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ABSTRACT. This paper is aimed at a homogenization problem for a parabolic
variational inequality with unilateral constraints. The constraints on solutions
are imposed on disk-shaped subsets belonging to the boundary of the domain
and forming a periodic structure, so that one has a problem with rapidly oscil-
lating boundary conditions on a part of the boundary. Under certain conditions
on the relation between the period of the structure and the radius of the disks,
the homogenized problem is obtained. With the help of special auxiliary func-
tions, the solutions of the original variational inequalities are shown to converge
to the solution of the homogenized problem in Sobolev space as the period of
the structure tends to zero.

Homogenization problems for variational inequalities were studied in many pa-
pers (see, for example, [1],[2], [4]-[10]). In these papers one can find an extensive
bibliography on this subject. In the present paper we study the homogenization
problem for a variational inequality with one-sided constraints on e-periodically sit-
uated subsets G. of the boundary ¥ of a domain Qr, Qr = Q x (0,7T), as ¢ — 0.
We consider the so-called “critical case” in which a new term appears in the limit
(homogenized) problem.

Let 2 be a bounded domain in R? belonging to the halfspace z; > 0 and having a
piecewise smooth boundary 09 such that 0QN{z; = 0} =T # (); 0Q\T'; = T'a. We
introduce the sets G0 = {z € R®: x; = 0, 23 423 < a2}, G. = > ey (G2 2ez) =
U2, GI, where Z' is the set of vectors z = (0, 22, z3), with integer z; (j = 2,3).

The union of the sets GI C G. such that GL ¢ TS = {z € Ty : o(x,dT;) > 2¢}
is denoted by G, i.e., G- = Uj-véng. Let Qr = Q x (0,T) be a cylinder with the
lateral surface ¥ = 09 x (0, 7).

Consider the sets

K. ={ve Hi(2,T2)|v(z) > 0almost everywhere onG.},
K. ={g(z,t) € L2(0,T; H1(,T2)) | g(-,t) € K. for almost all t € (0,7)}.
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676 T. A. SHAPOSHNIKOVA AND M. N. ZUBOVA

Here and in what follows, H,,(2,~) stands for the space obtained by completion
(with respect to norm H,,,(2)) of the set of functions that are infinitely differentiable
in Q and vanish in some neighborhood of 7, where v is an s-dimensional manifold
in Q.

Let u. € X, 68“; € Ly(0,T; H1(,T3)), ue(x,0) = 0, be a solution of the
inequality

Ooue
/< 5 >dt—i—/VuE — u )dxdt
0

> / f(0 - ue)dudt,

where v is an arbitrary function in X.; VuVg = Y %% and (a,b) is the value
]:1 J J
of a functional @ € H(2,T'2) on an element b € Hy(£,T'2). Suppose that I3 af €
LQ(QT) It is known [13] that the problem (1) has the unique solution u. such that
Ug, at S LQ(O T Hl(Q Fg))
Note that ug(:v, t) is a “strong” generalized solution of the following problem:

6“5 —Au, = f for (z,t) € Qr;

ue(2,0) =0, 2 € Q% u. =00n Ty x (0,7); % =0on (I \G:) x (0,T);

>0, 8"5 >0, usauf =0 for z € G. x (0,T),

where v is the unit exterior normal to 9 x (0,7").
Let us prove the following estimate:

max [|te| L, (0) + luell Lo 0,10 (2.r2)) + H s < K, (3)

[0,T]

where K is a constant independent of e. Here and in what follows, all constants
independent of € are denoted by K

Taking into account that u. € LQ(O,T Hq(22,T2)), % € Ly(0,T; Hi(Q,T3)), it
can be shown that (see [3]) u. € C([0,T7; L2(f2)), the mapping t — [[uc(t)| 1z, () is
absolutely continuous, <‘5:975 Je) = 2 |uc(t NZ, () for almost all ¢ € [0,T], and

ou,

3l
2dt

%aXHUaHLz(Q < K{luell o, mora) + 15 lra@n b (4)

where K = K(T, ). Therefore, to prove the estimate (3) it suffices to show that
the right-hand side of (4) is bounded by a constant independent of e.
Taking v = 0 in (1), we obtain

IVuelfpior < Ifllza@mlluellza@r <
< KHVU‘SHLz(QT)’
and thus,
HVU‘S”L2(QT) <K.
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In order to estimate || %H Ls(Qr)> We consider an auxiliary problem:

— Aud = f for x € Qr;

ul(2,0) =0, 7€ Q; ud=0o0nTy x (0,T); 6{;}? =0on (T';\ Ge) x (0,T);

e = —1(ul)” for z € Ge;

(5)

where § > 0.
The weak solution of this problem is a function ul € Lo(0,T; H1(£2,T3)) such

that ul(x,0) =0 € L2(0,T; H1(2,T2)) (see [3]) and following integral identity

’ Bt
holds:
T a 5 1 T
/ ( ;;,h)dH / VulVhdedt + 5 / / ~hdidt =
0 Qr 0 Ge (6)
= / Fhdwdt
Qr

for an arbitrary function h € Lo(0,T; H1(€2,T'3)). Here (-, +) is an scalar product in

Lo(Q). Taking h = aautg in (6), we obtain for almost all ¢ € [0, T

“dzdt =

|| ||L2(Qt) +3 ||VU 1%, 00 +

)H HLz (@)

t
Where Q- = {Qr N {t < 7}}, @ = {Qr N {t = 7}}. Since [ [ 2% (ud)~didt > 0
0G

€

(see [3]) the following estimate is valid

8u <K

Using the estimates established above, we deduce that there is a function wE 6
L(0,T; Hy(2,T5)), 2% € Ly(Qr), such that ud — w, in Ly(0,T; Hy (9, Ty)), e

We

weakly converges to 6615 in La(Qr) as 6 — 0. Let us prove that w, is a solution of
the same problem as u.. Let us pass to the limit as 6 — 0 in (6) with an arbitrary

T
test function v € K.. Taking into account that + [ [ (ul)~vdZdt < 0 we obtain

T
/(B;E,U)dt+/Vw5Vvdxdt2 /fvdxdt. (7)
0 Qr Qr
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Using (6) with h = u$ and noting that

T
/(%,ws)dt+/ | V. 2 dedt <
0

Qr

T
oul
< lim /( (;is,ug)dt—i—/ | Vul |2 dxdt p < (%imo/fugdacdt,
0 Qr Qr

we find that w, satisfies the inequality

St~

(%,wg)dw/ | V. 2 dedt < /fwgd:vdt. (8)
Qr Qr

Subtracting the inequality (8) from (7), we see that w, is a solution of the following
inequality:

T
)
/ ws, — w. dt—i—/VwEV(v—ws)da:dtZ
0 Qr

z/f(v—wa)dxdt,

where v € X..

Since problem (1) has a unique solution, we see that w. = u. and u. € La(0, T}
Hy(,T2)), 24 € Ly(Qr). From the fact that |[u.|lw < K, where W = {v | v €
Lo(0,T; Hi(,T2)), 8% € Ly(Qr)}, we conclude that there is a function ug € W
such that u. weakly converges in W to ug as € — 0 (for a subsequence). Moreover,
using the imbedding theorem, we can assume that u. — ug in La(Qr).

It is easy to see that the following inequality for the solution u. of problem (1)
is valid:

T T

T
/(8(;;5, dt—i—//VvVv—us )dwdt > //fv—us ydzdt,  (9)
0

0 0

where v € K.. We pass to the limit in this inequality as ¢ — 0.
Suppose that

. —2 o o
21—1»% ae” = C = const > 0. (10)
Consider a function w.(x) (x = (21, 22, 23)) which is a solution of the problem:

JR— 2
Aw. =0for 2 €T\ GO, T. = {x € R? : -— 31— + 23 + 23 < 2},

—a2e-2
1—aze

we =0 for xEGg, (11)

we =1 for z € OT-.
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Problem (11) admits a solution that can be easily found in explicit form. For this
purpose, we use ellipsoidal coordinates v, 01, 05:

1 = ae sinh 1) cos 6y,
To = a. cosh ) sin 6 cos O,

T3 = a. cosh 1 sin 6y sin 6,

where 0 < 9 < 400; 0 < 07 < m; 0 < 0y < 2m. Let us seek a solution of problem
(11) in the set of functions depending on o = sinh ¢ only, i.e., w.(x) = V(o ) where
Vz (o) satisfies the equation 5~ 9 (1402 ) V) = 0 on the interval 0 < o < Vaz %2 — 1
and the boundary conditions V(0) = 0, V(v/az?c2 —1) = 1. Tt is easy to check
that

arctan sinh 1

We (I) = VE(Slnhw) =

arctan sinh ¢, ’

where

2 _ 42 2 _ 2)\2 4 2.2
sinh1/) = \/|ZE| az + \/(C;sa2 |I| ) +4xiaz
€

sinh . = Vaz%e? — 1.

Since we(z) is an even function of the variable x; and g;‘c’f =0 for 1 = 0, ag <

23 + 23 < 2, we find that
ow
2 o £
/'Vw"“| e _/ v (12)

where T." = T. N {z1 > 0}, S = 0T. N {z1 > 0}, v is the unit exterior normal to
oT.. The coordinates of v = (1/1, v2,v3) have the form

x1 z;i(1 —aZe?)

2+a€x§+x27w: x2+a8x%+x2,i:2,37
€ 3 3

Vv =

where a. = —2a2e72 + aZe~*. Using this fact and the relation
O _ Ceace™
o, 4y/1— a22 L,

|22 — a2 + /(a2 — |z|?)2 + 422a2, C. = ——L——— we obtain

arctan sinh . ?

ow,

8.Ij

where I°¢

1 C.a.e72

— 13
o I \/17L TEs "

Ow,
ov

From (12), (13) and (7) we deduce that

/ |Vw, |*de < K|0T.| < K&, (14)

T
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We define a function Q.(x) b

welx —PI),x €Tl j=1,2,...,
(15)

Qele) =9 T e R\ UR, TV,
where P/ = (0 PgQ,Pgﬁ) is the center of the ball GI, T? = {z € R® : — ;8,2 +
Using the definition of Q.(z) and

(2 = P25)* + (w5 = PLy)* < %}, 5 = 1,2,
the estimate (14), we obtain the inequality

/|VQ5|2d:c_ Z / |Vwe(z — P?)|?de < KN(e)e? < K,

Q =i+

and therefore,
Q: —1in Hi(2) as e — 0. (16)

Taking v = At + Q-(z)h~ € XK. in the inequality (9), where h* = sup{h,0}
h=(z,t) =h—h", and h € Ls(0,T; H1(Q,T2)), we obtain

T
ou,
(bt + Qe(a)h™ — u)dt + VIt + Qe (2)h ™| x

T
xV[hT + Qc(z)h™ — u.]dvdt > //f(hJr + Q-(x)h™ — u.)dadt.
Q

It is easy to see that L. has the form

Denote the left-hand side of (17) by L..

T T
. E/(ag‘:,erQs(x)h* —us)dt+//|Vh+|2d:cdt+
0 0 Q
T T
+//|V[Q5h7]|2d:cdt—//VthVusd:rdt— (18)
0 Q 0 Q
T T T
//VQ5 (ue da:dt—i—//u5VQEVh’d:cdt—//QEVh’Vusd:cdt.
0 Q 0 Q 0 Q
Taking into account that
© ow P&y ow
/VQEV(uah_)dx = — Zl / 833;5 h™u.drodxs + Z / 5 Sh™u.ds
Q el I=orine
and gwE >0,h <0, u.| >0, weobtain
"1 lzect
dsdt. (19)

0 o1 NQ

Gt
O/Th/VQV(uE da:dt>2//
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From (18) and (19) it follows that

T
u:,th—i—Qa(:v)h’ —ug)dt+//|Vh+|2dxdt+
0 Q

T T
+//lV(QEh_)Pda@dt—//Vh*VuEd:cdt—
0

)

N(e)

-y / / awah uodsdt +//VQ5Vh wedzdt — //QEVh Vu.drdt.
=10 aring
(20)
To obtain the homogenized problem we need the following lemma.
Lemma 0.1. Suppose that h, g € H1(Q,T'3). Then
| Z / — P)hgds — C/hgdxgd:c3| <
Loring
< K{llace™ = C+ vVE}gl a0 12l 11y ()
where v is the unit exterior normal to OTY.
Proof. We have
N
z(sj / awah ds = D. Z / gh(1 %)—1/%3 =
Yorina Loring (21)
Sy 1—aze
0% [ e s
I= orinn

where D, = C.a.e (1 —a2e72)"1/2, & = (23 — Pg)Q, xg — Pg73).
Let Q ={y € R?|0 <yn < 2,-1 <y; < 1,5 =23} TF = {y € Qlly| < 1}.
Consider an auxiliary problem:

A& =0forye Q\TT,

Wlorng
2 . (22)
i |agn{y =2} ’

65 = 0on the rest of 0Q).

Problem (22) has a solution uniquely defined up to an additive constant. We choose
the constant from the condition WlTﬂ [ &dy = 0. From the solvability condi-
Q\T+

tions for problem (22), it follows that pu = 7/2.
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We introduce a vector-valued function A®(z) = (45(x), A§ (x), A5(z))" by

,TQ I3
\/1— a2 -2 . — -
5’1}1 /70/2 =2’ ¢ ) c )7

Z1 T2 I3 T1 €2 173)

A;(@:@AW 2’ E) Aj(z) = fya(ﬁ,?, -

The vector A (z) satisfies the relation divA®(z) = 0 for x € Yz, where

Y. = {z € R¥|z1 € (0,2e\/1 — a2e72), |zj| <¢, j = 2,3} \ T..
Using the definition of A®(z), we obtain
/diV(AE(I)E(I)) = /Aa(a:)Vq)E(a:)da: =
YE . (23)
= /(Aa, V)P (x)ds,

Y.

_a2e—2
where ®.(z) = g(x)h(x)(ljags%iw)lm.
Note that the right-hand side of (23) has the form

/(AE, W/gw (2,2, B)a. (r)ds + / (A%, 1)®.ds,

oye

where (0T:)" = 0T. N {z|z1 > 0}.
The second term in right-hand side of (24) can be written in the form

(A%, )P (x)ds =

(0T-)*+
172 €3 —U1
\/1—a25 2 —_— , — O (x)ds+
(aT/)+ v e v T

:vg T3 —y2\/1 —a2e?
51}2 55" ) — AQ(I)E,TCZS—F
\/ —aze —age |y|
/ ¢ T2 Ig)—y3\/1—03672q) d
S =
ul ey/1 — a2s_2 1 —a2e2|g|? :
%) €,

=4/1 —a2e2
=] Ve
=+/1—a2e2 /

(OT.

)

- a?s-2|y|2

where § = .
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Thus, from (23)-(25) we obtain

Dm{ / a2€_2| B ds — / x)ds} = D /AE(:Z:)V@E(:Z:)d:Z:.

Ye
(26)
From (26) we deduce that
D.y/1—a2e72{ / 0() ——ds—
e T~ PP+ (a5 — P o

—p / I (z)dwodrs} = D, / ASI(2)V P! (z)d,

1 v?

where A% (z) = A®(z1, 22 — Pg75,x3 — Pg)a), ®l(z) = g(x)p(z)( 1-age )1/2

1—aze4[a0]?/
wl = (w9 — P _,x3 — P{_), YJ = {z € R*ln, 6 (0 25\/1—a§5*2),|x1- - P/| <

g,i=2,3}, v = 0YI N{xy = 2e/1 — a2e2}, UJ ! 75 =T%, (aTH) T = (0TI) N Q,
j=1,...,N(e).
From (27), using the relation

)

» 1= /1—a2e2|yi|?
/ ——— 2 T(x)ds = / O/ (x) > i2 — ds
1—a€ Iyﬂl V1—az 2|

(oTd)+ (oT)+ (oT)+

1

with 7 = e7127, we deduce that

poT=az 2 [ s - [ 2 -

(oTd)+ 72

_ _p.Ji a2 () Lo VL aze P C () VD)
=—D.\/1—a? I ( ds+ D, | A% (x)VPL(z)dx
v/

vl i

(OTI)+
(28)

Since |§7] < 1,j =1,...,N(¢g), from (27) we obtain
N(e)

(1= /1—a2e2|gi|?
— q2s—2 J €
Doy/1 —a2e g / | D] e ds <
€

(oTs)* (29)
< Ka2? / lgl[Rldé + / (IV(gh)]| + |ghl)d},

HE

J=1
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From (28), (29), it follows that

N (e)
0.3 [ @l@ds - D [ ghail <
J=1 (oTi)+ Iy
N(e)
< D.y/1—a2e2 / ds — ——— x)ds|+
v | ; (@) ﬁ —= ) |
(o1)+ (aTsj)+
N(e) N(e) (30)
+D5\/1—a§5*2|z / @st—uZ/ghdsH—
=1 oriy+
N(e)
+ [Depu(v/1 —a2e—2 Z /ghds—/ghd:v)| =J 4+ J2+ T3
I
Let us estimate J?, j = 1, 2, 3. From (29) we conclude that
N ) ‘
J! < Ka?e™2 Z / | DL (x)|ds <
= omd)r (31)
< Ka2e>{ [ lgllhidi + [((gh)] + lohide) < Koz lglmyo el cor
T 1.
From (28) we obtain
JZ2 < KaZe gl my ) 1l oy o) (32)
and similarly
J2 < KVe|gllm @ lhlla @) (33)
To complete the proof we note that
Do [ Ihglds < K{lace™ = €1+ VE}hlsco gl
I
This concludes the proof of the lemma. O

Using the assertions of this lemma, we find the limits of some terms of the right
- hand part of (20):

T
: 3wa -~ .
shg(l) E / / dsdt—C//h updzdt

0 aTing 0 Iy

hm//|VQa ) |? dedt = //|Vh |2dxdt+0// )2didt.

0 I'y

and
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It is easy to see that

T

hm (

815

T

8u0

+ Qi = [ (34)
0

0
We need the following lemma.

Lemma 0.2. Suppose that h € H1(Q) and the function Q. is given by (15). Then
[ 1va. 1 s < 1, o (35)

Proof. Tt is easy to see that

N(e)

/ (VQe, VI)Qehdr =2 / (Vw., Vh)w.hdz =
Q 7= 1(T5>+
:—Z / | V. |2h2da:+z / Ouwe o
7=ty " ors)+

Estimating the left-hand side of this relation with the help of the Cauchy inequality
(ab < da? + Csb?, where § € (0,1)), we get

/|VQ5 1> h2da < K{/ | Vh|? da+ | Z / 8wsh2ds ).
Yoty
Applying Lemma 0.1 to the last term in the right-hand side of this inequality, we
obtain (35). Lemma 0.2 is proved. O

From the estimate (4), it follows that ||uc(z,T)||z,q) < K. Consequently, there
is a subsequence {e} and a function w(z,T) € Lo(2), such that u.(z,T) — w(z,T)
in Ly(Q2) as € — 0. Let us show that w(z,T) = wug(x,T). Taking an arbitrary
v € La(Q), integrating by parts the expression

T
/(W,v(a@))dt = /ua(fcaT)”(x)dw’

0 Q
and then passing to the limit as € — 0, we obtain

T
/w(x,T)v(x)dx = /(W,v(x))dtz /uo(ac,T)U(:v)d:v.
0

Q Q
Therefore, u.(z,T) — up(z,T) in L2(£2) as € — 0 and

o, TIZ, () < lime olue(z, T)|L,0)-



686 T. A. SHAPOSHNIKOVA AND M. N. ZUBOVA

Thus we have

e—0 t ’
0 0

T
Oug oue
- < — .
/( 5 ,up)dt < lim (8 ue)dt

Using Lemma 0.1 and the estimate (20), we find that ug satisfies the inequality

T
/ % —uod:v—i—/VhV —uo)dac—i—C/ —ug)h~dE pdt >
0

//f — ug)dzdt
for any function h € Lo (0,T; H1(2,T9)).

Taking h = uo + Av with an arbitrary v € L2(0,T; H1(£2,T'2)) and passing to the
limit as A — 40 and A — —0, we obtain an integral identity for the function ug:

/ (280 yar + / / VuoVoudzdt + C / / ug vdidt = / / fodzdt.  (36)
Q

Therefore, ug € Lo(0,T; H1(Q,T5)), % € Lo(Qr), and wug is a weak solution of
the problem

8“0 — Aug = f for x € Qr,
uo(x,0) =0, 2 € Q, up=0, onT'y x [0,T]

Gu0 — —Cugy on Ty x [0, 7).

Let us show that [ju. — uj — Q-ugy Il 2 (o, T Hy(Q,T5)) — 0ase— 0.
Setting v = ug + Q-ugy in (1) and v = ud + Q.-uy — ue in (36) and subtracting
(1) from (36), we get

T T
_ Ou. ou
IV (ug + Qeug — ue)llF,gp) < —/(E,us)dt—l-/(a—to,us)dt%—
0 0
’ 0 ’ 0
Ue _ Ug _
+/(E’U(J)F+quo )dt—/(ﬁ,u;{—l—quo )dt+
0 0

T

—C/ Uy (Qeup — ue)dadt.

0 Iy
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Denote the right-hand side of the inequality (37) by R.. Let us show that R. — 0
as € — 0. Taking into account that

T T

. 8u0 Oug
tim (550 ) / e it | <o, (38)
0 0

we deduce that
T

O(ue — _
0<R. z/(%,ug—i—quo — ug)dt+

//|Vu0 2(Q: — 1) d:vdt+//|u IVQ.|*dxdt+
—|—2//u0 1)Vugy Vdixdt—i—// 1)Vuy V(uo — ue )dadt+

0

T T T
—I—//USVQEVuod:cdt—//u&VQEVusda:dt—C’//ua(quo—us)di:dt:
0 Q 0 Q 0T,
[ s — un)
Ue — U _
:/(Eaito,ug—l—quo — up)dt+
0

N(e P T
+ Z/ / QEQE|UO| dsdt — //|ug 2 didt
0 Iy

=10 a(T!NQ)
N(e) z
_ Z/ / %&uo uadsdt—C//uauadidt +
=10 0 o9(TinQ) 0 Ty
T
+C//ua(u0 — Q-up)didt,
0T,

where

T T T
//|Vug|2(Q5 —1)%dxdt — //UEVUOVQEdCCdt + //’U,EVQEVUOidIdt—I—
0 Q 0 Q 0 Q

/(Qs - I)VUEV(UO — ’UJE)dCCdt.
Q

+

St~

Lemma 0.2 and the properties of ). ensure that

lim Z. = 0.
e—0
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By Lemma 0.1, the right-hand side of (39) tends to zero as ¢ — 0, and therefore,
lim R, = 0.

e—0

Thus H’LLE — ’Lbar — Q5u6||L2(O,T;H1(Q7F2)) — 0ase— 0.

Remark 1. To prove that hm R. = 0 we use the following relation:

hm //uo ug — Qeug)didt = 0.

In fact, by the Gaussfostrogradsku formula we have

T T T

_ N 9 0Q: _0
//uo (up — Qeug)didt = // |ug |2 8—ledardt - //uo 8—Z(1J(1 — Q¢)dxdt.
0r, 0 Q 0 Q

(40)

Using Lemma 0.2 and the properties of @), we deduce that the right-hand side of
(40) tends to zero as e — 0.

Theorem 0.3. Let u. be a solution of problem (1) and uy a solution of problem
(56). Suppose that a.e=2 — C as e — 0 and C = const > 0. Then

lue —ud — Qetg || o0, 1, (2,1)) — 0 as e — 0,
where Q. is defined by (15).

Remark 2. Using similar technique we can study the following problem:
6“5 —Au, = f for (z,t) € Qr;

ue(2,0) =0, 2 € Q% ue =00on T2 x (0,T); P =0on (I'y\ G:) x (0,7);

Ue >go7 = > g1, ug(a )=0for z € G. x (0,T),

(41)
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