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ABSTRACT. We discuss the homogenization of a model problem describing the
transport of heat and mass by a compressible miscible flow in a highly het-
erogeneous porous medium. The flow is governed by a nonlinear system of
degenerate parabolic type coupling the pressure and the temperature. Using
the technique of two-scale convergence and compensated compactness argu-
ments, we prove some stability in the homogenization process.

1. Introduction. We consider a model describing the compressible displacement
of a mixture in an heterogeneous porous medium. We assume that the flow occurs
during the time interval (0,7), T > 0, in a bounded domain € of RY, N <3, simply
connected with smooth boundary I'. Note that the assumption N < 3 corresponds
to the usual physical applications of the model. Minor modifications of the Sobolev
embedding used below allow to suppress this restriction. Let Q; = Q x (0,t),
0<t<T, Ty =Tx(0,T), and let v denote the unit normal pointing outward
Q. The transport of heat and mass is described by the following nonlinear, fully
coupled and degenerate parabolic system. Equation (1.1) is the pressure equation
derived from the conservation of the total mass and (1.3) is the temperature equation
derived from the conservation of heat in the mixture. We refer to Scheidegger [12]
and Kaviany [8] for the description of the model.

kS (x)
(0°)

1 .
¢ (x) Opp® +diveg" = —=(¢" — ¢°), ¢ =— Vp© in Qr,

n(0°)
q v |FT: 0, p° |t:0: Pinit,

¢5(x)8t95+q5-Vﬁs—div(qﬁs(:v)d(qs)VHE)—i—luq 6" = —1__in Qr, (1.3

d(@F)VO° v |r.=0, 0°|[i=0= Oinis-

Here € > 0 is the length scale describing the heterogeneities of the medium. The
rock is characterized by its permeability k¢ and by its porosity ¢°. The function
p° is the pressure, ¢° is the Darcy velocity, 6° is the temperature of the fluid. The
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function p = p(6°) is the viscosity of the mixture. We admit here the possibility of
a vanishing mobility k% = (1/u(6%))k®. Equation (1.1) is thus possibly degenerate.
The dispersive tensor d(q) has the form, see Bear [3] and De Marsily [7],

d(q) = dm I +|q| (di E(q) + d¢ (1 — E(q))),

where I is the identity matrix, F is the tensor (¢;q;/|q|?), dmm > 0 is the molecular
diffusion, d; > d; > 0 are respectively the longitudinal and transverse dispersion
coefficients. The functions ¢*/u(0¢) and ¢°/u(6°) are respectively the injection and
production source terms. The pumping and injecting rates decrease with the viscos-
ity increase. The functions p;,;; and 6;,,; are the initial pressure and temperature.

We address the homogenization of (1.1)-(1.4) when the permeability k¢ and the
porosity ¢° are highly oscillating functions. We suppose that ¢° and k° are given
by

5 _ E c o E
F@)=6(x2), K@=k(nl) zeq,
with ¢ € C1(Q; L2, (Y)), and k € C1(Q; L2, (Y)), where Y is the unit cube in R

er er
and Lpe,.(Y) dengtes the space of functlonps w € L*®(R) that are Y-periodic. The
other technical assumptions used in this contribution are those necessary to the
statement in [6] of the existence of a weak solution (p¢,6%) for (1.1)-(1.4) for any
fixed € > 0. The porosity function ¢° and the permeability function k° are such

that
0<o¢_ <¢(z)< o', 0<k_ <kS(z)<k™', ae inQ, Ve >0,

where gb and k_ are positive real numbers. The degenerate mobility x°(z,0°) =

k(z, £,0°) = (1/u(6°))k" (x) satisfies
k(z,y,0) > 0in Q x Y x (0,1), (1.5)
Ve y(“(x y,0 1/2)
= (k7 Y2V, k) (2,,0)/2 € (L2 Q x V)V, 6 € (0,1), (1.6)
Dy (r(x,y,60)*)

1
= (ak® ' Dygr)(z,y,0) € L®(Q x Y), for some 0 < o < , 0€(0,1). (1.7)

Note that the usual viscosity model used for nuclear waste contamlnation is (see

[11]) X
p(0) = pires exp(m)

where fi,or is some reference viscosity and 0, is some reference temperature. The
viscosity is unbounded in the vicinity of 8,..f. If we assume for the sake of simplicity
that the mobility vanishes only in an absolutely cold medium, that is 8,y = 0, the

function i
(@, 0) = { O(If)eeipé——) if0<6<1,
corresponds to the model of [11] and fulfills Assumptions (1.5)-(1.7). We also assume
¢, ¢ € L*(Qr), ¢'(z,t) >0, ¢°(x,t)>0ae. in Qp,
Pinit € L*(Q), O € L=(Q).
The initial temperature (kelvins) is of course assumed nonnegative. For the sake of
simplicity we assume that its upper bound is equal to 1. We have

0 < Oinit(x) <1 ae. in Q.
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Finally, we consider that the initial displacement is standard, that is the initial
mobility is positive:

K(x, Oini(x)) >0 a.e. in Q.
Under the aforementioned assumptions, Choquet proved in [6] the existence of a
weak solution (p%,6°) of Problem (1.1)-(1.4).

Theorem 1.1. There exists a weak solution (p®,0%) to the nonlinear parabolic sys-
tem (1.1)-(1.4). The function p* € L>(0,T; L*(2)) is a solution of (1.1)-(1.2) in
the space L2(0,T;(HY(Q))). The Darcy velocity ¢¢ belongs to (L*(Qr))N. The
temperature function 6° is in L>=(Qr) N L*(0,T; H(Q)) and satisfies

0 < 6°(z,t) <1 for almost every (x,t) € Q.

The aim of this paper is the asymptotic study as € — 0 of the degenerate coupled
parabolic problem (1.1)-(1.4). We refer to Amirat et al [2] and Choquet [4] for
the homogenization of a non-degenerate and one-dimensional model of miscible
displacement. We claim the following result.

Main Theorem. The homogenized problem equivalent to (1.1)-(1.4) is

_ . i 1 .
dOp’ +div(q) = qlu(e;] . ¢ = _lu(o)l/é — K,Vp i Qr,
q/ v |FT: 0, p’ |t:O: pmz‘t(I),

3(2) 00 + Q - VO — div(Dy (2, t)VO) + -0 = L in 7,

DyVO -V |r,=0, 0 |i=0= Oini-
The averaged porosity ¢ is ¢(z) = / ¢(x,y)dy. The homogenized permeability ten-
Y
sor K, = (K;Lij)lgi,jSN is defined by

Koylant) = [

i 1 i
y k(x,y) (Vyw (@,y,) + (@)l +1/1e )

-(Vywj(x,y, t)+ r e,

1 ,
)

where w? (x,y,t) is the unique solution of the cell-problem:
. j 1 ; .
—divy <k(x,y) (Vyw] (z,y,t) + W&)) =0 inY,
y — w (z,y,t) Y — periodic, w’ (x,y,t)dy =0,
Y

the jth vector of the canonical basis of RN being denoted by e?, 1 < j < N. Defining
a corrector q, for the velocity by

1 1
Go(T,y,t) = O k(z,y) (va(% t) + Vyp2(,y,1)),

with pa(x,y,t) = W Ejvzl w?(z,y,t) Oy, p(x,t), the homogenized diffusion
tensor Dq = (Dq,;)1<i,j<n, s given by

inj (z,t) = /Y o(z,y) d(go)(z, y,t)(Vyvi(:zr, y,t) +e') - (Vyvj (z,y,t) + ) dy,
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where v? (x,y,t) is the unique solution of the cell-problem:

—divy (¢(z,y) d(go(z, y, 1)) (Vyo! (z,y,t) +€)) =0 inY,

y — v’ (z,y,t) Y — periodic, / v (z,y,t)dy =0, 1<j<N.
Y

The paper is organized as follows. Section 2 is devoted to the derivation of uni-
form estimates for the solution (p%, 6%) of (1.1)-(1.4). Convergence and compactness
results follow. The main difficulty is the study of the pressure behavior because all
the estimates that we can derive on its gradient Vp® are weighted by the possi-
bly degenerate mobility x°. We thus introduce an auxiliary weighted pressure. In
section 3 we pass to the limit ¢ — 0 in (1.1)-(1.4), using in particular two-scale
convergence tools (see Allaire [1]).

2. Preliminary estimates and convergence results. The aim of this section is
to provide sufficient uniform estimates and compactness results to pass to the limit
in the oscillating problem (1.1)-(1.4) as € — 0. Here and in the sequel, C' denotes
a positive generic real number independent of . Firstly classical energy estimates
give the following results.

Lemma 2.1. (i) We claim that the following uniform estimates for the pressure
hold true.

19| Loe (0,7 £2(02)) + 165 (2, 05)2VDF || (L2 < C, 1Ml (L2~ < C.

Furthermore, the function ¢¢0;p° is uniformly bounded in L(0,T; (H(£2))").
(ii) The temperature sequence (0%) is uniformly bounded in the space L (1) N
L2(0,T; HY(Q)). The dispersive term satisfies

lg*[*/*V6 ||z~ < C.

Proof. We multiply Eq. (1.1) by p® and we integrate over ). Integrating by parts,
we obtain
1d / 2 ¢ — ¢
—— [ &% p°(-, 1) d:zc—i—/ fprg-Vpde:/ p°dx.
2dt Jq Q o wo°)
Because of Assumption (1.7), there exists some real number C' such that 0 <

wu(0°)~1 < C almost everywhere in Qp. Using the Cauchy-Schwarz and Young
inequalities, we thus write

¢ —q¢ . g —q° 2 2 <2
pd:c‘g/ d:c—i—C’/p da:SC’—I—C/p dx.
’/Q p(6°) Q| w(6°) | Q| | Q| |

Since ¢°(z) > ¢_ > 0 almost everywhere in €, the latter relation and the Gron-
wall lemma give the first estimates of Lemma 2.1. The estimates on ¢° are a
straightforward consequence since ¢¢ = —k*Vp®. Eq. (1.1) then directly implies
that ¢°9;p° is uniformly bounded in L?(0,T;(H(Q2))"). Indeed for any function
g€ L?(0,T; H(Q)), we have

[(6° 00", 9) L2(0,73 11 () x L2(0,T3 (11 ()| = ‘—/ k“Vp® - Vgdzdt
Qp

1(6°)

¢ —q
+HT98)HL2(QT)H9”LZ(QT) < Cliglizz0,mm1 ))-

4 —q
f g dodt] < Cllg”l| gz (apy 19l 20 7m0 )
T
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Part (i) of Lemma 2.1 is proved.
We now consider Pb. (1.3)-(1.4). We ensure with Theorem 1.1 that the tem-
perature 6° satisfies 0 < 6%(x,t) < 1 almost everywhere in Qp for any € > 0. The

sequence (6°) is then uniformly bounded in L (Q7). We now multiply Eq. (1.3)
by 6% and we integrate by parts over 2. We obtain

55 2 cd £ 5
2dﬁ/¢| |d:c+/¢ )V - VO da

+/Q(q5~V95)95d:z:+/QM(98) |05|2d:c:/ (98)95611: (2.1)

Since 6¢ is uniformly bounded in L>°(Qr), we write using the Cauchy-Schwarz and

_d
s f/|q€||ve€|2da:
2 Jo

< COt) + ¢’*2dt/ %] |V6° |2 da
Q

Young inequalities

‘/(q€~V0€)98d$‘ <C
Q Q

where the quantity C(t) is uniformly bounded in L'(0,T). The last term of the

left-hand side of (2.1) is nonnegative. The right-hand side is bounded by a constant
since ¢ € L*(Qr), 0 < 0°(z,t) <1 and 0 < p(6°)~! < C a.e. in Q. We note that
the dispersive tensor d satisfies

A6 € 2 O (dm + dela )€, 1d(@)E] < 671 (dm + dilg])IEl,  WE € RY.
(2.2)
Using Property (2.2), Relation (2.1) thus leads to

2dt/¢|e€ |2d:c+/¢ d, +—|q ) IV dn < C(t) + C.

The result of the lemma follows straightforward since ¢(x) > ¢_ > 0 a.e. in Q. O

Remark 1. Some additional assumptions on the pressure problem allow to state a
maximum principle for p*. Actually, if ¢ — ¢° belongs to L>(Qr) and if the initial
pressure is bounded below and above by some constants, then the pressure sequence
(p®) is uniformly bounded in L (Q2r). We refer to [5] for a proof.

In view of the previous lemmas, we assert the existence of p € L>(0,T; L*(Q)),
q € (L*(Qr))N and 0 € L>(Qr) N L?(0,T; H'(Q)) such that, up to an extracted
subsequence, as ¢ — 0,
p° — p weakly  in L>(0,T; L*()),
" — g weakly in (L*(Q7))",
6° — 0 weakly in L*(0,T; H'(R)) and weakly * in L>(Qr).

Let us then prove the following compactness result.
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Lemma 2.2. The sequence (6°) is sequentially compact in L*(Qr).

Proof. We multiply (1.3) by a testing function 1 in the space L*(0, T; W*(Q)) and
integrate over Q. We get

& 0,0° O da dt — —/ (- V) pdedt— | ¢ d()VE - Vepdadt
Qr Qr Qrp

— 2 qi
/ (95)6‘ z/Jd:vdt—i—/QT u(@s)wdmdt'

Owing to our first energy estimates, the last two terms are bounded by C|1[|12(q,.).-
Using (2.2) and the Cauchy-Schwarz inequality, we obtain for the second term in
the right-hand side

¢° d(¢)V6° - Vi) da dt
Qr

< C(dm +di 1) VO || (12 (20~

x| (dm + di |g%[)"/? VYl 2@y -

Using the following inequalities

[(dm + di 16°1) "% VO F 200y
T

< [ (an 19060y + e [ V0 ae)at
0

T
R A V)T T O A

< (Cdm + di 16"l 20)™) 1V L1 (0py)

we obtain

QZSE d(qE)Vﬂs . VUJ dx dt‘ S C H1/)||L4(O,T;W1’4(Q))'
Qr

For the first term in the right-hand side we use the Sobolev inclusion W*(Q) C
L*(2) and the Cauchy-Schwarz inequality as follows.

/Q (¢° - VH*")wdxdt’ < M@ IVl Lssey~ 19l Lao,mwra(a))-
T

Note that by Lemma 2.1, (|¢°|V6°) is uniformly bounded in (L*/3(7))N. We con-
clude that 9;(¢°67) is uniformly bounded in L*/3(0,T; (W'4(Q))"). Since (¢°6°)
is uniformly bounded in L*°(€Qr), a standard argument of Aubin’s type, see Si-
mon [13] Corollary 4 for instance, proves that (¢°60°) lies in a compact subset of
C(0,T; (HY())"). Therefore, there exists £ € C(0,T; (H(£2))"), such that, up to an
extracted subsequence, as ¢ — 0,

¢°0° — & in C(0,T; (H'(2))').

Let us prove that & = (;39 where
is the weak limit in LP(£2) of the sequence ((;56 Let ¢ € D(Q2r). We write

o° 0% Y dxdt = / o v° dr,
Q

Qr
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where
T
v (x) = / 0% (x,t) ¢ (x,t) dt.
0

The sequence (v) is bounded in H'(Q) and thus sequentially compact in L?(Qr).

It strongly converges to the function v defined by v(z) = fOT O(z, t)y(x,t)dt for
z € . Then, up to extracted subsequences,

lim ¢F O Ydadt = | E4pdudt = / o(z) v(x) da
€ Qp Q

—0 Qr

~ T ~
= [ ¢(x) (/ O(x,t)(x,t) dt) dx = o(x) 0(x, t) Y(x,t) dedt.
0 Qr

Q

To prove the strong convergence of (a subsequence of) (6%) we then use the decom-
position:

T

¢° (6° — 0)? dadt = / (9% 0°,0° = 0) (11 () xm1 () dt
Qp 0
+ [ ¢°0*dxdt — | ¢°6° 0 dudt.
QT QT

Since the right-hand side tends to 0 as ¢ — 0, we infer from the latter relation the
strong convergence in L?(Qr) of a subsequence of (6¢). The proof of the lemma is
complete. 0

Since Equation (1.1) is of degenerate parabolic type, we have no estimate for the
pressure gradient. Thus it seems to be hopeless to look for the compactness of the
sequence (pf). We then study the weighted pressure (1/u(6%)'/?)p®. We begin by
two auxiliary results (Lemmas 2.3 and 2.4).

Lemma 2.3. For any n 0, the sequence ¢°(p°/\/p=% +n)Owp® is uniformly
).

>
bounded in L*(0,T; (WH4(Q))

Proof. Let 1 a given function of L>(0,T; W4(Q)). We multiply Eq. (1.1) by the
test function p=y(p=2 + 1)~ /2 and we integrate by parts over Q. We get

<¢5p5(p52 + 77)’1/23tp5ﬂ/1> = / (¢° - V) p* (p=2 + )~V 2 dx
Q

S

B ¢ —q _
+/Q(q€~Vpa)n(p€2+n) 3/2wdz+/ p°(p* + )2 P da,

o wo°)
where the brackets denote the duality. We note that the functions p® (p€2 + n)_l/ 2
and 7n(p? +n)~3/2 are uniformly bounded in L*°(Qr). With Lemma 2.1, we assert
that ¢° - Vp© is uniformly bounded in L'(Q7). Using in particular the embedding
Wh4(Q) € L>=(Q), we write the uniform estimate |((¢°p®(p°2 + n)~2)dp°, )| <
C(t)|Y]lwra) where C(t) is uniformly bounded in L'(0,7). Our claim is
proved. O

A part of the proof of the homogenization process will be carried out by using the
two-scale convergence introduced by G.Nguetseng in [10] and developed by Allaire
in [1]. We recall the basic definition and properties of this concept.
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Proposition 1. A sequence of functions (v¢) bounded in L*(Qr) two-scale con-

verges to a limit v,(x,y,t) belonging to L*(Qr x Y), vsivo, if

lim vs(x,t)\ll(x,x/s,t)dacdt:/ /Uo(ac,y,t)\I/(:zc,y,lf)al:zcdydt7
or Jy

e—0 Qr

for any test function VU (xz,y,t), Y-periodic in the second variable, satisfying

lim |\I!(:v,:b/£,t)|2d:vdt:/ /|\I!(:C,y,t)|2dxdydt.
=0 Jar or Jy

(i) From each bounded sequence (v¢) in L?(Q7) one can extract a subsequence which
two-scale converges.
(ii) Let (v¥) be a bounded sequence in L*(0,T; H' () which converges weakly to v

in L*(0,T; HY()). Then v 20 and there exists a function v, € L*(Qp; H), (Y))
such that, up to a subsequence, VUEAV’U(I, t) + Vyvi(z,y,t).

Now we have sufficient tools for claiming the second auxiliary lemma.

Lemma 2.4. For a fizedn > 0, let Py = /p*? + 1 and P, its weak limit in L?(Q7).
We claim that

(0) V29 PS — 1(0)~'/%¢ P, weakly in L*(Qr).

Proof. Since the sequence (Py) is uniformly bounded in L*(Q7), it admits a two-
scale limit P, , € L*(Qr xY). Let ¢ € (D(Qr; Cpe,(Y))NCo(QrxY))N . Integration
by parts gives

€ o V(1(0°)7V2PE) - p(x, /e, t) dudt
= _ /QT 1(0°) V2 PE (edivet(z, x /e, t) + divyy(z, x/e, ) dudt.  (2.3)

We know by Lemma 2.1 and Assumption (1.7) that V(u(ﬁs)’l/QP;) is uniformly

bounded in (L'(27))". Then there exists a Radon measure v, € (M(Qg x Y))¥
such that (up to a subsequence not relabeled for convenience)

lim V(u(@g)_l/QPﬁ) “(w,x/e,t) dudt

e—0 Qp
= (vy(z,y, t), E(iﬂa Y, f)>(M(QTxY))N X(Co(Qr xY))N -

Thus the left-hand side of relation (2.3) tends to 0 with . Bearing in mind the a.e.
convergence of 6° to 6 and passing to the limit € — 0 in (2.3) we get

0 :/ / w0z, t))"Y2P, o(x,y,t) divy Y (z,y,t)) dedydt.
QrJy -

We conclude that p(0)~*/2P,, does not depend on y. Then the weak limit in
L?(Qr) and the two-scale limit of 14(6°)~'/2P¢ are identical:

W) V2P = u(6)72 P,
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Moreover, using once again the a.e. convergence of 6 to 6 in 7, we note that
p(0)/2 lim (¢°P7) = lim (6°u(6°) /2 P]) = /Y $(,y) 1(0) 2 Py o, 1) dy
= [ o) w0y 2Py dy = u(0) 2P,

It follows in particular that p(6)~'/2lim. o (¢°P7) = 1(0)~/2¢P,. This ends the
proof of the lemma. O

We then recall the following compensated compactness result (see Kazhikhov
[9)-
Lemma 2.5. Let V., W and Vi Banach spaces such that D() C V. C W C D'(Q2)
and V' C V{ C D'(Q), with continuous embedding, the embedding V. C W being
compact. Let (a®) and (8%) be sequences such that
(a%) is bounded in LP(0,T;V), of — «a weakly in LP(0,T; W),
(%) is bounded in LY(0,T;W'), 3 — 3 weakly in L(0,T; W),
(0:37) is bounded in LP*(0,T;V/),

for some 1 < p < oo, ¢ > p/(p—1) and p1 > 1. Then, up to an extracted
subsequence, the convergence af3° — af holds true in D' (Qr).

Applying astutely several times Lemma 2.5 we prove the following compactness
result of pu(0%)~1/2pe.

Lemma 2.6. The weighted pressure ju(6°)~'/?p® is sequentially compact in L*(Qr).
Proof. Let 7 > 0 be a fixed real number. We recall that P = Vpe? +n and we

set (37 = ¢°P;. The sequence () is uniformly bounded in L>°(0,T; L*(Q2)). Since
¢%(x) > ¢— > 0 a.e. in , we can denote (EPW its weak limit:

35— By = ¢ Py weakly x in L*(0,T;W), W =L*(Q) =W

Note that by Lemma 2.4 1u(0)~Y/2¢P, 4 = pu(0)"/2¢P,. By Lemma 2.3, (9,37) is
bounded in L'(0,T;V{), Vi = W*(Q). We also note that Pg(z,t) > n'/? > 0 a.e.
in QT.

On the one hand, we set af = u(6°)"'P: (P +1)~'. This quantity is clearly
bounded in L (Q7). With Lemma 2.1, we check that Vaj is uniformly bounded
in (L2(27))N. We thus assert that of is bounded in L?(0,7;V) with V = H'(Q)
compactly embedded in W. We apply Lemma 2.5 and get a8, — a1/, in D' (Qr).
Using successively the a.e. convergence #° — 6 in (27 and Lemma 2.4, this reads

¢ u(0°) P PE(PE+ 1) PE = G P s pu(0)  Pe(Pr + 1)
= P u0) PP+ 1), (2.4)

where f€ denotes the weak ad hoc limit of a sequence (). The same work with
¢°(P; + 1) instead of 3} produces

6 p(67) 7 Py = 6 (P + 1) pl0°) " Pr(Ps 1)
— G (P + D) p(0) P PP+ 1)L = (P, + 1) u(0) Pe(Pg + 1)L



658 CATHERINE CHOQUET AND ALI SILI

Since Lemma 2.4 gives ¢ P u(6°)~! — GPu(0) ™" weakly* in L>(0,T; L2()), we
conclude that
uO) = Ps/(Ps +1) = w(O) ™ Py/(Py + 1)
Now Relation (2.4) is
¢ (6°) " PPy + 1) = gu(6) T PPy + 1) (2.5)

On the other hand, we set of = p(6°)~1/2 (P + 1)~1/2. Because of Assumption
(1.7), the sequence 5 satisfies similar properties to those of af: 5 is uniformly
bounded in L?(Qr) and in L?(0,T; H*()). Setting once again V = H'(Q) and
W = L*(Q), we thus assert with Lemma 2.5 that a50; — a2 in D'(Qr), that is
(with the a.e. convergence of §° to 6 and with Lemma 2.4)

¢ P2 p(0°) V2P +1)7Y2 G Py u(0) V2 (P + 1)1/
= ¢ P u(0)"V?(P; +1)-1/2. (2.6)

There is an other way to compute the latter limit. Let ¢ € D(Qr). We write
/ ¢ Pep(6°) V2 (Ps + 1) 2y da dt = / ¢F v° du,
Qr Q
where
T
v (x) _/0 Pep(0°)Y2(P: + 1) 2yt

Because of (1.7), the sequence (v) is bounded in H'(£2) which is compactly em-
bedded in L2(£2). Then, up to extracted subsequences,

lim [ ¢°P:p(6°) 2P+ 1) 2 pdadt = | du(z)da
Q

e—0 Qr

_Awfﬂ@wgmﬁivw@m

=/, ¢ u(0) V2 Ps(Pz +1)~1/2 4 dadt,
T

that is
TP p(0°) " (Ps + 1)1 = G u(0) 712 Pe(Pg + 1) 1/2, (2.7)

We now look for an estimate of the non-explicit limits in (2.6) and (2.7). Using the
convexity of the function z +— (2 4 1)~'/2, we claim following Tartar [14] that

(Pe+1)"12 > (P +1)7/2 (2.8)

We recall that P, (z,t) > n'/2 > 0 almost everywhere in Q7. With the concavity of
x+— x/v/x +1in R4, we conclude that

Pz(Ps+1)~1/2 < Py(P, +1)7V/2 (2.9)
Combining (2.6)-(2.9), we get
& Pru(67) AP+ 1)V Gu(0) 2Py (By £ 1) (210)

Now we exploit Relations (2.5) and (2.10). A consequence is the strong conver-
gence of u(@a)_l/QP;(P; +1)7Y2 to u(0)~Y2P, (P, +1)"/2 in L?(Qr) and almost
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everywhere in Q7. Indeed, we have

/ (u(6°) 2P (P 4+ 1)7Y2 — p(0) V2P, (P + 1)7Y/2)” dwdt
Qr

1 - € ( pE — — _

< o @) PR P+ )7 — u(0) PPy (P £ 1) V22 gt
! - € € - e — _

=5 ), () PP+ 1) o u(0) T PR+ 1)
- T

—2¢° Pepu(0°)~H2(PS + 1) 72 u(0) "2 Py (P + 1) 7Y?) dadt.
In view of (2.5) and (2.10), the latter expression tends to 0 as ¢ — 0. It follows that
p(0°) VPP + 1)1 — pu(0) V2P (P, +1)7/? in L*(Qr) and a.e. in Q.
Since P +1 — P, + 1, we conclude that
p(0°) 7t PE? = pu(6°) Tt PEA(PE + 1) (P 4+ 1) — p(0) P2

Since we already know that u(@g)_lﬂP; — w(0)"Y2P, in L*(Qr), the latter rela-
tion proves the convergence u(6%)~1/ 2P§ — u(0)~1/ 2P, almost everywhere in Q7.
In view of the definition of Py, it follows that u(ﬁa)_lPrfz = u(6°)"1(p°* +n) and
then u(ﬁa)_lp52 converges almost everywhere in 7. Taking the square root, we

conclude that the weighted pressure p(6%)~/?p® converges also almost everywhere
to its weak L2-limit, that is

w(0°) 7Y 2p" — u(0)"Y2p  strongly in L2(Qr) and a.e. in Qp. (2.11)

Lemma 2.6 is proved. 0

We now turn back to the Darcy law. We claim and prove the following two-scale
convergence result.

Lemma 2.7. There exists some function py € L'(0,T; L™ (% H,,,.(Y))), r1 > 1,
such that
1 s

1
(@) gyeire VP Vb

the real number o, 0 < o < 1/2, being defined in Assumption (1.7). More precisely,
the function ps is defined by

1y p'(0)

5) Wp(%t)el (@,y,t) + p1(z,y,t)

where p1 € L*(Qp; H),,(Y)) and 6, € L*(Qr; H),,.(Y)) is given by the two-scale
limit V62V + V,0,.

pg((E,y,t) = (Oé +

Proof. Let & € (L*(Qr;L2,,.(Y))N be the two-scale limit of the sequence

per
(u(6°)71/2Vpf). Let ¥ € (D(Qr;C,(Y)))N such that divyy(z,y,t) = 0. On
the one hand we have B
;i_r)% o WV})E “p(w,x/e,t) dodt = /QT /Yé(x,y,t) Y(w,y,t) dedydt.
(2.12)
On the other hand, we recall that p/(6°)/p(6°)2? is uniformly bounded in L% ()
by Assumption (1.7). We note that p(6°)~'/?p® is uniformly bounded and strongly



660 CATHERINE CHOQUET AND ALI SILI

convergent in L>°(0,T; L*(R)). Function (1 (6)/p(6%)*F1) 1(6%)~/?p* ¢ which be-
longs to (L*(Qr;Cpe,(Y)))N is thus an admissible test function for the two-scale
convergence. And the sequence V6¢ is uniformly bounded in (L?(Qr))V. Integrat-

ing by parts and using Lemma 2.6, we thus compute

ill% 0 )a+1/2 P(x, /e, t) drdt

/ 95 a+1/2 p dlvz1/)(x x/s t) dxdt

1 6 1
+/ gi)ail (95)1/2 p° Vo© Q(I, x/e,t) da:dt)

/ / a+1/2 pdiv,Y(z,y,t) dedydt

1 (9)
+/QT/ ()T p(VO+ Vyb1) ¥(z,y,t) dedydt. (2.13)

We infer from (2.12)-(2.13) that

1 1 (0
El@,y,t) = Vz(mp) +(a+ 5) W(Jr)g/gp(ve‘f‘ Vyb1) + Vypr

for some p1 € L*(Qp; H},, (Y)), that is pa(w,y, 1) = (a+ 1) = Cp(a, )01 (2,y,1)

+p1(z,y,t). The proof of Lemma 2.7 is achieved. O

3. Derivation of the homogenized model. We have sufficient tools to pass to
the limit in the pressure equation. As in Allaire [1], we multiply Eq. (1.1) by a test
function in the form U(x, t)+eU(z, x/e,t), with U € D(Qr), ¥1 € D(Qp; C2.(Y)).

per

We set ¥9(xz,t) = ¥1(z,z/e,t). Integrating by parts over £, t € (0,7'), we obtain
_/ ¢°p° Oy (¥ + W7) drds + / P (1) (W (s t) +eWi(, 1)) do
Qs Q

—/ O Pinit(x) (¥(z,0) + Vi (z,0)) dx
Q
/ 1
+
o, ‘u(es)l/Qfa u(es)a+1/2
¢ - ¢ .
= U+ U9) dxds.
/Qt aery
We pass to the limit ¢ — 0 in the former relation using two-scale convergence
arguments and Lemma 2.7. We get

_/Q/Y¢Po‘9t‘1’dwdyd8+/Q/Y¢(:v,y)po(x,y,t)\lf(x,t) dxdy

1
/Qt/yu 1/2 _ (9)a+1/2Vp+Vyp2)-(V\IJ(ar,t)—l—Vy\IJl(x,y,t))d:cdyds

Vp© - (VU + eV, U5 + V, %) dds
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The associated strong formulation is

k(x,
‘/Y (b(y) atpo(xv Y, t) dy —div (/Y M(e()l/gza (M(Q)i_,_l/g VP + vyp2) dy)

) k(x,y 1 .
—div, (M(H()l/Q)O‘ (;L(Q)O‘+1/2 Vp + Vypz)) =0 in Qp xY, (3.3)
k( )(IU(Q)O‘JFI/Q vp + Vyp2) v |FT: 07 p |t:0: DPinit - (34)

Now let w’(z,y,t) be the unique solution of the cell-problem:

. ; 1 ; .
—div, | k(zx ( J(a:,y,t)—l—WeJ))_O inY,

y — w’ (x,y,t) Y — periodic, w’ (z,y,t)dy =0,
Y

(3.5)

where e/ is the jth vector of the canonical basis of RY, 1 < j < N. We define a
homogenized permeability tensor K, = (Ky;;)1<ij<n, by

4 1 i
Kuij(ac,t) = ‘/Yk(l',y) (Vuw (w,y,t) + W@ )

. 1 .
-(Vwa (z,y,t) + Wej) dy, =z €. (3.6)
. 1

Now if we set pa(z,y,t) = W Zw x,y,t) Oy, p(x,t), we recover the fol-

lowing homogenized pressure problem.
( / 30,9 vl 0) dy) = div (=K, 99) = T oy, (37)

v p(O)1 /2 p(0)
1

(0)1/2—e KuyNp-vir,=0, plt=0= Pinit, (3.8)
(2,1) = £ d ith — - (3.9
p ZC, - Ypo(xayu y) w1 M(e)a_;’_l/zpo_ M(e)a_;’_l/zp' ° )

We prefer giving an equivalent formulation of (3.7)-(3.8) which preserves the struc-
ture of the microscopic problem (1.1)-(1.2). We thus set

Pat) = [ olewpo(eutydy in . (3.10)

We note that

1
O¢+1/2 / ¢ X y a+1/2p0 dy = /}/¢(fl;,y) /14(9)&+1/2pdy

1
/ ¢(,y) d (6 )a+1/2p

We thus have in particular
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And the strong formulation (3.2)-(3.4) now writes

Oy P — le(/Y 0 (u(9)°‘+1/2v(g) + Vypz) dy) =0 in Qp,
. k(x,y) 1 P B .
—dlvy(u(9)1/2_a (M(e)o“"l/Q V(Z) + Vypz)) =0 inQr xY,
1 P
k(I,y)(Wv(g) + Vyp2) -V |rp=0,
P |t:O:/ O, y) Pinit () dy = & Pinie.-
Y
Now we set
o ,t)d
P (x,t) = PN(x’t) Jy 9 9) pol, 1) dy in Qr.
(x) Iy (@, y) dy
This function satisfies
~ : k(z,y) 1 q¢—q .
/_ ) / —
GOp dlv(/y )3 (M(H)O‘“/? Vp' + Vyp2) dy) 0 in Qr, (3.11)
_dwy(u(@)l/H (u(Q)QH/Q VY +Vyp2)) =0 in Q7 xY, (3.12)
1
k(% y)(WVp/ + Vyp2) v |FT= 0, P' |t:0: Pinit- (3-13)

It follows that p’ is a weak solution of the following homogenized pressure problem.

Proposition 2. There exists a subsequence of (p°, qs, 0°) which converges in some
sense to a limit (p,q,@) such that the function p’' defined in Qr by p'(x,t) =

[y oz, y)po(z, y, t)dy /¢, with Jy po(z,y, t)dy = p(,t), satisfies the following pres-
sure problem.

q —q° 1 )
() q’:—mmw in Qp, (3.14)

q/ v |FT: 07 p/ |t:0: Pinit (17) (315)

¢3tp +div(q') =

where K,, is the homogenized tensor defined in (5.6).

We now aim to pass to the limit in the concentration equation. But in view of
the nonlinear convective and diffusive terms in Eq. (1.3) we need to introduce a
corrector for the Darcy velocity at least in the domain where the limit viscosity is
positive. We thus denote by Q;O the following set of points of Q.

1

Q;O = {(z,t) € Qp; m

> 0}.
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We also define a function ¢, by

1 4
p2(@,y,t) = w(0)or2F i z;w] (@,y,t) Oz, p(, 1),
=

1 1
Go(,y,t) = T T k(x,y) (vap(%t) + Vypa(z,y,t))

1(0)
= ! k L @4V t
= e P ) e Vab (@,8) + Vype(2,9,1)),
€ T
p5(z,t) = pa(x, g,t), a5 (z,t) = qo(z, g,t), (z,t) € Qp, y €Y.

We claim and prove the following corrector result.

Lemma 3.1. Assume that q, is an admissible test function for the two-scale con-
vergence, that is

;iﬂ% 9512~ = 9ol (L2 (rxv))~ -

We have, for a subsequence,
l¢° — ¢¢|*dxdt — 0 as e — 0.
Q70

Proof. On the first hand we write the variational formulation associated with
(3.11)-(3.13) for the test function U(z,t) + Uy (z,z/e,t) with ¥ = p’ and ¥; €
L2(Q7;Cper(Y)). We obtain

1 ~ 1 ~
—/¢|p’<-,t>|2dx——/¢|pz-m-t|2dx

1 / /
/(;t/;/ﬂ 1/2 _ (9)a+1/2Vp —i—Vypz)-(Vp + Y, Uy) dedyds

b

where Q; = Q x (0,t), t € (0,T). We note that

p " dxdyds,

1 / /
/ /yu 1/2 a u(e)“+1/2vp +Vyp2)'(vP + V) dedyds

1 / /
/mo/yu 1/2 _ (9)a+1/2Vp +Vyp2) - (V9 + Y, 01) dedyds.

We thus choose Wy such that Wy (z,y,t) = u(0)* T/ 2pe(x,y,t) in Q70 Tt follows
that

1 , ,
/Qt /Y /J‘ 1/2 « (9)&-‘,—1/2 Vp + Vyp2) . (Vp + Vyllll)
9)1/2+0‘ 1 , 1 )
/Q>0 /Y 1u(6)1/2—« k(x y)(ilu(@)aﬂ/? Vp' + Vypg) . (7M(9)0‘+1/2 Vp' + Vypg)

k(xay 1 / 1 ,
/Q>0/ ()72 \pu(@)o+1/2 A Vpr) ' (u(ﬁ)a+1/2 Vo' + VyPZ)'
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The latter variational formulation then writes

5wm02x——/¢mm|m

@, 1 ) 1 ,
/Q>o /Y wu(0)~ p(f)ot+1/2 Vo' + VyPZ) : (va + Vypz) dzdyds
= — 2y dadyd 3.16
Lz;mmpxy& (3.16)

On the other hand we multiply Eq. (1.1) by p® and we integrate by parts over ;.
Letting ¢ — 0, we obtain

1 k*®
lim (5/Q¢€|p*5(-,t)|2d:c—i-/Q (x) Vp© - Vp© d:zcds)

=0 1(0:)
) 1 qi_qs 1 -
—tim (5 [ & s+ | dods) = 5 [ Slpif?d
1y 2/Q¢ Pl Aet | Sty P ) =g el e
¢ - ¢ L= ¢-a
+/ pd:vds=—/¢|pimt| d:v—i—/ p' dxds. (3.17)
o, H(0) 2 Jo o, K(0)

We thus infer from (3.16)-(3.17) that

. k= (x)
lim /¢€p 2dw+/ Vpa-vp /¢P
(5 W COR A | |
1 /
ooy (0 2a MOGEE VP + Vyp2) ' (M(g)a+l/2 Vp' + Vup2) (3.18)

We recall that if f¢ — f in L?(Q) and fgifo then

/|f|2d:c§// |fo|2d:cdyglim/|f5|2d:v.
Q QJy e=0 Jq

Vp® - Vp®

It follows that

G
;—»O ( )

1 1
/Q>0 /Y (0 2a (@)1 vy + Vyp2) : (va/ + Vyp2)- (3.19)

Bearing in mind that ¢°p° — ¢p’ in L>® (0,T; L?(2)), we also have

hm/wm |wmxm/¢ 60, WM>/w1”&m<nwx

where we denote by ¢~ 12 the weak L2-limit of (;55_1/ 2 By convexity of the square
root, we know that

¢€—1/22 > ((571/2)2 _ (571.
The latter relation then yields to

liI% ¢5|p |2d:c>/¢|p t)|? da. (3.20)
E—>
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Finally we now infer from (3.18)-(3.20) that
g
lim K (x)
=0 Jq, p(0:)
_ k(x,y) 1 , 1 )
= /Q?() v (9)_2(1 (u(e)a+l/2 VP + Vyp2) . (va + Vypg) dIdde

The result of Lemma 3.1 follows. O

Vp® - Vp® dxds

Let us now turn to the limit behavior of the temperature problem (1.3)-(1.4). We
perform similar computations than those used to study the asymptotic behavior of
the pressure problem. We replace the Darcy velocity ¢° by its corrector ¢S to pass
to the limit in the nonlinearities. This leads to introduce v’ (x,y,t) unique solution
of the cell-problem:

—divy (¢(2,y) d(go(z,y,1)) (Vyv/ (z,y,t) +€)) =0 inY,

y — v (z,y,t) Y — periodic, / vl (z,y,t)dy =0, 1<j<N.
Y

The homogenized tensor of dispersion D, = (D

(3.21)

Qij)lﬁi;jﬁj\“ is defined by

Dy, (1) = / o(x,y) d(go) (x, y, 1) (Vyv' (z, y, ) +€")-(Vyo (2, y, 1)+’ ) dy, (3.22)
%
for (z,t) € Qp. We have the following result.

Proposition 3. The homogenized temperature problem is the following.

X2

- . q' q
3(2) 00 + ¢ - VO — div(Dy(w, 1)V) + -9 = L
DyVO -V =0, 0 |o= O, (3.24)

where D, is the homogenized tensor gien in (3.22).

in Qp, (3.23)

We have rigorously derived the main theorem.
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