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Abstract. This paper is aimed at a homogenization problem for a parabolic
variational inequality with unilateral constraints. The constraints on solutions
are imposed on disk-shaped subsets belonging to the boundary of the domain
and forming a periodic structure, so that one has a problem with rapidly oscil-
lating boundary conditions on a part of the boundary. Under certain conditions
on the relation between the period of the structure and the radius of the disks,
the homogenized problem is obtained. With the help of special auxiliary func-
tions, the solutions of the original variational inequalities are shown to converge
to the solution of the homogenized problem in Sobolev space as the period of
the structure tends to zero.

Homogenization problems for variational inequalities were studied in many pa-
pers (see, for example, [1],[2], [4]-[10]). In these papers one can find an extensive
bibliography on this subject. In the present paper we study the homogenization
problem for a variational inequality with one-sided constraints on ε-periodically sit-
uated subsets Gε of the boundary Σ of a domain QT , QT = Ω × (0, T ), as ε → 0.
We consider the so-called “critical case” in which a new term appears in the limit
(homogenized) problem.

Let Ω be a bounded domain in R3 belonging to the halfspace x1 > 0 and having a
piecewise smooth boundary ∂Ω such that ∂Ω∩{x1 = 0} = Γ1 6= ∅; ∂Ω\Γ1 = Γ2. We

introduce the sets G0
ε = {x ∈ R3 : x1 = 0, x2

2 +x2
3 < a2

ε}, Ĝε =
∑

z∈Z′ (G0
ε +2εz) =

∪∞
j=1G

j
ε, where Z

′

is the set of vectors z = (0, z2, z3), with integer zj (j = 2, 3).

The union of the sets Gjε ⊂ Ĝε such that Gjε ⊂ Γε1 = {x ∈ Γ1 : ̺(x, ∂Γ1) ≥ 2ε}
is denoted by Gε, i.e., Gε = ∪Nε

j=1G
j
ε. Let QT = Ω × (0, T ) be a cylinder with the

lateral surface Σ = ∂Ω × (0, T ).
Consider the sets

Kε = {v ∈ H1(Ω,Γ2)| v(x) ≥ 0 almost everywhere onGε},
Kε = {g(x, t) ∈ L2(0, T ;H1(Ω,Γ2)) | g(·, t) ∈ Kε for almost all t ∈ (0, T )}.
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676 T. A. SHAPOSHNIKOVA AND M. N. ZUBOVA

Here and in what follows, Hm(Ω, γ) stands for the space obtained by completion
(with respect to normHm(Ω)) of the set of functions that are infinitely differentiable
in Ω and vanish in some neighborhood of γ, where γ is an s-dimensional manifold
in Ω .

Let uε ∈ Kε,
∂uε

∂t ∈ L2(0, T ;H−1(Ω,Γ2)), uε(x, 0) = 0, be a solution of the
inequality

T
∫

0

〈

∂uε
∂t

, v − uε

〉

dt+

∫

QT

∇uε∇(v − uε)dxdt

≥
∫

QT

f(v − uε)dxdt,

(1)

where v is an arbitrary function in Kε; ∇u∇g ≡
n
∑

j=1

∂u
∂xj

∂g
∂xj

and 〈a, b〉 is the value

of a functional a ∈ H−1(Ω,Γ2) on an element b ∈ H1(Ω,Γ2). Suppose that f, ∂f∂t ∈
L2(QT ). It is known [13] that the problem (1) has the unique solution uε such that
uε,

∂uε

∂t ∈ L2(0, T ;H1(Ω,Γ2))
Note that uε(x, t) is a “strong” generalized solution of the following problem:


























∂uε

∂t − ∆uε = f for (x, t) ∈ QT ;

uε(x, 0) = 0, x ∈ Ω; uε = 0 on Γ2 × (0, T ); ∂uε

∂ν = 0 on (Γ1 \Gε) × (0, T );

uε ≥ 0, ∂uε

∂ν ≥ 0, uε
∂uε

∂ν = 0 for x ∈ Gε × (0, T ),

(2)

where ν is the unit exterior normal to ∂Ω × (0, T ).
Let us prove the following estimate:

max
[0,T ]

‖uε‖L2(Ω) + ‖uε‖L2(0,T ;H1(Ω,Γ2)) + ‖∂uε
∂t

‖L2(QT ) ≤ K, (3)

where K is a constant independent of ε. Here and in what follows, all constants
independent of ε are denoted by K.

Taking into account that uε ∈ L2(0, T ;H1(Ω,Γ2)),
∂uε

∂t ∈ L2(0, T ;H1(Ω,Γ2)), it
can be shown that (see [3]) uε ∈ C([0, T ];L2(Ω)), the mapping t → ‖uε(t)‖L2(Ω) is

absolutely continuous,
〈

∂uε

∂t , uε
〉

= 1
2
d
dt‖uε(t)‖2

L2(Ω) for almost all t ∈ [0, T ], and

max
[0,T ]

‖uε‖L2(Ω) ≤ K{‖uε‖L2(0,T ;H1(Ω,Γ2)) + ‖∂uε
∂t

‖L2(QT )}, (4)

where K = K(T,Ω). Therefore, to prove the estimate (3) it suffices to show that
the right-hand side of (4) is bounded by a constant independent of ε.

Taking v = 0 in (1), we obtain

‖∇uε‖2
L2(QT ) ≤ ‖f‖L2(QT )‖uε‖L2(QT ) ≤

≤ K‖∇uε‖L2(QT ),

and thus,

‖∇uε‖L2(QT ) ≤ K.
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In order to estimate ‖∂uε

∂t ‖L2(QT ), we consider an auxiliary problem:































∂uδ
ε

∂t − ∆uδε = f for x ∈ QT ;

uδε(x, 0) = 0, x ∈ Ω; uδε = 0 on Γ2 × (0, T );
∂uδ

ε

∂ν = 0 on (Γ1 \Gε) × (0, T );

∂uδ
ε

∂ν = − 1
δ (u

δ
ε)

− for x ∈ Gε;

(5)

where δ > 0.
The weak solution of this problem is a function uδε ∈ L2(0, T ;H1(Ω,Γ2)) such

that uδε(x, 0) = 0,
∂uδ

ε

∂t ∈ L2(0, T ;H1(Ω,Γ2)) (see [3]) and following integral identity
holds:

T
∫

0

(
∂uδε
∂t

, h)dt+

∫

QT

∇uδε∇hdxdt+
1

δ

T
∫

0

∫

Gε

(uδε)
−hdx̂dt =

=

∫

QT

fhdxdt

(6)

for an arbitrary function h ∈ L2(0, T ;H1(Ω,Γ2)). Here (·, ·) is an scalar product in

L2(Ω). Taking h =
∂uδ

ε

∂t in (6), we obtain for almost all t ∈ [0, T ]

‖∂u
δ
ε

∂t
‖2
L2(Qt)

+
1

2
‖∇uδε‖2

L2(Ωt)
+

1

δ

t
∫

0

∫

Gε

∂uδε
∂t

(uδε)
−dx̂dt =

=

∫

Qt

f
∂uδε
∂t

dxdt ≤ ‖f‖L2(Qt)‖
∂uδε
∂t

‖L2(Qt),

Where Qτ = {QT ∩ {t < τ}}, Ωτ = {QT ∩ {t = τ}}. Since
t
∫

0

∫

Gε

∂uδ
ε

∂t (uδε)
−dx̂dt ≥ 0

(see [3]) the following estimate is valid

‖∂u
δ
ε

∂t
‖L2(QT ) ≤ K.

Using the estimates established above, we deduce that there is a function wε ∈
L2(0, T ;H1(Ω,Γ2)),

∂wε

∂t ∈ L2(QT ), such that uδε ⇀ wε in L2(0, T ;H1(Ω,Γ2)),
∂uδ

ε

∂t

weakly converges to ∂wε

∂t in L2(QT ) as δ → 0. Let us prove that wε is a solution of
the same problem as uε. Let us pass to the limit as δ → 0 in (6) with an arbitrary

test function v ∈ Kε. Taking into account that 1
δ

T
∫

0

∫

Gε

(uδε)
−vdx̂dt ≤ 0 we obtain

T
∫

0

(
∂wε
∂t

, v)dt+

∫

QT

∇wε∇vdxdt ≥
∫

QT

fvdxdt. (7)
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Using (6) with h = uδε and noting that

T
∫

0

(
∂wε
∂t

, wε)dt+

∫

QT

| ∇wε |2 dxdt ≤

≤ lim
δ→0







T
∫

0

(
∂uδε
∂t

, uδε)dt+

∫

QT

| ∇uδε |2 dxdt







≤ lim
δ→0

∫

QT

fuδεdxdt,

we find that wε satisfies the inequality

T
∫

0

(
∂wε
∂t

, wε)dt+

∫

QT

| ∇wε |2 dxdt ≤
∫

QT

fwεdxdt. (8)

Subtracting the inequality (8) from (7), we see that wε is a solution of the following
inequality:

T
∫

0

(
∂wε
∂t

, v − wε)dt+

∫

QT

∇wε∇(v − wε)dxdt ≥

≥
∫

QT

f(v − wε)dxdt,

where v ∈ Kε.
Since problem (1) has a unique solution, we see that wε = uε and uε ∈ L2(0, T ;

H1(Ω,Γ2)),
∂uε

∂t ∈ L2(QT ). From the fact that ‖uε‖W ≤ K, where W = {v | v ∈
L2(0, T ;H1(Ω,Γ2)),

∂v
∂t ∈ L2(QT )}, we conclude that there is a function u0 ∈ W

such that uε weakly converges in W to u0 as ε→ 0 (for a subsequence). Moreover,
using the imbedding theorem, we can assume that uε → u0 in L2(QT ).

It is easy to see that the following inequality for the solution uε of problem (1)
is valid:

T
∫

0

(
∂uε
∂t

, v − uε)dt+

T
∫

0

∫

Ω

∇v∇(v − uε)dxdt ≥
T

∫

0

∫

Ω

f(v − uε)dxdt, (9)

where v ∈ Kε. We pass to the limit in this inequality as ε→ 0.
Suppose that

lim
ε→0

aεε
−2 = C = const ≥ 0. (10)

Consider a function wε(x) (x = (x1, x2, x3)) which is a solution of the problem:



























∆wε = 0 for x ∈ Tε \G0
ε, Tε = {x ∈ R3 :

x2
1

1−a2
εε

−2 + x2
2 + x2

3 < ε2},

wε = 0 for x ∈ G0
ε,

wε = 1 for x ∈ ∂Tε.

(11)
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Problem (11) admits a solution that can be easily found in explicit form. For this
purpose, we use ellipsoidal coordinates ψ, θ1, θ2:

x1 = aε sinhψ cos θ1,

x2 = aε coshψ sin θ1 cos θ2,

x3 = aε coshψ sin θ1 sin θ2,

where 0 ≤ ψ < +∞; 0 ≤ θ1 ≤ π; 0 ≤ θ2 ≤ 2π. Let us seek a solution of problem
(11) in the set of functions depending on σ = sinhψ only, i.e., wε(x) = Vε(σ), where

Vε(σ) satisfies the equation ∂
∂σ ((1+σ2)∂V∂σ ) = 0 on the interval 0 < σ <

√

a−2
ε ε2 − 1

and the boundary conditions V (0) = 0, V (
√

a−2
ε ε2 − 1) = 1. It is easy to check

that

wε(x) = Vε(sinhψ) =
arctan sinhψ

arctan sinhψε
,

where

sinhψ =

√

|x|2 − a2
ε +

√

(a2
ε − |x|2)2 + 4x2

1a
2
ε

2a2
ε

sinhψε =
√

a−2
ε ε2 − 1.

Since wε(x) is an even function of the variable x1 and ∂wε

∂x1
= 0 for x1 = 0, a2

ε <

x2
2 + x2

3 < ε2, we find that
∫

T+
ε

|∇wε|2dx =

∫

S+
ε

∂wε
∂ν

ds,
(12)

where T+
ε = Tε ∩ {x1 > 0}, S+

ε = ∂Tε ∩ {x1 > 0}, ν is the unit exterior normal to
∂Tε. The coordinates of ν = (ν1, ν2, ν3) have the form

ν1 =
x1

√

|x|2 + αε(x2
2 + x2

3)
, νi =

xi(1 − a2
εε

−2)
√

|x|2 + αε(x2
2 + x2

3)
, i = 2, 3,

where αε = −2a2
εε

−2 + a4
εε

−4. Using this fact and the relation

∂wε
∂xj

∣

∣

∣

∂Tε

=
Cεaεε

−3

4
√

1 − a2
εε

−2
Iεxj

∣

∣

∣

∂Tε

,

where Iε ≡ |x|2 − a2
ε +

√

(a2
ε − |x|2)2 + 4x2

1a
2
ε, Cε ≡ 1

arctan sinhψε
, we obtain

∂wε
∂ν

∣

∣

∣

∂Tε

=
1

√

1 − a2
εε

−2

Cεaεε
−2

√

1 +
a2

εε
−4x2

1

(1−a2
εε

−2)2

. (13)

From (12), (13) and (7) we deduce that
∫

T+
ε

|∇wε|2dx ≤ K|∂Tε| ≤ Kε2. (14)
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We define a function Qε(x) by

Qε(x) =















wε(x − P jε ), x ∈ T jε , j = 1, 2, . . . ,

1, x ∈ R3 \ ∪∞
j=1T

j
ε ,

(15)

where P jε = (0, P jε,2, P
j
ε,3) is the center of the ball Gjε, T

j
ε = {x ∈ R3 :

x2
1

1−a2
εε

−2 +

(x2 − P jε,2)
2 + (x3 − P jε,3)

2 < ε2}, j = 1, 2, . . .. Using the definition of Qε(x) and

the estimate (14), we obtain the inequality

∫

Ω

|∇Qε|2dx =

N(ε)
∑

j=1

∫

T j,+
ε

|∇wε(x− P jε )|2dx ≤ KN(ε)ε2 ≤ K,

and therefore,

Qε ⇀ 1 in H1(Ω) as ε→ 0. (16)

Taking v = h+ + Qε(x)h
− ∈ Kε in the inequality (9), where h+ = sup{h, 0},

h−(x, t) = h− h+, and h ∈ L2(0, T ;H1(Ω,Γ2)), we obtain

T
∫

0

(
∂uε
∂t

, h+ +Qε(x)h
− − uε)dt+

T
∫

0

∫

Ω

∇[h+ +Qε(x)h
−]×

×∇[h+ +Qε(x)h
− − uε]dxdt ≥

T
∫

0

∫

Ω

f(h+ +Qε(x)h
− − uε)dxdt.

(17)

Denote the left-hand side of (17) by Lε. It is easy to see that Lε has the form

Lε ≡
T

∫

0

(
∂uε
∂t

, h+ +Qε(x)h
− − uε)dt+

T
∫

0

∫

Ω

|∇h+|2dxdt+

+

T
∫

0

∫

Ω

|∇[Qεh
−]|2dxdt−

T
∫

0

∫

Ω

∇h+∇uεdxdt−

−
T

∫

0

∫

Ω

∇Qε∇(uεh
−)dxdt+

T
∫

0

∫

Ω

uε∇Qε∇h−dxdt −
T

∫

0

∫

Ω

Qε∇h−∇uεdxdt.

(18)

Taking into account that

∫

Ω

∇Qε∇(uεh
−)dx = −

N(ε)
∑

j=1

∫

Gj
ε

∂wε
∂x1

h−uεdx2dx3 +

N(ε)
∑

j=1

∫

∂T j
ε ∩Ω

∂wε
∂ν

h−uεds

and ∂wε

∂x1

∣

∣

∣

x∈Gj
ε

> 0, h− ≤ 0, uε

∣

∣

∣

Gj
ε

≥ 0, we obtain

T
∫

0

∫

Ω

∇Qε∇(uεh
−)dxdt ≥

N(ε)
∑

j=1

T
∫

0

∫

∂T j
ε ∩Ω

∂wε
∂ν

h−uεdsdt. (19)



HOMOGENIZATION FOR A PARABOLIC VARIATIONAL INEQUALITY 681

From (18) and (19) it follows that

Lε ≤
T

∫

0

(
∂uε
∂t

, h+ +Qε(x)h
− − uε)dt+

T
∫

0

∫

Ω

|∇h+|2dxdt+

+

T
∫

0

∫

Ω

|∇(Qεh
−)|2dxdt−

T
∫

0

∫

Ω

∇h+∇uεdxdt−

−
N(ε)
∑

j=1

T
∫

0

∫

∂T j
ε ∩Ω

∂wε
∂ν

h−uεdsdt+

T
∫

0

∫

Ω

∇Qε∇h−uεdxdt −
T

∫

0

∫

Ω

Qε∇h−∇uεdxdt.

(20)

To obtain the homogenized problem we need the following lemma.

Lemma 0.1. Suppose that h, g ∈ H1(Ω,Γ2). Then

|
N(ε)
∑

j=1

∫

∂T j
ε ∩Ω

∂wε
∂ν

(x− P jε )hgds− C

∫

Γ1

hgdx2dx3| ≤

≤ K{‖aεε−2 − C| + √
ε}‖g‖H1(Ω)‖h‖H1(Ω),

where ν is the unit exterior normal to ∂T jε .

Proof. We have

N(ε)
∑

j=1

∫

∂T j
ε ∩Ω

∂wε
∂ν

hgds = Dε

N(ε)
∑

j=1

∫

∂T j
ε ∩Ω

gh(1 +
a2
εε

−4x2
1

(1 − a2
εε

−2)2
)−1/2ds =

= Dε

N(ε)
∑

j=1

∫

∂T j
ε ∩Ω

gh(
1 − a2

εε
−2

1 − a2
εε

−4|x̂|2 )1/2ds,

(21)

where Dε = Cεaεε
−2(1 − a2

εε
−2)−1/2, x̂ = (x2 − P jε,2, x3 − P jε,3).

Let Q = {y ∈ R3|0 < y1 < 2,−1 < yj < 1, j = 2, 3}, T+ = {y ∈ Q||y| < 1}.
Consider an auxiliary problem:















































∆yξ = 0 for y ∈ Q \ T+,

∂ξ
∂ν

∣

∣

∣

∂T+∩Q
= 1,

∂ξ
∂y1

∣

∣

∣

∂Q∩{y1=2}
= −µ,

∂ξ
∂ν = 0 on the rest of∂Q.

(22)

Problem (22) has a solution uniquely defined up to an additive constant. We choose
the constant from the condition 1

|Q\T+|

∫

Q\T+

ξdy = 0. From the solvability condi-

tions for problem (22), it follows that µ = π/2.
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We introduce a vector-valued function Aε(x) = (Aε1(x), A
ε
2(x), A

ε
3(x))

t by

Aε1(x) =
√

1 − a2
εε

−2ξy1(
x1

ε
√

1 − a2
εε

−2
,
x2

ε
,
x3

ε
),

Aε2(x) = ξy2(
x1

ε
√

1 − a2
εε

−2
,
x2

ε
,
x3

ε
), Aε3(x) = ξy3(

x1

ε
√

1 − a2
εε

−2
,
x2

ε
,
x3

ε
).

The vector Aε(x) satisfies the relation divAε(x) = 0 for x ∈ Yε, where

Yε = {x ∈ R3|x1 ∈ (0, 2ε
√

1 − a2
εε

−2), |xj | < ε, j = 2, 3} \ Tε.

Using the definition of Aε(x), we obtain
∫

Yε

div(AεΦε(x)) =

∫

Yε

Aε(x)∇Φε(x)dx =

=

∫

∂Yε

(Aε, ν)Φε(x)ds,

(23)

where Φε(x) ≡ g(x)h(x)(
1−a2

εε
−2

1−a2
εε

−4|x̂|2 )1/2.

Note that the right-hand side of (23) has the form
∫

∂Y ε

(Aε, ν)Φε(x)ds =
√

1 − a2
εε

−2

∫

γε

ξy1(2,
x2

ε
,
x3

ε
)Φε(x)ds+

∫

(∂Tε)+

(Aε, ν)Φεds,

(24)

where (∂Tε)
+ = ∂Tε ∩ {x|x1 > 0}.

The second term in right-hand side of (24) can be written in the form
∫

(∂Tε)+

(Aε, ν)Φε(x)ds =

=

∫

(∂Tε)+

√

1 − a2
εε

−2ξy1(
x1

ε
√

1 − a2
εε

−2
,
x2

ε
,
x3

ε
)

−y1
√

1 − a2
εε

−2|ŷ|2
Φε(x)ds+

+

∫

(∂Tε)+

ξy2(
x1

ε
√

1 − a2
εε

−2
,
x2

ε
,
x3

ε
)
−y2

√

1 − a2
εε

−2

√

1 − a2
εε

−2|ŷ|2
Φε(x)ds+

+

∫

(∂Tε)+

ξy3(
x1

ε
√

1 − a2
εε

−2
,
x2

ε
,
x3

ε
)
−y3

√

1 − a2
εε

−2

√

1 − a2
εε

−2|ŷ|2
Φεds =

=
√

1 − a2
εε

−2

∫

(∂Tε)+

Φε(x)
√

1 − a2
εε

−2|ŷ|2
∂ξ

∂νy
ds =

=
√

1 − a2
εε

−2

∫

(∂Tε)+

Φε(x)
√

1 − a2
εε

−2|ŷ|2
ds,

(25)

where ŷ = x̂
ε .
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Thus, from (23)-(25) we obtain

Dε

√

1 − a2
εε

−2{
∫

(∂Tε)+

Φε(x)
√

1 − a2
εε

−2|ŷ|2
ds− µ

∫

γε

Φε(x)ds} = Dε

∫

Yε

Aε(x)∇Φε(x)dx.

(26)

From (26) we deduce that

Dε

√

1 − a2
εε

−2{
∫

(∂T j
ε )+

Φε(x)
√

1 − a2
εε

−4[(x2 − P j2,ε)
2 + (x3 − P j3,ε)

2]
ds−

−µ
∫

γj
ε

Φjε(x)dx2dx3} = Dε

∫

Y j
ε

Aε,j(x)∇Φjε(x)dx,

(27)

where Aε,j(x) = Aε(x1, x2 − P j2,ε, x3 − P j3,ε), Φjε(x) = g(x)φ(x)(
1−a2

εε
−2

1−a2
εε

−4|x̂j |2
)1/2,

x̂j = (x2 − P j2,ε, x3 − P j3,ε), Y
j
ε = {x ∈ R3|x1 ∈ (0, 2ε

√

1 − a2
εε

−2), |xi − P ji | <
ε, i = 2, 3}, γjε = ∂Y jε ∩ {x1 = 2ε

√

1 − a2
εε

−2}, ∪N(ε)
j=1 γ

j
ε = Γ̂ε1, (∂T jε )+ = (∂T jε )∩Ω,

j = 1, . . . , N(ε).
From (27), using the relation

∫

(∂T j
ε )+

Φjε(x)
√

1 − a2
εε

−2|ŷj |2
ds−

∫

(∂T j
ε )+

Φjε(x)ds =

∫

(∂T j
ε )+

Φjε(x)
1 −

√

1 − a2
εε

−2|ŷj |2
√

1 − a2
εε

−2|ŷj |2
ds

with ŷj = ε−1x̂j , we deduce that

Dε

√

1 − a2
εε

−2{
∫

(∂T j
ε )+

Φjε(x)ds − µ

∫

γj
ε

Φjε(x)dx̂} =

= −Dε

√

1 − a2
εε

−2

∫

(∂T j
ε )+

Φjε(x)
1 −

√

1 − a2
εε

−2|ŷj|2
√

1 − a2
εε

−2|ŷj |2
ds+Dε

∫

Y j
ε

Aε,j(x)∇Φjε(x)dx.

(28)

Since |ŷj | ≤ 1,j = 1, . . . , N(ε), from (27) we obtain

Dε

√

1 − a2
εε

−2

N(ε)
∑

j=1

∫

(∂T j
ε )+

|Φjε|
1 −

√

1 − a2
εε

−2|ŷj |2
√

1 − a2
εε

−2|ŷj |2
ds ≤

≤ Ka2
εε

−2{
∫

Γ1

|g||h|dx̂+

∫

Πε

(|∇(gh)| + |gh|)dx̂},
(29)
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From (28), (29), it follows that

|Dε

N(ε)
∑

j=1

∫

(∂T j
ε )+

Φjε(x)ds −Dεµ

∫

Γ1

ghdx̂| ≤

≤ Dε

√

1 − a2
εε

−2|
N(ε)
∑

j=1

∫

(∂T j
ε )+

Φjε(x)ds −
1

√

1 − a2
εε

−2

N(ε)
∑

j=1

∫

(∂T j
ε )+

Φjε(x)ds|+

+Dε

√

1 − a2
εε

−2|
N(ε)
∑

j=1

∫

(∂T j
ε )+

Φjεds− µ

N(ε)
∑

j=1

∫

γj
ε

ghds|+

+ |Dεµ(
√

1 − a2
εε

−2

N(ε)
∑

j=1

∫

γj
ε

ghds−
∫

Γ1

ghdx̂)| ≡ J1
ε + J2

ε + J3
ε .

(30)

Let us estimate Jjε , j = 1, 2, 3. From (29) we conclude that

J1
ε ≤ Ka2

εε
−2

N(ε)
∑

j=1

∫

(∂T j
ε )+

|Φjε(x)|ds ≤

≤ Ka2
εε

−2{
∫

Γ1

|g||h|dx̂+

∫

Πε

(|∇(gh)| + |gh|dx} ≤ Ka2
εε

−2‖g‖H1(Ω)‖h‖H1(Ω).

(31)

From (28) we obtain

J2
ε ≤ Ka2

εε
−2‖g‖H1(Ω)‖h‖H1(Ω), (32)

and similarly

J3
ε ≤ K

√
ε‖g‖H1(Ω)‖h‖H1(Ω). (33)

To complete the proof we note that

|Dεµ− C|
∫

Γ1

|hg|dx̂ ≤ K{|aεε−2 − C| + √
ε}‖h‖H1(Ω)‖g‖H1(Ω).

This concludes the proof of the lemma.

Using the assertions of this lemma, we find the limits of some terms of the right
- hand part of (20):

lim
ε→0

N(ε)
∑

j=1

T
∫

0

∫

∂T j
ε ∩Ω

∂wε
∂ν

h−uεdsdt = C

T
∫

0

∫

Γ1

h−u0dx̂dt

and

lim
ε→0

T
∫

0

∫

Ω

| ∇(Qεh
−) |2 dxdt =

T
∫

0

∫

Ω

| ∇h− |2 dxdt+ C

T
∫

0

∫

Γ1

(h−)2dx̂dt.



HOMOGENIZATION FOR A PARABOLIC VARIATIONAL INEQUALITY 685

It is easy to see that

lim
ε→0

T
∫

0

(
∂uε
∂t

, h+ +Qε(x)h
−)dt =

T
∫

0

(
∂u0

∂t
, h)dt. (34)

We need the following lemma.

Lemma 0.2. Suppose that h ∈ H1(Ω) and the function Qε is given by (15). Then

∫

Ω

| ∇Qε |2 h2dx ≤ K‖h‖2
H1(Ω). (35)

Proof. It is easy to see that

2

∫

Ω

(∇Qε,∇h)Qεhdx = 2

N(ε)
∑

j=1

∫

(T j
ε )+

(∇wε,∇h)wεhdx =

= −
N(ε)
∑

j=1

∫

(T j
ε )+

| ∇wε |2 h2dx+

N(ε)
∑

j=1

∫

(∂T j
ε )+

∂wε
∂ν

h2ds.

Estimating the left-hand side of this relation with the help of the Cauchy inequality

(ab ≤ δa2 + Cδb
2, where δ ∈ (0, 1)), we get

∫

Ω

| ∇Qε |2 h2dx ≤ K{
∫

Ω

| ∇h |2 dx+ |
N(ε)
∑

j=1

∫

(∂T j
ε )+

∂wε
∂ν

h2ds |}.

Applying Lemma 0.1 to the last term in the right-hand side of this inequality, we

obtain (35). Lemma 0.2 is proved.

From the estimate (4), it follows that ‖uε(x, T )‖L2(Ω) ≤ K. Consequently, there
is a subsequence {ε} and a function w(x, T ) ∈ L2(Ω), such that uε(x, T ) ⇀ w(x, T )
in L2(Ω) as ε → 0. Let us show that w(x, T ) = u0(x, T ). Taking an arbitrary
v ∈ L2(Ω), integrating by parts the expression

T
∫

0

(
∂uε(x, t)

∂t
, v(x))dt =

∫

Ω

uε(x, T )v(x)dx,

and then passing to the limit as ε→ 0, we obtain

∫

Ω

w(x, T )v(x)dx =

T
∫

0

(
∂u0(x, t)

∂t
, v(x))dt =

∫

Ω

u0(x, T )v(x)dx.

Therefore, uε(x, T ) ⇀ u0(x, T ) in L2(Ω) as ε→ 0 and

‖u0(x, T )‖2
L2(Ω) ≤ limε→0‖uε(x, T )‖2

L2(Ω).
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Thus we have

T
∫

0

(
∂u0

∂t
, u0)dt ≤ lim

ε→0

T
∫

0

(
∂uε
∂t

, uε)dt.

Using Lemma 0.1 and the estimate (20), we find that u0 satisfies the inequality

T
∫

0







∫

Ω

∂u0

∂t
(h− u0)dx +

∫

Ω

∇h∇(h− u0)dx+ C

∫

Γ1

(h− u0)h
−dx̂







dt ≥

≥
T

∫

0

∫

Ω

f(h− u0)dxdt

for any function h ∈ L2(0, T ;H1(Ω,Γ2)).

Taking h = u0 +λv with an arbitrary v ∈ L2(0, T ;H1(Ω,Γ2)) and passing to the
limit as λ→ +0 and λ→ −0, we obtain an integral identity for the function u0:

T
∫

0

(
∂u0

∂t
, v)dt+

T
∫

0

∫

Ω

∇u0∇vdxdt + C

T
∫

0

∫

Γ1

u−0 vdx̂dt =

T
∫

0

∫

Ω

fvdxdt. (36)

Therefore, u0 ∈ L2(0, T ;H1(Ω,Γ2)),
∂u0

∂t ∈ L2(QT ), and u0 is a weak solution of
the problem



























∂u0

∂t − ∆u0 = f for x ∈ QT ,

u0(x, 0) = 0, x ∈ Ω, u0 = 0, on Γ2 × [0, T ]

∂u0

∂ν = −Cu−0 on Γ1 × [0, T ].

Let us show that ‖uε − u+
0 −Qεu

−
0 ‖L2(0,T ;H1(Ω,Γ2)) → 0 as ε→ 0.

Setting v = u+
0 +Qεu

−
0 in (1) and v = u+

0 +Qεu
−
0 − uε in (36) and subtracting

(1) from (36), we get

‖∇(u+
0 +Qεu

−
0 − uε)‖2

L2(QT ) ≤ −
T

∫

0

(
∂uε
∂t

, uε)dt+

T
∫

0

(
∂u0

∂t
, uε)dt+

+

T
∫

0

(
∂uε
∂t

, u+
0 +Qεu

−
0 )dt−

T
∫

0

(
∂u0

∂t
, u+

0 +Qεu
−
0 )dt+

+

T
∫

0

∫

Ω

|∇(u−0 (Qε − 1))|2dxdt+

T
∫

0

∫

Ω

∇[u−0 (Qε − 1)]∇(u0 − uε)dxdt−

−C
T

∫

0

∫

Γ1

u−0 (Qεu0 − uε)dx̂dt.

(37)
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Denote the right-hand side of the inequality (37) by Rε. Let us show that Rε → 0
as ε→ 0. Taking into account that

lim
ε→0





T
∫

0

(
∂u0

∂t
, uε)dt−

T
∫

0

(
∂uε
∂t

, uε)dt



 ≤ 0, (38)

we deduce that

0 ≤ Rε =

T
∫

0

(
∂(uε − u0)

∂t
, u+

0 +Qεu
−
0 − u0)dt+

+

T
∫

0

∫

Ω

|∇u0
−|2(Qε − 1)2dxdt +

T
∫

0

∫

Ω

|u−0 |2|∇Qε|2dxdt+

+2

T
∫

0

∫

Ω

u0(Qε − 1)∇u−0 ∇Qεdxdt+

T
∫

0

∫

Ω

(Qε − 1)∇u−0 ∇(u0 − uε)dxdt+

+

T
∫

0

∫

Ω

u−0 ∇Qε∇u0dxdt−
T

∫

0

∫

Ω

u−0 ∇Qε∇uεdxdt− C

T
∫

0

∫

Γ1

u−0 (Qεu0 − uε)dx̂dt =

=

T
∫

0

(
∂(uε − u0)

∂t
, u+

0 +Qεu
−
0 − u0)dt+

(39)

+











N(ε)
∑

j=1

T
∫

0

∫

∂(T j
ε ∩Ω)

∂Qε
∂ν

Qε|u−0 |2dsdt− C

T
∫

0

∫

Γ1

| u−0 |2 dx̂dt











−

−











N(ε)
∑

j=1

T
∫

0

∫

∂(T j
ε ∩Ω)

∂Qε
∂ν

u−0 uεdsdt− C

T
∫

0

∫

Γ1

u−0 uεdx̂dt











+

+C

T
∫

0

∫

Γ1

u−0 (u0 −Qεu0)dx̂dt,

where

Zε =

T
∫

0

∫

Ω

|∇u−0 |2(Qε − 1)2dxdt −
T

∫

0

∫

Ω

u−0 ∇u0∇Qεdxdt+

T
∫

0

∫

Ω

uε∇Qε∇u0
−dxdt+

+

T
∫

0

∫

Ω

(Qε − 1)∇u−0 ∇(u0 − uε)dxdt.

Lemma 0.2 and the properties of Qε ensure that

lim
ε→0

Zε = 0.
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By Lemma 0.1, the right-hand side of (39) tends to zero as ε→ 0, and therefore,

lim
ε→0

Rε = 0.

Thus ‖uε − u+
0 −Qεu

−
0 ‖L2(0,T ;H1(Ω,Γ2)) → 0 as ε→ 0.

Remark 1. To prove that lim
ε→0

Rε = 0 we use the following relation:

lim
ε→0

T
∫

0

∫

Γ1

u−0 (u0 −Qεu0)dx̂dt = 0.

In fact, by the Gauss–Ostrogradskii formula we have

T
∫

0

∫

Γ1

u−0 (u0 −Qεu0)dx̂dt =

T
∫

0

∫

Ω

| u−0 |2 ∂Qε
∂x1

dxdt −
T

∫

0

∫

Ω

u−0
∂u0

∂x1
(1 −Qε)dxdt.

(40)

Using Lemma 0.2 and the properties of Qε, we deduce that the right-hand side of
(40) tends to zero as ε→ 0.

Theorem 0.3. Let uε be a solution of problem (1) and u0 a solution of problem
(36). Suppose that aεε

−2 → C as ε→ 0 and C = const > 0. Then

‖uε − u+
0 −Qεu

−
0 ‖L2(0,T ;H1(Ω,Γ2)) → 0 as ε→ 0,

where Qε is defined by (15).

Remark 2. Using similar technique we can study the following problem:


























∂uε

∂t − ∆uε = f for (x, t) ∈ QT ;

uε(x, 0) = 0, x ∈ Ω; uε = 0 on Γ2 × (0, T ); ∂uε

∂ν = 0 on (Γ1 \Gε) × (0, T );

uε ≥ g0,
∂uε

∂ν ≥ g1, uε(
∂uε

∂ν − g1) = 0 for x ∈ Gε × (0, T ),

(41)
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