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ABSTRACT. In this article we analyse the eigenfrequencies of a hyperbolic sys-
tem which corresponds to a chain of Euler-Bernoulli beams. More precisely we
show that the distance between two consecutive large eigenvalues of the spa-
tial operator involved in this evolution problem is superior to a minimal fixed
value. This property called spectral gap holds as soon as the roots of a function
denoted by foo (and giving the asymptotic behaviour of the eigenvalues) are all
simple. For a chain of N different beams, this assumption on the multiplicity
of the roots of fo is proved to be satisfied. A direct consequence of this result
is that we obtain the exact controllability of an associated boundary control-
lability problem. It is well-known that the spectral gap is a important key
point in order to get the exact controllabilty of these one-dimensional problem
and we think that the new method developed in this paper could be applied
in other related problems.

1. Introduction. In the last few years various physical models of multi-link flex-
ible structures consisting of finitely many interconnected flexible elements such as
strings, beams, plates, shells have been mathematically studied. See [6], [7], [12],
[19], [21] for instance. The spectral analysis of such structures has some applica-
tions to control or stabilization problems ([19] and [20]). For interconnected strings
(corresponding to a second-order operator on each string), a lot of results have
been obtained: the asymptotic behaviour of the eigenvalues ([1], [2], [5], [27]), the
relationship between the eigenvalues and algebraic theory (cf. [3], [4], [19], [26]),
qualitative properties of solutions (see [5] and [29]) and finally studies of the Green
function (cf. [17], [30], [31]).

For interconnected beams (corresponding to a fourth-order operator on each
beam), some results on the asymptotic behaviour of the eigenvalues and on the
relationship between the eigenvalues and algebraic theory were obtained in [14],
[15] and [16] with different kinds of connections using the method developed in [3]
to get the characteristic equation associated to the eigenvalues.

The same method was used in ([24]) to compute the spectrum for a hybrid system
of N flexible beams connected by n vibrating point masses. This type of structure
was studied by Castro and Zuazua in many papers (see [8], [9], [10], [11], [13]) and
Hansen and Zuazua([18]). They have restricted themselves to the case of two beams
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applying their results on the spectral theory to controllability. In a recent paper [25],
the author investigated with V. Régnier the same problem as in [11] but for serially
connected beams: for a chain of N interconnected beams with interior point masses
the asymptotic behaviour of the spectrum was analysed in order to get the exact
controllability. The controllability was proven for N = 2 beams with unspecified
material coefficients. For NV > 3, the more complicated asymptotic analysis could be
studied in some particular cases; but for any value of N the problem had remained
open.

The aim of this work is to develop a new method which allows the asymptotic
analysis of the spectrum for a problem of N serially interconnected beams. The
main idea is to get the spectral gap; indeed for that kind of control problem, via
the Hilbert Uniqueness Method (HUM, see [22],[23]), we have to prove an observ-
ability inequality and then, if the solution is expressed in terms of Fourier series,
Ingham’s inequalities lead to the controllability only if the eigenelements satisfy
some conditions. The most important of these conditions is the so-called spectral
gap. Unfortunately, even for simple models the spectral gap is not easy to get.
In this work, we prove the spectral gap for a problem of N serially interconnected
beams.

Let us emphasize on the fact that we think that this method can be used for the
study of other serially connected beams (i.e with other transmission and boundary
conditions or with interior point masses such as treated in [11] or [25]). The different
steps are the same ones; only calculations would be different.

The schedule of the paper is the following one:

In Section 2 we state some notation concerning our 1-d network and introduce the
spatial operator, namely a fourth order operator on each edge with some trans-
mission conditions at interior nodes and clamped boundary conditions at exterior
nodes.

In Section 3 we study the spectrum.

In Subsection 3.1 we explicitly compute the characteristic equation whose roots
are the eigenvalues associated to our problem.

In Subsection 3.2 we give a useful boundary property that we will use in Section
6.

In Section 4 we study the asymptotic behaviour of the spectrum:

In Subsection 4.1, we give a simple example which shows the difficulty in calculat-
ing and analyzing the spectrum for great eigenfrequencies. This example provides
also a motivation to introduce the exterior matrix. In Subsection 4.2 we present
the exterior matrix method (see [28]) which will permit us to compute the function
(denoted by foo) whose roots are the approximations of the great eigenvalues.

Finally, in Section 5 we prove the spectral gap which is the most important
condition that we need in order to prove the exact controllability.

In section 6, we use our work to solve a problem control linked with our eigen-
values problem.

Remark: Several times in this work, calculations were made with the assistance of
a formal computation software (Mathematica). The specific commands used to get
the result are given in an appendix at the end of the paper.
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2. Data and framework.

2.1. Domain and notations. The domain that we consider is a network of N
(N € IN —{0,1}) serially connected beams which can be modelled by a graph
N

G = U k;. Each branch k; having an origin and an end such that the end of the
j=1

branch k;, (1 < j < N —1) is connected to the beginning of the branch k;;,. By the
intermediary of a parameterization we will identify each branch k; with the interval
[0,1,], O represents the beginning of k; and I; the end. For each branch k;, we fix
mechanical constants m; > 0 (the mass density of the beam k;) and a; = E;I; >0
(the flexural rigidity of k;). The vibration of the branch k; is modelled by the
function u,;(t,x),t > 0,z € [0,1;],7 = 1,..., N. The total vibration of the structure
is the vectorial function u = (u;);j=1,... N-

Notation for derivative. In this paper, for a fonction u = u(t, z) we make the
choice to denote by uy (uy, ..., ) the first (second,...) time derivative and u™®) (u(?), ...)
the first (second,...) spatial derivative.

2.2. Operator and spectral problem. The Euler-Bernouilli beams connected
problem that we consider is associated to the following operator A on the Hilbert

N
space H = H L*((0,1;)), endowed with the inner product
j=1

I
0

N
(u,v)g = ij/ uj(z)v;(z)dz.

DA)={uveH:u;e vazl H*((0,1;)) satisfying (2) to (6) hereafter}

Vu € D(A) : Au = <%u§4>)y:1 (1)
wi(l;) = uj41(0), j=1,...,N — 1. (2)

uP ) =ul(0), i =1, N~ 1. (3)

ajul? (1)) = a;ul? (0), j = 1, N — 1. (4)

aul? (1) = ajul(0), j=1,.., N~ 1. (5)

w1 (0) = u{”(0) = un (in) = uly (i) = 0. (6)

Notice that conditions (2) to (5) represent the transmission conditions while condi-
tions (6) correspond to the boundary conditions.

Remark that A is a nonnegative selfadjoint operator with a compact resolvant
([16], Th 2.1). Indeed A is the Friedrichs extension of the triple (H,V,a) defined
by

N
V = {ue [[ H*((0,1;)) satisfying (2), (3), (6)},

j=1
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which is a Hilbert space with the inner product
N
(w,0)v =Y (uj,v5) (2 ((0,0,))
j=1

where (.,.)(m2((0,,)) 18 the usual H?-inner product on (0,/;) and

N l;
a(u,v) = Z aj/ u§2)(x)v§2) (x)dx.
j=1 70

For our next purpose let us denote o(A) = (A?),c > A > 0 the monotone increas-
ing sequence of eigenvalues of A and recall the classical result . lim Ay = +o0. The
— 400

eigenvalue problem associated to the operator A can be written as: A2 € o(A) (\p >
0) is an eigenvalue of A with associated eigenvector Uy, = (uf,u5, ..., uk;) € D(A) if
and only if Uy, satisfies the transmission and boundary conditions (2)-(6) and

m (7)

{ S (b)) (@) = Nub(@) on (0,1;), Vi€ {1,..,N}
u?JG H((0,15)), vje{l,...,N}

3. Spectral properties.

3.1. The characteristic equation. First, let us introduce some useful notations.

Notations.

Let U = (uy,...,un) be a non-trivial solution of the eigenvalue problem (7) (given
in subsection 2.2) and A? (A > 0) be the corresponding eigenvalue.

For each j € {1, ..., N}, the vector function Vj is defined by

1 2 3

Vi) = (u(2), 0" (@), aju? (@), aju® ()", v € [0,15]

Keeping the notation a; and [; introduced in Subsection 2.1, the matrix A; is

A; = A(gj, bj, m;) with ¢; = (ﬁ)i, b; = l;jq; and A(q, b, m) the square matrix of
aj

order 4 is given by

h+c lsh—i—s fch—c ish—s
7 VA m hA m /}\L\/X
q° sh+ s q°ch—c
h — h — —
qVA(sh — s) ch+c Y —

1
Alg,bym) = =
(g,6,m) 2 1sh+s

qa VA

%)\\/X(sh + ) %A(Ch —¢) qVAsh—s) ch+ec

m m
?)\(ch —c) q—5\/X(sh —s) ch+c

(8)
with the notation ¢ = cos(bv/)), s = sin(bv/)\), ch = cosh(bv/\), sh = sinh(bv/ ).

To finish with, the matrix M (\) is given by

M()\) = ANAN_l...AgAl. (9)
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with the trivial but useful properties:

Lemma 3.1. With the notation introduced above, it holds:
Vi(l) = 4;V5(0), ¥j € {1,.., N}
Vie1(0) = V;(1;), Vi € {1,..., N — 1}
Vn(ln) = M(A)Vi(0)

Proof. Since u; satisfies the first equation of the eigenvalue problem (7), u; is a
linear combination of the vectors of the fundamental basis

(€15, €25, €35, €45) = (cos(qj_lx/x.), sin(qj_lx/x.), cosh(qj_lx/x.), sinh(qj_l\/x.)) .

Let (a1, a2, a3, as) be the coordinates of u; in this basis. Then, we can write
4
uj(z) =Y aieij(x), Vo € [0,15], and V;(x) = K;(x).(a1, a, as, as)", (10)
i=1

where K;(z) is the square matrix:

ey(z)  egi(x)  esi(w)  eq (w)
1 1 1 1
@ e )@ )@
ajegj)(x) ajeéj)(x) ajegj)(:zr) ajeij) (x)
3 3)

aj€y; (z) aj€qy; (z) aj€s; () i€y ()
With a simple calculation, it is easy to see that K;(0) is invertible. Hence, from
(10), we get

Vi(ly) = K;(1;)K;(0)~V;(0).

The matrix A; is the matrix K;(1;)K;(0)~! and its expression given in (8) follows
after some calculations (see Appendix 1.).
Now the transmission conditions (2-4) imply the second equation.
The third one is the logical consequence of the first two applied successively for
7=1,7=2, etc... O

Theorem 3.2. (The characteristic equation)
Let A2 > 0 be an eigenvalue of A then \ satisfies the characteristic equation
F(VX) = det(Mi2(\) = 0, (11)

where My2(\) is the square matriz of order 2 which is the restriction of the matriz
M(N), given by (9), to its first two lines and its last two columns.

Proof. Let U be a non-trivial solution of the eigenvalue problem (7) and A\? ()
0) be the corresponding eigenvalue. The matrix M (A) is rewritten as M ()
( Mii(N)  Mia(N) )

v

M1 (N)  Maa(N)
{1,2)2.

Now, using the boundary conditions (6) as well as Vy (Inx) = M (A)V1(0), it follows:

() =m0 )

It is clear that the vector of the second part of the previous identity is non-trivial
since u is a non-trivial solution of problem (7). The result follows. O

) where M;;()\) is a square matrix of order 2, for (i,j) €
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3.2. Multiplicity of the spectrum and boundary estimate for the eigen-
vectors. The aim of this subsection is to prove a useful result that we will use in
section 6.

Lemma 3.3. Let u = X € o(A) (with A\ > 0) be an eigenvalue of the operator
A with associated eigenfunction uw. Then the geometric multiplicity of u is 1 and

W ()2 + [uly (In)|? # 0.

Proof. First notice that all the terms of the matrix A(g, b, m) defined in Section 3.1
are of the form

c(\, q,m) (cosh(b\/X) + ecos(b\/X)) or ¢(A, g, m) (sinh(b\/X) + esin(b\/X))

where € € {—1;1}, ¢()\, ¢, m) is strictly positive for any ¢, m > 0 and A > 0 and the
functions cosh(z) + € cos(z) and sinh(z) + esin(x) are strictly positive on (0; +00).
Thus the terms of the matrix A(g, b, m) are all strictly positive if ¢, m, b and X are
all strictly positive.

As a consequence, the matrix M (\) has only strictly positive terms for any A > 0.
From that, we deduce that the matrix Mi3(\) is not the null matrix for any A > 0.
Then its rank is one and the geometric multiplicity of p = A2 is 1.

On the other hand we established in the proof of Theorem 3.2 that:

()
0 ) uy”’(0)
= Mi2(N) 1 .
< 0 u®(0)
Now if we assume that u§2)(0) = 0 then u§3)(0) # 0 (else u would vanish). But this

(1) is an eigenvector of Mis(A).
This is in contradiction with the fact that all the terms of Mjs are strictly
positive. This yields the result O

is equivalent to say that

4. Asymptotic behaviour of the eigenvalues. As announced in the introduc-
tion, our aim is to prove the spectral gap in order to get controllability. So we need
to know the asymptotic behaviour of the spectrum. To this end, the asymptotic
behaviour of the characteristic equation (11) as A — 400 is of great interest.

4.1. Example. In order to introduce the method developed in the sequel, we start

with an simple example which shows the difficulty to compute and analyse the spec-

trum for large eigenvalues. We consider the problem of two identical interconnected

beams (N =2,¢; = b; = m; = 1, i =1,2). Thus M()\) = A(1,1,1)?, and using the
eﬁ + e’ﬁ eﬁ — efﬁ

classical equalities cosh(v/\) = — and sinh(vV/\) = —— we find

after calculation (see Appendix 2.):

e2VA — 2c0s(2vVN) + e 22 e2YX _ 25in(2V/A) — e~ 2VA
1 h) 3
Mi2(A) = § 2V - —2VX 2V VA —2vX
41 e2Vr £ 2sin(2VA) —e e2VA —2cos(2V\) + e
VA A
Consequently we deduce the characteristic equation :

f(\/X) = det(M12(N\)) = 4_—)\12(62\/X COS(?\/X) — 24 e 2R cos(2\/X)) =0.
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2

—4)\
Multiplying the previous equality by —7x Ve get that the characteristic equation
e

is equivalent with:
foo(\/x) + g(\/X) =0,

where we have set foo (VA) = cos(2v/A) and (gv/A) = —2e 2V + e=4VX cos(2V/N)).
Now, since lim Ap = +o0 and N 1112 g(v/Ar) = 0, the asymptotic behaviour of
k—T00

k—+o0
the \2’s is given by the roots of fs (\/X) = cos(2V/\) = 0.

From this example, let us make the following remarks which remain valid in
the general case: Even though we have a way of finding eigenfrequencies with the
equation (11) we have serious problems numerically: indeed, in the numerical com-
putation of the matrix Mi2(\) appear exponential terms which increase very quickly
according to A. This means that calculating (11) via a decimal approximation would
be unreliable. Obviously the same problem remains when we want to analyse the
asymptotic behaviour of the spectrum. In [24] we saw that the asymptotic analysis
of (11) was difficult because calculation is very complicated even for small values
of N (i.e N = 3) and also with the help of softwares such as Mathematica. On
the other hand, we see that the knowledge of f., is enough to compute easily large
eigenvalues and, may be, to prove the spectral gap. Unfortunately this example
shows that it is not a easy task to get fo in the general case: indeed, the highest
terms in Mio()A) (ie the factors terms of €2V*) are easy to obtain, but, when one
calculates the determinant of Mj3(\) in order to obtain the characteristic equation,
we see that the corresponding term cancel (i.e the factors terms of 64\5). This
phenomenon is still true in the general case (i.e when we consider N beams); when
computing the determinant, several highest terms cancel, thus it is very difficult to
get foo-

In the following subsection we introduce a method which allows the computation

of foo.

4.2. The exterior matrix method. The exterior matrix method presented in [28]
is a very useful method which allows to compute asymptotically the eigenfrequencies
for the vibrations of serially connected elements which are governed by fourth-order
equations. The main idea of the exterior matrix method is that it is a way to
compute the determinant before the matrices are multiplied together, so that the
major cancellation occurs first.

First, we simply recall the definition of exterior matrix and some useful results
that we need in the sequel.

Definition 4.1. If M = (m;;) is a 4 X 4 matrix, then the exterior matrix of M is
the 6 x 6 matrix given by:

[ ext(M)11  ext(M)
ext(M) = < e:Et(M); ewt(M);z ) ,

where each block ext(M);;,4,j = 1,2, is a 3 X 3 matrix given hereafter:
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ewt(M)ll =

el't(M)lg =

6$t(M)21 =

el't(M)gg =

mi1
ma1

m3r M2
mg1  M22

ma1
max

ma1  MmM22
m31  Mm32

m33 Miq
Mgz 1M24

ma3
43

mo3 124
ma3 134

DENIS MERCIER

miq
may

mig
m3q

miq
may

ma2
ma2

may
g4

i

miz  Mi2
mo1 MM23

mir M3
m31 M3z

mi3  Mi2

mga1 23

m33  Mi2

my41  Ma23

m21  1M23
M1 143

m21 M23
m31  Mm33

m32 M4
My2  M2g

Moz  M24
Myg2  M44

o2 124
m32 134

Lemma 4.2. If My and My are 4 X 4 matrices, then

ext(MyMs) = ext(My)ext(Ms).

mi1 Mig
ma21  M24
mi1  Mi4
m31  MM34
mi1 Mig
ma1  M24
mi2 Mi3
ma2 M23
miz2 Mig
m32 MM33
mi2 Mi3
mMy42 M23
m31 Mig
g1 MM24
ma21  M24
ma1  Mayq
ma1  M24
m31  M34
m32 MM13
my42 M23
Moz M23
My M43
ma2 Ma23
m32 MM33

(12)

Proof. Sketch of the proof (for more details see Lemma 1 of [28].) Given a matrix

M € My(IR), we define a linear map M* in M4 (IR) such that :
VA € My(IR), M*(A) = MAM?™.

It is easy to prove that the map M — M* is a homomorphism (i.e we have M Mj =
(M Ms)*) and that M* sends anti-symmetric matrices to anti-symmetric matrices,
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so we can restrict M* to this subspace. A basis for the 4 x 4 anti-symmetric matrices
is

0 1 00 0 010 0 0 01

o) — -1 0 0 O ey — 0 0 0 0 g — 0 0 0 O
0 0 0 0 | -1 0 0 0 |’ 0O 0 0 0|
0 0 0 0 0 0 0 0 -1 0 0 O
00 0 O 00 0 O 00 00

ey = 00 0 O s — 00 0 -1 s — 0 0 1 0
0 0 O 11 0 0 0 0 ’ 0 -1 0 0
00 -1 0 01 00 00 00

Using this basis, we find that M™*, when restricted to anti-symmetric matrices can
be expressed by the 6 x 6 matrix ext(M) given in Definition 4.1. (12) expresses
that the map M — M™ is a homomorphism. O

Theorem 4.3. (The characteristic equation)
Let A2 > 0 be an eigenvalue of A then \ satisfies the characteristic equation

FVA) = efeat(M(N))es =0, (13)
or equivalently
F(VX) = etext(An)ext(An_1)...ext(A)es = 0, (14)

where M () is the square matriz of order 4 given by (9), e; = (1,0,0,0,0,0) and
eq=(0,0,0,1,0,0).

Proof. From Definition (4.1) we see that e} ext(M(N))ey is equal to det(Mi2(N), this
implies (13).
Then, applying Lemma 4.2 to M (\) we directly get (13). O

4.3. The asymptotic behaviour of the exterior matrix. Using Definition 4.1
and with the help of a formal calculation software (see Appendix 3.) we have the
following property:

Lemma 4.4. Let A; = A(gj,bj,m;) be any matriz 4 x 4 given in (8).
Then the matriz ext(A;) = ext(A(g;,bj, m;)) has the following expansion:

1 I ebj\/X
ext(Aj) = —ebi H(q;,bj,mj)+o < (15)
4 \/Xk

with

H(qj,bj,m;) = (cos(b;VN)C(q;,m;) + sin(b;VA)S (g5, m;)), (16)
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1 ¢ R 0
mv m2A% AV
mv' A 9 1 q 0 1
¢ WA mawWA L aA
0 VA 1 0 -— 1
Clg.m) = q VA (1)
’ m2\2 mAvVA mA ’
-— — 0 1 -—— 0
(i/_ q 5 q
AVA
— 0 oA - 2 —qV2
q mvA 1
0 gV 1 0 - 1
gV
0 ¢’ e 0 4 e
mv A 0 1 q 2 1
¢ mvA  mAyA i) avVA
mA q> 1
——5A —qVA 0 p— e 0
S(a.m) ’ me e (18)
’ mAV mA mvA mvA
0 — ——5A 0 3 -—
AV 2(] q r q q
p 2%\ VA - 7 0 2
mA o 0 WJQ 1 0
q> q m\ aVA
ebfﬁ
and where o — | represents a 6 X 6 matriz with all its terms are small with
ebivA
respect to \/_k as A\ — 400, k being any integer (that means that for any k the
A

limit of all the terms of the matriz

\/Xk VA
0 F is zero X — 400.)
e’ A

Proof. First, in the matrix A; = A(q;,bj, m;) given (8), we use the classical identi-
—T —T

ties cosh(x) by % and sinh(z) by %. Then, the definition 4.1 applied

to the matrix A; allows us to compute each terms of ext(A;). For instance we find
that in the first line and fisrt column is:

(ext(A)) 1 = SV cos(b;v/A) + 2 + e=5 VA cos(b; V)
— VR aosb,VR) + ofet VX))

Calculating the other terms in the same way, we arrive at (15) and the decomposition
of the matrix H(q;,bj,m;) given by (16),(17) and (18). O

In the sequel we need some properties of the matrices C(q, m) and S(q, m) which
are summarized in the following Lemma 4.5. But before we start with some practical
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notation.

Notation.

For all € = (e1,...,en) € {0,1}" and for all i = 1,..., N we set:
and

;= (bi.) = cos(b;.) if € =0
< yzy?(bz) = Sin(bi.) if €; = 1 ’ (20)

where y; = (b;.) represents the function x — y,; = (b;x) defined on IR.

Lemma 4.5.
i) Let g,m > 0, C(gq,m) and S(g,m) be matrices defined as in (17)-(18). Then

Ker(C(g,m)) = Ker(S(q,m)),

and
Im(C(q,m)) = Im(S(q, m)) = vect(Vi(g,m), Va(g,m)), (21)
where
oo [ d a Y
Vilg,m) = Cla,m)es ( AL tmx/i’()) (@)

Va(g,m) = S(g,m)es = (O,L,i,o,—ﬁ,2> ,
WA m VAT

and vect(V1(q,m), Va(q, m)) represents the vector space generated by Vi(gq,m) and

Va(g,m)).
ii) Let us consider constants g;,m; >0,i=1,...,N, € € {0,1}. Then

o
A2
where ¢ is a constant which depends only on q;,m;,i = 1,... N and €, but not
on .

e Xnelan,mn) Xy 1 2lav—1,mn-1). X = (q1,m1)eq = (23)

Proof. i) We check that Ker(C(q,m)) = Ker(S(¢g,m)) and that their dimen-
sion is 4. Moreover, we show that C(q,m)V;(q,m) = 4Vi(¢,m),i = 1,2 and
S(q,m)Vi(g,m) = 4Vj(g,m),i,7 = 1,2, 7 # j. (see Appendix 4.) which leads to
(21).

ii) is shown without difficulty by iteration O

Lemma 4.6. The characteristic equation has the following expansion

Nexp((Y_ bi)VA)

F(V2) = 3z Joe(VR) +r(V/), (24)

where
foWN) = > ez [ vie iV (25)
€e{0,1}N =N

where c is a constant coming from (23) in Lemma 4.5, and the function y; = is
given by (20). (Notice that in formula (25) the product is not commutative and that
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HLN means that the terms are in decreasing order from N to 1).
N

exp(()_bi)VA)

The remainder r satisfies 7(v/A) = o % for large values of \.

Proof. Inserting (15)-(16) in (14) of Theorem 4.3 we get

1
FOWVN) = 4N exp( Zb Jei [ (cos(b:iVA)C(ai, mi) + sin(biVA)S (i, mi) e
=1 i=N
exp((Zbi)\/X
+ o jz;z
(26)

With Notation (19)-(20) it holds:
e TTi_ y (cos(biv/A)C(gs, mi) + sin(biv/A) S (gi, mi))es
1
o T vie 0iVNX, = (g mi) e

cefo, 1}N i=N

- Z H vie (bivA) )61(1_[ e (gi,mi))es

€e{0,1}N i= N
= Z H yz € b \/_)) )\2
€e{0,1}N i=N

Inserting this last identity in (26) leads to (24) and (25) O
Remark 1.
foe (V) = P (((cos(b; V), sin(bVA) jer....my) (27)

and P is a polynomial function with 2N variables. Consequently from (24) we
deduce that the asymptotic behaviour of the spectrum o(A) corresponds to the
roots of the asymptotic characteristic equation

o (\/X) ~0 (28)
Example 1: N =2
4 4
foo(\/X) — _(T(lez + % + :12)005(1)1&) COS(bg\/X)

1 2

+ (q Q2)QIQQ Os(bl\/X) Sin(ng/_)
(¢F qu%z ¢

— AT o5(byy/N) sin(by V/A)

mim

3
L @ E el an g neVn)

mimsa
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Example 2: N =4,¢; =j,bj=m; =1,7=1,...,4.

83825 165725 1990625 99275
TN = 7 + Zg0s VN + Temms 576

Remark that in this case the function f. is w-periodic. See Figure 1 for the graph

of foo.
150 +
100 +
0. 1 1.‘5 2 2.‘5 3

-50+

cos(4VN) + sin(2V/)).

-100

FIGURE 1. foo(z), z € [0,7]. (N =4,¢; = j,b; =m; =1,j =
1,..,4).

5. Spectral gap. The verification of the spectral gap is based on the knowledge
of the minimal distance between two consecutive roots of fo. In view of this study
we start with the following Lemma:

Lemma 5.1. Forallj=1,...,N —1 we have

1
(] H(gi,bi,m;))ea = a;(VAVi(gj,mj) + B; (VA Va(gs, my) (29)
i=j
where Vi,(q;, m;), k = 1,2 are defined in Lemma 4.5, (), B;(.) are trigonometrical
polynomials which depend only on q;,b;, m;, 1 = 1...5.
Moreover, there exists a constant d; > 0 (which depends only on the material con-

stants) such that the Wronskian W;(z) = aj(x)ﬁ; (x) — oz;»(a:)ﬂj (x) satisfies
W; (:E) > dj >0,V € R. (30)

Proof. We argue by iteration. We suppose that j = 1; by (16) and (22) of Lemma
4.5 we have :

H(q1,b1,m1)eq = cos(by \/X)Vl (g1, m1) + sin(by \/X)Vg(ql,ml).

Thus (29) holds with ay(z) = cos(biz), B1(x) = sin(byz). Since Vr € R, W1 (z) =
b1, then (30) is true with d; = by > 0.
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Now, suppose that (29) holds for j —1 and that there exists a constant d;_; such
that: Vx € IR, Wj_l(,T) > dj_l > 0.
Thus, with (16) of Lemma 4.4 we may write:

1
(T H (@ bism)es = H(az, by m) (1 (VAVi(gj-1,mi-1)
i=j

+ B (VA)Va(gj—1,mj1)

= (cos(b;VA)C(gj,m;—1) + sin(b;VA)S(g5,m;-1))
(i1 (VN VA(gj—1,mj-1) + Bi—1 (VM) Va(gj—1,m;-1)

(31)

Now, from (21) of Lemma 4.5, we know that there exist constants z;,i = 1,...8.
such that

X

- 1V1(qg=ma)+22V2(ijamj)
(qj,mj) + 24Va(qs, m;) (32)

= 5V1(q37ma)+26V2(‘ijmj)

= z7Vi(q;, my) + 2sVa(q5, my),

(Qjamj V1((JJ 1,mJ 1

Using the expressions of C(q;,m;) , S(gj,m;), Vi(gj—1,m;—1) and Va(gj—1,m;_1)
given in Lemma 4.4 and Lemma 4.5 we get after some computations (see Appendix
5.):

(mjgj—1 +mj-1¢;)(m;q}_y +mj1q})
1= 3 1

mj-14;
2 2
 qi—(g7y —q7)
2T 2
mj14;
23 =——L2
q; )
2y = (gj-1 +q5)
4 (33)
m;
25y = ———2Z9
4
zZ6 — %Zl
m;
27 =——"24
qj
mji—1
zZg = —2Z29.
qj—1

Using (32) in the development of the last expression of (31) and replacing
23, 25, 26, 27, 28 given in (33) we arrive at

HH (gi> biymi))ea = o (VA)Va(g;,m;) + B5(VA)Va(gz, m;)

=Jj

with -
aj(z) = COS(%@(%%&(@*'T%@@ 1(z))
+ s1n(bjx)(—722aj—1($) —mq—jz4ﬁg—1($)) (34)
Bita) = cos(bya)( a1 (@) + 2B @)
+  sin(bjz)(z20;-1(7) + 240-1(x))
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That proves (29). Thanks to (34), we compute W;(z) and we find:

b.
Wjx) = ———lgi_i (21 + m3z5)ai_;(x)

’ mid; 14 s

+ 2mygi-145(mj-1¢;21 + miqi-1za)a; 1 ()81 () (35)
2 2.2 2 2\ 32
+ mj (mjzgn‘f' qj’n—ll_z4) 2 1 ()]
+ (2124 — kb S} 22)W;—1(2)
i-145

Since

@51 (21 +mizd) +mi(m3z3 + ¢, 23) — [myqi—1q;(mj—1q521 + mjgi—124))
= m?qf—,l(mj_lmjzg - %—1%2124)2 >0

bj

and ——5——
m;q; 195

> 0, it clearly holds

W) > (m2s — W5 (a),
qj—19;
From identities 1., 2. and 4. of (33) and a calculation (see Appendix 6.) we find
that
miamy g _ (gj-1+ qg‘)2(m2jqj2;é +mj1q;)?
4j-14j Mj—19;

Due to these last two inequalities, we get the conclusion :

Z124 — > 0.

m;_1m;
J J 2

dj = (2124 — 2)dj71 >0

qj—14;

Now we can state the following property of foo:

Lemma 5.2. The roots of fo are all simple. Moreover, there exists a constant
d > 0 (which depends only on the material constants) such that for all the roots xg

of foo /
| foo(z0)| = d. (36)

Proof. By Lemma 4.6 and (26) in the proof of the same Lemma we may write:

1

%foo(\/X) — 4[] H(assbis mi)les.

=N
Thus
1
ﬁfoo(\/x) = e H(gn,bn,mn)[[Ti_n_1 H(q, bi,mi))ed]

el [cos(byVA)C(an) + sin(by V) S(an)]

x  [lan—1(VNVi(gn—1,mn-1) + Bn-1(VN)Va(gn—1,mn—1)]
= cos(byVN)[an-1(VN)eiClan, mn)Vilgn-1, mn—1)

+ Bno1(VN)etClan, my)Valgn—1,mn—1)]

+ sin(by VA [an -1 (VN)el S(gn, ma)Vilgy -1, my 1)

+ Bno1(VN)et S(gn, ma)Valgn—1,mn—1)]-

We set and compute k;,i =1,...,4:
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ki = MNetClgn,mn)Vilgn-1,mn-1)
o (myngy—1+my—1n)(MNGR_y +MN-10))
mi_miy 5 5
—qN_19N T qNQN_
kr = AelC(qn,mn)Valgn-1,my-_1) = —2— Nl
MN-_1MN
ks = XeiS(gn,mn)Vilgn—1,mn—_1) = —k2 ,
1+ -1+
ky = )\zeﬁs(qN,mN)Vg(QN—l,mN—l)= (QN 1 QN)(QN 1 QN)
mN—1mMmN
Thus fw has the following form:
foo(@) = cos(ba) fi(z) + sin(by) f2(2) (37)

where

{ fi(w) = kiay_1(w) + k2fn—1(x)
f2(z) = ksan—1(z) + kafBn-1(z)
Let us remark that
W (f1, f2) (@) = (f1(2) f5(x) — f1(2) fo(@)) = (kaka — koks)Wx_1(z)
and that
_an—1gn (g1 + an)*(mnai_; + mN-1q%)
QJg\/—lq?V

Consequently, from Lemma 5.1 we deduce that there exists a constant d > 0 such
that

kiky — koks = < 0.

Now, for all z € IR we have

’

foo(@) = cos(bn)[f1(x) + by fo()] + sin(bya)[f3(x) — b f1(2)]
We deduce that for all z € R, A(z) = foo(z)? + . (x)? has the following form:
A(z) = (cos(byz) sin(byz)) M (x) ( Z?r?((ll:]]\\;g ) ) (39)

where the matrix M (x) is symmetric, positive and given by

( Mu(@) Mu(a)
M"”‘(Mli(w) Mli(w))

and
Min(x) = fi()* + b3 f2(2)? + 2bw fo(@) f1(2) + f1(2)” o
Mia(z) = (1 = b3) fi(x) fa(x) — b (f1(2) fr(z) = fa(2) fo(2)) + fi(2) fo(2)
M21 ($) = M12($)
Mas(z) = b3 fr(2)? + fa(2)? = 26y f1(2) fo(2) + fo! (x)?

Let Apmin (), Amaz () be the two eigenvalues of M (z) such that 0 < A\ (x) <
Amaz (). After some computation we find
Amin (x))\maz («I) = det(M(.’,E))
= b (fi(2)® + f2(2)?)* = 20N (fi(2)? + fo(2)?)W (f1, f2)(x)
+ W(f1, f2)(x)?.

Consequently with (38) we see that
Vo € R, det(M () = Mnin (%) Amaz () > W(f1, f2)(z)? > d* (40)
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On the other hand, since f; and fo are trigonometric polynomials the trace of M (z)
is bounded on IR: Thus, there exists d’ > 0 such that

Vo€ R, 0 <tr(M(z)) = Amin(2) + Amaz(z) < d?. (41)

d
From (40) and (41) we deduce that Apn(z) > (E)2 > 0. Therefore from (39) we
get

d
Ve e R, Alx) > (J)2 > 0.

/ d
That means that if g is a root of fo then |fo(z)] > (E)2 >0 O

Finally we arrive at the main result:

Theorem 5.3. (The spectral gap) Let A2, k € IN*, (A, > 0) be the (strictly) mono-
tone increasing sequence of eigenvalues of A, then

Jim g = M) = +oo. (42)

Proof. First we recall that from Lemma 5.2 the roots of f. are simple. On the

other hand, since f. and all its derivatives are trigonometric polynomials, they are
all bounded on IR. Then

Vo € R, [fio(x+h) = flo (@) = [f&(z+0n)] - bl < L]l - 1Bl (43)

and it follows that f. is uniformly continuous on IR.
Thus, there exists hg > 0 such that, for any x¢ satisfying foo(29) =0

o~ a0l < ho = | (@) > 5.
Due to Rolle’s Theorem, this property implies that xg is the unique root of f., in
the interval [xg — hg, 2o + hol, which also means that the minimal distance between
two consecutive roots of f is ho.
By Lemma 14 and Lemma 16 multiplying the characteristic equation f(v/A) = 0
by
/\2

AN exp((X1, bi)V/A)

we see that it is equivalent to:

FIVN) = fo(VA) +F(VX) =0,

where the function 7 is analytical on IR’ and there exists a constant C' > 0 such
~ C dr C )
that for all x > 1,7(x) < — and d—r(x) < —. Consequently using (43) and the
x x x
relation f = fo, + 7, proceeding as for fo, we can see that there exists Xy > 1
such that f is uniformly continuous on [Xo,+00). As previously we deduce that
the minimal distance between two consecutive nonnegative roots of f is a constant
ho > 0. The spectral gap is a direct consequence of this property O

6. Controllability. As a consequence of the main result of this paper (that is to
say the spectral gap) we show the controllability of an associated problem. In fact,
this control problem was studied in [15] where the authors show that controllability
holds under sufficient conditions which remain to prove. These conditions are the
spectral gap and a boundary estimate satisfied by the eigenfunctions. Remark that
only for some simple examples (two or three beams) these conditions are checked in
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[15]; thus an important contribution of this paper is to prove that these assumptions
hold for a chain of N beams with various materials. Let us briefly recall this control
problem and some results that we can find in [15].

6.1. The Petrovsky system. By the properties of the triple (H,V,a) defined in
Section 2, we can recall a first result concerning the associated dynamic problem:

) and f € LY(0,T; D(A*2)), with

1

Theorem 6.1. Let u’ € D(A®),u! € D(A*" 2
s> % Then the problem

Ut + Au(t) = f(t), te [O,T],
u(0) = uP, (44)
u(0) = ut,

has a unique solution u € C([0,1], D(A%)) U C([0,1], D(A*2)) fullfilling

lulleqo .o + 1ull ooy oty S CU sy + llutll 4o,

L (45)

17110z,
for some constant C > 0 independent of w.
Remark: Theorem 6.1 is Theorem 3.1 of [15].

In particular, if f = 0, then the energy E(t) := &{|lw||% + a(u(t),u(t))} is
constant, for all ¢ € [0,7] and we have E(t) = Ey = 3{|[u!||3 + a(u’,u®)},Vt €
[0, 7.

6.2. Weak solutions of the wave equation. The weak formulation of the control

problem is given by:

Theorem 6.2. For all ug € H,u; € V', wi,wy € L?((0,T)) there exist unique
u € L0, T; V"), (Y1,10) € V' x H, which are solutions of

T
/o <u(t), f(t) >vr v dt+ < 1,0 >vi v —(Yo, 1)

=< u%,qS(O) >vrv —(uo, ¢ (0)m (46)
~([ w0 (t.0)at + wy o) (1))
Vf e LY 0,T;V),{¢o,$1} €V x H,
where ¢ is the unique solution of
{ ¢ € C([0,T],V)UuC(0,T], H), (47)
Gu(t) + Ad(t) = f(t),t € [0,T],(T) = o, o(T) = ¢1.

and < .,. >y v represents the duality bracket between the spaces V' and V.
Remark: Theorem 6.2 is Theorem 5.1 of [15]. Formally the solutions wu, (¢1,%0)
in the previous theorem satisfy
(uj)u(t,z) + &u?)(t,x) =0,0on(0,7) x (0,1;),Vj=1,...N

M

u;(t,.) satisﬁesj(Q) to (5)
ul(O) = ’U,N(ZN) = 0, (48)

1
—ugl)(O) = a—lwl,u%)(l]v) = aw]\;,

u(0) = ug, ut(0) = uq,
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and the final conditions
u(T) = o, ut(T) = 1. (49)
We can now formulate the results which lead to the exact controllability result
for any time:

Lemma 6.3. (Observability inequalities) VT > 0,the expression

T
(@, uh)]] = ( / Wl (8,00 + [uly (¢, L) %) %,

where u is the solution of (44) or (48) satisfying w1 = wn =0, is a norm on V x H.

Proof. Since Theorem 5.3 and Lemma 3.3 prove the conditions (24) and (25) of [15],
then, the results follows directly from Theorem 4.3 of [15] O

Remark 2. We emphasize on the fact that the controllability time can be chosen
arbitrarily small due the fact that (from (42) in Theorem 5.3) the distance between
two consecutive eigenvalues tends towards the infinite

Finally, we recall the controllability result which is Theorem 6.1 of [15]:

Let F the closure of V' x H for this norm.

Theorem 6.4. (Ezact controllability) For all (u', —u®) € F', there exist wo,w; €
L2((0,T)) such that the weak solution v € C([0,T], H)U C*([0,T],V’) of the wave
equation (48) satisfies

u(T) =w(T) = 0.

Appendix.
1.
o {e[1][x],e[2][x].e[3][x],e[4][x]} =
{Cos[vA q x], Sin[v/A q x|, Cosh[v/X q x], Sinh[v/\ q x|}
o K[x]=
{ Tableli][x],{i,1,4}], Table[D[e[i][x],{x,1}],{i,1,4}],
Table[a*D[e[i][g{],{x,2}],{ i,1,4 }],a*Table[D[e[i][x],{ x,3} |,{ i,1,4 } ] }
°q= E;l = 6;
e Afq,b,m]=K][l].Inverse[K[0]]
2.
e Alg, b,M]=A[q, b, M] /.
{ Cosh[b VA] — (Exp[b VA] + Exp[-b VA]) /2,
Sinh[b vA] — (Exp[b V/A] - Exp[-b V/A]) /2 }
o M=A[1,1,1].A[1,1,1]
o M;>=Simplify[Table[Mi2[[i,j]],{i,1,2},{j,3,4}]]
3.

e (Definition of the function ext)
Do
{f]i, 1][mat] = det[{{mat[[1,1]], mat[[1,2]]}, {mat[[i + 1,1]], mat[[i + 1,2]]}} |;
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Factor|z1]
Factor[z2]

Solve[w][1]],w][[2]]

zl
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(verification) Simplify[w]

6.

e Factor [z1%z4-m1*m2/(q1*q2)*z2?]
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