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ABSTRACT. In the framework of linear elasticity, we study the limit of a class of
discrete free energies modeling strain-alignment-coupled systems by a rigorous
coarse-graining procedure, as the number of molecules diverges. We focus on
three paradigmatic examples: magnetostrictive solids, ferroelectric crystals and
nematic elastomers, obtaining in the limit three continuum models consistent
with those commonly employed in the current literature. We also derive the
correspondent macroscopic energies in the presence of displacement boundary
conditions and of various kinds of applied external fields.

1. Introduction. Many physical systems show a nontrivial mechanical response
to applied electric or magnetic fields. Three noticeable examples, which have re-
ceived considerable attention in the recent mathematical and physical literature, are
magnetostrictive solids (i.e., deformable ferromagnets), ferroelectric crystals, and
liquid crystal elastomers (in particular, nematic elastomers).

Some features of the microscopic origin of the coupling between mechanical and
electro-magnetic effects are common in the three cases, and can be described as
follows. A symmetry-breaking phase transformation introduces some anisotropy in
the system, accompanied by spontaneous deformations. This anisotropy consists
in a distinguished direction of alignment of the nematic mesogens in the case of
liquid crystals, or of the electric or magnetic dipoles in the other two cases. An
applied electro-magnetic field can act on the alignment direction by turning it, and
hence affecting the state of deformation of the system in the absence of applied
mechanical forces. This also explains why an applied electro-magnetic field may
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interfere with the mechanical response of the system to applied loads. We refer to
all these phenomena as strain-alignment coupling.

The study of strain-alignment coupling has followed two main paths. On the
one hand, the continuum mechanics literature has focused on phenomenological
theories based on classical elasticity, supplemented by the introduction of additional
field variables to describe the presence of nematic order, magnetization, or electric
polarization. On the other hand, statistical physicists have studied these materials
at a more microscopic scale, typically leading to complex lattice models which are
not explicitly solvable, and have been studied by means of Monte Carlo techniques.
In this paper we aim at linking these two approaches by performing a rigorous
discrete-to-continuum limit.

Roughly speaking, the discrete-to-continuum analysis of a physical system can
be explained as follows (see [9]). One considers a set of interacting material points
contained in a box. Denoting by ¢ a positive parameter proportional to the mean
distance of the material points in an equilibrium configuration, one may consider
the free energy E. of the system. By taking the limit as € tends to zero, the discrete
structure of the physical system naturally gives rise to a continuum picture since its
points start “filling” the box. In particular, one may be interested in analyzing the
asymptotic properties of F., when computed on equilibrium configurations. It is
by now well known that, at least for the case in which equilibria are minimizers of
the free energy, a single mathematical object can be used for this purpose, namely,
the T'-limit of E. (see [8, 2] and references therein). This gives a way of establishing
a correspondence between ground states of the discrete system with those of the
continuum limit: the second are “generated” as macroscopic limits of the first, the
first are discrete descriptions or “approximations” of the second.

The type of asymptotic analysis described above has a double value. On the one
hand, deriving a macroscopic picture of a system from the mechanisms governing its
microscopic structure may help to gain a better understanding of the phenomeno-
logical models currently employed at the macroscopic scale. In this perspective, a
discrete-to-continuum analysis may provide a tool to justify the macroscopic mod-
els used by practitioners, or to choose among different conflicting proposals, as it
settles them on more fundamental basis. On the other hand, the same analysis
can be used backwards; i.e., given a continuum model, it may provide a natural
discretization scheme and a discrete energy which is ready to be used for computer
simulations. Among all possible discretizations of the continuum models, the ones
we consider have the advantage of yielding the convergence of the ground states of
the discrete energy to the ground states of the continuum one, by the properties of
I'-convergence.

Many discrete models have been studied in recent years from the standpoint of
I'-convergence. Among them we mention some of those concerning elasticity (and
their generalization to the fracture mechanics setting) as [5, 10] and those about
ordered systems such as [1, 3, 4]. In these two kinds of models the relevant variables
describing the physics of the system are either the strain, or the order variable (e.g.,
the local magnetic moment), respectively. Our paper borrows from both of these
two lines of research since the phenomenon of strain-alignment-coupling depends on
the interplay between deformation and order.

Our analysis focusses on three models which have been studied in the continuum
setting by many authors (see, e.g., [6, 24], [16, 17, 21, 22], and [18, 13, 19, 20]). In
this framework the energy of a strain-alignment coupled system can be described
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as follows. We assume that the reference configuration of our sample is an open
bounded set @ C R?. As suggested by the physical picture discussed so far, the
energy of the system depends on two variables: the deformation field u : Q —
R?, which describes the elastic deformations of the sample and the ordering field
v :Q — V (the space V depends on the particular model we are considering and
will be further specified in the sequel) which takes into account, as an internal or
microscopic variable, the ordering properties of the sample.
Then, the free energy of the system can be written as

E(u,v) = %/Q(C(Eu —Eo(v)) : (Bu—Eo(v)) dz + EX(v) + (a.t.), (1)

where C is the tensor of elastic moduli, E(u) = $(Vu + VuT) is the strain, Eo(v)
is the stress-free strain, E'(v) is the energy stored by the internal variable v and
(a.t.) denotes some additional terms such as those due to the presence of external
forces and applied electric or magnetic fields or local terms in v such as crystalline
anisotropy (see Section 8 for more details). Although such terms are very relevant
from the physical point of view, they do not play a crucial role in the mathematical
analysis. Notice that, as highlighted in the notation, the stress-free strain turns out
to depend on the internal variable v.
If we single out the elastic term

1
EF'(u) = —/ CEu : Eu dz,
2 Jo
the energy (1) can be rewritten as
E(u,v) = E¥*(u) + E**(u,v) + E'(v)
where we have denoted by ES4 the strain-alignment energy: i.e.,
1
E¥ (u,v) = —/ CEo(v) : Eu dz + 5/ CEo(v) : Eo(v) dz. (2)
Q Q
Throughout this paper we work under the assumption of isotropic linear elasticity
CA =2pA + A(trA)Id,

and, moreover, we normalize the Lamé coefficients as p = A = %; as a consequence
we find that in particular

1 1
EF (u) = —/ |Eu|? dx + —/ |div u|? da. (3)
2 Ja 4 Jq
In the above stated setting, we now come to describe the three relevant continuum
models we are interested in, only focusing on their distinctive features.

Magnetostrictive solids. For this class of materials the relevant internal variable
is the local magnetization m : R? — R?, with |m| = 1; i.e., V = S'. The energy
stored in €2 by the internal variable has the form

1 1
EMI(m) = 5/ |Vm|? dx — 5/ (m, K xm) duz, (4)
Q R?

where K is the two-dimensional Helmholtz kernel; i.e., the (2 x 2)-matrix field
defined for every 2z € R?\ {0} as

K(2) L(z - ®i—1d).

EPLERAE T
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In the theory of micromagnetics (see [11]), the second term in the right hand side
of (4) is known as the magnetostatic energy.
The stress-free strain can be written as

EO(m) = FYQ(m)v

where v > 0 and where we have denoted by Q(m) the tensor order parameter of
the de Gennes’ theory (see [15]) defined as

1
Q(m):=m®m— EId.
Setting v = 1 and dropping the term 1 [, CEo(m) : Eo(m) dx, which is constant

because of the constraint |m| = 1, the strain-alignment-coupling energy (2) reads
as

EMSA(y,m) = —/ Eu: Q(m) dx.
Q

Then, up to additive constants, taking into account (3), the total free energy of a
magnetostrictive solid turns out to be

1 1
EM(u,m) = —/ |Eul? da:—l——/ |divu|? d:c—/Eu:Q(m) dx
2 Ja 4 Jo Q
1 1
+ —/ |Vml|? da:——/ (m, K *m) du. (5)
2 /o 2 Jo

Ferroelectric crystals. From the point of view of our analysis this class of mate-
rials can be considered as a minor variant of the previous one. The main difference
with the magnetostrictive case being that the relevant microscopic variable now is
the local polarization p : R? — R?, which does not share with m the constraint
|m| = 1; i.e., in this case V = R

The energy stored in 2 by the internal variable has the form

1 1 1
E"(p) = 5/0 [Vpl* dx + g/glpl2 de -5 /Rz<p,K*p> dz,

while the stress-free strain is now given by

Bo) =l ().

and the strain-alignment coupling energy for this model is

P
BT (u,p) = —2u7/9|p|2Eu :Q (—> da + —/ p|* da.

Pl
Thus, normalizing the constants u, A,y as before, the total free energy is
1 1
Ef(u,p) = —/ |Eu|? dx + Z/ |divu|? dz
Q

1
/|p|2Eu (%) d:zc—l——/ Ip|* dz

1
/ |Vp|* dx + = / Ip|* dx — 5 /]R? (p, K *p) du. (6)

_|_
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Nematic elastomers. In this model the relevant microscopic variable is a sym-
metric, (2 x 2)-matrix Q with trQ = 0 and |Q| = %; i.e.,
1

V:{MeMﬁg,,% S trM =0, |M|:ﬁ}.

The internal energy associated with this internal variable is

1
EY(Q) = [ [VQP d.
2 Ja
and the stress-free strain has the form

EO(Q) = FYQ)

which implies that the strain-alignment coupling energy in (2) is given by
ENS4 (4, Q) = —2/w/ Eu: Q dz.
Q

Thus, again setting = A = %, v =1, up to additive constants, the total-free-energy
functional of a nematic elastomer reads as

1 1
ENu,Q) = 5/Q|Eu|2 dgc—i—Z/Q|divu|2 dx

_ : 1 2
/QEu.Qd:c—i-2/Q|VQ| dx. (7)

At a microscopic scale, we describe strain-alignment interactions by introducing two
separate length scales. At the scale &, we define a map v : 6Z%2 N Q) — R? giving
the deformation of a set of lattice points identified by their position in the reference
configuration. These can be thought of as points of the crystal lattice in the case
of ferromagnetic or ferroelectric crystals, or as the position of the crosslinkers in
the case of nematic elastomers. At the scale € < 6§ we define a sublattice eZ? N €,
where the orientational properties of the system are described by means of a map
v:eZ? — V (as before, V depends on the physics of the material and will be further
specified later).

As in the continuum picture, neglecting the energy contribution due to the in-
teraction of the system with external fields or to crystalline anisotropy, we may
suppose that the total energy consists of three terms: an elastic part Ef* account-
ing for the energy stored by deforming the d-lattice, an ordering part E! related
to the short and long-range interactions between the mesogenic units, and a strain-
alignment term E%5 coupling the deformation of the d-lattice with the order of the
mesogenic units. As also highlighted with the notation, the first two terms in the
total energy act on the two different scales 6 and e, while the third term depends
on the properties of the material on both scales. Under the hypotheses

0=204(g), d(e) =0, 6d(e)/e = 400, as € =0
the asymptotic analysis we are going to perform relies on the computation of the
T'-limit of the free-energy functional
E. (u, V) = EEEL(U) + EsI(V) + ESA (u, V)v

where to shorten notation we have set EZ* := EZ; ). Note that the case when

d(e) =~ e is of physical interest too. Indeed such an hypothesis should lead to
boundary layer effects as € — 0. Such an analysis has not been carried out in the
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present paper. On the other hand it may indeed be considered as a natural follow
up of the results we prove here.

As we are in the setting of isotropic linear elasticity, the discrete elastic energy
EPL can be modeled by

Bw- Y Y pjMerioue g

, =
fe{er,eae1tent a,a+e€E€6Z2NN 5|§| |§|

(see Section 4 for further details).
The three different ordering parts are as follows.

In the case of magnetostrictive solids the order is described by a discrete vector
field m : eZ?NQ — R? with |m(a)| = 1 for every a € eZ* N, which represents the
local magnetization of the mesogenic units. Our ordering energy EZM is the sum
of two contributions

B2 (m) = BXF(m) + EXEE (m).

The first term represents the short-range interaction energy between the mesogens
and is given by

EX(m) = Y Yo (1= (m(a),mla+ed),

ce{er,ex} a,atef€cZ2NQ)

while the second term takes into account the long-range interactions between the
magnetization of the mesogens and has a dipolar origin (see [25, 26]). It is defined
as

EX M (m) = _% > e (K(a = B)m(a), m(B)), (8)

a,BEeZ2N, a#p

where K is the two-dimensional Helmholtz kernel.

The strain-alignment-coupling energy is modeled by coupling the local ordering
tensor for mesogenic units Q(m), with the discrete strain of the system in each
direction £ € {e1,ea,e1 = ea}. Since these two objects are defined on two different
lattices, the correct coupling is achieved by first averaging the tensor order param-
eter Q(m(()) when 8 ranges over the points of the e-lattice contained in each cell
a+1[0,6)? of the bigger lattice §Z? N, and then coupling it with the strain. Hence,
the coupling term is given by

EMSA(y m) == — 52 u(a—i—&f)—u(a)’i o) £7£ :
Fem=— 2L 2 g Qg

where

Qo= Y ZQme).

BeeZ?N(a+[0,5]?)

For ferroelectric crystals the order variable is p : €Z? N} — R? and the ordering
term is again the sum of two contributions. The long range term is given by (8)
with p in place of m while the short range contribution now reads as

B =1 Y Y et sty Y )

ce{er,ex} a,a+ef€eZ2NQ a€eZ2N)
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Moreover, the strain-alignment-coupling energy for this model is given by

0) —u(a) & ~, & &
Efup) = - et Q) )
“Zi}H;s e] ARSI
1 2/0(a i i :
5 X > Qg )

fe{er,ea,e1tent a,a+8E€622NN

with

Qo= Y Swera(Ll).

BeeZ2n(a+(0,6]2) Ip(B)]
Notice that for [p(a)| = 1, Q reduces to Q.

In the case of nematic elastomers, following Lebwohl-Lasher [27], the order vari-
able is n : eZ2NQ — R?, again satisfying the constraint [n(a)| = 1 for every a € eZ>
and the ordering energy has only short-range contribution; it can be written as

EM(n) = ) Y. 20— (n(a),n(a+e)?).

£e{er,ex} a,a+e£€6Z2NQ

Notice that the above energy is invariant if, at some o € €Z? N Q we replace n(«a)
by —n(a), thus describing the mesogenic units as directions and not as spins. In
this case the strain-alignment energy is exactly as in the magnetostrictive case now
with n in place of m.

Upon identifying the relevant discrete variables with suitably chosen continuous
counterparts (see Section 2), all the above discrete energies can be viewed as being
defined on the functional space L?(£;R?) x L?(€; V) and in this framework they
can be described by a I'-limit procedure. We note that, for the given families of
functionals, an analysis carried over by using the Cauchy-Born ansatz in the spirit
of [7] would produce the same result. On the other hand our approach seems to
us to pave the way to further extensions of the present result (e.g., other scaling
regimes) where the two approaches could lead to different results.

The main result of this paper is that the discrete energies EM, EX', EY I'-converge
to the corresponding continuum energies EM, EF, EY defined respectively as in
(5) (6) and (7) (Sections 5, 6 and 7) under Dirichlet boundary conditions on the
displacement (Section 5.1) and when some “additional terms” are taken into account
(Section 8).

We finally remark that the above results can be suitably extended to higher
dimensions but, for expositional simplicity, we focus on the two-dimensional case as
it already contains the main features of the problem.

2. Notation. In this section we set some basic notation employed in the rest of
the paper.

Vectors and matrices. We denote by {ej,es} the canonical basis of R?. Given
&,m € R?, we denote by (£,n) their scalar product. For any ¢ € R? \ {0} we set
¢ = ¢/I¢].

We denote by M?*? the space of (2 x 2)-real matrices. The trace of A =
(a;) € M?*2 is denoted by trA := 25:1 a;;. The scalar product of any given pair
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A B € M?*? is defined as

2
A B :=tr(AB") = Y auby,
il=1
where BT denotes the transpose of B. The norm of A induced by this scalar product
is denoted by |A|. We denote by M2 the subspace of M?*? of symmetric real

matrices.
The symmetrized gradient of a function u : R? — R? is defined as

Eu — Vu + VuT,
2
where Vu € M?*2 denotes the gradient of v, Vu := (gzl) fori,l =1,2.

We denote by S! the set of unitary vectors in R%. Given a vector n € S!, we
define the traceless matrix Q(n) € M2x2 as follows

Q(n):=n®n-— %Id. (9)

where n ® n := (n;n;) and Id denotes the identity matrix in M?*2. We also
introduce the following notation

N={MeM2: trM=0, M|=

sym

1

— . 10
\/5} (10)
Notice that Q(n) € N.
Lattices. Given ¢ > 0, and Q C R? a bounded open set with Lipschitz boundary,
we denote by Q. := ¢Z2 N Q the portion of the lattice ¢Z? in Q. Set Q := [0,1)?,
for a given « € €Z?, the set Q.(a) := a+ ¢ Q is called a cell of the lattice eZ? with
vertex in «. It is useful to divide each cell of the lattice into triangles; to this end
we introduce the notation

T* :={2€[0,1)*: £(z,ea —e1) > 0}.
According to the previous definition we have that, for any o € £Z2, the triangles
T*(a) := a+eT¥ partition the cell Q. (), that is Q- () := T () U Tt (a), where
the over bar stays for the closure of the corresponding set. We also introduce the
sets

P& (a) =T (@) UTS (o — eea), P2 (a) =T (@) UT: (a — ceq).

To shorten notation, we sometimes write

Pote(q) := Q.(a) and P& (a) := Q. (a — ces).
We denote by #(A.) the cardinality of A. C (..

Difference quotients. Given a function u : €Z? — R?, a point a € €Z? and a
vector ¢ € Z2, we denote by Déu(a) the difference quotient of u in a along the
direction &, that is

ula+ef) — u(w)
el '

Interpolations. Let

Co() :={u:R?* = R*: u(x) =u(a) VrecQla)NQ, aceZ?}. (11)
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For any u € C.(Q2), we define v := A(u) : R? — R? a piecewise-affine interpolation
of u on the cells of the lattice £Z? as follows: for every z € Q.(«),
(x —a,e1) D ula) + (x — o, e2) D2u(a + eer) +ular), x € T- ()
v(x) =
(x —a,e1) D u(a+ gea) + (x — a, e2) D2u(a) + u(w), € T ().
12
The space of such piecewise-affine interpolations is denoted by A.(Q); i.e., "
A (Q) :={v: R? = R? v = A(u), for some u € C.(Q)}.
Notice that if v € A,(€2), then
ov
ox;

(x) = D¢u(a), forax € PSi(a), i=1,2.

We also set
B.(9) :={v e A(Q): v(a) € ST Vae€eZ?: Q(a)NQ £ B}

We denote by A.(Q; M?*?) the space of all matrix-valued functions M, whose
columns belong to A.(2) and we define

M(Q) = {M € A (QM?*?): M(a) EN VYae€eZ?: Q.(a)NQ # 0}

In all that follows the letter C' stands for a generic positive constant which may
vary from line to line and expression to expression within the same formula.

3. Preliminaries.

3.1. Some preliminary lemmas. For the reader’s convenience, in this subsection
we collect two lemmas that will be used in the following.

We start setting some notation. For any y € @ and &; > 0 such that £; — 0 as
j — +oo we denote by T,” the operator which maps v : R?> — R? in T} u : R? —
R? defined as

Tyiu(z) = u(sjy +¢€j {%} )7

where, for all z = (21,22) € R?, [z] := ([21],[22]), [2:] being the integer part of z;,
i = 1,2. Note that T,”u is constant on each cell of the lattice €;Z? and thus can be
identified with a discrete function mapping £;Z? into R?.

The following approximation result is a straightforward generalization of the
result stated in [3], Lemma 4.

Lemma 3.1. Letu; — u in W1’2(R2, R2). Then, for any open bounded set B C R?

loc

lim / ||A(T;Juj) — UHW1,2(B;R2) dy = 0,
Q

jotoo
where A(T,’u;) is the piecewise-affine interpolation of T,’u; defined as in (12).

Remark 1. Since trivially

min || A(Ty7 uj) — ullwreprz) < / AT, uz) — ullwrz(pire) dy,
yeQ Q
Lemma 3.1 in particular yields the existence of a sequence (y;) C Q such that

jggloo |A(Ty7 u;) — ullwrz(pre) =0,
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for any open bounded set B C R2.

The following algebraic lemma gives a characterization of traceless matrices in
M2 with fixed norm.

Lemma 3.2. Let A € N, with N as in (10), then
1
AZV@V—§Id, for some v € S*.

Proof. By hypothesis

a a
A— ( 11 12 )
a2  —am

and
|AF=2ﬁy+%ﬂ=%. (13)
If we consider the matrix A + 1 Id, in view of (13) we get that
det(A—i—%Id) _ i _ a2 —a% =0,

hence A + %Id has rank 1. As a consequence
1 /
A+ 3 Id=vr®v

for some v € S' and v/ € R?, v/ # 0. By the symmetry of A we deduce
1V = Vv, (14)
while trA = 0 gives
ViV + vty = 1. (15)
Then if 14 # 0, by combining (14) and (15) we find
V_2 , (V% + 1/22

20 =1 <= 1}
41

vy + )zl(z}l/izul,

141

thus by (14) the thesis. If 11 = 0 then |v2] = 1, hence again (15) and (14) yield the
thesis. O

3.2. Korn’s inequalities. In this subsection we recall two variants of the Korn
Inequality that we use in the proof of Proposition 2 and Proposition 6. We specialize
them to our setting while we refer the reader to [14, 30] (and references therein) for
more general statements.

Proposition 1. Let Q be a bounded open Lipschitz subset of R2, then there exists
a positive constant C' such that

(i) (Korn’s Inequality)
HVUHL?(Q) < C(HE(U)||L2(Q) + HUHH(Q)), Yu € Wl’Q(Q);
(ii) (Korn’s Inequality with boundary data)
IVull2) < CIE)| L2y, Yu € Wy2(9).
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4. The models. In this section we give a detailed description of the discrete models
we deal with in this paper. We assume that our sample is contained in an open
bounded Lipschitz set  C R? on which we construct two lattices Qs and €., with
£ < § < 1. In all that follows we assume 6 = d(e) to be chosen in a way such that
the above inequalities holds true (see Figure 1).

We consider three different types of materials which exhibit a strain-alignment-
coupling phenomenon: magnetostrictive solids, ferroelectric crystals and nematic
elastomers. In all these models the total free energy FE is given by the sum of three
contributions: an elastic energy E¥", an ordering energy E' and a strain-alignment-
coupling energy E54.

1 L] |
AR

o I /
|
|

’{
I
. I
ﬂbk

Q

| |

FIGURE 1. The discrete system in the reference configuration.

In what follows we specialize these energy terms depending on the three different
models we are going to consider.

4.1. Elastic energy. We work in the small deformations regime. The deformation
of each point of the lattice is described by a map u : Qs — R2. We suppose that the
elastic energy associated with the displacement of a point in the reference configu-
ration is determined by the pairwise interactions of this point with “few” neighbors.
Specifically, we consider only the interactions between a point a € 5 and those
points «a + 0¢ € Qs, with € € {e1,e2,e1 + ea}. This choice leads, in the continuum
limit, to the elastic energy of linear elasticity corresponding to a particular choice
of the Lamé coefficients. Nevertheless, we remark that following [5], more general
interactions may be taken into account thus yielding a continuum model for all the
possible Lamé coefficients. Moreover, the choice of considering only the interactions
between few neighboring points of the lattice does not play a fundamental role. In-
deed, a generalization to a model taking into account interactions between all the
points of the lattice is possible (see [5]), but since this would lead to much less
readable formulas without giving a better insight into the physics of the problem,
we work in the simplified setting discussed above. Then, for any w : 5 — R?, the
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elastic energy EF" has the form

EfMu)=3_ Y 8*{Dju(e), &), (16)

€€X aeRS(Q)
where X := {e1,e2,e1 £ ea}, and for any £ € X, Rg(Q) ={aeQs: a+ e s}

4.2. Energies stored by the internal variable. As already pointed out, the
internal variable v defined on the points of the lattice ). contributes to the total
free energy with a term promoting local alignment. Since v has a different physi-
cal meaning depending on the model we are considering, the three corresponding
internal energy terms are also different.

4.2.1. Magnetostrictive solids. For a magnetostrictive solid the internal variable
gives the orientation of the magnetic moments and it is described, for every a € Q.,
by a vector m(a) € S*.

In this case the internal energy EM is given by the sum of two contributions
taking into account short-range and long-range interactions, respectively; i.e.,

B2 (m) = BXF(m) + EXE (m).

4.2.2. Short-range interactions: the XY model. For any given m : Q. — S', the
short-range energy E5% is defined as

EXSm) =" Y (1= (m(a),m(a+ <)), (17)
£eY aeRE(Q)

where Y := {ey, ea}. It represents the so called exchange-interaction energy between
the magnetic dipoles and it favors their parallel alignment.

Notice that (17) is obtained scaling by &2 the energy of a so called XY-spin
system. In formula
EMSR i pYR

2

EX(m) ==Y Y Hmla).m(a+eg))

€€Y nerE(Q)

M,SR __
E; =

)

where

is the energy associated with an XY-spin model (see [3] for lower-order scalings).
Moreover, since |m(a+¢e&) —m(a)|? = 2—2(m(a), m(a+:cf)), we may equivalently
write

EMSE(m, Z > Im(a+ed) - Z > Dim(a)?. (18)

£€Y aeRE(N) EGY aeRE(Q)

4.2.3. Long-range interactions: the dipolar energy. The EM% term in the internal
energy is due to the long-range interactions between the magnetic moments. It has
dipolar origin (see [25], or [26] for its analog in 3-dimensions). It has the form

By =2 S K (o~ B)mla),m(5) (19)
a,BEQ:, aff

where K : R? \ {0} — M?2%2 is the two-dimensional Helmholtz kernel

sym

K(z) = 2@ 4 — Id) (20)

El
2722
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4.2.4. Ferroelectric crystals. The previous description can be suitably adapted
to the case of ferroelectric crystals. Here the polarization field of each molecule in
a € €. is described by a vector p(a) € R?. Since we consider possibly unbounded
polarization fields, the energetic description of this model is slightly different from
that of the magnetostrictive case.

As before, the energy stored by the internal variable £ is the sum of two con-
tributions taking into account short-range and long-range interactions, respectively.
We have

E(p) := EF®F(p) + EF"(p).

4.2.5. Short-range interactions. For the case of a ferroelectric crystal we consider a
short-range energy given by

EEp) =23 Y SDSEIP +5 3 )P, (21)

£€Y aceRE(Q) aeQe

where the second term (21) has no counterpart in (18) and has been added in order
to extend the analysis to unbounded polarization fields.

4.2.6. Long-range interactions: the dipolar energy. The E"? term has the same
origin and the same form of the corresponding term of the magnetostrictive case,
being

B = —5 Y MK (o~ Hpla),p(9)) (22

a,BEQ:, a#p

4.2.7. Nematic elastomers: the Lebwohl-Lasher model. For a nematic elas-
tomer the interaction between mesogenic units has mainly steric origin. As a conse-
quence, the internal energy can be assumed to be only short-range. Regarding the
alignment properties of these systems, no distinction is possible between “heads”
and “tails” of each mesogenic unit. This suggests to describe each unit by means
of a director field; i.e., a field with values in the projective plane and to employ the
energy (18) to promote their alignment.

An alternative description is given by the Lebwohl-Lasher model [27]. In this
model the orientation of the nematic is described, as in the magnetic case, by a
vector field n : Q. — S', while the identification between heads and tails of the
molecules (n and —n) is realized at the energetic level. More precisely, the ordering
energy (18) is replaced by a new energy E*" which is invariant if n(a) is replaced
by —n(a) for some « € Q.. This is also our choice.

For a given vector field n : Q. — S, the ordering energy in the Lebwohl-Lasher
model is defined as

Efn) =Y > 2 (a),n(a +€))?). (23)
§EY aeRE(Q)
Then, a straightforward calculation gives

Efm) = Y > (1-Qn(«): Qn(a+ <€)

EEY qeRE(Q)

= —Z Y £D:Q(n(a)), (24)

€€Y aeRE(Q)
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where Q(n), defined as in (9), represents the tensor-order parameter of the de
Gennes’ theory and plays, in this case, the role of the meaningful internal variable
(see Remark 7).

4.3. Strain-alignment energies. The systems under investigation deform macro-
scopically upon a change in the orientational ordering. This is modeled by an en-
ergy measuring the coupling between order at scale € and deformation at scale 6.
The character of the coupling strongly depends on the detailed structure of the
molecules forming the system, even if some properties can be captured by a variant
of the model proposed by Uchida and Onuki in [31] for nematic elastomers (see also
[15] and [33]) in the small-deformation regime.

4.3.1. Magnetostrictive solids. In this case the strain-alignment energy models
the coupling of the local ordering tensor for the magnetic moments Q(m), with the
discrete strain of the system in each direction £ € X. These two objects are defined
on two different lattices, thus the correct coupling can be achieved by first averaging
the tensor order parameter Q(m(3)) when [ ranges over the points of the e-lattice
contained in each cell Qs(a) of the lattice {25 and then coupling it with the strain.
Then, for given u : Qs — R? and m : Q. — S! the coupling term is

B um) = =30 3 D5u@).§) Y S(QumB)EE.  (29)

€€X acRS () BEQs (a)NQ:

In what follows, for every fixed a € Q5 and for each £ € X, it is useful to choose
to average the local ordering parameter on the corresponding “cell” P§ () instead
of considering the same cell Qs(a) for any direction £. With this choice the strain-
alignment energy EM54 can be rephrased as

82 PN
Eé\/[’SA(U m) Z Z 52 Dgu §> Z 52 <Q(m(ﬁ)) §7§> (26)

(eX aeRrs(Q) BEPE ()N

It will be clear in what follows that the energy defined as above has the same
asymptotic behavior, as ¢ — 0, of (25).

Clearly, other choices are possible. For instance, in [28] (see also [29]) Pasini,
Skacej and Zannoni proposed a model in which the coupling term is obtained by
averaging the variable m (instead of Q(m)) on the cells of the bigger lattice §Z2.
In Remark 4 we show that, in the limit as ¢ — 0, this model is “asymptotically
equivalent” to the one we consider.

4.3.2. Ferroelectric crystals. For this class of materials the strain-alignment-
coupling energy, for a given configuration u : Q5 — R? and p : Q. — R2, is

Bl uwp) = =3 3 PDfu(@).d Y 5 bBHQGE)EE)

E€X aeRS (D) BEPS (a)NQ2e

Y Y Y Shoraee)id). @

EEX aeR5(Q) BEPE (a)NQ:
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4.3.3. Nematic elastomers. In this case the strain-alignment-coupling energy is
the same as the one considered in the magnetostrictive case; i.e., for a given con-
figuration u : Qs — R? and n : Q. — S,

E¥Sium) ==Y Y #(Dfu(e).§ S S(Qme)Eé).

£eX aerS(Q) BEPE ()N

5. Magnetostrictive solids. At the microscopic scale the free energy E associ-
ated with a magnetostrictive solid whose configuration is described by the fields «
and m, is given by

B (u,m) := EZ"(u) + B (m) + B (m) + B2 (u, m),

with EFF EMSESEMLE gnd EMS4 as in (16), (18), (19) and (26), respectively.

In this section we study the asymptotic behavior of the energies EY, as e — 0, by
means of I'-convergence (for the definition and the main properties of I'-convergence
we refer the reader to [8]). To this end, we let (¢;) be a sequence of positive
real numbers, converging to zero as j — +oo and set B} := E!. With this
definition, each energy EJM is defined on a different space. In order to study the
I'-convergence of the functionals EJM as j — oo, we need to identify each pair
(u,m) : Qs, X Q, — R? x S', with a pair of functions belonging to a subspace
of a common functional space on 2. To this end we identify each (u,m) with
(A(u), A(m)) € As,(Q) x Be, () € L*(;R?) x L*(Q;R?) as in Section 2. To
not overburden notation, when no confusion is possible, we write u, m in place of
A(u), A(m).

With the above identification in mind, we may extend the energies E]EL = EEE],L ,
BT = pMSE I = pMER ISt~ pMSA by identifying them with the
functionals (not relabeled) EF*, B : L2(Q; R?) — [0, +0c] defined respectively
as

> > ‘532‘|<D§ju(a),é>|2 if ue As(Q)
EEL(U) = { LeX aejo @

400 otherwise,

and
1
50 D &fIDEma)fP if me B, ()
B (m) = 2 ¥ aens )
+o00 otherwise,

while E/"* : L?(Q;R?) — R U {+o0} and E;"*" : L*((;R?) x L*((4R?) —
R U {+00} are defined respectively as

1 4 .
—= g (K(a— B)m(a),m(B)) if m € B, ()
EJM’LR(m) = %,ﬁesg atB (28)

400 otherwise,
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and
2
. g2 N
=> > GDjue).§ Yo 5 (Qm(8)EE)
, £EX qeRE € (a)nQ. ?
EJM SA(u7m) — S 8 (Q) ﬁest( no j
if (u,m) € As; () x B, (Q)
+00 otherwise.
Thus we finally have E}': L*(Q;R?) x L?*(Q; R?) — R U {+00} with
EJM(u, m) = EJEL(u) + E;/I’SR(m) + E;/I’LR(m) + EJM’SA(U, m). (29)

Remark 2. The choice of identifying the discrete functions u and m with their
piecewise-affine interpolations is mainly suggested by the form of the energies which
involves “discrete gradients”. Nevertheless in all that follows piecewise-constant
interpolations of u and m may be equivalently considered (see e.g., [5], Proposition
A.1 and Remark A.2).

The procedure leading to the computation of the I'-limit of EJM is divided into
two main steps. In the first one we limit our analysis to the asymptotic behavior of
the functionals

EM(u,m) == EJ*(u) + E;"*"(m) + E;"* (u,m), (30)
finally proving Theorem 5.1. In the second step, appealing to the works by Firoozye
[23] and James and Miiller [26], we show that EJM IR satisfies a “continuity” property
(Proposition 4) which in turn provides some kind of “stability” of the I'-convergence
of EJM under the addition of EJM A thus easily yielding a I'-convergence result for
the whole free energy E} (Theorem 5.4).

Step one: a I'-convergence result for SJZ-V’.
With the following proposition, we prove a compactness result for sequences (u;, m;)
converging in L?(Q;R?) x L?({;R?) and with equi-bounded energy EJM. Hence, as
a by-product we identify the domain of the I'-limit of £}".
Proposition 2. Let (SJM) be the sequence of functionals defined in (30) and let
(uj,m;) — (u,m) in L*(Q;R?) x L2(;R?) be such that

sup &} (uj, m;) < +o0. (31)

J
Then,
(uj,m;) = (u,m) in Wh2(Q; R?) x Wh2(Q; R?),

with m € St a.e. in Q.
Proof. For any £ € X we have

ISR HIZRIORS

aejo () ﬁeP§j ()NQe;

€

LN N

(Qm(8)€6)|

=

2 .
< QMG s #FL@N0) 3 FID5 u(e).d)]

J aejo Q)

:%§:w%mm, (32)

aejo ()
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where )
&5 .
C; = 5—; sup #(Py () N Q) Jim =1, (33)
7 «

thus (30) and (32) give
&' (uj,my) > EF*(uj) + B (my Z > GUD5 (@), (34)

J
£€X a€R5 ()

Moreover,

EF(ug) — IZ > DS u(e),6)

eX aER§ ()

= X X (D5 ). F - HHDS uy (). )

§€X weRS (Q)
J

= > > 5 (10 ). OF = EDS,us (). )

$EX RS (V:(DF u5(a),€)<1
+ > > 5% (10§, wi(e), O = —LHD§ (@), &)
$EX aeR§ (2):(Df uj(@).€)[>1
= S15(uy) + 52,5 (uy).
The following estimates for Sy ;(u;) and Sa j(u;) hold true:

Sui) = > ( > 5 (D5, uj (@), )

feXaerf ():(Df u;(e),€)[<1

- 8 Lo e RE(@): (D uy(e). 8| < 1))
> ¥ 3 67 1(D5, (), ) = €102, (35)
fex aengj (D5 uj (). £)|<1
Sai0) > (1-2) ¥ > 5 DS us(a), O (36)

SEX aeRf ():[(Dj uj(0).£)[>1

Then, gathering (34)-(36) we get

C.
€)' (ugymy) = (1= L) B (i) + B} (mj) ~ €10,

J J

which by (31) and (33) permits to deduce
sup B (u;) < +oo and  sup E;"*"(m;) < +o0. (37)
J J

We now come to prove that u € W12(Q;R?). If for any £ € X we define
05, :={a € s, : P; (o) CQ}, (38)

we trivially have

EP"(uy) Z Z 52 DE uj ), €.

EGX aesﬁ
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Then, in view of definition (12), it can be easily checked that

FHDS i) OF = [ (Vu P e (39)
P (@)
for any £ € X. Moreover, we have
2\ J P5 ()] =0(5), as j— -+ (40)
g

for every & € X. Hence, if for any fixed n > 0 we define Q7 = {z € Q :
dist(Q, 9Q) > n}, gathering (39) and (40) we find that, for j sufficiently large,

1 F
By > 2 [ (Vud P
fex Uaengl_jéj(a)
J

1 o
> 5 [ Y VuéoP o

2 Jan

feX

1 .1 L
= - |[Ew;|* de + = |div u;|® de, (41)

2 Jom .

the last equality following by a direct calculation. Since sup; EF*(u;) < +o0, from
(41) we get that in particular

sup/ |Eu;|* dz < +00 V1 > 0.
JjoJan
Therefore, taking the sup on n gives

Sup ||Euj||L2(Q;M2X2) < +o00.
J

This, combined with sup; |[u;||z2(q;r2) < +00, by invoking the Korn’s Inequality
(cfr. Proposition 1(i)), permits to deduce that

sup [Vl L2 0mex2) < +00,
J

thus finally u; — u in WH2(Q; R?).
We now come to show that m € WhH2(Q;S1). A similar analysis to the one
performed for E* applies for EJM S as well and it easily leads to

1 1
Qn cey Qn

for every n > 0. Then, (37) and (42) imply
sup/ |Vm;[?dex < +oo  ¥n > 0.
JjoJan
Therefore

sup || V| L2 oaex2) < +00,
j

which, together with sup, ||m;|[z~(mr2) < +o0, yields m; — m in W2(0; R?).
Thus, it remains to prove that |m| =1 a.e. in Q.
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To this effect, with mg € S' given, we define the piecewise-constant function
my; € Ce,; () as

i () = {mj(a) if z€Q,(a)NQ, acl, (43)

mo otherwise

then, Proposition A.1 and Remark A.2 in [5] permit to conclude that m; — m in
L2($;R?) and, as || = 1 a.e. in Q, we finally deduce that |m| =1 a.e. in Q. O

The next proposition, which will be a key ingredient in the proof of the I'-
convergence result Theorem 5.1, states a continuity property for the sequence
(EJM’SA) with respect to the weak-W12(£; R?)x strong-L?(£2;R?) convergence.

Proposition 3. Let (uj,m;) C As, () x Be;(Q) be such that
u; —u in WH(Q;R?), m; —m in L*(Q;R?),
then

j—+oo

lim EJM’SA(uj,mj) = —/ Eu: Q(m)dx.
Q

Proof. By virtue of the Lipschitz-regularity assumption on €2, without loss of gen-
erality, we may suppose that sup, [|u;||y1.2(qr2) < +o00 with €’ open, bounded
such that Q cc .

For any ¢ € X we set

2 .
B ©um) = Y #(Dfu).d Y Z(Qum@)EE),
aejo Q) ﬁ€P§j ()nQe’
thus
BV (u,m) = — 37 B SA(E) (um). (44)

feX
Let u; — win WH2(Q;R?), m; — m in L?(Q;R?) and let m; be as in (43); we start
proving that for any £ € X

B O usm) = [ (V0§ (QEG)ES dy)da+o1) ()

as j — 400, where for & = (z1,22) € Q

(51105 1 + ([(252] + [H])dje2 if =
([52] = [B5=Ddjer + [§2jea if E=e2
[z]e =
(51105 €1 + [§2]0; 2 if §=e1+e
(51105 €1 + ([§] — 1)J; 2 if {=e1—e2

Notice that by definition
P§ ([z]e) = P (o), for x € P; ()

and for every £ € X.
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We have
B € wsmy) — [ (V66 f, SO 6 ) da
2 ..
< B @ m) Y 5.8 Y D (Qum(9)EE)
acns, BEPS ()9, 7
~ A A 52 A A
+ ] Y #05 w6 (£ Qume)édd- 3 F(@um(9)é )]
aEQEj Fy(e) ﬁePg ()nQe

= I, +15; +I§

with ng as in (38). We now turn to estimate Iﬁj, fori=1,2,3.
By the uniform boundedness of (Q(m;)) and applying Holder’s Inequality we get
2
- €5
I, < > D5 ui(e).€)]1Qm,(8))] 32 #(Ps, (@) N Q)
aengj (Q)\ng J
2

11
< [V llpaer) (8 #(RE @)\ 95)) f; sup #(FS (@) N D)),

then from
1 52 _
#(RS, D\ 95) =0(5) and sup#(P5 (@) N9%,) = 0(5), = +o0,
J Jj i o J £;
we deduce that
It ;= 0(/5;) as j— +oo. (46)

If we set Qi)j ={Beq, : Q(B) ( )}, the following estimate on Ig holds:

C P
B, < Y a0iw@bl5 (X SIQm(e)E ol

e, BE(PE ()9 \QE,
+ Q(m; (). &)| d

/ng . (QUm; ()E,6)] dy)

!

< Y SUDSu(a),6) 57 1Q(m;(3))] (55#((%5]‘(0[)09%)\92&)

aeﬂgj J
+ P\ U @, 0))

BEQS ;

1 11

< IVl (5 #(@5)" g (< swp (P 1090\ 25

+ sw P @\ U Q,0)).

BeQS,
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Since

5.
63 #(05) = O(1), sup#((Pf (@) N92.,)\ Q%)) = O(2),
«a J
sup [P5 (@) \ |J Q= (B)| =0(c;8;), as j— +o0
“ BeQS,
we can infer that

Ej .
12573:0(5_;) 88§ — +00. (47)

When we come to consider I5 ., Holder’s Inequality immediately gives

3,37
1 L .
édgzénv%mmgﬂgn U P (@]* =0(V6)) as j—+oo.  (48)

aeﬂﬁj

Finally, gathering (46)-(48) permits to deduce (45).
We now want to prove that

i [ (Vw68 f, @ue)ed )= [ e @mé.o .

I 5, (12e)
(49)
for any £ € X. To this end, it suffices to show that
L (QUuwIESd — @eES n L(@:R) (50)
5 \LIE
Indeed, since
supH]l Q(m; (), € dyH < +oo,
i A LECICE

once proved, (50) permits to deduce that in particular
L (QUuwIESdy — @umES n 1(O:R)
Py ([']e

and this combined with Vu; — Vu in L?(£2; M?*?) finally implies (49).
We prove (50) only for £ = ey, the proof of the other cases being analogous.
A change of variable and Fubini’s Theorem yield

£, @uescdy = @)

J

LY (5R)

1 ~
- /ﬂ 5 /zaj e1+6; P (0) (Q(m;(y))er, e1) dy — (Q(m(x))er, e1)| d

[ [, QU= gser + 852)er.er) ds = (QUm(a)er, er)| do
Q JPSL(0)

IN

[ Qs = 6 e+ 8;2))er,er) — (@i (a))en, en)] ddz
PEY(0) JQ
+  4{(Q(my;) — Q(m)) e1, e1) || L1 (ur)-

As we know that m; — m in L?(Q;R?), we have that m; — m in L7 (R? R?), with

5 m in €
m = )
mg otherwise
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and || = |m| =1 a.e. in R?%. We deduce that
Q) — Qi) in L (R* M**?).

Then, by the uniform continuity of the translation operator for strongly converging
sequences in L} (R?), we get (50). Gathering (45) and (49) finally yields

i £ (0s,n) =~ [ 37 (Vué &) (QUn)é. &) do =~ [ Eu: Qum)da,
j—too ) Q Q
feXx
with the second equality following by a direct calculation. O

We are now ready to prove a I'-convergence result for the sequence (8JM ).

In what follows we additionally assume that 2 is a simply connected set (see
Remark 3).

Theorem 5.1 (I'-convergence of £}'). The sequence of functionals (€}') defined
in (30) T-converges with respect to the L*(;R?) x L%($;R?) convergence, to the
functional EM : L2(;R?) x L?(Q;R?) — RU {+oc} given by

1 1 1

5/ |Eul? dr + 1/ |div u|? dz + 5/ |Vm|? dx — / Eu: Q(m)dx

M o Q Q Q Q
£%(u,m) = if (u,m) € WH2(Q;R2) x Wh2(0; 5)
+00 otherwise.

Proof. Lower bound. Let (uj,mj;) C As,;(2) x B, (Q2) be a sequence of functions
converging to (u,m) in L?(;R?) x L?(£2;R?). We have to prove that

Without loss of generality, we may assume that
lim inf €} (uj, m;) < +oo,
then, by virtue of Proposition 2
(uj,m;) = (u,m) in WH2(QR?) x WH2(Q; R?),

with |m| =1 a.e. in Q. Moreover, in view of (41) and (42) we have

1 1
liminf (Ef"(u;) + EY(m;)) > liminf (2/ |Euj|2dac—|—1/ |divuj|2dx>
Qn Qn

j—+oo j—+oo

for n > 0 and for j sufficiently large.
Since

1 1,1
[Evf? + 5 |divof” = 5(§|W + VT2 + |ter|2> = f(Vv)
and f is convex, by sequential weak-W12(02; R?) x W12(Q; R?) lower semicontinuity,

we get

j—+oo

1 1 1
liminf (E7"(u;) + EY(my)) > —/ |Eul|? dz + —/ |div ul|? da:—|——/ |Vm|? du,
2 Jan 4 Jan 2 Jan
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for every n > 0. Invoking Proposition 3 yields

gigligofggM(ujamj) = giﬁjgj(EfL(uj)JrEM(mj))+jiiglooEfl’SA(Ujamj)

1 1 1
> —/ |Eu|2d:c+—/ |divu|2dx+—/ |Vm|? da
2 Jan 4 Jom 2 Jan

- / E(u) : Q(m) dx,
Q
for every n > 0. Finally, taking the sup on 7 gives the lower bound.

Upper bound. We have to prove that, for any (u, m) belonging to W12(2;R?) x
W2(Q; Sh), there exists a sequence (uj,m;) C As, () x B, () converging to
(u,m) in L?(£;R?) x L?(Q;R?) and such that

lim sup EJM(uj, m;) < EM(u,m).
j——+o0

By the assumption on 2, without loss of generality, we may suppose that (u,m) €
W2, R?) x WH2(Q, 81), with Q cC Q. By a density argument we may also
assume (u, m) to be smooth in .

By Remark 1 there exist two sequences (y;), (2;) C @ such that, setting v; :=
Tfjfu and w; := T:’m, we have that the sequence (uj, m;) := (A(v;), A(w;)) is such
that (uj,m;) C As, () x B, (Q2) and

(uj,m;) — (u,m) in WH(Q R?) x WH2(Q/,R?). (51)
Moreover, a direct calculation gives

1 1
EJEL(UJ‘) + EJM’SR(mj) S 5 / |E’U,j|2 dx + Z / |le uj|2 dx
Q+B,(0) Q+B,(0)

1
+ —/ |Vm;|? du, (52)
2 Jats, 0

being B, (0) the ball centered at 0 and with radius 7, such that v26; < n <
dist(9Q, R?\ '), for j large enough. In view of (51), (52) and appealing to Propo-
sition 3 we find

limsupfjj»w(uj,mj) = limsup (E]EL(’U,J) + EJM’SR(mJ—)) + lim EJM’SA(uj,mj)
j—+oo Jj—+o0 j——+oo
1 ) 1 o
< = |Bu|*dz + - |divul® dz
2 JayB,(0) 4 JayB, (0
1
+ —/ s dx—/E(u) : Q(m).
2 JatB,(0) Q
Finally, taking the limit as n — 0, we get the upper bound. O

Remark 3. The simply connectedness assumption on €2 plays a crucial role in the
proof of the upper bound inequality in Theorem 5.1 since we need it to extend a
function m € W12(Q; S!) to a function belonging to W2(Q'; S1) with Q' 5> Q.
Nevertheless, it is worth pointing out that this hypothesis can be removed if in the
energy EM5% we decide to take into account only the interactions between those
points « € Q. such that Q.(a) CC Q. Clearly, this possible modification would not
affect the I'-limit EM.
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Remark 4 (The model by Pasini, Skacej and Zannoni). As already pointed out in
Section 4, other functionals have been considered to describe the strain-alignment
energy. Here we discuss the one Pasini, Skacej and Zannoni proposed in [28] (see
also [29]). The main difference with our model is in the choice of averaging the field
m rather than the tensor order parameter Q(m) on the cells of the lattice Q5. In
our notation, this amounts to consider a coupling term of the form

F" 5 u, =3 YT DS u(a).€) (Q(m(a)) €, €),
ﬁeXaenﬁj(Q)
with
) = g > Gmo)
BEP; ()9

and where, abusing notation, Q(m(«)) still denotes the tensor order parameter,
defined as in (9), even if now m( ) ¢ St

In this remark we want to show that the two models involving the two different
strain-alignment terms E"** and F jM’SA are “asymptotically equivalent”; i.e., they
have the same I'-limit £. To this end, it suffices to show that

lim FMSA(uJ,mJ) —/QE(u):Q(m)dx, (53)

j—+oo

for every (uj,m;) C As, () x Be, () such that u; — win W'2(Q;R?) and m; — m
in L2(92; R?). Following the line of the proof of Proposition 3, it can be easily proved
that, setting

FA©@m) = Y (DS u(a).£) (QM(0)) &),

aengj ()

for any £ € X, we get

FMS4(€) (uy,my) = /Q (<Wj€, £) <Q(]{35 ([fnj(y) dy)5= 5>) dz +o(1),

55 z]e)

as j — +oo, with 7, as in (43). Then, since Vu; — Vu in L*(Q; M?*2), the
equivalence reduces to prove that

Q(]{ng(ﬁg(y)dy)%(%(m) i L2(; M) (4)

as j — +o0.
By definition

Q(]{DE (2l >( )dy) Q)= (]{ng([i‘{(y) dy_m(x)) ®]€a§j<[£§(y) W

+ mwe (f, )y = ).

Thus, in view of

supH][ y)dy — m(x H < 400,
P& z]g) ( ) Lo (£;R?)
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it is enough to show that
][ mj(y)dy — m(z) — 0 a.e. in Q
([r]g)

as j — +o00. Since the same argument performed in the proof of Proposition 3 easily
gives the above convergence, we deduce (54), hence (53), thus finally the desired
equivalence.

Step two: asymptotic behavior of the long range internal energy EJM’LR
and a I'-convergence result for E;V’

In order to prove a I'-convergence result for the total free energy EM we need to
perform a preliminary asymptotic analysis for E; MER -Such analysis rehes on a result
stated in [23], Theorem 3 (see also Section 8 for its apphcamon to magnetostatics).

In order to proceed we start by recalling some notation, definitions, and results
contained in [23]. We refer to [23, 26, 32] for the details.

Let f:R?\ {0} = R, f: S' — R such that f(x) := |z|72f'(%). We say that f
is an admissible function if
(i) f€ C=(SLiR),
(il) [o: f'=0.
Let f € C°°(S™;R) be defined as

L e (%)
f(s) = ;(—1)e a WYL’(S%

where a, denote the coefficients of the development of f’ in spherical harmonics Y

and T is the Euler function; i.e., I'(t) := 0+°O zi=te= % dx, for t > 0.
Let
f._ 1 —t|z| —2 pl/2
St = }gr(l) Z e~ z|72 f1(2).
z€Z2\{0}

It can be proved that if f’ is an admissible function, then S/ € R.
Let gf € C*°(S*;R) be defined as

g’ (s) = f(s) + S7.

f(s
We say that F : R? — M?*2 F := (fy) is an admissible kernel if its entries f;
are admissible functions, for 4,1 = 1,2 . Moreover we set Gy : S1 — M?*?2 as
Gg = (gfil)'

For the reader’s convenience in what follows we present a simplified version,
useful for our purposes, of two results by Firoozye. We remark that, in its simplified
version, the first result we are going to state is a straightforward consequence of
Wainger’s Theorems 6 and 7 in [32].

Theorem 5.2 (Theorem 3, [23]). Let F be an admissible kernel and let (m;) C
L*(R%;R?) be such that mj — m in L*(R?;R?). Then

dim Y (Fla—B)mj(a),m;(8))
J o,B€e;7%, a#f

= | Gr@) : (F(m)(y) ® F(m)(y)) dy,

where F(m) is the Fourier transform of m and F(m) is its conjugate.
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We are now ready to analyze the asymptotics of the sequence of energies (E]M )

Proposition 4. Let (m;) C Be, () be such that m; — m in L*(€;R?). Then,

. 1 - - 1

jEIJPOOE.?J,LR(mj) = _5 /1%2<va *m> dr — Z|Q|7
where m := myq and K is as in (20).
Proof. A direct computation yields that the Helmholtz kernel K = (k;;) is an ad-
missible kernel. Moreover, thanks to the symmetry of the square lattice it holds
that S¥i = 0 for any ky, i,1 = 1,2 (see Remark 6.4 in [26]).
Since for every i,l = 1,2, k;; is a spherical harmonics of order 2, we have that

GK@):(%RL—S®S)

Let us consider the sequence (1m;) C C., () of piecewise constant functions defined
as

0 otherwise.

mg(x) _ {mj(a) if z e QEJ‘ (), Qsj (@) NQ# 0, ae Qsj

We have that m; — m in L?(R?* R?) and EJM’LR(mj) = EJM’LR(rhj). Hence by
applying Theorem 5.2 we get that

. 1 ~ ~ 7 ~ N\

Jim B g) = =5 [ Gucla) s (Fm() © ) do

Then, the conclusion follows passing to the real space variable. Indeed, since
FEK)y) =-1®7,

appealing to the properties of the Fourier transform, we deduce that

. 1 - - 1 1
jEToo EJM’LR(mj) =3 /R2 (m, K *m) doe — 5 /Q §|m|2 dx. (55)
Finally, the thesis follows observing that |m| =1 a.e. in . O

Remark 5. Note that in the continuum micromagnetic theory the first term in the
right hand side of (55) is called the magnetostatic energy. Indeed it can be easily
shown (see [11]) that, since
0%
ki = A™(80)

ox;xy

in the sense of distributions, dy being the Dirac mass centered at 0, the term K* m
is the distributional solution h to the magnetostatic equation

{&WV¢+mmﬂ—O in R2

56
h=—-V. (56)
We recall now a second result from [23, Section 8].

Theorem 5.3. Let K : R? — M?*2 be the two-dimensional Helmholtz kernel (20)
and let m : R* — R%. Then

lim inf ( - % Z 8? (K(a— B)m(«), m(ﬁ)>) > lim sup ( - i Z 5?|m(a)|2).

. :
J o,B€e; 22, a#B J=teo a€e;Z2
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Remark 6. Notice that applying Theorem 5.3 with m = myq, m : Q. — S*, yields

lim inf B} (m) > —£|Q|. (57)

J—+oo

We now come to study the asymptotic behavior of the total free energies EJM,
starting with a compactness result.

Proposition 5. Let (E}") be the sequence of functionals defined in (29) and let
(uj,m;) — (u,m) in L*(Q;R?) x L2(;R?) be such that
sup B} (uj, m;) < +o0.
j
Then,
(uj,m;) = (u,m) in WH(Q;R?) x WH2(Q;R?),
with m € St a.e. in Q.
Proof. The proof is straightforward from (57) and Proposition 2. O

The following theorem states the desired I'-convergence result for EJM .

Theorem 5.4 (T-convergence of E}). The sequence of functionals (E}") defined
in (29) T-converges with respect to the L*(;R?) x L%($;R?) convergence, to the
functional EM : L2(Q;R?) x L?(;R?) — R U {+o00} given by

1 1
EM(u,m) = EM(u,m) — —/ (m, K*m)dx — =19,
2 R2 4
with EM as in Theorem 5.1 and m = mxq.
Proof. Lower bound. Let (uj,mj;) C As,;(2) x B, (Q2) be a sequence of functions
converging to (u,m) in L%(Q;R?) x L?(2;R?). We have to prove that

Without loss of generality, we may assume that
ljlgﬁgof EgM(ujvmj) < +o0,
which, by virtue of Proposition 5 gives
(uj,m;) = (u,m) in WH(QR?) x WH2(Q; R?),

with [m| =1 a.e. in Q. Finally, combining Theorem 5.1 and Proposition 4 immedi-
ately yields
liminf B} (uj,m;) = liminf £ (uj,m;) + lim EY*%(m;)

j—+oo Jj—+o0 j—+oo

£M(u, m) — %/ (7, K %) dz — i|Q|,
Rz

Y%

hence, the lower bound.

Upper bound. Let (uj,mj;) C As, () x B, (€2) be as in the proof of the upper
bound inequality of Theorem 5.1. Then, again by Theorem 5.1 and Proposition 4
we have

limsupEJM(uj,mj) = limsupEJ]»V[(uj,mj)—l— lim B (my)
J—oo im0 j=too

EM(u,m) — %/ (m, K xm)dx — i|Q|
R2

IN

and thus the thesis. O
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5.1. Boundary value problems. In this section we discuss the asymptotic behav-
ior of (EJM ) in the presence of boundary constraints on the displacement. To this end

we need to properly define a new sequence of energies. Given ¢ € WL (R?;R?),
for any § > 0, we set

AZ(Q) = {u e A5(Q) : u(e) = p(a) if Qas(a) NQ° # B}, (58)
where Q¢ := R?\ Q. We define E}"% : L2(Q;R?) x L*(Q;R?) — R U {+oc} as

EM(u,m) ifue Afj Q)

. (59)
+o00 otherwise,

EJM""(U, m) = {
with B} as in (29).

Thanks to the boundary constraint on u, we are now able to prove a compactness
result for a sequence (uj,m;) C L?(;R?) x L?(;R?) with equi-bounded energy
EJM # without any a priori convergence requirement on this sequence (cfr. Propo-
sitiﬂc;n 5). This yields in particular the L?(Q;R?) x L?(Q;R?) equi-coercivity of
(E;77).

Proposition 6 (Equi-coercivity). Let (u;,m;) belong to L*(2;R?) x L*(Q; R?) and
be such that
sup EJM’“’(uj,mj) < +o0. (60)
J

Then, there exists a pair (u,m) belonging to W2(; R?) x WH2(Q; S1) with u—¢ €
WOI’Q(Q;RQ) such that, up to subsequences,

(uj,my) = (u,m) in WH(QR?) x WH(Q;R?).
Proof. In view of (57), following the proof of Proposition 2 we immediately deduce
that (60) implies

sup EF*(u;) < +oo and  sup E;"*(m;) < 400,
J J

Since the compactness of (m;) is as in the proof of Proposition 2, here we only
address the proof of the compactness of (u;). By (60) we get that in particular
(uj) C Afj (€), hence u; — ¢ € Wy?(Q;R?) for any fixed j. Then, the variant of
the Korn Inequality stated in Proposition 1(ii) gives

[V (uj — @)l|L2@rex2y < ClE(u; — 9)||n2@aex2)- (61)

Moreover, the same construction performed in the proof of Proposition 2 together
with sup; E7*(u;) < +oo, by virtue of (61) now yields sup; ||Vu;||r2(nex2) <
+00. This, combined with the Poincaré Inequality, implies

sup [|u;|lw2 (oure2) < +00,
J

and finally
uj —u in WYAHQR?), u—p e W, (QR?).

M.
We are ready to prove a I'-convergence result for E; .



DISC.-TO-CON. LIMITS FOR STRAIN-ALIGNMENT-COUPLED SYSTEMS 695

Theorem 5.5 (I'-convergence of E]M’“’). The sequence of functionals (E]M’“’) defined
in (59) T-converges with respect to the L?(Q;R?) x L?(;R?) convergence to the
functional E% : L?(Q;R?) x L%(;R?) — R U {+oc} given by

EM(u,m) if (u—p,m)e Wy2(QR2) x WH2(Q; 1)

400 otherwise,

EM#(u,m) = {

with EM as in Theorem 5./.

Proof. Lower bound. Let (uj,m;) C Afj () x B, (92) be a sequence of functions
converging to (u,m) in L?(Q;R?) x L*(;R?) and such that sup; EJM’“’(uj,mj) <
400. Then, Proposition 6 gives

(u—@,m) € Wy (4 R?) x WH2(Q; 1),
while the lower bound in Theorem 5.4 yields

]}lg_&gEgM(ujva) > EM(uvm)v

therefore
lim inf E;/I’“a(uj,mj) > EM?(u,m).
J—+o0
Upper bound. As the imposed boundary constraint on the displacement only
modify the elastic term in the energy, we may prove the upper bound inequality
limiting our attention to this term, the upper bound for the whole EJM ? easily
following as in the proof of Theorem 5.4 (see also Theorem 5.1).

Setting
1 1
EF (u) = —/ |Eu|2d:§+—/ |div u|? dz,
2 Ja 4 Jo

we have to show that for every w such that u — ¢ € W01’2(Q;]R2), there exists a
sequence of functions u; € Af () such that

li_szrup EPM(u;) < B (u). (62)
J—T00
We prove (62) by density. To this end let u € W12(Q; R?) be such that Q° :=

spt(u — ) CC Q. Given n > 0, we let A” be an open subset of Q satisfying
N0 ccA” ccQand

/ |Vu|* de = / |Ve|? do <. (63)
Q\A7 o\A7

Now let A" be an open subset of Q such that A” cc A" cC Q. Setting d :=
dist(A”, A’©), for any k € {1,..., N} with N € N, we define

Ay = {:v e A dist(z, A”) < k%}

Notice that A” C Ay, C Agy1, forevery k€ {1,...,N —1} and Ay = A’.
We recall that Theorem 5.4 ensures the existence of a sequence (u;) C As,(2)
such that u; — u in WH2(; R?), for which

lim EF*(u;) = E”"(u). (64)

oo
We want to show that we can construct a recovery sequence (u;) C Afj (Q) for

EJM # suitably modifying (u;) “near” the boundary of €.
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We start by considering the cut-off functions ¢ € C°°(9;[0,1]) defined as

1 in Ak
oK = .
0 in Q\ Axyq

and satisfying ||V Lo (oir) < C%, for every k € {1,2,...,N}. For any o € Q,
we set

uj (@) = pr(@)u;(@) + (1 = ¢r(@))p(a)
and we consider its piecewise-affine interpolation A(u¥), defined as in (12). From
uj — uin L?(Q;R?) we get that A(uf) — u in L2(€;R?), and moreover A(u¥) €
A?j (Q), for j large enough.
Note that

D uf(a) = ¢l +6;6)D5 uj(@) + (1 — grla +6;€)) DS, p(a)
+ (u5(a) — p(a)) D§ di(a),

J

for any £ € X, thus we easily deduce

|D§ uf(e)]* < © (|D§jUj(a)|2 + |, ()l + ]j—fmj(a) - w(a)|2> . (69)
Setting, for every £ € X,
Syt i={e = y+1€, [t] <8, y € Apa \ Ar},
we get
RS () € RS, (Ak) U RS (@\ Ay, ,) U RS, (S1°). (66)
Then, by collecting all the interactions in the energy according to (66) we have

EPWE) < EFu)+ Y. Y BIDS e + Luty)  (67)

feX aengj (Q\A”)

where by virtue of (65), we have set

L) =C Y 3002 (105 () + 15 e(@)P + Tz fus(a) - pla)?)

feX aenfj (85%)
Since in view of (67) we get
N
ZEEL JSNEP )+ N> > 82D5 o)+ Likl(uy),
feX aerf (2\A”) k=1

we may infer the existence of an integer k(j) € {1,2,..., N} such that setting
— k()
= A(u;""), we have

N
EEL( )<EEL UJ + Z Z 52|D Z

feX aGRgv(Q\A”) k:
.7
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Moreover, setting Ly, = [|[V| = r2) and denoting by w; and ¢; the piecewise-

constant interpolations on the cells of the lattice §,Z2 of u; and of ¢ respectively,
we have

1Y C
N;Ij,k(ua‘) < N(/Q

and

Vs LA 4N [ @)~ i@ e

(68)

\AN

> X aie@P<c | |VePdn (69)
Q\A//

fex aengj (Q\A")
Since by construction

i [lw;(2) = ;@) 2@ avire) =0,

gathering (67), (68) and (69) we finally get

limsup Ef*(u;) < limsup Ef*(u;) + C/ |Vep|? da
Q\A//

oo oo
¢ 2 2 "
+ N(/Q\A,, Vil + L2|0\ A7)

C
< EPM(u)4+n+ ~ 1),

where the last inequality follows by (64) and (63). Then, (62) follows by the arbi-
trariness of N, .

We finally remark that as the set of all functions u € WP(Q;R?) such that
spt(u — ) CC Q is dense in W, P(QR?) + ¢ with respect to the WP(Q;R?)
convergence and EP* is continuous with respect to the same convergence, the general
case u—p € VVO1 ’Q(Q; R?) can be recovered by a standard diagonalization argument,

which relies also on the lower-semicontinuity of the I-limsup (see e.g., [8], Remark
1.29). O

In view of Theorem 5.5 and by the properties of I'-convergence, we derive the fol-
lowing result about the convergence of minimum problems with Dirichlet boundary
data.

Corollary 1 (Convergence of minimum problems for E}Y). Let ¢ € WL (R%R?),
then

i inf{E () + (u,m) € A% (2) x B, ()
Jj—+o0 j

=min{EM(u,m) : (u—p,m) e Wy (4 R?) x WH2(€; S1)}.
Moreover, if (u;, m;) C Afj () x B, () is a minimizing sequence for (E}') then,
up to subsequences, (uj,m;) — (u,m) in L*(Q;R?) x L*(Q;R?) and

EM(a,m) = min{ E(u,m) : (u— ¢, m) € Wy 2 (Q; R?) x WH2(Q; s1)}.

Proof. The proof follows by Proposition 6 and Theorem 5.5 applying the well-known
result about the convergence of minimum problems in the theory of
I'-convergence. O
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6. Ferroelectric crystals. In this section we study the asymptotic behavior of the
total free energy associated to a given configuration (u,p) of a ferroelectric crystal
EZ (u,p) == EZ*(u) + EZ*F(p) + EXM(p) + B (u, p),

with EPF as in (16), EFSE BRLE S EESA a5 in (21), (22), (27), respectively, under
Dirichlet boundary constraint on w.

As the asymptotic analysis for EI can be inferred, up to minor changes, from
the one for £, in what follows we only discuss some points which reduce the study
of ferroelectric crystals to that of magnetostrictive solids treated in Section 5.

We set EJF’SR = EQSR, EJF’LR = ELIR, EJF’SA := ES* and we perform the
usual identification defining E;*" : L?(Q;R?) — [0, +00], E""" : L*((;R?) —
R U {400}, EJF’SA s L2(;R?) x L?(Q;R?) — R U {+0oc} respectively as

%Z > 5j2|D§jp(f)’)l2+% > PpB)? i p e A (Q)

Ef’SR(p) = £EY aeRE () A€
400 otherwise,
1 .
—5 Y e (K(a—p)pla),p(B) if pe A, (Q)
F,LR 2
B (m) = a,BEQ: ;. atf (70)
+o00 otherwise,
and

g2 -
=Y Y #Dfu)d) Y IBHQGBE)EE

ex aengj () BeP§j ()N

1 g2 . L2
B (u,p) 1= 52 Y #(Y SBPGM)EE)
fex aejo Q) ﬁePfj (N9’

if (u,p) € As;(Q) x A, (Q)

400 otherwise.
Thus E : L*(Q; R?) — R U {400} is given by
Ef (u,p) := EJ*(u) + E;*"(p) + E""*(p) + E"**(u,p) (71)

and finally, for any ¢ € W,L>°(R?;R?), we define E[?: L*(9;R?) x L2(9;R?) —
R U {400} as
Ej(u,p) ifue A (Q)

. (72)
400 otherwise,

F7 p—
Ej W(u,p) - {
with E as in (71) and Af () as in (58).

We start proving an equi-coercivity result for (EJF“")

Proposition 7 (Equi-coercivity). Let (u;,p;) belong to L*(;R?) x L*(Q;R?) and
be such that
sup Ef’“"(uj,pj) < +o0. (73)
J

Then, there exists a pair (u,p) belonging to WH2(Q; R?) x Wh2(Q; R?) with u—p €
WOI’Q(Q;RQ) such that, up to subsequences,

(uj,p5) = (u,p) in W (Q;R?) x WH(Q;R?).
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Proof. We observe that

1
,SA

Y Y #(fue.f - Y Z—;mwn%amw»é,@ﬁ (74)

£€X a€R5 () eP5 (a)NQe;

Moreover, in view of Theorem 5.3 we have that

1
E(p) + Bl (p) > 5B/ ST (p), (75)

for j sufficiently large. Hence gathering (74) and (75), (73) permits to deduce that
sup B/ (uj) < +oo and  sup E;*"(p;) < +oc.
J J

Then, arguing as in the proof of Proposition 6 and taking into account the definition
of Ef’SR we immediately get the thesis. O

We establish the following I'-convergence result for the energies Ef’“".

Theorem 6.1 (T'-convergence of Ef’“’). The sequence of functionals (EJF’“’) defined
in (72) T-converges with respect to the L*(Q;R?) x L?(Q;R?) convergence, to the
functional E% : L?(Q;R?) x L*(Q;R?) — R U {400} given by

P . B 1,270y, ™02 1,2/0). 2
Ew(w)_{E (w.p) if (u—p,p) € Wg P (% R2) x WH2(Q;R?)

400 otherwise,
with E¥ as in (6).

Proof. Noticing that Proposition 7 ensures that a seqence (uj,p;) C L?(£;R?) x
L?(;R?) with sup; Ef (uj,p;) < 400, in particular satisfies

p; —p in LY(QR?),

arguing as in the proof of Proposition 3 it is easy to show that

1
lim EF ug,p;) /|p|2Eu )d:E—I—Z/Q Ip|* da.

j—+oo

Then, the the I'-convergence result for £ JF '# follows by appling the same arguments
employed in the proof of Theorem 5.5 (see also Theorem 5.1 and Theorem 5.4). [

As in Section 5, we conclude the analysis for EJF '? observing that, as a conse-
quence of Proposition 73 and Theorem 6.1, we may derive the usual result about
the convergence of minimum problems.

Corollary 2 (Convergence of minimum problems for EY). Let ¢ € WL (R%R?),
then

lim inf{E}(u,p): (u,p) € Afj () x A, ()}

Jj—+o0
=min{E(u,p) : (u—,p) € Wy? (% R?) x WH2(Q; R?)}.
Moreover, if (uj,pj) C Afj (Q) x Ac,; () is a minimizing sequence for (EJ) then,
up to subsequences, (uj,p;) — (4,p) in L*(;R?) x L2(Q;R?) and

Ef(u,p) = min{E"(u,p) : (u—¢,p) € W&’Q(Q;R2) X W1’2(Q;R2)}.
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7. Nematic elastomers. In this section we analyze the asymptotic behavior of
the free energy

EX(u,n) = EX(u) + EX*(n) + EX¥ (u,n)

of a nematic elastomer whose ordering term EX* follows by the Lebwohl-Lasher
theory and, for every n : Q. — S, is given by (23). According to (24), this can be

written as
EZf(n Z > 2DEQn(a))*.
E €Y 0eRrE(Q)
As already observed, this suggests that the meaningful variable now is Q(n). Then,
since the dependence on n of the strain-alignment energy is given in terms of Q(n)
too, with a slight abuse of notation, we prefer to write the free energy as EX(u, Q(n))
and we also set

EXS(Q(n)) = B (n) BN (u, Q(n)) = B (u, ).

As for the cases of magnetostrictive solids and ferroelectric crystals, we may iden-
tify the energies EY with their continuous counterparts now defined on L?({); R?) x
L2(£2; M?%2). To this end we proceed as in Section 5 identifying each function
Q(n) : Q¢ — N with its piecewise affine interpolation as in (12). Then, setting
EY Sk . = EXF and EY = ENS4, we are led to consider the functionals (not rela-
beled) EJNSR : L2(Q MM) [o +oo] and E;"*" : L2(Q;R?) x L*(; M?*?) —

R U {400} defined respectively as

5 Y ADQEE@)P i Q) € M., (9)

EN’SR(Q(n)) = €EY qeRE(Q)
+00 otherwise
and
2 ..
=Y Y BDfund Y Z(QmE)ES
ENSA(y, Q(n)) = ex aejo Q) ﬁeP5 ()N J
( ,Q( )) € A(sj (Q) X M5j (Q)
+00 otherwise.
Thus, finally EY : L?(Q; R?) x L*(Q; M?*?) — R U {+00} is given by
E}'(u,Q(n)) := Ef*(u) + E;"*"(Q(n)) + E;"* (u, Q(n)). (76)

If we now let o € W1°°(R2; R?), we may define E]{V’“p : L2(Q;R?) x L2(Q; M?*2) —
R U {400} as

E¥(u,Q(n)) ifuce A?j Q)

: (77)
400 otherwise,

B (u, Q(n)) = {

with Af () as in (58).
In what follows we prove the analogue of the compactness result stated in Propo-
sition 6 for the nematic elastomer energies E]{V’“".
Proposition 8 (Equi-coercivity). Let (uj, Q(n);) be a sequence in L?(£;R?) x
L2(Q; M?%2) such that
su_pEJN’“"(uj, Q(n);) < +oc.
J
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Then, there exists a pair (u, M) € WH2(Q;R?) x Wh2(Q; M?X2) with u — ¢ €
WOI’Q(Q;RQ) such that, up to subsequences,
(uj, Q(n);) — (u, M) in WH2(Q;R?) x WhH2(Q; M?*2).
Moreover, M = Q(v) for some v : Q — S1.

Proof. Arguing as in the proof of Proposition 6 (see also Proposition 2) yields
wj — uin WH2(Q;R2), u — ¢ € Wy 2 (4 R?) and Q(n); — M in Wh2(Q; M2%2),
We now consider the sequence (M) of piecewise-constant functions defined as

M, (z) = Q(n(a)); if z€Q,(a)NQ, a €y,
J Q(no) if €@ ()N, ad¢.,,
with ng € S*. Then, by virtue of the definition of the tensor order parameter Q(n)

we get M[; € A a.e. in Q2. Moreover, appealing to Proposition A.1 and Remark A.2
in [5] we have

(78)

M; - M in L*(Q; M?*?),
which in particular implies that, up to subsequences,
M;(z) — M(z) a.e. in Q, (79)

and this permits to deduce that the limit function M belongs to A for a.e. x € Q.
Then, by Lemma 3.2 we can infer the existence of a function v : Q — S, such that
M(z) = Q(v(x)) a.e. in © and this concludes the proof. O

Remark 7. In the model we have considered the meaningful variable which de-
scribes the nematic order is the tensor order parameter Q(n). Since the (2 x 2)-
symmetric matrix Q(n) determines through its entries (n?,n3,n1n) the direction
of the corresponding vector n = (n1,n2), it is not surprising that Proposition 8
asserts, among other things, that a sequence (Q(n);) with equi-bounded nematic
energy, converges to a “direction”; i.e., to a matrix-valued function Q(v), for some
vesh

On the other hand, this compactness result gives no information on the as-
ymptotic behavior of sequences (n;) = ((n1);, (n2);) with Ef*(n;) equi-bounded.
Indeed, by Proposition 8 we can deduce that

(n); —=vi, (n3); —=v3, (mng); = vy in WHH(Q;R),

where v is in general not determined by the weak-W? limit of (n;) which may
even not exist. In fact, if we consider the discrete sequence of vectors given by

nj(ar, az) = (\/a—jcos m, V1-— aj),
€j
we clearly have
Inj| =1, Ej*(n;)=0, n; —ey in L?(Q;R?)
while
1

Vn; 20(—), as j 0.

|V NG J—+
We establish the following I'-converge result for the sequence of nematic elastomers
energy with Dirichelet boundary conditions on the displacement.



702 MARCO CICALESE, ANTONIO DESIMONE AND CATERINA IDA ZEPPIERI

Theorem 7.1 (I'-convergence of EJN’“"). The sequence of functionals (EJN’“") defined
in (77) T-converges with respect to the L?($; R?) x L?(Q; M?*2) convergence to the
functional EN? @ L2(Q;R?) x L?(Q; M?%2) — RU {+o0} given by

1/ |Eu|2dx+5/ |divu|2dx+5/ VQ)? da
2 Q 4 Q 2 Q
—/Eu:Q(V)da:

EM(u,Q(v)) = if (u—,Qv) € Wy?(R?) x WLQQ(Q;M?X?)
with v :Q — St

+o00  otherwise.

Proof. Lower bound. Appealing to Proposition 8 and noticing that now
Jim_ B} (0;,Qn);) = - [ Bu: Q) do.
for every (u;, Q(n);) C As, (2) x M, (Q) such that
wj —u in WH(R?),  Q(n); — Q(v) in L*(QM**?),
the proof of the lower bound exactly follows that of Theorem 5.1.

Upper bound. We prove that for any (u, M) € WH2(Q; R?) x W12(Q; M?*2) with
u— @ e Wy (% R?) and M = Q(v) ae. in Q, for some v : Q@ — S, there exists
a sequence (i, Q(n);) C Aj () x M.,(Q) converging to (u,M) in L*(Q;R?) x
L?(2;R?) and such that

fim sup B (uj, Q(n);) < B™%(u,M).
Since u; can be taken exactly as in the proof of the upper bound of Theorem 5.5,
we only focus on the construction of a recovery sequence for the nematic variable
M = Q(v). By the regularity assumption on €2, without loss of generality, we may
suppose that M € WH2(Q', M?*2) with M = Q(v) a.e. in Q' and Q cC Q. Indeed,
by virtue of the characterization of Q(v), we have that

M = ( @ @2 ) a.e. in )
a2 —aq

being a1,as :  — R such that setting a := (2a1,2az), we have a € W12(Q; S1).
Hence the function a can be extended to a function (non relabeled) a € W12(Q/; S1).
As a consequence, M can be extended to a function belonging to W12(Q/, M?*2)
and preserving the constraint M = Q(v) a.e. in €', for some v : Q' — S*. Without
loss of generality, by a density argument we may suppose M to be smooth in €.
Moreover, Remark 1 ensures the existence of a sequence (z;) C @ such that, setting
W, :=T:’M, then M; := A(W}) is such that (M;) C M,,(Q) and

M; - M in WhHQ, M?*2).

Therefore, the thesis immediately follows taking as a recovery sequence the pair
(@, M;) (see the proofs of Theorem 5.1 and Theorem 5.5). O

Proposition 8 and Theorem 7.1 permit to deduce the following result on the
convergence of associated minimum problems.
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Corollary 3 (Convergence of minimum problems for EY). Let ¢ € W™ (R?;R?),
then

Jlim inf{E (1, QW) : (v, Q) € AT (Q) x Me, (D)}
=min{E¥(uw, Q) : (u— ¢, Q(v)) € Wy (4 R?) x WH(N)}.
Moreover, if (u;, Q(n);) C AF () x M, (Q) is a minimizing sequence for (E})
then, up to subsequences, (uj, Q(n) ) — (@, Q(v)) in L*(Q;R?) x L?(Q; M?*2) and

EY(a,Q(v)) = min{ E"(u, Q)) : (u—¢,Q(r)) € Wy (GR?) x W (25N},

8. Additional terms in the energy. In this last section we extend the previous
results to the case when the considered discrete system is subject to an external
force, to an applied electric or magnetic field, or when crystalline anisotropy is taken
into account. In what follows, we first introduce the discrete energies in all the cases
of interest and then prove that these functionals are “continuous perturbations”
with respect to the L? convergence. At the end of the section, we simply state the
compactness and I'-convergence results for the free energies with these additional
terms without detailing their proofs. These are straightforward and can be easily
obtained by reasoning as in Section 5.

8.1. External force. Let f € L? (R? R?) denote an applied force field. The work
done to deform the discrete system in presence of this field adds a new term in the
free energy. For a given deformation u : Q5 — R? it is denoted by E[); _(u) and is
given by

EEL, (u) == 8*(f(a),u(a)),

aEQs
where f : 7% — R? is defined as

Fa) = fQ e (30)

We may identify this energy with the functional (not relabelled) EZL, _: L?(Q, R?)—
R U {400} defined as

=Y S (f(@),ula)) if ue A (Q)
EL
Eezt 5( ) = a€Qs (81)
+00 otherwise.

Let EZ; ;(u) := EZ}; .. (u); the following proposition states a continuity result for

the coupling with the external force field.
Proposition 9. Let (u;) C As, () be such that u; — u in L*(Q;R?). Then,
lim Eemt]( ) EeE;ELt( ):—/<f7u>d(£
Jj—+oo Q

Proof. Let (u;) C As, () be such that u; — w in L*(Q,R?). Then, the sequences
of functions (v;) and (f;) defined respectively as

vi(z) == u;(a), fi(z):= fla) foraxe Qs;(a), ac 5jZ2

are such that v; — w and f; — f in L?(2,R?). Moreover, we have that

Eg; ;(u j):—/ﬂ<fjavj>dif+0(1),
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hence the claim follows passing to the limit as j — +o0. O

8.2. Magnetic and electric applied fields. The internal variable describing ori-
entation may couple with an applied magnetic or electric field. With the same
arguments employed in the proof of Proposition 9 it is possible to show that the
corresponding terms in the energy are continuous with respect to the strong L2
convergence. We distinguish three cases.

8.2.1. Magnetostrictive solids in a magnetic field. Let h € L} (R* R?) be
the external magnetic field. Then, defining h as in (80) with A in place of f, for
for any configuration m : Q. — S*, the free energy due to the interactions of the
magnetic moments with the applied field is given by

Efc(m) == e (h(a), m(a)).
a€efe
As before, we set EM, g = EM, ., and we identify it with the functional (not

relabeled) EM

ext,j

: L2(,R?) — R U {+o00} given by

= Y {h(@),m(a)) if me B, (Q)
By j(m) = a€q, (82)
+00 otherwise.

The following result states that the analog of Proposition 9 holds true also for the
coupling with an applied magnetic field.

Proposition 10. Let (m;) C Be, () be such that m; — m in L*(Q;R?). Then,

lim EY, J(mJ) EM.(m) = — / (h,m) dz.
j—oo Q

8.2.2. Ferroelectric crystals in an electric field. If we denote the applied elec-
tric field by e € L? .(R?,R?) | then, defining € as in (80) with e in place of f, for any
configuration p : . — R2?, the free energy due to the interaction of the polarization
with the external field is given by

Ejzt,s(p) == Z 52<€(a),p(a)>.

ac.
As before, we set El,, . = E[l,; ., and we identify it with the functional (not
relabeled) Ef,, . : L*(2,R?) — R U {+o0} given by

emt,]

)
(a),p(a)) ifpe A ()
otherwise.

The following result holds.

Proposition 11. Let (p;) C Ac,(Q) be such that p; — p in L*(;R?). Then,

lim Eextg(p.]) EeFxt( ): _/Q<67p> dz.

j—Foo
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8.2.3. Nematic elastomers in a magnetic field. When a nematic elastomer is
subject to an applied magnetic field h € L%OC(R2,R2), an additional term in the
energy has to be considered. For any configuration n : . — S', with the same
notation used in the case of magnetostrictive solids in an external magnetic field,
the free energy due to the interactions of the nematic mesogens with the external

field is given by
El, Q) = = Y X(Q(n(a)h(a), h(a)).
aEQ,

As before, we set B, . = EJj, .. and we identify it with the functional (not

relabeled) EZ, ; : LQEg:]MM) — RU {+oc} given by
= Y Qm)i(a),h) i Qn) € M-, (9)
EY, (Q(n)) == €.,

400 otherwise.
The following result holds.

Proposition 12. Let (Q(n);) C M., (Q) and Q(n); — Q(v) in L*(Q, M?*2),
then

j—+o0

lim EY, (Q(n);) = EX,(QW)) = - / (Q()h, by de.

8.3. Anisotropy terms. The interaction with an underlying lattice structure of-
ten results in the existence of easy azes of alignment; i.e., energetically favored
alignment directions for the internal variable. In the ferromagnetic and ferroelec-
tric case, this effect is known as crystalline anisotropy. In the nematic elastomers
case, memory of the orientation of the nematic mesogens during the cross-linking
reactions may induce anisotropy. We discuss here a concrete example only for the
magnetostrictive case, since completely analogous results hold in the ferroelectric
and in the nematic case.

For any configuration m : €. — S', a cubic crystalline anisotropy, with easy
axes e and eg is described by the energy term

Ey,.(m) == Y (m(a),e1)’(m(a). e2)*

aE,

see, e.g., [16]. As before, weset EM . := EM _ and we identify it with the functional

an,j * an,&;
not relabeled) EM . : L%(Q,R?) — R U {400} given by
an,j

= Y Emla),enm(a),e2)? if m € B, ()
E%,j(m) = a€Q. (83)
+0oo otherwise.

The following result holds true.

Proposition 13. Let (m;) C Be, () be such that m; — m in L*(Q;R?). Then,

j——+o0

lim Eﬁfl_’j(mj) =EM(m) = —/(m,el>2<m,eg>2 dx.
Q
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8.4. Additional convergence results. We end this section stating the equi-
coercivity and the I'-convergence results when the additional terms in the energy
are taken into account. Since the claims in these propositions are similar in the
three cases, we state them only for magnetostrictive solids.

With ¢ € WllocOo (R?%;R?) we define the total energy of the discrete magnetostric-

tive system, when all the additional terms discussed in this section are considered,
as Ef;[;fj : L*(R?) x L2(;R?) — R U {+o0} given by
J an,j

EY(u,m) + EZL (u) + EY, o(m) + By, (m) ifu e Afj () (84)
+o00 otherwise,

with EY, EIL o BN, . BN, 5 asin (29), (81), (82) and (83), respectively.

ext,jr “ext,j0 “an,j

The following results hold true.

Proposition 14 (Equi-coercivity of the total energy). Let (uj,m;) be a sequence
in L?(Q;R?) x L%($;R?) such that

M
sup it
J

(uz,m;) < +o0. (85)
Then, there exists (u,m) € WH2(Q;R2) x Wh2(Q; S1) with u — o € Wy?(Q;R?)
such that, up to subsequences,

(uj,my) = (u,m) in WH(QR?) x WHH(Q;R?).

Theorem 8.1 (I'-convergence of the total energy Etﬂgfj) The sequence of function-

als (Efgf]) defined in (84) T'-converges with respect to the L*(2;R?) x L%(Q;R?)

convergence to the functional Ern? : L?(Q; R?) x L*(Q; R?) — RU {400} given by

EM(u,m) + B2 (u) + B2 (m) + EL (m)

B3 (u,m) = if (u—p,m)eWy?(QR?) x WH2(Q; 5

400 otherwise,

with EM as in Theorem 5./ and EFL, EM

BL O EM. EM as in Propositions 9, 10 and 13,
respectively.

By the two previous results we derive the following corollary.

Corollary 4 (Convergence of minimum problems for EM, ). Let p € V[/lifo (R%;R?),

tot,j
then

lim inf{Et]\:J[t,j (’U,, m) : (uvm) € A(Si (Q) X Baj (Q)}

j—+o0

=min{EY,(u,m) : (u—@,m) e Wy ?(Q;R?) x Wh2(Q; s1)}.

Moreover, if (uj,m;) C Afj (Q) x Be,(Q) is a minimizing sequence for (Ejy, ;) then,
up to subsequences, (uj,m;) — (u,m) in L?(Q;R?) x L*(Q;R?) and

EM (@,m) = min{ EY, (u,m) : (u—@,m) € Wy 2 (4 R?) x WH2(Q; S1)}.

The analogue of the previous statements hold in the case of ferroelectric crystals or
nematic elastomers.
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