.}, is satisfied for all for u € A.(g, 0, Q).

Proof. This follows directly from Lemma 3.3 by induction on the extension
steps. O

3.2. Interpolation. In the sequel it will be convenient to choose a particular in-
terpolation ¢ for a lattice deformation y’. We first explain the procedure on a single
cell with e =1 and v’ = y. Let

VIR L a o g-al-L1]

First interpolate linearly on one-dimensional faces of @, i.e., on those segments
[zi, zj] with z; — z; parallel to one of the vectors v, spanning the lattice. Then
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define a triangulation and interpolation on all two-dimensional faces of @) in the
following way: If the face is

CO{Zi17 AR 7Zi4}7 Zig = Zil + ’U’ﬂu Zig = Zil + Un + Um7 Zi4 = Zil + ’Umu

then set ¢ = 1(z;, +...+2i,), y(¢) = T(y(zi,)+...+y(2,)) and interpolate linearly
on each of the triangles

co{zi;, 2i;,,,C},  J=1,2,3,4 (mod4).

In general, assuming that we have chosen a simplicial decomposition and corre-
sponding linear interpolation on all (n — 1)-dimensional faces, we decompose and

interpolate an n-dimensional face F' = co{zi,, ..., zi,. } as follows. Set
1 < 1 <
C=gmd e w0 =g7 0 ul=).
j=1 j=1
Now decompose F by the simplices co{ws,...,w,,(}, where co{ws,...,w,} is a

simplex that belongs to the decomposition of an (n — 1)-face already constructed.
On these simplices interpolate linearly.

For later reference we note that each simplex constructed in this interpolation
scheme contains at least one corner z; of Q). One of the advantages of choosing this
particular interpolation is that it is not hard to see that if g is the interpolation of
y on the unit cell @, then

f o e = 55 3 u(=) = 50) (6

(By induction, f, (z)dx = 5+ E?:l y(zi,) on each n-face F = co{z,,..., %y, } of
Q)

Now let u € A.(g,004, Q) and let «’ its modification constructed in Paragraph
3.1. We interpolate v’ on Usecr () Q< () such that @) € H'(g, 0, Q):

On Dirichlet boundary cells we set @(z) = g(x). If, on the other hand, Q.(x) is
neither a neighbor of a Dirichlet boundary cell nor a Dirichlet boundary cell itself,
we define 4(z) = 6~ (j(x) — x) on Q. () by interpolating as described above (with
Un, 2; replaced by ev,,, T + £z;, respectively).

Finally, if @ = Q:(7) is a cell having neighbors @’ that are Dirichlet bound-
ary cells, we also follow the interpolation scheme described above, but without
linearly interpolating on faces of () that are shared by some Q; IfF =1z+
£co{ziy, -y Zipgn } C Q) for some Qf, let a(z) = g(z) for x € F. If F ¢ Q) for
all Qf, then also ¢ = 7 + 5 E?; zi; ¢ U; @ In this case we define a(¢) =

2% fil (T + cz;;) as before and interpolate on the simplices co{ws, ..., wy,(}

linearly on each segment [(,w], w € co{ws,...,w,}, where co{ws,...,w,} is a
simplex that belongs to the decomposition of an (n — 1)-face already constructed.
The following lemma is an easy consequence of our interpolation procedure.

Lemma 3.5. Suppose v’ € A-(g,004,Q) is (the modification of) a lattice displace-
ment interpolated as described above. There exist constants c¢,C > 0 such that the
following conditions are satisfied.
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(i) If Q is not a Dirichlet boundary cell itself, nor the neighbor of any Dirichlet
boundary cell, then

c]vu’@f SJZQ |Val? < C Wu’@f.

(i) If Q is not a Dirichlet boundary cell, but Q) is neighboring a Dirichlet boundary
cell, then

|V o) = C g][ Vi < C |V )" + C.
Q
(ii) If Q is a Dirichlet boundary cell, then
1V ] ,]{Q V] < C.

Proof. These estimates can be seen along the same lines as the estimates in the
following lemma. We refer to the proof of Lemma 3.6. O

Lemma 3.6. Suppose u € A.(g, 00, Q) and y'(x) = x+0u'(x) are lattice mappings
modified and interpolated as described above. There exist constants ¢,C > 0 such
that the following conditions are satisfied.
(i) If Q is not a Dirichlet boundary cell itself, nor the neighbor of any Dirichlet
boundary cell, then

cdist*(Vy/ o, 50(d)) < ][ dist*(Vy, SO(d))
Q
< Cdist*(Vy/ . SO(d)).

(i) If Q is not a Dirichlet boundary cell, but Q) is neighboring a Dirichlet boundary
cell, then

cdist*(Vy/ |, SO(d)) — C6* < ][ dist*(V§, SO(d))
Q
< Cdist*(Vy/ |, SO(d)) + C6°.

(ii) If Q is a Dirichlet boundary cell, then

]ZQ dist*(V§, SO(d)) < C6*  and  dist*(Vy/ |, SO(d)) < C6°.

Proof. (i) The first inequality is straightforward: Note that, since § is linear on
simplices whose volume is comparable to |Q|, we have || dist®(Vg, SO(d))|| = (q) <
Cf, dist*(Vg, SO(d)).

For the proof of the second inequality assume without loss of generality ¢ = 1,
Q = A[-3,4]%. Let R € SO(d) such that dist(Vy',SO(d)) = |Vy — R|. By
induction we prove that on each n-dimensional simplex S = co{wy, ..., w,,(} of Q
constructed in the interpolation procedure we have

(Vg — R)Ps| < C|Vy' — R|,

where Ps is the projection onto the space span{ws — w1, ..., w, — w1, — wy }:

Note first that by the remark above equation (6), we may without loss of gen-
erality assume that w; = z; for some i. Let e be a unit vector in Pg(R?). If
e € span{ws — w1, ..., w, — w1}, then

(Vi — R)e| < C|Vy' — R
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by assumption. Now if e = %, then
ly(¢) — ' (z) — R(C — z)]
¢ — 2l
< Csuply'(z) — Rzj — (y' (1) — Rzi)| < C|Vy' — R,
J

(Vg — R)e| =

and the induction step is proved. The claim now follows by letting n = d.

(ii) Suppose y* is the function obtained by interpolating 3’ in @ as for cells
described in (i). Since g € W, it follows that ||[Vy* — Vj||p~(g) < Cd. The
estimates now follow from (i).

(iii) This is clear since y'(z) = z + dg(x) on Q. O

3.3. Discrete geometric rigidity. An important ingredient for the derivation of
linear elasticity from nonlinear energy functionals is a quantitative rigidity estimate
for deformations near SO(d) as given in [6], see [5]. The discrete version of this
result proved in [9, Theorem 3.3] states that lattice deformations

y: LNU — RY,

where U is a union of closed lattice cells such that U° is connected, satisfy the
following rigidity estimate (in unrescaled variables): For each y there exists R €
SO(d) such that

> IVy@ -RP<C DY dist*(Vy(2),S0(d), (7)
zeL'nU zeL'nU
R=R-Z.
For later use we record here that Assumption 2.1 implies the following estimate.
Lemma 3.7. There is a constant C' such that for all F € Rx2*
dist*(F, SO(d)) < CWeen(F).
Proof. This is essentially contained in Lemma 3.2 of [9]. The arguments detailed

there s_how that this estimate is a consequence of the growth assumptions on Weep
near SO(d) and oo imposed in Assumption 2.1. O

Proof of Lemma 3.1. By rescaling we may assume that ¢ = 1.
Let n > 0 and suppose

Z dist®(Vy/',qr, SO(d)) < .
Q'EBg
By the discrete geometric rigidity result (7) there is a rotation R € SO(d) such that
> VY — BRI’ <Cn.
QIEBQ

But then y’, restricted to L. N Bg, has an extension y” to the corners of Q with
Vy" o — R|? < Cn. The claim now follows by construction of y/'. O
Proof of Lemma 3.5. Let y'(z) = x + 6u/(x) and suppose  qcp, V' || <
nd~2. Applying Lemma 3.1 and (7), we find a rotation R such that

VYo - RIP+ D VY| — RI* < Cn (8)

Q'€Bq
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holds. But by assumption we also have
Yo IV = 2P = )] SVl <O,
Q'EBg Q'€Bg
whence |R — Id|? < C7. The claim now follows from (8). O
As a by-product we also mention the following discrete geometric rigidity result,

which generalizes Theorem 3.3 in [9] in the sense that the constant C' only depends
on the domain €.

Theorem 3.8. There exists a constant C > 0, independent of €, such that for all
lattice deformations y : L.(Q) — R? there exists a rotation R € SO(d) such that

Z |Vy(z) - R*<C Z dist*(Vy(z), SO(d)).
zELL(Q) zeLL(Q)

Proof. Apply the modification scheme of Paragraph 3.1 with 9Q. = 0 and the
interpolation procedure of Paragraph 3.2 to define 3’ and §. By Lemmas 3.1 and
3.6 we then have

/ dist*(Vij(z), SO(d)) dz < C Z dist?*(Vy(z), SO(d)).

Q zELL(Q)°
The continuum geometric rigidity result in [6] now provides a rotation R € SO(d)
such that

|Vi(x) — B> de < 0/ dist*(Vij(z), SO(d)) dz
Q Q
for a constant C' = C'(2) and from Lemma 3.5 we thus obtain
S W@ -RE<C Y dist(Vy(), SO().
TELL(Q)° zeL ()

To extend this estimate to L£.(€2), cover the boundary cells by sets D; such
that D; = Uzcprqp, @e(Z), is connected for all 7, sup; diam D; < Ce and each D;
contains at least one inner cell Q;. The number of possible shapes of the D; is
bounded independently of €, so by applying the rigidity estimate (7) on each of
these sets, we obtain rotations R; such that

S @ -RP<C Y dis*(Vy(@). 50(d).
zeL.ND; zeL.ND;
Since in particular
S IR = RP <23 (IVyjq, - B + [Vyjq, - RP)
<C D dist’(Vy(x), S0(d)),
ZELL(Q)

the claim now follows. O
4. Proofs. The proofs of Theorems 2.6 and 2.7 are split into the following three

subsections. Throughout this section we will suppose that the assumptions of The-
orems 2.6 and 2.7 are satisfied.
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4.1. Compactness. We first prove the compactness statement in Theorem 2.6.
Let

(o) (o)

Q;c = U @ak @) | ;c/ = U @ak (@)
zeLL, () TELL, (Q)°UILL, (D).
Lemma 4.1. Let (ug) be a sequence in A., (g,00x,Q).

(i) If the sequence (Ix(ux)) of energies is bounded, then the sequences
(el mr@y))s (IVuglley)) and ([[VukllL2p)) are bounded, too.

(i) If the sequence (XQ;JS,;Q dist*>(Z + 6, Vu, SO(d))) or, equivalently, the se-
quence (Xqy 6, 2 dist®(Id + 05 Viiy, SO(d))) is equiintegrable on R?, then both
(mdvuﬂz) and (XQ;€|Vﬂk|2) are equiintegrable, too.

Proof. (1) If I (uy) < C, then by Lemmas 3.6, 3.2 and 3.7 we also have

/ dist?(Id + 6, Viig, SO(d)) < O/ dist*(Z + 6, Vul, SO(d)) + C6?
Q, Q)
<Cef Y Wea(Z + 6 Vur(z)) + C8} < C63.

TeLL, ()°

(We follow the convention of denoting possibly different constants with the same
letter.) Applying the continuum results of [5], in particular Proposition 3.4 and
Poincaré’s inequality, we find that the iy, are equibounded in H'(g,99.,). By
the construction of uj, and by Lemmas 3.5 and 3.4 we then find that

||vuk|\%2(szg) < C|WUZH%2(Q;C) < C||Vﬂk||%2(sz;;) <C.

(ii) First note that Lemma 3.6 implies that (xq; 6,2 dist*(Id + 6, Vi, SO(d)))
is equiintegrable if and only if (xa; 5, 2 dist*(Z + 05 Vu,, SO(d))) is equiintegrable.
This follows from the fact that there is a constant ¢ > 0 such that 5;2 dist*(Z +
61V, SO(d)) > M on a cell Q can only hold if &, % dist® (Id+&;, Vg, SO(d)) > cM
on one of the d-simplices on which wj is interpolated linearly and, vice versa, if
6, 2 dist?(Id + 0, Viig, SO(d)) > M, then 6, 2 dist*(Z + 6, Vu, SO(d)) > c¢M on
@. An analogous argument shows that (xq; |Viig)?) is equiintegrable if and only if
(xay [Vug|?) is equiintegrable.

As a consequence we can refer to the continuum case investigated in Lemma 4.2
in [10], from which it follows that if (8, 2 dist® (Id+4;, Vi, SO(d))) is equiintegrable,
then so is (xq|Vik|?). The claim now follows from Lemmas 3.5 and 3.4. O

Suppose (uy) is a sequence in A, (g, 98, Q) such that (I (ug)) is bounded. By
Lemma 4.1 we immediately deduce that for a suitable subsequence (not relabeled)
G, — uin H! for some u € H'(g, 904, Q). Passing to a further subsequence we also

see from Lemma 4.1 that there exists f € L?(£2,R9) such that Xe, Vuj, — xaf in
L?, and so Xy Vup — xaf in L2. Noting that any compact subset of Q\ (9Q \ 0.)
is eventually contained in 2}/, we see that Vug — f in L2 (Q\ (9Q \ 00.)).

To finish the first part of the proof of Theorem 2.6, it remains to show that
J=Vu-Z. LetV CC Q. Fori € {1,...,2} denote by O;ur and f; the i-th
columns of Vuy and f, respectively. Note that

Oiug(z) = fi, Orup(x +ep(zi —21)) = f1 in L*(V).
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For x € V' compute
Oiug(z) = e ! (U (T + exzi) — 1k (T))
=& (ap(® +ex(zi — 21) + enz1) — (T + ex(zi — 21)))
+e; ! (a(Z + er(z — 21)) — (7))

= 511%(50 +ek(zi — 21))

rer L e ) e ) de

®.e
= Oup(r +ep(z — 21))
+ e (Peptin(z + eg(zi — 21)) — Pepiin())
by construction (see (6) and (5)). Now observe that for a test function ¢ €
C(V,RY)
et /v (P. uk(z +ex(z; — 21)) — Pep g () () de

[ Pl a) v,

€k

for ¢ sufficiently small. Since @y — u in L? and ||P., || < 1 by Jensen’s inequality,
the first term P., @ in the integral converges strongly to w. The second term
converges to —V1 - (z; — z1) uniformly. Summarizing, we have shown that

/ (i — f) (@)la) di = / w(@)V(@) - (2 — 21) de
:

v
and hence, since V' was arbitrary,

Ji—fi=Vu- (2 —2).

The claim now follows from

24 24 2

E fi= lim E Qiup, =0 = g Vu- z.
‘ k—o00 4 ‘

i=1 =1 1=1

4.2. The Gamma-liminf inequality.
Let ¢ EwEﬁsk(Q)anﬁsk(Q)* lug(z) — P-,u(z)]?> — 0 and assume without loss of

generality It (ux) < C, so that by the compactness properties proved in the previous
paragraph we may assume that uj, — u, Vuj, — Vu - Z.
Using Lemma 3.7 and Lemma 3.2 (set Vj, = V., ) we can compute

I, (ug) = 05 %ed Z We, (Z,ex(Z + 6k Vur()))
TELL (Q)

> 6, 2l Z Ween(Z + 0, Vuy(z))

mEL’ neY’

> ch dx
_MAAWH<Mwm»

+ i, 2 o dist?*(Z + 6, Vul(z), SO(d)) da
% \WVk
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for some ¢ > 0. By Assumption 2.1 we can write Ween(Z + F) = %QCCH(F) +w(F)

with sup{TIEf‘? D|F] < p}— 0as p— 0. Let (n;) be a sequence of positive numbers

and set xx(z) := X[o,n)(|Vur(x)]). Using Lemma 3.7 once more, we find

52
det A Vi

P (Uk) > X;C(CL')WCQH(Z + 5k?uk(:v)) dx

+ 05,;2 /Q, (1 —xr(2)) dist2(Z + 0, Vuj (), SO(d)) dx

QditA /V Xk () (chll(vuk(l')) + (5,;201(5;@@1%(,@))) dx

+e6. 2 [ (1= xx(2) dist>(Z + 6, Vul,(z), SO(d)) dx,
Q
where the second term inside the first integral can be bounded by
— w(ék@uk)
Vuy|? e
Xk| Vg 5rVun?

Now if 7 is such that n — oo and nxd, — 0, then, since xq; |V}, | is bounded in
w(8,Vuy)

2
L? and XQ;CX/C ‘5k@uk|2

converges to zero uniformly as k — oo, we deduce that

. .. 1 _
hkrr_l}géf I (ug) > hkm inf Saot A /Q Qcent (Xvi, (@) x5 (2)Vug(z)) do

— 00

+ clikm inf &, 2 / (1 — xx(z)) dist*(Z + 6, Vu(z), SO(d)) dz.

Now observe that xv, xr converges to 1 boundedly in measure, so
xvixkVur = Vu-Z in L*(Q).

By lower semicontinuity we obtain

likm inf I (ug) > Qcenn(Vu - Z) dx

2 det A Q
+climinf 6,2 [ (1 — xx(2))dist*(Z + 6, Vul(x), SO(d)) dz. (9)

k

Since the latter term is non-negative and F' +— Qcen(F'-Z) vanishes on antisymmetric
matrices (see (4)), the lower bound in Theorem 2.6 is proved. O

The benefit of proving a sharper estimate in (9) than needed to obtain the T'-
liminf inequality is seen in the proof of the following observation.

Lemma 4.2. For a recovery sequence (uy,) the terms xq; 8, 2 dist®(Z+6, Vul, SO(d))
are equiintegrable.

Proof. Suppose this were not the case. Then there exists v > 0 such that for each
m € N we find k = k(m) € N such that

/ 6, 2 dist*(Z + 6, Vuy, SO(d)) > 7.
{IVuj, |>m}yngy;,

Without loss of generality we may choose k(m) such that k(1) < k(2) < ... and
MOy(m) < m~1. Now choose 7, as the inverse of m — k(m) wherever it is defined,
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Le., such that 7y(,) = m, and note that &pm)Me(m) = MOy < m™' = nkf(in).
Then for the subsequence (uj,(,,) we have

52 diSt2(Z + 5k(m)?u§€(

k(m) SO(d)) > .

m)’

/{|VUL(M)|>%(m)}ﬁQ;(m)
Taking the lim inf of this expression we find by using (9) that

liminf Iy (ug) > I(u) + .
k—o0
This contradicts the fact that (u) is a recovery sequence for u. O

Lemma 4.3. If (ux) is a recovery sequence, then (xq; |Viig|?) and (xa, |V, |?) are
equiintegrable.

Proof. Immediate from Lemma 4.1(ii) and Lemma 4.2. O

4.3. Recovery sequences. By density it suffices to provide recovery sequences
for u € Wh(Q,R%) with v = g on d9Q.. Extending v we may assume that u €
Whee (R4 R?). Recall the definition of P. from (5) and define lattice displacements
ug € Az, (9,084, Q) by

)P u(z), forxe L \ 0L, (),
ur(@) = {g(x), for z € DL, (), (10)

(and interpolate to obtain iy, : ) — RY as before).

Lemma 4.4. Let (uy) be the sequence of functions defined in (10). Then up — u
in the sense of Definition 2.5, xo Vur — xoVu - Z strongly in L? and 1y — u
strongly in H*(Q).

Proof. Note first that || Vuy| = is bounded. This is easily seen on lattice cells not
neighboring a Dirichlet boundary cell and on Dirichlet boundary cells it follows
from Vg € L™®. If Q = Q., () and Q' = Q., (') are cells with Q N Q" # () and
' € L., ()., then by the remark below Definition 2.3 and by Definition 2.4(i)
there exists a € R? with |a| bounded independently of Z, ' and e such that
T’ +epa € 0. For all pairs of corners (Z + €52, T + €x2;) of @ we have

|uk(Z + erzi) — uk(T + exz))|

< Juk(Z + exzi) — w(@ + exa)| + Juk(z + exz;) — u(@ + exa)l.

Since u(z'+era) = g(¥'+exa), the estimate now also follows on Q from u, g € W,
Since up = P.,u on all inner cells and ||Vug|| L= is bounded, we have

ed Z lug(z) — Ppu(z)| < Cep, — 0
TELe, N

as k — oo, i.e, uy — u.

Let Uy, = P-, Vu(- + (%,...,%)). In order to see that Vuy — Vu - Z in L?, it
suffices to show that Vuy — Uy, - Z — 0, because Uy, - Z — Vu - Z in L?. Choose
¢ > 0 such that Vj, := {x € Q : dist(z, 9Q) > cey } satisfies 0L, () NV} # 0. Since
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Vuy, and Uy, are constant on lattice cells, we have
5 a 2
[Oiur — Orur — Uk - (2 — 21) 220y

SOEZ Z |(§iuk(§:)—(§1uk(a—:)—Uk(§:)-(zi—21)|2—|—05k

ZELL, NV
el ][ <u(5c+akzz-+§) —u(T +erz1 +§)
ZELL, NV Al0,er) €k
2
—Vu(@z+E) - (2 — zl)) dg| + Cey,
<o u(§+£k2i)€—u(§+sk21) —Vu(€) - (2 — 21) ’ ¢ + Cey
Q k

by Jensen’s inequality. This is easily seen to tend to 0 as e, — 0 (see, e.g., Lemma
d — d _

A2 in [9]). Since 327, yuy, = 0 for all k and Y7, 2 = 0, it follows that Vauy, —

Vu - Z. (It is not hard to see that this also implies that Vi, — Vu, see, e.g.,

Lemma A.1 in [9].) O

We finish the proof of Theorem 2.6 by showing that uj as defined above is a re-
covery sequence for . By Lemma 4.4 it remains to prove that limsup,,_, . Ix(ug) <
I(u).

The terms Wyurtace (Ze, (), Z+6, Vur(Z)) on boundary cells are uniformly bounded.
If Wiurtace and Weepp are compatible, they are even bounded by 05,% for some C' > 0.
It follows that

1

det A

where the error term can be improved to Cey for Wgyrtace and Ween compatible.
Since F — (5;2WC61](Z + 0;F) converges uniformly on compacta to %chn and
the error terms Cd, 2y, (resp. Cey,) converge to zero, we obtain from Lemma 4.4

I (ug) <

/ 8 *Ween(Z + 6, Vug () da + C6, ey,
0

lim sup Iy, (ug,) Qcen(Vu(z) - Z) du.

< —_
k— 00 -2 det A Q
O

Proof of Theorem 2.7. Let (uy) be a recovery sequence for u. Strong convergence

Vuj, — Vu - Z follows from a convexity argument and equiintegrability of the

discrete gradients of recovery sequences proved in Lemma 4.3 (also compare [10]).
For Vj, as in the proof of Lemma 4.4 we have

1

det A Jy, nf|9up <}

1 1
- — —Qcenn(Viy - Z)
det A J(vin{|Sun|>Mpu@\vi) 2

for all M > 0. Sending first & and then M to oo, since F — 5,;2WCCH(Z + 6 F)
converges uniformly on compacta to %chn, we obtain

- _ - 1 _
I (ug) — I(ag) > (5k Ween(Z + 65 Vuy,) — §chll(vuk : Z))

I(u) — limsup I(ay) > likminf I (ug) — I(ag) >0 (11)

k—o00
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by Lemma 4.4 and equiintegrability of (|[Vag|?). But Qeen grows quadratically on
the subspace perpendicular to infinitesimal rotations and translations. In particular,

FT 4+ F|?

1
- wcee F-Z Z
5 Qeen ) C‘ 5

and so

/w ) efu)?

/chn Vi - Z) = 2Qcen(Vug - Z,Vu - Z) + Qcen(Vu - Z).

- 2 det A
By Lemma 4.1 Vi converges weakly to Vu, so (11) implies

1imsupc/ le(iig) — e(u)|* = 0.
k—oo Q

The strong convergence of Vi, to Vu in L2(£2) now follows from Korn’s inequality.
By Lemma 4.3 we now deduce that in fact xq;, Vg and xqo; Vuy converge to xoVu
and xyoVu-Z strongly in L?(R?), respectively. Using again that any compact subset
of Q\ (002 \ 99.) is eventually contained in Q) and Vu), = Vuy on Q, we conclude
the proof. O

Proof of Corollary 2.8. Just note that I has a unique minimizer w by strict con-
vexity of Qeen on symmetric matrices and Korn’s inequality. So if (wy,) is a sequence
of almost minimizers of Iy, then (wy) is a recovery sequence for w. The claim thus
follows from Theorem 2.7. |

5. Examples. In this section we give some examples of atomic interactions to
which the results of the previous sections apply. Motivated by the investigations in
[8, 2, 9] we examine mass spring models: lattices of atoms whose energy is given
by springs between nearest and next nearest neighbors. We also provide explicit
formulas for the (partly well-known) limiting functionals, which can be derived by
elementary calculations.

5.1. The triangular lattice in 2D. The nearest neighbor interaction

2
E.(y) = % Z % (|y($1);y($2)| _ 1> :

z1,20E€LNQ
|21 —wa|=¢

on the triangular lattice £ = AZ? = 0 VB

are locally orientation preserving, i.e., whose affine interpolation has nonnegative

determinant on each triangle of the induced triangulation, has been analyzed by

Braides, Solci and Vitali in [2]. We include it here for the sake of completeness.
Denoting the i-th column of F' € R?*4 by F; and choosing the numbering of z;

suchthatZ_%A<:i 11 -1

1 1
N ) 7?2 in 2D for deformations that

»

111 >, the associated cell energy is given by
K 2 2
Wean(F) = 7 ((I1F2 = B[ = 1)? + (B = 2| = 1)

+ (1= By = 1%+ (IR = Fal = )2 + 2(Fy — F| — 1)?)
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on orientation preserving discrete gradients. Wiurace (compatible with Ween) is
defined appropriately. This is an admissible cell energy, and we have thus re-derived
the limiting functional

I(u) = ﬁ /Q Qcenle(u) - Z) = g /Q 2le(u)* + (trace e(u))?
from [2].

5.2. A mass spring model in 2D. The following energy functional has been
introduced and studied by Friesecke and Theil in [8]. Let £ = Z?. For a deformation
y: LN — R? let

2
Bw-S ¥ (el )

g
z1,20€LNQ
|21 —wg|=e

2 1) — ylx 2 _

g
z1,29€L N TeLL ()
| —wo|=v2e

with x = 0 on orientation preserving cell deformations and = co otherwise. (We
will only need that ¥ is zero in a neighborhood of SO(2) and positive (> ¢ > 0) on
0(2)\ SO(2).

Denoting the i-th column F - z; of ' € R?*? by F}, the associated cell energy is
given by

1 K
Ween(F) = 1 Z 7(|Fz‘ — Fj| —a)?

|zi—2;|=1

1 K

+5 2 SR - Fl-w)+x(F),
lzi—z;|=v2

the surface energy expressions are defied appropriately.

We choose units such that Kja; + v2Ksas = Ky + 2K, i.e., such that Z is
a stationary point of Ween (with g := Ween(Z) = Ki(1 — a1)? + K2(v2 — a2)?).
In [8] it is shown that indeed for a parameter region (open with respect to the
constraint Kya1 + v2Kaas = K1 + 2Ks5) Wean grows quadratically on the subspace
perpendicular to infinitesimal translations and rotations. Now note that Theorems
2.6 and 2.7 apply to the energy functional E¥ that arises from E. by replacing Ween
with Weenn — p. The limiting linear energy functional is given by

1
I(u) = 5 [ Qcen(e(u)-2),
2 Ja
where the quadratic form R2%X2 5 F + Qcen(F - Z) is given by

sy

azs Ko

F i Kya,|F|* + (trace F)? + 2(V2a2 Ko — a1 K1) f2.

Remarks. (i) Note that for a; # 1, az # /2 the bulk and surface contribu-
tions are not compatible and g > 0. Our result can be interpreted as a
I'-development of the functionals u — E., (Id + d,u): Subtracting the zeroth
order constant I'-limit ||, the above calculated I'-limit is just the I-limit of

w6 % (Eey (Id + 0pu) — p|Q) = 6, 2B (Id + 0pu) + Ceyd;, .

(See, e.g., [1] for the notion of development by I'-convergence.)
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(ii) If a; = 1, ag = V2, we have p = 0. In this case Weey and Wiyrface are
compatible.

5.3. A mass spring model in 3D. The following energy functional has been
investigated in [9] for a; = 1, ag = v/2. Let £ = Z3. For a deformation y : £. N —
R3 let

3 Xry) — i) 2
pw-S Y (Me)ose) )

z1,20€LNQ €

lzy—xa]=e

3 1) — Yl\r2 g = _
L2y Dol ) s @

3
z1,w0€LNN TELL(Q)

|xy—zo|=V2e

The non-negative term y is assumed to be non-zero only for deformations which
are not locally orientation preserving, in particular it is zero in a neighborhood of
SO(3) and positive (> ¢ > 0) on O(3) \ SO(3).

The associated cell energy on R3*® is given by

1 K
Ween(F) = 3 Z 7(|Fz‘ — Fj| —a1)?
|zi—2;j|=1
1 K
+1 2 SR - Fl-w)?+x(F),

lzi—z;|=v2

the surface energy is chosen appropriately.

In [9] it is shown that for a; = 1, ag = /2, Ween is an admissible cell energy in
the sense of Assumption 2.1 for all K, Ko > 0. Noting that for a; # 1, as # V2
the cell energy can be written as a sum of 2D cell energies over the cube’s faces as
in the previous example, a necessary condition that W e be equilibrated on Z is
that %al + \/5% 2 = % + 2%, i.e., K1a1 + 2\/§KQCL2 = K1 + 4K2

For given K7, Ko, a perturbation argument — using that the in-plane displace-
ments on every face are minimized precisely on the unit square by our previous
example — shows that (up to a constant) Wee still is an admissible energy function
for small deviations from the perfectly equilibrated system if Kja; + 2v/2Ksas =
K1 +4K5. So again our results of the previous sections apply (after subtracting the
zeroth order term p|Q, p = Ki(1 —a1)? + 3K2(vV2 — a2)?).

The quadratic form R2X3 5 F +— Qcen(F - Z) is given by

Sym

3a2 2 agKg 2
F Ki+(4—— | Ky ) |F|*+ trace I
= (e (1= 22 ) ) 19+ 2222 e

+ (\/§CL2K2 - 2Q1K1) (f122 + f123 + f223) :
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the nearest and next-nearest neighbor pair interaction functional

3 Xry) — i) ?
PIPEES %(m ) - >|_\/7§>

x],x0€EL NN

V3e
2

|z —x2|=

e’ K> (ly(z1) — y(a2)| ’
S f(#_1>

9
x1,x0€EL NN

|y —ma|=e

(with orientation preserving condition) cannot be decomposed in the form (2) as a
sum of suitable cell energies over the lattice unit cells.

However, since the individual interactions are equilibrated in the reference con-
figuration, we can still apply our results to derive the limiting linear theory: As-
sume that boundary conditions are prescribed for every boundary atom 0K, (2) and
OMc(Q) of QN ek and of Q NeM, respectively. For F' € R3*® ¢ € R?, let

1 K V3 ’
T 1
W -3 ¥ 5 (1n-a- )

1<i<8

1 Ky
t3 2 5 (E-F| -1+ x(F),

x as before. Then Ween(F) := min,cps WCCH(Fl —¢,...,Fg — ¢) is an admissible
cell energy function and — up to boundary terms —

E(y)> Y. Wen(Vir(@)+ > Wen(Vya(2)), (12)

FE(Z7)L(9) 2E(Z9)(9)

where y1, y2 denote the restrictions of y to the sets KL(2) and ML(Q), respectively
(cf. Definition 2.3). A simple convexity argument shows that, in the limit Vy ~
Vi - Z, we obtain Ween(Vy) = chu(@y,O) and the lower bound (12) becomes
sharp.

As a consequence, the result of the preceding sections also apply here, and we
obtain the limiting functional

1
1) = 5/ 2Qeen(el)-2) = | Qualetw)-2)
with
Qeen(F - Z) = K3|F|? + Ky (trace F)? + (4K1 — 2K5)(f12 + fi3 + f23)°

for F' € R3*3 symmetric.
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