NETWORKS AND HETEROGENEOUS MEDIA d0i:10.3934/nhm.2009.4.537
©American Institute of Mathematical Sciences
Volume 4, Number 3, September 2009 pp. 537-575

ROBUSTNESS OF SQUARE NETWORKS

ALESSIA MARIGO

Istituto per le Applicazioni del Calcolo “M.Picone” - C.N.R.
Rome, Italy

(Communicated by Roberto Natalini)

ABSTRACT. The topic of security often enters in many real world situations. In
this paper we focus on security of networks on which it is based the delivery of
services and goods (e.g. water and electric supply networks) the transfer of data
(e.g. web and telecommunication networks), the movement of transport means
(e.g. road networks), etc... We use a fluid dynamic framework, networks are
described by nodes and lines and our analysis starts from an equilibrium status:
the flows are constant in time and along the lines. When a failure occurs in the
network a shunt changes the topology of the network and the flows adapt to it
reaching a new equilibrium status. The question we consider is the following:
is the new equilibrium satisfactory in terms of achieved quality standards? We
essentially individuate, for regular square networks, the nodes whose breakage
compromises the quality of the flows. It comes out that networks which allow
circular flows are the most robust with respect to damages.

1. Introduction. In this paper we deal with the security issue of facing a quite
common emergency situation: either a human action or a natural event can damage
the network where data or services flow from sources to destinations. Then the
supplied flux can be strongly modified with severe negative effects. In particular
we consider flows on networks (either water and electrical supply, or data or road
traffic networks) and the problem of dealing with breakage at some of their nodes.
For a service delivery company the analysis of equilibrium solutions of flows on
networks when a failure occurs is a key factor in order to guarantee a sufficiently
good standard of the service delivery, even in an emergency situation. In other
words, for a healthy network, the company is able to ensure a certain outflow
(delivered quantities to the final customers) through the supply of a certain inflow
(inlet quantities from sources.) If a node is damaged, the same outflow may not be
guaranteed. In this case the company delivers the best possible outflow in the new
situation by inletting the necessary inflow.

Our analysis is based on a fluid dynamic model consisting, on each arc of the
network, of a single conservation law:

pt+ f(p)w = 07 pE [07 pma;ﬂ]u

where p represents the density, pmq. its maximal value, while the flux f is deter-
mined by a function which is usually assumed to be concave. Then, the dynamics
at nodes is determined assuming conservation of mass and maximization of the
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through flux, see section 2 for details.

There are many alternative models for flows on networks. A complete account
of the existing literature is beyond the scope of the paper, however some overview
can be found, for instance, in [1, 17, 21] for data networks, in [7, 8, 13, 19, 22] for
road traffic, in [2, 12, 16] for supply chains, in [15, 18, 23] for water supply and in
[3, 9] for gas supply. The issue of equilibria on regular (not damaged) networks was
tackled by the author in [20]. Therein the definition of equilibrium was given: it is
a solution, on the whole network, which is constant in time. We assume that the
flux f admits a unique maximum o € [0, pmaz] and vanishes at extreme points, i.e.
£(0) = f(pmax) = 0. A consequence is that there exist shocks with sonic, i.e. zero,
velocity. Thus an equilibrium may well exhibit an infinite number of shocks inside
each line. Still we are interested in the flux and density values that equilibria takes
at nodes. The former are, in fact, constant on each line and the latter are called
the equilibria values. In this paper we use the techniques and outcomes of [20] and
go further: we focus on square networks and obtain the following main results:

- We give an explicit description of the equilibrium solutions for data networks,
before and after a node breakage.

- For data networks, before and after some node failure occurs, we give a map
assigning a unique equilibrium for each set of inflows of the network.

Each network is represented by a collection of lines, modeled by real intervals, and
nodes at which lines intersect. To determine the set of equilibria values, we consider
the space of flux values as variables. Thus we have one unknown for each line, while
to be in equilibrium the set of unknowns must satisfy a linear relation at each node
(i.e. total incoming flux equals total outgoing flux.) Thus the dimension of the
space of equilibria values is readily computed (see Proposition 1.) To each vector
of equilibria values, there corresponds at least one equilibrium solution. However,
we are more interested in those solutions, whose density is constant along each
line. The fulfillment of this property implies that one more constraint should be
satisfied at nodes. More precisely, one defines bad and good values for incoming and
outgoing lines at a node depending if the density is lower or greater than the value
o of maximum flux ( see Definition 2.2.) Then, only some combinations of bad and
good values at a node are possible.

Most of the paper then focuses on the analysis of equilibrium solutions, with
constant densities along lines, for square networks of the following type:

e Circular Manhattan, with oriented lines but flow in any direction;

e Oriented Manhattan with oriented lines and data flowing always up and right;

e Full Manhattan: with non-oriented flows (modeled by a couple of lines for
each edge of the network.)

The analysis of equilibria is carried out in the following way. First, we determine the
possible types of equilibria at each node, depending on the combination of good and
bad values at the incident lines. Then, we deduce the types for networks consisting
of N nodes and for the same networks when a node failure occurs. Finally we
compute the equilibrium solution in both cases. In particular we study the relation
between inflow and outflow and the effect of a node breakage on such relation. We
only consider damages at the interior nodes since boundary nodes represent either
sources or destinations of the network. Moreover, from mathematical point of view,
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a damage at boundary nodes would simply mean looking at the map inflow —
out flow restricted to a subspace either in the domain or in the codomain.

Definition 1.1. We say that a node is critical if its breakage entail a loss of rank
of the mapping in flow — outflow. If a node is not critical we will say that it is
stable. A network with no critical nodes will be called robust.

We then characterize the critical nodes for the three types of networks and prove
that

Theorem 1.2. C.M.N.: the critical nodes of the Circular Manhattan Network
lie on the corners whose topology is described by Figure 1.
O.M.N.: the critical nodes of the Oriented Manhattan Network lie on the anti—
diagonals of mazimal length as shown in Figure 2.
F.M.N.: the Full Manhattan Network is robust.

The paper is organized as follows. In section 2, we summarize the model we use
(see [11]) and the basic definitions for equilibrium solutions (see [20].)
In section 3 we introduce some useful notation and report some results from the
theory of matrix equations. In section 4 we illustrate the square networks we deal
with and the main tools to investigate equilibria. Then sections 5, 6 and 7 are
dedicated to the analysis of the equilibrium solutions in the Circular, Oriented and

Full Manhattan networks, respectively.

2. Modeling of flows on networks. A network is formed by a finite collection
of lines and nodes, each element (either data packet or car or fluid volume element)
is seen as a particle on the network. We assume conservation of particles and get
the following simple model consisting of a single conservation law:

pi+f(p), =0, (1)

where p is the density, v is the velocity and f(p) = vp is the flux.

We model a network by a finite set of intervals I; = [a;,b;] CR,i=1,...,L,a; <
b;, on which we consider the equation (1). Hence the datum is given by a finite set
of functions p; defined on [0, 400 x I;.
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FIGURE 2. The nodes of the Oriented Manhattan Network on the
anti—diagonal of maximal length are critical

We assume that the lines are connected by some nodes. Each node J is given
by a finite number of incoming lines and a finite number of outgoing lines, thus we
identify J with ((é1,...,%m) , (41, ..-Jn)) wWhere the first m-tuple indicates the set of
incoming lines and the second n-tuple indicates the set of outgoing lines. Each line
can be incoming line at most for one node and outgoing at most for one node. Hence
the complete model is given by a couple (Z,7), where Z = {I; : i =1, ..., L} is the
collection of lines and J is the collection of nodes. We set N to be the cardinality
of J.

In order to consider complex networks, one needs a way of solving dynamics at
nodes in which many lines intersect. We assume the following:

RA The particles travel through the node so as to maximize the flux.

A key role is played by Cauchy problems with initial data constant on each line
called Riemann problems at the node. In order to determine unique solutions to
Riemann problems, some additional parameters are introduced, called respectively
priority parameters and traffic distribution parameters. The theory for this model
is developed in [11].

On each line I; the evolution is given by equation (1) and we assume that the
flux f is a strictly concave function (with f(0) = f(pmaz) = 0), thus there exists a
unique o € [0, pmaz] such that f/(o) = 0 and is the maximum of f over [0, pmaz)-
For notational simplicity, we assume, without loss of generality, that p,,q: = 1.

Definition 2.1. We let 7 : [0, 1] — [0, 1] be the map such that f(p) = f(7(p)) and
7(p) # pif p # 0. Thus 7 sends p to the other density value with the same flux
(and 7(0) = 0.)

For a simple network formed of a single node with m incoming and n outgoing
lines, once the quantities flowing from initial to final nodes are assigned, the final
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equilibrium as function of the traffic distribution (and priority) parameters can be
computed as follows.

We have only m priority parameters p € |0,1[ and n traffic distribution pa-
rameters o € |0,1[. We denote with p,(t,z), ¢ = 1,...,m, and py(t,z), ¥ =
m+1,...,m+n, the traffic densities, respectively, on the incoming lines and on the
outgoing ones and by (p,,0, py.0) the initial data. Since the speed of waves must be
negative on incoming lines and positive on outgoing ones, we want to determine a
unique (m + n)-tuple (p1, ..., pm+n) € [0, 1] such that

; {pe,0} UlT(pp), 1], if 0 < pyo <o,
Pe © { [Uv 1] ) if o < Pe,0 < 15 (2)
p=1,...,m, and
. [0, o], if 0<pyo <o,
S . ’ 3
Py { {py ot U0, 7(py0)l, ifo<pyo<1, (3)

P =m++1,...,m+n,and on each incoming line I,, ¢ = 1, ..., m, the solution consists
of the single wave (p, 0, f,), while on each outgoing line Iy, v = m+1,...,m+n,
the solution consists of the single wave (py, py.0)-

Define v;"™* and ~,"** as follows:

max __ f(pcp,O)a if Pp,0 € [Oa U[, _

@ { f(o), if poo € [0,1], p=1...,m, (4)
and

max f(0)7 if Py,0 € [07 U]’

= . ’ = 1,... . 5

T ), s lo, # =Mt Lty )

The quantities 7;"** and ~;** represent the maximum flux that can be obtained by

a single wave solution on each line. In order to maximize the number of particles

through the node over incoming and outgoing lines we define
I' = min {an7 1—‘out} ’

where T, = 3200 72 and T, = Zgj:l 417, One can easily see that, to solve
the Riemann problem, it is enough to determine the fluxes 5, = f(p,), 0 =1,...,m,
and Yy = f(py), ¥ = m+1,...,m+n. Let us determine ,,¢ = 1,...,m. We
have to distinguish two cases:

L. T, =T,

II: I, > I'.
In the first case we set §, = 7™, o = 1,...,m. Let us analyze the second case in
which we use the priority parameters py,...,p, where 0 < p, < 1 and Zg;l Dy =

1. Not all particles can enter the node, so let C' be the amount of particles that can
go through. Then p,C particles come from the ¢-st incoming line. Consider the
space (71, .. .,7%m) and denote by P the point with coordinates v, = p,I". Now the
final fluxes should belong to the region:

1= {(Vlaavm)oéfﬁo Sﬂ)/glax,@: 1,...,m}.
We distinguish two cases:

a) P belongs to (,
b) P is outside Q.
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In the first case we set (91,...,9m) = P, while in the second case we set
(R, -+, 3m) = Q, with Q = proj(P) where proj is some projection on €. From the
choice of this projection the analysis and the choice of the parameters p1,...,pm

can be very different. The most natural projection to take is the projection on a
convex set (see [21].)

Let us now determine 4y, = m+1,...,m + n. As for the incoming lines we
have to distinguish two cases :

I: FouiE = Fa

. r,,, >T.
In the first case 4y = 7", = m+1,...,m + n. Let us determine 7, in the
second case in which we use the traffic distribution parameters a;,4+1,. .., @min

where oy €0, 1] and ZZ:m—kl ay = 1. Since not all particles can go on the outgoing
lines, we let C' be the amount that goes through. Then o, C particles go on the
outgoing line I,. Consider the space (Ym41, ..., Ym+n) and denote by P the point
with coordinates: 7, = ay I

Now the final fluxes should belong to the region:

Q= {(merl,...,varn) 10 <y Sy&“ax,q/;:m—i-l,...,m—l—n}.
We distinguish two cases:

a) P belongs to 2
b) P is outside €.

In the first case we set (Ym+t1,---,Fm+n) = P, while in the second case we set
(’:\Ym‘i’l, ttt a'AYern) = Q) Where Q = pTOJ(P)
The solution to the Riemann Problem ((p1,. .., pm)s (Pmt1s---» Pmtn)) 1S cOm-

puted from the equilibria fluxes ((41,...,9m)s (Fm+1s---sYm+n)) by taking the
unique solution of equations 5, = f(py), ¢ = 1,...,m and 4y = f(py), ¥ =
m+1,...,m+ n such that conditions (2) and (3) are satisfied.

Definition 2.2. A component of the solution at one node, p,, ¢ =1,...,m, is
bad: if p, € [0,0];
good: if g, € [0, 1];
and a component of the solution, py, ¥ =m+1,...,m+nis
bad: if py, €]o, 1];
good: if py € [0,0].

Remark 1. We notice that if there exists one index ¢ for which pg is good then,
for all v = m+1,...,m + n, it must be py bad. Indeed ps; good means that
Pip > T'=Tou and §g < 73"**. Therefore, for all ¥, 4y = 7" and py, is bad.
The converse also holds: if an index ¢ exists such that Py is good then, for all
@ =1,...,m, it must be that p, bad.

We are now interested in solutions over the whole network (Z, J), not only on
solutions at one single node. More precisely we are interested in equilibrium solu-
tions.

Definition 2.3. An equilibrium is a solution p(t,z) = (p1,...,pr) (recall that L
is the cardinality of 7), which is constant in time. We also assume that p(t,-) is
BV, thus we can define, for every i = 1,..., L, the values p; = lim,_,, p(t,z) and
pi = lim, s, p(t, x).
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Since p is a solution then

m m—+n
Z f(pjap) = Z f(pjw)a (6)
p=1 Pp=m+1

is satisfied at each node J; € J, j = 1,...,N. In (6) we have denoted by
Pirse s Pims Pimats -+ Pimsn the densities along the m incoming lines [, ,...,I;
and the n outgoing lines /; I;,. .. at node Jj.

We distinguish two cases

m

m—+4197° )

i: there exists i = 1,..., L, such that p; # p; . In this case, p;” = 7(p; ) and the
fluxes v; = f (p;t), are anyhow constant in time and along the whole line I;;
ii: foralli=1,...,L, pj = p, and we call this value p;.

Definition 2.4. Let p = (p1,...,pr) be an equilibrium for the network (Z,7),
satisfying ii. We say that p1,...,pr are the values of the equilibrium. Moreover,
if p; is of type 7;, with 7; € {bad, good}, then we say that T = (ry,...,7) is the
equilibrium type.

In section 4 we focus on square networks, describe the possible equilibria types
and give a brief description of the system that one has to solve to find possible
equilibria values over the whole network, while, in sections 5, 6 and 7 we explicit the
equilibria values in the specific cases of the Circular, Oriented and Full Manhattan
networks. The equilibria values are found by solving a matrix equation. In next
section 3 we describe the matrix notation that will be used and some basic results
on the solution of Sylvester (matrix) equations.

3. Notations and standard results. We denote by I(n) the identity matrix of
order n, by L(n) the sub-diagonal matrix of order n:

0 0
10

L(n) = : :
0 10

by I(n)°% the sparse matrix with

(I(n)°9); =1 if i is odd
(I(n)°%); =0 if i is even
(I(n)*¥); =0 for i+ j,

I(n)eve® = I(n) — I(n)°% and A(n) = L(n) — I(n). We also denote by J(n) the
antidiagonal matrix
0 1

and by 0 any sparse matrix.

For a generic matrix M we denote by M7 its transpose, and by colspace(M),
(resp. rowspace(M)) the matrix whose columns (resp. rows) are a base for the
vector space generated by the columns (resp. rows) of M.
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3.1. The sign function of matrices. The sign function of a n x n matrix M may
be defined as

sign(M) = %/(z[(n) — M) 'dz — I(n),

where v is a simple closed curve in the complex plane enclosing all eigenvalues of
M with positive real part. A simple method for computing sign(M) is to take the
canonical Jordan decomposition M = RJR™', denote by D the diagonal part of
J, D = diag(dy,...,d,), and by S = diag(s1,...,s,) the diagonal matrix whose
entries s; are the signs of the real parts of the d;’s, ®(d;), i.e.

{ s; =1 if %(dl)>0

s; = —1  otherwise.

Then sign(M) = RSR~!. Clearly, for a stable matrix M, since all the eigenvalues
have negative real part, we get S = —I(n) and sign(M) = —RI(n)R~! = —I(n).

Another method for computing sign(M) is the Newton iteration: if M has no
pure imaginary eigenvalues then sign(M) = limy_ o My, where

{ My=M
M1 = 5(M, + M.

In the following for a sequence M) of matrices we denote by M, its limit, i.e.
MOO = limk_,oo M;g.

3.2. Products of matrices. We denote by ®, the Kronecker product of two ma-
trices. If A is an m X n matrix and B is a p X ¢ matrix, then the Kronecker product
A ® B is the mp x nqg block matrix:

allB T alnB

amiB - amnB

The Kronecker product is bilinear and associative. Moreover the transposition
operation is distributive over the Kronecker product, i.e. (4 ® B)T = AT @ BT
The Hadamard product, denoted by o, is the componentwise multiplication of two
matrices of equal size. If A and B are two m X n matrices then A o B is the m x n
matrix with (A 9 B)U = AijBij.

The vectorization of a matrix A is formed by stacking the columns of A into a single
column vector denoted by vec(A).

3.3. Matrix equation. The matrix equation AX B = C can be conveniently rep-
resented by means of the Kronecker product:

(BT @ A)vec(X) = vec(AX B) = vec(C).
Then one can solve a matrix equation by transforming it into a system of linear
equations.
3.4. Sylvester equations. A particular case of matrix equations is the Sylvester

equation which is a matrix equation of the type:

AX+XB+C =0, (7)
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where A € R™™"™, B€ R™™, C,X € R™™ ™. X is the sought-after solution. The
square (n +m) X (n 4+ m) matrix
A C
i1y %)

is put in diagonal form by the similarity transformation induced by
_| 1) X
@= [ 0 —I(m) ] :
A 0
—1 o o

Using the sign function of H and (8) we derive the following expression for the
solution X of equation (7):

That is

%(sign(H)—l—I(n—l—m)) - [ ’ I();) ] . )

Computing the Newton iteration of H we get

Hy=H
| A Gy
Hk - |: 0 _Bk :|7
where
Ag=A, Apq1=3(Ar+ ALY,
By=DB, By = 1%(Bk + B,

Co=0C, Ciy1= 2(0k + A,;lckBk’l).
Moreover, if A and B are stable matrices, we get

sign(H) = [ _Io(n) I%j) }

and, finally, by equation (9), the sought-after solution is:

voleo
4. Manhattan type networks. Recall that a network is actually an oriented
graph (see [20].) In this paper we will treat the cases of square networks for which
an embedding on the plane exists such that its image gives rise to a square tiling of
a limited region of the plane.
In particular we will consider square networks with orientations as in Figure
3 which we call respectively (from top to bottom) Circular Manhattan, Oriented
Manhattan, and Full Manhattan.

More precisely we fix two integers s and ¢ and consider a square network, called
s X t network, comprised of st nodes arranged on s lines and ¢ columns. Due to the
regularity of the networks we are considering, the nodes of the whole network can
be seen as if they were the nodes of a square tiling and number them in a matri-
cial way, Ji1,..., 1ty -5 Js1, - - -, Jst. Moreover for the Oriented and the Circular
Manhattan Networks, we have m = 2 incoming and n = 2 outgoing lines for each
node, while for the Full Manhattan Network, we have m = 4 incoming and n = 4
outgoing lines for each node. Therefore the cardinality of J is N = st and the
cardinality of Z is L = (m + n)st.



546 ALESSIA MARIGO
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FIGURE 3. From top to bottom. Figure 1.1. The network with
square tiling and alternated directions so that circular paths are
possible. Figure 1.2. The network with square tiling and directions
such that the overall flow goes from north to south and from west
to east. Figure 1.3. The network with square tiling. The flow
among two adjacent nodes is possible in both directions.

In [20] we got the following.

Proposition 1. Consider networks (Z,J) with N = st the cardinality of J and
L = (m+ n)st the cardinality of T. The set of equilibrium values is a L — N =
(m +mn — 1)st dimensional subspace of R(+7)st,

Proposition 1 tells the following. At the equilibrium, on each line I € Z, there
is a flow among two adjacent nodes which is constant in time and along the line I
(L variables.) But these L variables are subject to the N constraints (equation (6)
written for each node J) which say that the total flux incoming from incoming lines
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at each node must be equal to the total flux departing through the outgoing lines
from the same node.

This result is based only on the topological property of the network. We next see
that the equilibrium type imposes more constraints on the set of equilibrium values
thus giving a tighter estimate of its dimension.

To this purpose we consider an equilibrium at one node of a square network, and
describe componentwise its type good or bad. The equilibrium at one node J is a
(n 4+ m)—vector. We then have that the possible equilibrium types at one node are
one among the followings (we use the short notations b for bad and g for good):

I: ((b,b),(b,D)),
110: ((5,0), (9,9)), TIL1: ((b,b), (b,g)), ITL2: ((b.b), (g,b)),
1110 ((g.9), (b,b)), IITLL: ((b,g). (5,b)), IIT1.2: ((g,b), (b.b)).

for the oriented and circular cases and

I: ((b,b,b,b), (b,b,b,b))
1710: ((b b, b,b), (g 9:9,9)),

I11.1: ((b,b,b,b),(b,9,9,9)), I11.2: ((b,b,b,b),(g,b,9,9)),
IT1.3: ((b,b,b,b),(g,9,0,9)), 111.4: ((b,b,b,b),(g,9,9,b)),
112.1.2: ((b,b,0,b), (b,b,g,9)), I12.1.3: ((b,b,b,b), (b, g.b,9)),
112.1.4: ((b,0,b,0), (b, g, 9.b)), 112.2.3: ((b,,b,b), (g, b.b, g)),
112.2.4: ((b,b,b,0),(g,b,9,b)), 112.3.4: ((b,b,b,b), (g,9,b,b)),
113.1.2.3: ((b,b,0, b),(b b,b,9)), 113.1.2.4: ((b, b),(b b,g,b)),
1713.1.3.4: ((b,b,b,b), (bg b,b)), 113.2.3.4: ((b,b,0,b),(g,b,b,b)),

bb
ITI0: ((9,9,9,9),(b,b,b,b))
IIT1.1: ((b,g,9,9 ),(b,b b,b)), I111.2: ((g,b,g,9), (b, b,b,b)),

IT111.3: ((g,9,b,9),(b,b,b,b)), ITI1.4: ((g,9.9,b), (b,b,b,D)),
I1172.1.2: ((b,b, g, g) (b, b, b, )) I1172.1.3: ((b,g,b,g), (b,b,b,b)),
I1712.1.4: ((b,g,9,b),(b,b,b,b)), [112.2.3: ((g,b,b,9), (b,b,b, b)),
I172.2.4: ((g,b,g,b),(b b b)), [112.3.4: ((g,9,b,b),(b,b,b,b)),
I173.1.2.3: ((b,b,b,g),(b,b,b,b)), I113.1.2.4: ((b,b,g,b), (b,b,1,b)),
I173.1.3.4: ((b,g,b,0), (b, ,b, b)), [113.2.3.4: ((g,b,b,b), (b,b,0,D)),

for the full case.

Definition 4.1. We denote by M =
{I,II0,I11.h,...II(n—1).hy.-+ hy_1,[II0,ITI1.h,... ITI(n—1).hy. -+ .hp_1},
where either n = 2 or n = 4, the set of all possible equilibria types at one node.

Definition 4.2. We denote by
={Ty; eM,i=1,....s, j=1,...,t} = M*,
the set of all possible equilibria types over the whole network.

Clearly the cardinality of N is the cardinality of M to the power st. However,
as it will be more clear in a while, not all the elements of N may arise.
Indeed, by Definition 2.3, two kinds of equilibria over the whole network may be
considered. In case ii the following compatibility rule must be satisfied:

H: if a line I; is incoming for some node .J; and outgoing for some other node
Jo then the following holds. Whenever p; is of type bad for J; then it must
be of type good for J; and viceversa.
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Rule H gives rise to a compatibility relation among equilibria at adjacent nodes.
Such compatibility relation in turns determines the subset N C N of admissible
equilibrium states for the whole network.

This fact does not hold for case i. Indeed a shock wave along the line I; may
transform the density p; into 7(p;) while keeping constant the flux 4;. Therefore p;
of type good or bad as incoming for J; does not influence the type of p; as outgoing
density for Jo. No compatibility relation among adjacent nodes can be deduced
hence the set of possible equilibrium states for the whole network is A/ = N.

We have shown the following:

Proposition 2. In case we consider equilibria i then N = N. If otherwise we
consider equilibria ii. then N;N

In sections 5, 6 and 7 we will consider the equilibria ii. and give a characterization
of N.

Now we want to see what are the additional constraints imposed by the equilib-
rium type at one node.

Proposition 3. Let o, ..., a, the real positive numbers with Y. ; a; = 1 and
D1, Dm the real positive numbers with Y. | p; = 1, associated to the Riemann
solver at the node J.

Assume first that node J is of type 110 then

7¢:7$aw7 (b:]w"'?na
(7n+1;-'-a72n) =P

where P = (1T, ..., anlin).
If the node J is of type IIv.hy.ho.. ... h, then

7¢:7$am7¢:17"'7n7
7¢:7$ax7¢:h17"'ahv
('YnJrl;- --77271) :pTOj(P)

where P = (1T, ..., anlin).
If the node J s of type I110 then

,.Yw:,.yzpnaz, ¢:n+17"'a2n7
(V15 m) =P

where P = (p1lout, - - - Pnlout)-
If finally the node J is of type I1Iv.hy.ha.. ... h, then

7¢:7$a17¢:n+1a"'72n5
FYCb:FY;;Iaz?QS:hla"'ahl/a
(Y1 -+ 7m) = proj(P)

where P = (p1Touty -« s Pnlout)-
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Notice that if a node is of type I there is no constraint on 4 and ~y,. For all
other cases, with n = 2, we have

Yo = V0T, ¢ = 1,2,
v3 = yHar for the node I11.1;

)

74:F_FY35

Yo :7$a17¢: 1,2,
Ya =", for the node 171.2;

v3 =T =14,

Yo =75 =12,
V3 =5, for the node 110;

Y4 = Q73,

Yo =V 0 = 3.4,
=1 for the node I111.1;
V2 :F_FYla

Yy = %TMM/J = 3747
g = g for the node I171.2;

)

7 =TI —"0,

—— —— ——

Yo =V 0 = 3,4,
v = yreT, for the node I110.

72 = P2
where 0 < o, p < 1 In the next sections we do the following;:

1): From the possible types at nodes we deduce what are the possible types for
the whole network, i.e. we give a qualitative description of the equilibrium
solutions on the whole network. This is done both for non damaged net-
works (actually we report the result contained in [20]) and for networks with
a damaged node.

2): The qualitative description of the equilibrium solution on the network allows
us to impose the additional constraints of Proposition 3 thus to give a quan-
titative description of the equilibrium solutions on the whole network either
damaged or not.

Definition 4.3. We call inlines the lines incoming in the network which are not
outgoing for any node and the outlines the lines outgoing from the network which
are not incoming for any node. The inflows and the outflows are the fluxes along
the inlines and the outlines respectively.

Point 2) is actually the main contribution of this paper together with the following.

3): We give exact description of the outflows as function of the inflows both in
damaged and undamaged network.

4.1. Notations for flows. We tackle the above described points 2) and 3) by
modelling the constraints as a matrix equation. Then we need further notations for
the involved matrices. At a node J;; there are m incoming and m outgoing lines
with either m = 2 (for oriented and circular manhattan cases) or m = 4 (for the full
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manhattan case.) If the first case applies, the incoming and outgoing fluxes along
these lines are denoted respectively by incommgzl-j and outgoingzl-j, I = h,v (where
h and v stand for horizontal and vertical.) In the case with m = 4 we fix an order
of the lines adjacent to the node and denote the incoming and outgoing fluxes along
these lines by incomingéj and outgoingfj where [ = 1,2,3,4. Then given a s x ¢
network, for each [ we consider the s x t matrices E! and O' with Ezl7 = incomingéj
and Oéj = outgoingzl-j, i=1,...,8,7=1,...,t}.

5. Circular Manhattan networks.

5.1. Qualitative solutions for circular Manhattan networks. Following rule
H we get the following tables of possible types for a 3 x 3 undamaged network (see
[20] for details):

110 | 170,112 | 10,111

110,111 110 110,112

170,172 | 110,171 | Js3

Ji I1710,1111 | 1110,1112

I110,1112 1170 IT10,I111 |

IT10,I111 | 1110,1112 1710

which indicate which are the possible equilibria at each node J;;, for i = 1,2,3 and
7 =1,2,3. The type of nodes J33 in the first table and Jy; in the second one can
be uniquely determined by the equilibrium type at the adjacent nodes. However
writing all possible types of these two nodes is not crucial to our purposes. Indeed
gluing many 3 x 3 subnetworks to form a s x ¢ network gives the following:

Theorem 5.1. We have
N: {{JZJ:IIO, i:2...,8—1,j:2,...,t—1},
{Jij=1II0, i=2...,s=1,j=2,...,t—1}}
that is the equilibria on undamaged Clircular Manhattan Network are given by either

type I10 or type I110 apart at most the first line and column and the last line and
column.

We now consider a damaged network.

Theorem 5.2. If a failure occurs at any interior node of the network, then the
equilibrium is of the same type of the undamaged network.

Proof. The statement holds because the interior nodes are all of type II0
or I110. O
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In the next section we consider networks where the nodes are all either of type
110 or of type IIIO.

5.2. Exact solutions for undamaged circular Manhattan networks. For
a s x t network we have the following 4st flux variables: incomingg, incoming;;,
outgoing%, outgoingfj, withs=1,...,sand j = 1,...,t. Next we describe the con-
straints. Equations (10) and (17) say that the flux is constant along lines connecting
adjacent nodes: for nodes all of type I10 we write the incoming flows in terms of
outgoing flows while for nodes all of type I110 we write outgoing flows in terms of
incoming. These equations correspond to s(t — 1) + ¢(s — 1) constraints. Equation
(6) is written for each node in (11). Finally equations (12) and (18) describe the
constraints of a node of being of type 110 or 1110 and allow to write outgoing” in
terms of outgoing™ and incoming® in terms of incoming”, respectively. Finally we
get a total of 4st — s — ¢ constraints in 4st variables.

For a network with nodes all of type 170 we have

ho
is(1,5)’ (10)

incomingfj = outgoing
incoming;; = outgoingf(i)j)j

foralli=1,...,s,5=1,...,t, where

.| j—=1 ifiis odd . Ji—=1 ifjisodd
S(Z’])_{j—i—l ifiiseven (0J) i+1 if j is even,

and
out =
[ 0 outgoingys 0 outgoingy, -+ | outgoing?, T
outgoingl, 0
0 outgoing®,
outgoing! 0 0
0 outgoingl,
L 0 outgoinggs 0 ]
is the outflow matrix and vec(out) is the outflow vector.
Moreover constraint (6) gives, fori=1,...,sand j =1,...,1,
incomingfj + incoming;; = outgoingfj + outgoing;; (11)

and by the condition imposed by the type equilibrium 770,
outgoing;; = aoutgoingzhj. (12)

Substituting equations (10) and (12) into (11) we get
outgoing?s(i7j) + oeoutgoingf(i7j) =0+ oz)outgoingfj, (13)
and, in matrix form, recalling that Ozh7 = outgoingfj:

O} y(iy + a0y j = (1 + )0 (14)
fori=1,...,sand j=1,...,t.

Equations (14) can be written as a matrix equation as follows:

(1+a)Oh =
o (L(s)OM I(t)*4 + L(s)TOM I(t)=”) + (I(s)°*O" L(t) + I(s)*"O" L(t))) + in,
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where
m =
- o -
incomingy
y y v
+ 0 MCoOmingys 0
incomingy;
0 incomingh,
incoming? 0
0 0 incomingy,
incoming? 0
L NComingvy 0 ncoming ey ]

is the inflow matrix and vec(in) is the inflow vector. We get the following matrix
equation

a(I(s) — L(s)) O" I(t)°% + o (I(s)
+I(s)4OM (1(t) = L(H)T) + (8)6”0" ( ( ) —
which, recalling that A(n) = —I(n) + L(n), becomes:
o (A(s) OM I(t)edd + AT (s)OM I(t)*) +
+I(5)°%OM AT (t) + I(s)V O™ A(t) + in = 0.
We get that O is the solution of the above equation if
Kvec(O") + vec(in) = 0

)Oh ( )ev+
L(t)) —in =0

(15)
where

K=a(It)*"® A(s) + I(t)*™ @ AT (s)) + (A(t) ® I(s)*"" + AT (t) @ I(s)") .

(16)
Solving the linear system (15) we get the matrix O". Such solution is unique if K
is non singular.

Proposition 4. K is non singular and there exists a unique solution O™.

Proof.
I()°% @ A(s) + I(t)*° @ AT (s) = diag(A(s), AT (s), A(s), AT (s),...)

and
—I(s) I(s)* 0
At) @ ()% + AT (1) @ I(s) = | 1™ ~1(s)
0 t. . t. . I(S)ev
I(s)°%  —I(s)
Then
A(s) —I(s) I(s)e” 0
e | I AT~ 1) |
0 oL . T . I(S)ev

I(s)odd Al(s) — I(s)
where A’(s) = AT (s) if t is even or A’(s) = A if t is odd. Since K is irreducible (i.e.
there exists no permutation of rows and columns that put K in triangular form,
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or, equivalently, the induced oriented graph of K is strongly connected) and with
diagonal dominance then it is non singular. O

The above proposition says that for each vector vec(in) there exists a unique
equilibrium solution over the whole network. That is, for each desired equilibrium
solution vec(O"), there exists a unique vec(in) that produces such equilibrium:
vec(O") = K~ vec(in). Next we answer to the more interesting following question
(from the point of view of a service delivery company.) Find the map H mapping
inflows into outflows, and, given a desired outflow vector vec(out), say if an inflow
vector vec(in) exists that produces such an outflow, i.e. if H is non singular.

To this purpose, we introduce the following matrices:

1 ifiisoddand j =1
N 1 ifiisevenand j =1
(in)jj=¢ 1 ifjisoddandi=1
1 ifjisevenandi=s
0 otherwise,
1 ifiisevenand j=1
1 ifiisodd and j =1
(out)ij =< 1 ifjisevenandi=1
1 ifjisoddandi=s
0 otherwise.

Notice that in and out have zero elements if and only if the corresponding elements
of in and out are zero and 1’s otherwise. Otherwise we can say that the in and out
are such that in oin = in and out o out = out. Therefore

vec(out) = diag(vec(out))vec(O)
and B

vec(in) = diag(vec(in))vec(E).
We aim at finding the relation among outflows and inflows, that is we want to
write the not zero components of vec(out) as function of the not zero components

of vec(in) which we denote by vec(out) and v;(i\n) respectively. Then, the sought-
after relation is - -
vec(out) + Hvec(in) = 0,
with
H =RK™'C,
where _
C' = colspace(diag(vec(in))),
R = rowspace(diag(vec(out))).

The spaces generated by diag(vec(in)) and diag(vec(out)) have dimension p =
s+t — 2, if both s and t are even, or p = s+t — 1 otherwise. Then R is a p X st
matrix, C' is a st X p matrix and H is a square matrix of order p x p.

—

Proposition 5. If « # 1 then H is full rank. Hence, for each inflow vec(in) there
exists a unique outflow vec(out) and the mapping is invertible.

Proof. H is non singular if and only if det(C+K R*) # 0, where now C* is matrix
of order p x st and R+ is a matrix of order st x p, with p = st — p. By some lengthy
computations we get that det(C-KR*) = (a? — 1)?/2. Therefore, if o # 1, we get
that H is full rank. O
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For a network with all nodes of type 1110 we have the following relations:

outgoing mcommgw(l i) 17
outgoingij = mcommgt(Z Iy (17)

foralli=1,...,s,5=1,...,t, where
oo~ JJg+1 ifdiis odd ;. . [ i+1 ifjisodd
S(Z’J)_{ j—1 ifiiseven W) =9 ,_4 if j is even,

and vec(in) and vec(out) are, as for the previous case, the inflow and outflow vectors.
For nodes of type I110, it holds the following

incoming;; = p incomingzhj. (18)
Substituting equations (17) and (18) into (11) we get

incommgfg(i Ht pincoming?(,

i) i= (1 —i—p)incommgfj. (19)

In matrix form, recalling that EZ = incomingfj, we have:

E} sijy + PE, 5 5 = (L +D)E] (20)

0,7) J
fori=1,...;,sand j=1,...,t
We rewrite system (20) as a matrix equation:

(1+p)E" =
p (L(s)TEMI(t)°% + L(s)EM I(t)*") 4 (I(s)°™E" L(t) + I(s)*"E" L(t)T)) + out

and get the following:

p(I(s) = L(s)") B" I(t)Odd+p( (s) — ( )) EMI()+
+1(s)°MEM (I(t) — L(t)) + I(s)*E" (I(t) — L(t)") — out = 0,

ie.
p (AT (s) E" I(t)°% + A(s)E™ I(t)) + I(s)°™E™ A(t) + I(s)* E™ AT(t) + out = 0.
We get that E" is the solution of the above equation if
K'vec(E™) 4 vec(out) =0 (21)
where
K' =p (I(t)*" @ AT(s) + I(t)” ® A(s)) + (AT (t) @ I(s)°™ + A(t) ® I(s)") .

Solving the linear system (21) we get the matrix E*. We notice that K’ = KT
where K is the Kronecker product defined in equation (16). Similarly we wave the
following;:

Proposition 6. K’ is non singular and there exists a unique solution E".

Now we can say that for each outflow vector vec(out) there exists a unique
equilibrium solution E”. As for the previous case we aim at finding a relation
among outflows and inflows. Using the same notations we get:

v;(i\n) + H'vmt) =0,
where now
H/ _ OT(K/)_lRT — CT TRT (RK 10) HT,

and a similar result to that of Proposition 5:
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Proposition 7. If p # 1 then H' is full rank. Hence, for each outflow vej(o\ut)

there exists a unique inflow vec(in) and the mapping is invertible.

5.3. Exact solutions for the circular Manhattan network with damaged
node at position /k. The interior nodes of the network are indexed [k with 2 <
[<s—1and 2 <k <t—1. Assume that there is a breakage at an interior node lk.
After some time a new equilibrium is reached where the flux, along lines departing
from and arriving to node [k, is annihilated. In order to describe this situation we
set, outgoingfj = outgoing;; = incomingfj = outgoing;; = 0, for some appropriate
indices 47, in the equations (10),(17),(11),(12),(18) in previous section.

Therefore the number of variables is now 4st — 4 and the number of constraints
is 4st — s —t — 2 equations for a total of s + ¢ + 2 degrees of freedom.

Consider first the case of a network with nodes all of type I70. In place of
constraint (12) and in order to describe the fact that some variables are zero we set
the following relation among unknowns:

"o O +a’ 00 =0, (22)
where
n [0 ifj=Fk and i=1¢t(k)
%j =) a otherwise
and

» | 0 ifi=1 and j=s(l,k)
i =\ —1 otherwise.

As for the undamaged network case, we have the following:

o"+0v =
(L(s)O" I(t)°4 4+ L(s)TO" I(t)*") 4 (I(s)°O" L(t)T 4 1(s)**O" L(t))) + in.
(23)
From equation (22) we get:
diag(vec(a™))vec(O") + diag(vec(a®))vec(OV) = 0 (24)
and, from equation (23), we get:
(A(s)OV I(t)°% + AT (s)0" I (1)) + (25)
+ (I(s)°OM AT(t) + I(s)*"O" A(t))) +in =0,
hence
I(t)°4 @ A(s) + (1) ® AT(S)) vec(OV)+ (26)
A(t) @ I(s)°% + AT () ® 1(s)*”) vec(O™) + vec(in) = 0.
By writing
T | T
7= [ayr]
where

Ty = (I(t)°4 @ A(s) + I(t)* @ AT (s)),
Ty = (A(t) @ I(s)*¥ + AT(t) @ I(s)),
T5 = diag(vec(a?)),
T, = diag(vec(a™)),
w = [vec(O?),vec(O™)]T and z = [vec(in),0]T, we get the following compact form
for equations (24) and (26):
Tw+ 2z =0.
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Now T3 is invertible hence
vec(0) = =T wec(in) — Ty ' Tyvec(OM)
and
0 = Tzvec(O?) + Tyvec(O") =
—T3T; tvec(in) — (T3Ty Ty — Ty)vec(O") =
—T3T tvec(in) + (T|Ty)vec(O™),
where (T|Ty) =Ty — T5T, 17, is the Schur complement of T} in 7. Hence
vec(O") = Shwvec(in),
vee(OV) = SYvec(in),
where
Sh = (T|Ty) T3, !
SV =Tyt~ T TS
By substituting the expression of S in SV we get:
SV =T — T TSt = T — T (T ) T =
Ty = (1) Ty ') M T = =T — (TyTy M Ty — Ts) M1y =
—(I(st) + (T|T2) " T3)) Ty = —(T|To) NI4Ty ") Ty =
—(T|T2) ' T Ty,
where (T|Ty) = —(T3 — TyT, *T1) is the Schur complement of T in Ts.

Proposition 8. S and SV have corank 1.

Proof. S has corank 1 since T is a diagonal matrix with 1 null entry and S? has
corank 1 since Ty is a diagonal matrix with 1 null entry. O

Now we are interested only in the rows and columns of S and SV relative to the
outflows and inflows, i.e. we compute H" = RS"C and H” = RSVC and, by some
computations we get the following:

Proposition 9. For s,t even and
(k) e{(2,2),(s—1,t—1),(2,t—1),(s —1,2)}
for s,t odd and
(LK) € {(2,2), (s — 1, — 1)},

for s even and t odd and

(k) €{(2,2), (s —1,2)},
for s odd and t even and

(1K) € {(2,2), (2, — 1)},
HY = aH" and H" and H® have corank 1.

Assume now that the nodes are all of type ITI0. In place of constraint (18)
and in order to describe the fact that some variables are zero we set the following
relation among unknowns:

ptoE" +p'oEY =0, (27)

where

n [0 ifj=Fk and i=1(k)
Pij =\ p  otherwise
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and
N ifi=1 and j=35(k)
Pij =1 21 otherwise.

As for the undamaged network we have the following;:
EM+ BV =
(L(s)TEY I(t)°4 + L(s)EV I(t)*") + (I(s)°¥E" L(t) + I1(s)**E" L(t)T)) + out.
From equation (27) we get: )
diag(vec(p"))vec(E") + diag(vec(p®))vec(EY) = 0 (29)
and, from equation (28), we get:
(AT (s)EY I(t)°% + A(s)E* I(t)*) +

Y (1(s)°M BN A(t) + I(s)™ E" AT (1)) + out = 0, (30)
hence
I( )% @ AT(s) + I(t)* @ A(s)) vec(E)+ (31)
AT (t) @ I(s)°¥ + A(t) ® I(s)*") vec(E"™) + vec(out) = 0.
By writing
[T T
v [
where
T =TT
T =17

T} = diag(vec(p?)),
T, = diag(vec(p"),
w' = [vec(EY),vec(EM)]|T and 2’ = [vec(out),0]T, we get the following compact
form for equations (29) and (31):
T'w' + 2" =0,
hence
vec(EM) = Shvec(out),
vec(E?) = SYvec(out),
where now
Sh = (Tt
S = 17T — 17T TSt = (T |Ty) Ty Ty
As for the case 110 we get the followmg.
Proposition 10. S" and SV have corank 1.

Now we are interested only in the rows and columns of S and SV relative to the
outflows and inflows, i.e. we compute H" = CTS"RT and H” = CTSYRT and, by
some computations we get the following:

Proposition 11. For s,t even and
(I,k) €{(2,2),(s—1,t —1),(2,t = 1),(s —1,2)}
for s,t odd and
(k) €{(2,2),(s—1,t — 1)},

for s even and t odd and

(lvk) € {(272)7 (S - 172)}7
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for s odd and t even and

(lvk) € {(272)a (27t_ 1)}7
HY = pH" and H" and H" have corank 1.

The proof of Theorem 1.2, C.M.N. easily follows:

Proof. (Theorem 1.2, C.M.N.) The nodes [k listed in Propositions 9 and 11
are those for which a breakage entails a loss of rank of the mappings H" and H?,
hence of the mapping inflow — outflow. Therefore the cited nodes are critical for
the Circular Manhattan Network. Moreover, these nodes lie at the corners of the
network as shown in Figure 1. O

6. Oriented Manhattan networks.

6.1. Qualitative solutions for oriented Manhattan networks. Following rule
H we get the followings.

Proposition 12. If node Jy1 is of type I,1110,I111,1112 then the network is
described by the following table:

I,IT10,11T1, 1112 | IT10,1112 | IT10, 1112

1170,1111 1110 1710

1170,1111 1110 1710

Proposition 13. If node Jg is of type I, 110,111,112 then the network is described
by the following table:

110 110 110,111

110 110 110,111

170,112 | I10,1712 | I,110,111,112

Proposition 14. Let J;; be a node of type I. Then
e all nodes Jy, l=j+1,...,1 are either of type I110 or of type 1112,
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e all nodes Jy, l=1,...,75—1 are either of type 110 or of type 112,
e all nodes Ji;, k=1i+1,...,s are either of type 1110 or of type 1111,
e all nodes Jy;, k=1,...,1—1 are either of type 110 or of type I11.

Corollary 1. Let J;; be a node of type I. Then

e all nodes Jy;, withk=1,....,5—1andl=1,...,1—1 are of type 110;
o all nodes Jy;, withk=j74+1,...,t andl=14+1,...,s are of type I1110.
o if exists Ji; of type I it must necessary be either k > i,1 > j or k <i,l < j.

Corollary 2. The number of nodes of type I in a s Xt network is at most min(s,t),
the minimum among s and t.

Collecting the above propositions and corollaries we have the following:

Theorem 6.1. A s xt network is described by 4st parameters incominglhj, incom-
ing:, otugoingzhj, outgoingj;, i =1,...,8,j =1,...,t, together with 4st —s —t —w
constraints, where w < min(s,t) is the number of nodes of type I.

Proof. The constraints are st for the equations (11), st — w for the additional con-
straints (see Remark 1) at the nodes, 2st — s — ¢ for the equilibrium equation
incomingfj = outgoinglhjfl, incoming;; = outgoing;_y ;. O

In the rest of this section we only consider networks of type 110 or I710. For a
damaged network we have the following:

Theorem 6.2. If a failure occurs at any interior node of the network with all nodes
of type 110 or ITI0, then the new equilibrium is of the same type of the original
one.

Proof. The statement holds since we are assuming that nodes are all of type I70 or
1110. O

6.2. Exact solutions for undamaged oriented Manhattan networks. For
a § X t network we have 4st flux variables: incomingfj, incoming;;, outgoingzhj,
outgoing;;, with i =1,...,sand j =1,... 1.

Next we describe the constraints. Equations (32) and (35) say that the flux
is constant along lines connecting adjacent nodes: for nodes all of type 110 we
write the incoming flows in terms of outgoing flows while for nodes all of type
1110 we write outgoing flows in terms of incoming. These equations correspond to
s(t — 1) +t(s — 1) constraints. Moreover, as for the Circular Manhattan Network
constraints, (11), (12) and (18), hold. Finally we get a total of 4st — s —t constraints
in 4st variables.

For a network with all nodes of type 170 we have:

incomingfj = outgoinglhjfl,

incoming;; = outgoing;_; ; (32)
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foralli=1,...,s,5=1,...,t, where

out =
I 0 0 - 0 outgoingh, T
0 outgoing,
0 ; ,
0 outgoing” |,
o o o outgoing”,+
I outgoingg, | outgoinggy e outgoingy_ outgoing?,

is the outflow matrix and wvec(out) is the outflow vector. Moreover we have that
equations (11) and (12) hold for alli=1,...,sand j =1,...,t.

Substituting equations (32) and (12) into (11) we get

outgoinglhj_l + aoutgoing! =0+ a)outgoingfj. (33)

Recalling that Ozhj = outgoingfj, we write equations (33) as a Sylvester equation

as follows:
(14 a)0" — aL(s)O" — O"L(t)T —in =0,

where the inflow matrix is now

m =

incoming?l—i-

. o ) oy . o
_ _ incomin e comingy,_, | tncomin
incoming?, 912 J1t-1 91t
incomingl 0

: 0

incoming® 0

incominggl 0 ... 0 0 |

We rewrite the above matrix equation as:
a(I(s) — L(s))O" + O"(I(t) = L(t)T) —in =0
and, by denoting A = aA(s) and B = A(t)T:

aAO" + 0" B+in =0. (34)
Now if O" solves the above Sylvester equation (34) then
1
O" = ~0.
2
where
OQ = in,

Ot1 = 3(Ok + AL Op(AT), ).
Consider now the vectorization of equation (34):

Kvec(O") + vec(in) = 0,

where
A—1I(s) 0
K=(I(s®A+ BT o1@)=| [ A1
0 . 0
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is a non singular matrix. As we did for the Circular Manhattan Network we intro-
duce the following matrices:
1 for j=1
(in)ij = 1 for i=1
0 otherwise,

. 1 for j=1
(O’UJt)l‘j = 1 for 1=1
0 otherwise.

We aim at finding a relation among outflows and inflows, that is we want to
write the non zero components of vec(out) as function of the non zero components

of vec(in) which we denote by vec(out) and vec(in) respectively. Then

—

vec(out) + Hvec(in) =0
with
H =RK™'C,
where now

C = colspace(diag(vec(in))),
R = rowspace(diag(vec(out))).

We observe that the spaces generated by diag(vec(in)) and diag(vec(out)) have
dimension p = s+t — 1 then R is a p x st matrix, C' is a st X p matrix and H is a
square matrix of order p x p.

Proposition 15. H has rank maz(s,t).

Proof. The inverse of K is

(A—1I(s))" |
—(A—1I(s))~? (A—1I(s))" 0
K t=
L (=)A= I(s)" —(A—1I(s)> (A—1I(s))"" |
and
a;l aés 0 i
g1 CL?S a;l O
a?l a:s)’s a?l a;l
H—RK-'C— : : : L0 7
agt - alitlal? o - ay 0
aﬁl T aﬁs aﬁl a’i]z T a%l a%l
L ail ais aifl aiﬁ a?l a;l i
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where we have used the short notation @/ = (—1)7T*(A — I(s))™7. Consider the
block matrix decomposition

H:|:H1 H2]7

Hy H,

with H; € R¢“Y>* gy, e RV fy € R and Hy € R**"Y. Then,
recalling the definition of J(n) given in section 3: J(s+t—1)HJ(s+t—1) = HT|

[ p 0 J(s) ] [ H, H, ] [ ~Hy'HyJ(t—1) J(s) ] _

t—1) —J(t—1)H H* Hs Hy J(t—1) 0
[ 0 J(s)HsJ(s) ] B
J(t —1)(Hy — HiHy *Hy)J(t — 1) 0 -

[ J(83H3 J(t — 1)(H2(1H1H3_1H4) } { J(tO— ) JE)S) }

and H has rank h = rank(Hs) + rank(Hy — HiH; ' Hy).
Now we observe that

t—2
Hy =elale L(s) + ela’e1 L% (s) 4+ - =Y elare  L(s)*.
k=1
On the other hand
T 1
ela
_ S
) ela?
H\H;'Hy = - a”t[ a ey |alPer |- | ater | =
t_
elalT
-oT 1
ela
_S52
s o’ 1 2 t+1
) [a_el|a_el|---|a_+el]*
Z t_
L eS a
[ eTey  elate; - eTa=tt2¢
T 1 T T —t+3
elale ele; ela e
T t—2 T 1 T
| el'a'2eq elaley ele

We then have that H1H3_1H4 = Hs + T where T is an upper triangular matrix of
order k =t — 5. Indeed efa=Je; = el (A — I(s))/e; where A = a(—1I(s) + L(s)).
Now L(s)*~! = esel and L(s) = 0. Therefore eI (A — I(s))7e; # 0 if and only
ifj>s—landk=(t—-2)—(s—1)+1=t—s Ift <sthen k =0. Then,
ift > s rank(H) = rank(Hs) +k = s+ (t —s) = t. If otherwise t < s then
rank(H) = rank(Hs) = s. Finally we have that rank(H) = max(s,t). O

Consider now a network with all nodes of type I1710. We have the following
relations.
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outgoz:nglhj = z:ncomz:ng?jJrl, (35)
outgoing;; = incoming;’y ;
foralli=1,...,s, j =1,...,t, where out and in are respectively the outflow and
the inflow matrices.
Moreover we have that equations (11) and (18) hold for all ¢+ = 1,...,s and
j=1,...,t. The number of equations is then s(t — 1)+ (s — 1)t + 2st = 4st — s — t.
Substituting equations (35) and (18) into (11) we get

incomingfﬂl + pincoming!, , =0+ p)incominglhj. (36)

In matrix form, recalling that EZ = incomingfj. We get the following matrix
equation:
(1+p)E" —pL(s)TE" — E"L(t) — out = 0.
We rewrite the above matrix equation as:
p(I(s) — L(s)")E" + E"(I(t) — L(t)) — out = 0
and, by denoting A = pA(s) and B = A(t)":

ATE" + E"BT + out = 0. (37)
Now if E" solves the above Sylvester equation (37) then
1
Eh = _goou
2
where
&y = out,

Epi1 = 3(E+ AT EBT).
Consider now the vectorization of equation (37):
K'vec(E) 4+ vec(out) = 0,
where
K'=(I(s)®@ AT+ B®I(t)) = K"
is non singular. In this case we have

vg\(in) + H’U@t)
with
H' =R'K~TC" = (CK'R)" = H".
Then
Proposition 16. H’ has rank max(s,t).

6.3. Exact solutions for the oriented Manhattan network with damaged
node at position k. Also for the Oriented Manhattan Network we consider a
breakage at an interior node lk, ie. 2 <l < s—1and 2 < k <t — 1. After
some time a new equilibrium is reached where the flux, along lines departing from
and arriving to node lk, is annihilated. In order to describe this situation we set
outgoinglhj = outgoing;; = incommgfj = outgoing;; = 0, for some appropriate
indices 47, in the equations (32),(35),(11),(12),(18) in previous section.

As in the circular case with damaged node we have 4st — 4 variables and 4st —
s —t — 2 equations for a total of s + ¢ + 2 degrees of freedom.

Consider a network with all nodes of type I10. Consider first the case of a
network with nodes all of type IT0. In place of constraint (12) and in order to
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describe the fact that some variables are zero we set the following relation among
unknowns:

"o 0"+ a0 0 =0, (38)
where
n_ J O ifj=k and i=1-1
% T\ a otherwise
and
v | 0 ifi=10 and j=k—-1
@i =Y =1  otherwise,
and
O" + 0" = L(s)0" + O" L(t)" + in. (39)
From equation (38) we get:
diag(vec(a”))vec(O") + diag(vec(a®))vec(OV) = 0 (40)
and, from equation (39), we get:
A(s)OY + O™ AT (t) +in = 0, (41)
hence:
(I(t) ® A(s)) vec(O?) + (A(t) @ I(s)) vec(O") + vec(in) = 0. (42)
By writing
| T | T
Slean
where
Ty = (I(t) @ A(s)) ,
T, = (A1) @ 1(5)),
T5 = diag(vec(a®)),
T, = diag(vec(a®)),
w = [vec(O?),vec(O™)]T and z = [vec(in),0]T, we get the following compact form

for equations (40) and (42):

Now 77 is invertible hence
vec(0) = =T wec(in) — Ty ' Tovec(O"),
and
0 = Tzvec(O®) + Tyvec(O") =
~T3T; tvec(in) — (T3Ty Ty — Ty)vec(O") =
—T3T; 'vec(in) + (T|T} )vec(O™)
where (T|Ty) =Ty — Tng_ng is the Schur complement of T} in T'. Hence
vec(O") = Shvec(in),
vec(OV) = SYvec(in),
where
Sh = (T|Ty) "1
SV = Tyt =T TyS" = —(T|T) ' Ty T, .
Similarly to the case 110 of the circular manhattan case we have the following
proposition (see Proposition 8):
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Proposition 17. S" and SY have corank 1.

Now we are interested only in the rows and columns of S" and SV relative to the
outflows and inflows, i.e. we compute H" = RS"C and H" = RSVC.
By some computations we get the following:

Proposition 18. If (I, k) is such that min(s,t)+1 < l+k < maz(s,t)+1 then H"
and S° have rank max(s,t) — 1. Otherwise rank(H") = rank(H") = max(s,t).

Consider now a network with all nodes of type I710. In place of constraint (18)
and in order to describe the fact that some variables are zero we set the following
relation among unknowns:

ptoE" +p'oEY =0, (43)
where
w0 ifj=Fk and i=1+1
Pij =1 p  otherwise
and
L, [0 ifi=land j=k+1
Pij = —1  otherwise,
and
E" + BV = L(s)TE" + E" L(t) + out. (44)
From the equation (43) we get:
diag(vec(p"))vec(E") + diag(vec(p®))vec(EV) = 0 (45)
and, from equation (44), we get:
A(s)TEY + E™ A(t) + out = 0, (46)
hence
(I(t) @ AT(s)) vec(EY) + (A(t)T ® I(s)) vec(E™) + vec(out) = 0. (47)
By writing
p_ | | T
vt
where
T =TF,
T =17,
TS = diag(vec(p")),
T; = diag(vec(p")),
w' = [vec(EY),vec(EM)]|T and 2’ = [vec(out),0]T, we get the following compact

form for equations (45) and (47):
Tw + 2 =0,
hence
vec(EM) = Shvec(out)
vec(EY) = SYvec(out)
where now
Sh = (T'|T{) " T3Ty T
S = 17T — 17T TSt = —(T'|To) ' Ty Ty
Similarly to the case I110 of the circular manhattan case we have the following
proposition (see Proposition 10):
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Proposition 19. S" and SV have corank 1.

Now we are interested only in the rows and columns of S and SV relative to the
outflows and inflows, i.e. we compute H" = CTS"RT and H” = CTS"RT .
By some computations we get the following:

Proposition 20. If (I, k) is such that min(s,t)+1 < l+k < maz(s,t)+1 then H"
and S have rank max(s,t) — 1. Otherwise rank(H") = rank(H") = max(s,t).

The proof of Theorem 1.2, O.M.N. easily follows:

Proof. (Theorem 1.2, O.M.N.) The nodes [k described in Propositions 18 and
20 are those for which a breakage entails a loss of rank of the mappings H” and H",
hence of the mapping inflow — outflow. Therefore the cited nodes are critical for the
Oriented Manhattan Network. Moreover these nodes lie along the anti-diagonals
of maximal length of the network as shown in Figure 2. O

7. Full Manhattan networks.

7.1. Qualitative solutions for full Manhattan networks. Following rule H
(see [20]) we get a totally similar result to that obtained for the circular manhattan
case:

Theorem 7.1. We have
N= {J;; =110, i=2...,s—=1,j=2,...,t — 1},
{Jij=1III0, i=2...,s—1,7=2,...,t—1},}

that is the equilibria on the network are given by either type 110 or type I110 apart
at most the first line and column and the last line and column.

For a damaged network we have the following:

Theorem 7.2. If a failure occurs at any interior node of the network, then the new
equilibrium is of the same type of original one.

In the next section we consider networks where the nodes are all either of type
110 or of type I110.

7.2. Exact solutions for undamaged full Manhattan networks. For a s x t
network we have 8st flux variables: incomingfj, k= 1,234, outgoingfj, k =
1,2,3,4,withi=1,...;sand j =1,...,t.

Next we describe the constraints. Equations (48) and (53) say that the flux
is constant along lines connecting adjacent nodes: for nodes all of type 110 we
write the incoming flows in terms of outgoing flows while for nodes all of type
1110 we write outgoing flows in terms of incoming. These equations correspond to
2s(t — 1) 4+ 2t(s — 1) constraints. Moreover, equation (6) is written for each node
in (49). Finally equations (50) and (54) describe the constraints of a node of being
of type 110 or 1110 and allow us to respectively write outgoing® and incoming® in
terms of the total flux T' incoming in (hence outgoing from) the node. Finally we
get a total of 8st — 2s — 2¢ constraints in 8st variables.

For a network with all nodes of type 170 we have:
incoming,; = outgoing; , ;,
incomingf’j = othOingil-g-l,jv (48)
incomingij = outgoingﬁjﬂv

incoming;; = outgoingfj_1 .
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foralli=1,...,s,5=1,...,t, where

out =
[ outgoingi,+ o . outgoingl,+
. t e t .
outgoingt, outgoIngiz OULIOMILE-—1 | butgoing?,
outgoing%1 outgoings,
: 0 : )
outgoing?®_,, outgoing?_,,
outgoingd + .4 .o outgoing?,+
. t e t o8
| outgoing?, oUtgoIngs OUIOMIst=1 | outgoing®, |

is the outflow matrix and vec(out) is the outflow vector. Moreover we have, for
i=1,...,sand j=1,...,t,

incomingilj + incomingfj + incomingfj + incoming?j =

outgoingilj + outgoingfj + outgoingf’j + outgoingf‘j (49)
and
outgoingfj =o', k=1,2,3,4, (50)
where 22:1 ap=1and I';; = Zizl incomingfj = 22:1 outgoingfj.
Substituting equations (48) and (50) into (49) we get
o3li1j +ouly jor + ol + ool jo1 =T, (51)

We can write equation (51) as a matrix equation as follows.
T = (azL(s) + a1 L(s)")T + T(ayL(t) + aoL(t)") +in

where in is the inflows matrix:

mn =

[ incomingi+ | . 1 ; 1 incomingl,+ |
i 7y INCoOmingiy s INCOMING] 41 : .75
mncomingi; mecomingi,

incommggl incoming%t
: 0 :

. . 4 . . 2
INCOMINgs_q 4 ncomings_q,
incominggll—i- . . g . . 3 incominggt—i-
: .73 INCOMINg sy s NCOMInNgy ;4 . 7o
mecomings, meomingy, |

Hence, recalling that A(n) = —1(n) + L(n), we get:
(alA(s)T +azA(s)) T +T (a2 A(t)" + s A(t)) +in =0
and the following Sylvester equation
AT +TB +in=0 (52)

where A = a1 A(s)T + azA(s) and B = agA(s)T + asA(s).

By the first Gerschgorin theorem (see [14] for details), the eigenvalues of A are
contained in the union of its Gerschgorin circles, which in this case is a unique circle
centered in —(ay + «3) and radius (o + ). Then A is a stable matrix. The same
holds for B. Then we compute I' as

1
=2 00
29
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where
Go = in,
Gr1 = 3(Gr + A, 'GrB ).
In the case where all nodes are of type I110 we have the following relations:

outgoing}; = incoming;—o’+17j,
outgoing;; = incomingilfl’j,
outgoing;; = incomingﬁj_l,
outgoing;; = INCOMING; ;-

(53)

foralli=1,...,s,j=1,...,t.
Moreover we have for i =1,...,sand j =1,...,¢,

incomingfj =pily, k=1,2,3,4, (54)

4
where Y, pr = 1.
Substituting equations (53) and (54) into (49) we get

p3llip1; +palij1 +pilli1; +p2llj1 = Ty (55)
We can write equation (55) as a matrix equation as follows.
U = (p3L(s)" +p1L(s))T + T(paL(t)" + p2L(t)) + out,
ie.
(p1A(s) + psA(s)T) T + T (p2A(t) + psA(t)") + out = 0.
Then we get the following Sylvester equation
ATT +TBT + out =0 (56)

where A = p1 A(s)T 4+ p3A(s) and B = pa A(s)T + pyA(s).
Then we compute I" as

1
I'=- 003
2g

where
Go = out,
Gri1 = (G + Ay TG B T).

7.3. Exact solutions for the full Manhattan network with damaged node
at position k. Assume a breakage at an interior node [k, thus 2 <[ < s—1 and
2 <k <t—1. After some time a new equilibrium is reached where the flux, along
lines departing from and arriving to node [k, is annihilated. In order to describe this
situation we set outgoingfj = incomingfj =0 for k =1,2,3,4 and some appropriate
indices 47, in the equations (48),(53),(49),(50),(54) in previous section.

Therefore the number of variables is now 8st — 8 and the number of constraints
is 8st — 2s — 2t — 4 for a total of 25 4+ 2t 4+ 4 degrees of freedom.

Consider a network with all nodes of type IT0. In place of constraint (50) and in
order to describe the fact that some variables are zero we set the following relation
among unknowns:

O'=a'o(0O' +0?4+ 0%+ 0%, i=1,23,4, (57)
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where

and
O'+0°+0*+ 0" =

L(s)03 + L(s)TO + O*L(t) + O*L(t)T + in.

From equations (57) we get:
vec(O?) =

diag(vec(a?)) (vec(O') + vec(O?) + vec(O?) + vec(OY)),

if (i,7) =+ 1,k)
(7' ]) (l - 17 k)
if (4,5) = (L,k+1)
(7’7]) (lv k— 1)
0therw1se
if (i,7)=(+1,k)
(Zv ) (l - 1a k)
if (i,7)=(L,k+1)
if (i,7) = (L,k—1)
0therw1se
if (4,5) = (14 1,k)
(7’ ) (l - 17 k)
if (4,5) = (L,k+1)
( ) (lv k— 1)
0therw1se
if (4,5) = (14 1,k)
( ) (l - 17 k)
if (4,5) = (L,k+1)
1f (t,7) =, k=1)
otherwise,

for i =1,2,3,4, and, from equation (58), we get:

A(s)0? + A(s)TO! + O*A(t) + O?A()T +in =0,

hence

(I(t) @ A(s)T) vec(O") + (I(t
(A(t) ® I(s)) vec(O?) + (A(t )

Equations (59), give:

vec(OY) = By (vec(O?) + vec(O3) + vec(0))
vec(0?) = Ba(vec(OY) + vec(O3) + vec(0))
vec(0?) = Bz(vec(O) + vec(O?) + vec(0*))
vec(O*) = By(vec(OY) + vec(O?) + vec(0?))
where B; = (I(st) — a')~tat, i = 1,2,3,4, hence

vec(O') = C1(vec(O3) + vec(OY)),
vec(O?) = Cy(vec(O?) 4 vec(0?)),
Csvec(O3) + Cyvec(0*) = 0,

569
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1= Bl(I(St) =+ CQ),

Cy =
Cy =
C3 =

Cy =

= (

(I(St) — BgBl)_lBg(I(St) + Bl),
I(St) — B3(Cl =+ 02)),
“Bs(Cy + Co + I(st)),

Substituting the expressions for vec(O') and vec(O?) into equation (61), we get:

{

It) @ A(s)T) Cr+ (At) @ I(s)) Oz + (I(t) @ A(s))) vec(O®)+
I(t) ® A(s)T) C1 + (A(t) @ I(s)) Co + (A()T @ I(s))) vec(O*)+

vec(in) = 0.

By writing
T1 TQ
r- [
where
T = %1 (1) ® A(s)") C1 + (A(t) © I(s)) Ca + (1(1) ® A(s))) ,
Ty = ((I(t) @ A(s)7) C1 + (A(t) @ I(s)) Cs + (AT @ 1(5)))
T3 = Cs,
Ty = Cy,

w = [vec(0?),vec(O*)]T and z = [vec(in),0]T, we get the following compact form

for equations (59) and (61):

Now T3 is invertible hence
vec(O?

and

Tw+ z=0.

) = —T, 'wec(in) — Ty ' Tovec(O*)

0 = Tzvec(O3) + Tyvec(O*) =
— 3Ty tvec(in) — (TsTy Ty — Ty)vec(O*) =
—T3T; tvec(in) 4 (T|T1)vec(O?)

where (T|Ty) = Ty — T5T; "

where

Ts is the Schur complement of 77 in T'. Hence

vec(03) = S3vec(in),
vec(O*) = Stvec(in),

S* = (T|T) T Y,
S% = Tt — T TS = —(T|To) " T4 Ty .

Moreover

where

vec(O') = Stvec(in),
vec(0?) = S?vec(in),

SL= (S + 5%,
§2 = Cy(S + 54).

Similarly to the oriented and circular manhattan cases we have the following:

Proposition 21. S%, i = 1,2,3,4 have corank 1.

Now we are interested only in the rows and columns of S?, for i = 1,2,3,4,

relative to the outflows and

inflows, i.e. we compute H* = RS*C. We first observe

that R = CT, RRT = I(2s+ 2(t — 2)) and RTR = I(st).
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Proposition 22. For all i =1,2,3,4, H' is always full rank apart from the cases:

(k) e{(2,4), j=1,...,t}
for which H® has corank 1;

(Lk)ye{(s—1,75), 5=1,...,t}
for which H' has corank 1;

(I,k)e{(:,2), i=1,...,s}
for which H? has corank 1;

(IL,k)ye{(i,t—1),i=1,...,s}
for which H* has corank 1. Moreover the above nodes are not critical.

Proof. Before showing the first part of the proposition we explain why the cited
node are not critical. Take for example H'. Such a map looses rank if there is
breakage at nodes on the row s — 1. We modeled a breakage by setting to zero all
the flows incoming to and outgoing from that node. In particular for a breakage at
node [k with | = s — 1, we have that O} , = 0, hence necessarily H' has corank 1.
The same reasoning applies to H2, H? and H*.

Next we prove the first part of the proposition. Denote by v; the generator of
the null space of a’. More precisely we have

V1 = €(k—1)s+1+1

V2 = €(k—2)s+1

V3 = €(k—1)s+1—1

V4 = €fs+1-
Now v; is also the annihilator of B;. Also, we notice that B; has no eigenvalues
A = —1 hence I(st) + B; is invertible. For i = 2, Cy + I(st) is invertible indeed

det( ( ) + Cg) =
det((I(st) — BoBy1)~Y)det(I(st) — BoBy + Bo(I(st) + By)) =
det((I(st) — BaB1)~")det(I(st) + Bz)) # 0.

Moreover, if Cov = 0 then By(I(st) + By)v = 0, i.e. (I(st) + Bi)v || ve and
= (st) + B1) v, Now, recalling that vs has only one non zero component and
31 is diagonal, then v || vo. Therefore vy is also the annihilator of Co. Similarly we
get that vy is also the annihilator of C (since C; is diagonal for all i.)
Next we analyze C'3. We have

03 = I(St) — Bg(Bl + (Bl + I(St))OQ) =
Bs(B1 + (B1 + I(St))( (st) = B2B1) "' Bo(I(st) + By)) =
(I(st) — BaB1)B1 + (By + I(st))Ba(I(st) + By)) =

I(st) —
I(St) — Bg(I(St) — BQBl) (
I(St) — Bg(I( ) BgBl) (Bl + 23132 + Bg)
(I( t) BgBl) 1 ((I(St) BgBl) B3(Bl + 23132 + Bg))
with
(I(St) — B2B1 — B3B1 — B3B2 — 2B1B2B3) =
T (161) - 0 (TTLa(E(en) - o) = ala(T(er) = o) - @' 0®(1(6t) ~ o)
—a2a3(1(st —at) - 2a1 2 3)
H?Zl(l — ;)7 ! ]_[Z 1 ( —a') —ala? —ala® — a?a® + alo<2a3) =
Hle(f(st) — o) ot
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where, in the last equality, we have used the fact that E?Zl a' = I(st). Then
Cs3v4 = 0. Finally, for C; we have:

C4 = —(I(St) + B3) + C3,
with I(st) + Bz = (I(st) — a®)~!. Now

3
C3 = (I(st) — ByBy) ™! <H(I(st) - ozi)lofl)

where
(I(St) — BgBl) =
((I(st) =) (I(st) = o)~ ((I(st) — a')(I(st) — o®) — a'a?)) =
(I(st) —a') LI (st) —a?) 7' (I(st) — o' —a?).
Then
Cy = (I(st) = BaBr) ™ (T, (I(st) — )" = (I(st) — BaBa)(I(st) + Bs) ) =
(1(st) = B2B1) ™ (T, (I(st) — @) (0t = (I(st) — @t = 0?)) =

(I(st) = B2B1) ' TIi_y (I(st) — i)'
and Cyv3 = 0.
Finally
H* = (R(T|Ty) " 'RT)(RT3R")(RT; ' RT)
and det(H*) = 0 if and only if det(RT3RT) = 0.
Indeed (RT, 'R”) and (R(T|T))"'RT) are full rank principal submatrices of 7, *
and of (T'|T1)~! respectively.
Now det(RT3RT) = 0 if and only if vy is a row of R. Similarly
H? = (R(T|T») ' RT)(RT,R")(RT; ' RT)

and det(H?) = 0 if and only if det(RTyRT) = 0 and det(RT,RT) = 0 if and only if
v3 is a row of R.
For H' and H? we have that

H' = (RC'RT)(H?*+ H*), i=1,2
and det(H®) = 0 if and only if det(RC*RT) = 0 that is if and only if v; is a row of
R.

Now v1 = e(x—1)s4i141 row of R means that [ =s—1and k=1,...,1,
V2 = €(k_2)s41 TOW Of R means that k =2 and [ =1,...,t,
V3 = €(k—1)s+i—1 TOW of R means that [ =2 and k =1,...,¢ and finally
Vg = egs4; row of R means that k=t and [ =1,...,s. O

Assume now that the network has all nodes of type I710. In place of constraint
(54) and in order to describe the fact that some variables are zero we set the following
relation among unknowns:

Ei=p'o(B'+FE*+E3+EY, i=1,234, (62)
where
0 if(i,j):(l—l—l,k)
pij: (15—11,4) lf(lv.]):(lvk_'—l)
(1811)2) if (7’7]) = (l,k - 1)

P1 otherwise,
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T () = (1 1,h)
) (1821)3) if (Zaj) = (l - 17 k)
Pij =\ whpny  H(G4)=(0k+1)
0 ") = (k1)
D2 otherwise,
(1521) if (4,5) = (14 1,k)
Pl = oy i G5)=(0k+1)
Ty i (G5)=(k-1)
D3 otherwise,
(184;1) 1 (17]):(l+15k)
oy 0 =0-1k)
pij =4 0 it (i,5) = (L k +1)
B (i) = (k= 1)
j otherwise,
and
E'+FE*+ B+ B = (63)
L(s)TE® + L(s)E' + E*L(t)T + E?L(t) + out.
From equations (62) we get:
vec(E") = _ (64)
diag(vec(p?)) (vec(EY) + vec(E?) 4 vec(E®) 4 vec(E?Y)),
for i = 1,2,3,4, and, from equation (63), we get:
A(s)TE? + A(s)E' + E*A(t)T + E?A(t) + out = 0, (65)
hence
(I(t) @ A(s)) vec(E") + (I(t) @ A(s)T) vec(E?)+ (66)
(AT ® I(s)) vec(E2) + (A(t) ® I(s)) vec(E*) + vec(out) = 0.

Equations (64), give:

vec(EY) = Bi(vec(E?) + vec(E3) + vec(EY)),
vec(E?) = Ba(vec(EY) + vec(E3) + vec(EY)),
vec(E?) = Bz(vec(E) + vec(E?) + vec(EY)),
vec(EY) = By(vec(EY) + vec(E?) + vec(E?)),

where B; = (I(st) — p*)~!p’, i =1,2,3,4, hence

vec(EY) = C1 (vec(E?) + vec(E*)),
vec(E?) = Co(vec(E?) + vec(E*
Csvec(E?) + Cyvec(E*) = 0,
where
=B (I(St) + Cz),
Cy = (I(St) — BgBl)_lBg(I(St) + Bl),
C3 = (I(St) — B3(Cl + Cz)),
Cy = —Bg(Ol + Coy + I(St))

Substituting the expressions for vec(E!) and vec(E?) into equation (66), we get:

(I(t) ® A(s)) C1 + (AT @ I(s)) Oz + (1(t) ® A(s)T)) vec(E3)+
((I(t) ® A(s)) C1 4 (A(H)T @ I(s)) C2 + (A(t) ® I(s))) vec(E*) 4 vec(out) = 0.



574 ALESSIA MARIGO

By writing
T/

|
—

T | Ty }
T3 | T4
where
) = ((I(t) @ A(s)) Cr + (AT @ I(s
Ty = ((I(t)® A(s)) C1 + (A
T, = Cs,
Ty = Cy,
w' = [vec(E3),vec(EY)]T and 2’ = [vec(out), 0], we get the following compact form
for equations (64) and (66):
T'w+z=0.
Now T7 is invertible hence
vec(E?) = —(T)) tvec(out) — (T}]) " Tyvec(E*)
and
0 = Thvec(E3) + Tjvec(E*) =
—T4(T)) Yvec(out) — (T4(T]) " T4 — Ty vec(E*) =
—T5(TY) " tvec(out) + (T'|T})vec(EY),
where (T'|T}) = Ty — T4(T{) T4 is the Schur complement of 7] in 7”. Hence
vec(E3) = S3vec(out),
vec(E*) = Stvec(out),

where
St = (T'|Ty) M T5(Ty) 7,
57 = ~(@0) — (1) T4S* = ~(Tag) 1Ty
Moreover
vec(EY) = Stvec(out),
vec(E?) = S?vec(out),
where

St =Cy(S3 + 5%,
S? = (Cy(S3 + S4).
Similarly to the full manhattan case for nodes of type 110, we have the followings:
Proposition 23. S%, i = 1,2,3,4 have corank 1.
Proposition 24. For all i =1,2,3,4, H' is always full rank apart from the cases:
(lu k) € {(27])7 .7 =1,.. 7t}
for which H? has corank 1;
(lak) € {(5_17])7 j: 1aat}
for which H' has corank 1;
(lak) € {(172>a 1= 1778}
for which H? has corank 1;
(Lk)ye{(i,t—1),i=1,...,s}
for which H* has corank 1. Moreover the above nodes are not critical.

The proof of Theorem 1.2, F.M.N. easily follows:
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Proof. (Theorem 1.2, F.M.N.) By Propositions 22 and 24 each node of the net-

work is not critical hence the network is robust. O
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