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ABSTRACT. Some mathematical problems of mechanics and physics have a
form of the following variational problem. There is a functional, I, which
is a sum of some quadratic positive functional and a linear functional. The
quadratic functional is deterministic. The linear functional is a sum of a large
number, N, of statistically independent linear functionals. The minimum value
of the functional, I, is random. One needs to know the probability distribution
of the minimum values for large N. The probability distribution was found in
[2] in terms of solution of some deterministic variational problem. It was clear
from the derivation that the class of quadratic and linear functionals for which
this probability distribution can be used is not empty. It was not clear though
how wide this class is. This paper aims to give some sufficient conditions for
validity of the results of [2].

1. Introduction. Let H be a Hilbert space of functions w. The scalar product of
two elements u, v of H is denoted by (u,v). Consider a linear functional (I, u) on
‘H. The linear functional is random. To emphasize this in our notation, we write
for the linear functional (Io(r), u) where 7 is an event, an element of a set with some
prescribed probabilistic measure. We define an empirical “average” of the linear
functional [y, as

N
1
(Liu) = NZ(ZO(Ta)vu)v (1)
a=1
where 71, ...,rny are independent identically distributed random variables.
Consider also a linear operator A acting on elements u of H. The operator A
is assumed to be positive, i.e. for all u the quadratic form (Au,u) is nonnegative.
The operator A is deterministic. We set a minimization problem for the functional

I(u) = %(Au, u) — (I,u). (2)

The minimum is sought either on all space H or on its linear subspace H’.
We assume that the minimum value of the functional I(u) is achieved at a unique
element, . This element obeys the Euler equation

At =1. (3)
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438 VICTOR BERDICHEVSKY
Since, in accordance with (3), (Aa,a) = (I,%), the minimum value is given by
Clapeyron’s formula

min 7(u) = %(Aﬁ,a) - —%(Aa,ﬁ). (@)

The minimum is negative due to positiveness of the quadratic form (Au, u). In phys-
ical problems, the functional %(Au, u) has usually the sense of energy. Therefore, we
call —min I (u) energy and denote it by E. Energy is random. The question under
consideration is: What is the probability distribution of energy for large N7 Such a
question arises in various branches of physics and mechanics : statistical mechanics
of point vortices and statistical mechanics of vortex lines [3-5,17], homogenization
problems [6], Kosterlitz-Thouless phase transition [7], plasticity of micro-samples
[8], random excitation of elastic bodies [2], dynamic Saint-Venant’s principle [11].
To formulate the answer let us first rectify the question.

We may expect that the linear functional (1) converges, in some sense, to the
averaged functional

(Zv u) =M (lo(r),u) . (5)
Here M stands for mathematical expectation. The right hand side of (5) is an

integral of a function of events, (lo(r),u), over the probabilistic measure.
Denote by E energy, corresponding to (I, u):

_ F = min <%(Au,u) ~ u)) . (6)

One may expect that, as in the central limit theorem, energy fluctuates around the
average value E with the magnitude of fluctuations in the order of N=/2. We are
interested to find the probability of large fluctuations, when E differs from E for a
finite amount independent on N.

The probability density was found in [2] in the following terms. Consider a
functional of three variables, parameter E, number z and element u of H,

S(E,z,u)=Ez+ g(Au,u) + In Me o), (7)

Here, as in (5), Me~*(0:") means the integral over the probabilistic measure of the
function of r, e=#(bo(r)u),

Consider the stationary points of the functional S(E, z,u) with respect to z and
u. Denote the maximum stationary value of functional (7) by S(E). In physical
problems, function S(E) has usually the sense of entropy. We use this term for
S(F) in what follows, and call S(F, z,u) the entropy functional.

To emphasize that functional I(u) and probability density of energy, f(E), de-
pend on N we write Iy (u) and fn(E), respectively. Note that the entropy functional
(7) and entropy S(FE) do not depend on N. Probability density of energy is given
by the relation:

fN(E) = const eVS(F), (8)

The value of the prefactor was also found (see [2] and section VII below).
Entropy is always negative and achieves its maximum at the point ¥ = E. This
is the most probable value of energy. In vicinity of this point,
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1 d°S _
(B) =35 —= (E
2 dE? |,_j

The second derivative is negative, denote it by —1/¢%. In vicinity of E the
probability density of energy is

_NE=B)? _ _(B-E)?
const e 202 = const e 20c/VN)?,
We obtain Gaussian distribution with the small variance, o/v/N. In the limit
N — oo the probability density converges to d-function with the support at the
point £ = E.

Probability that energy deviates from E on a finite amount is exponentially small
in the order eN5(¥) (remind that N is large and S(FE) is negative).

Derivative dS(F)/dE = 3 has the sense of inverse temperature. Temperature is
positive for £ < E and negative for £ > E. If E decreases and goes to zero the
branch of positive temperatures disappears.

Energy E is equal to zero in the limit N — oo if the linear functional (Io(r), u)
has zero mean value. Indeed, let us write down energy in terms of the inverse
operator, A~ explicitly. From (3),

0= A", (9)
Plugging(9) and (1) in the energy expression, we have
E = 1(Aa ) = l(l A7) = LZ (A" o(ra), lo(re)) (10)
2 ) 2 ) 2N2 — o\"a ), tO\"b

Averaged energy is obtained by applying math expectation M to (10):

2N2MZ “o(ra), lo(rs))

N
M > (A o(ra), lo(ra)) + > (A a)lo(mp))
a=1 a#b
1 - P
- s (VM l0) + NN = (A1) ()

If [y # 0, the last term in _(11) dominates, and, in the limit N — oo, averaged
energy M E coincides with F

ME =F = %(A‘lio, lo)

If [ = 0, then the last term in (11) vanishes, and

1
ME = ﬁM(Afllo,zo). (12)

We see that averaged energy, as it should be, is never zero, but, if [y has zero
mean value, the averaged energy becomes small, in the order of N~!, and tends
to zero as N tends to infinity. This yields disappearance of the range of positive
temperatures in the limit N — oo.
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The range of positive temperatures is quite important in some applications. In
order to study this range, we have to rescale energy, multiplying it, as follows from
(12), by N. Therefore, we have to study the minimization problem for the functional

N

[ (Au,u) - N Z (lo(ra), ] = %(Au,u) — Z(lo(ra,u) (13)

a=1
Note that minimization of the functlonal (13) is carried out over all elements of a
linear space. Making a change u — u/v/N we do not change the set of admissible
elements. The functional I, after this change, takes the form (2) where

1 N
(Lu)=—=> (lo(ra),u) .. (14)

Emphasize that the linear functional (Io(r), w)in (14) is supposed to have zero mean
value.

The cases (1) and (14) were called in [2] small and large excitation cases, respec-
tively.

Probability density of energy of large excitations can be also obtained explicitly
[2]. To write it down we introduce a positive operator B by the formula,

(Bu,u) = M(lo(r),u)?, (15)

and consider the eigenvalue problem:

Ap = uBep. (16)
Let the eigen-functions of this problem form a basis in H. Quadratic forms
(Au,u) and (Bu,u) are diagonal in this basis:

(Au, ) Zx\kuk ,  (Bu,u) Zbkuk. (17)

We define an analytic functlon of complex variable z,

o0

o(z) =] <1 + %> : (18)

i=1
Here it is assumed that 0 < b1/ < by/A2 <--- and

Z— < (19)

Denote by fn(z) Laplace’s transform of probability density of energy:

100

N e e O
Then o
lim_f() = —2—, (20)
e )

where ®(z) is the function (18).
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A heuristic derivation of (7), (8) and (20) in [2] contains a number of steps which
need a justification. In particular, it was far from obvious that these steps are
legitimate for singular excitations like point vortices, electric charges or dislocations,
for which the linear functional (Iy(r), u) is not continuous in the norm of the operator
A.

This paper aims to prove the above-mentioned formulas for probability density of
energy for a wide class of functionals. First we consider the case of large excitation
and give some sufficient conditions for validity of (20) which can be effectively
checked. The case of small excitation is more difficult. Formula (8) is not valid,
in general, because probability density fn(E) may have d-type contributions. We
prove a version of (8) for probability distribution,

E
Fu(B) = [ f(E) dE.
0
namely,
Fn(E) = RyeV5®), (21)

and determine the asymptotics of the prefactor Ry. The key point of the proof
is the identity discussed in section VI which reduces computing of the prefactor to
studying of a large excitation problem with some auxiliary measure. The auxiliary
measure contains an information on the stationary point of the entropy functional.
This makes the sufficient conditions in case of small excitations less explicit.

The paper is organized as follows. First, for the reader’s convenience, we re-
peat a heuristic derivation of the formulas for probability density. Then, in section
III, the statements of the paper are formulated. The proof is given in sections V
and VII. The proof is preceded by a discussion of peculiarities of integration in
infinite-dimensional spaces (section IV), and derivation of an identity for proba-
bility distribution (section VI). The paper is concluded by checking the sufficient
conditions for a case of large singular excitations (section VIII).

2. Heuristic derivation. To find probability density of energy we make first a fi-
nite dimensional truncation, H,, , of space H. Then u and [y become m-dimensional
vectors, A is m X m positive matrix, (Au, u),, and (lp,u),, are m-dimensional qua-
dratic and linear functions, respectively. We are seeking for the probability density
of the minimum values of the quadratic function

1 1
I, () = 5 (A, )y = (L), (Lu)m = D (o(ra)sw)m, — (22)

where [y is a random vector. We put indices m, N to indicate the dependence on
the space dimension m and the number of independent random variables, N. We
assume that minimum is taken over the entire space H,, (actually, this is a generic
case because H,, can be always taken as a subspace of H').

Probability density is sought in the limit m — oo , N — oco. By definition, the
probability density of energy is

where §(F) is the §-function. Following to Lyapunov’s idea, it is useful to consider
Fourier (or Laplace) transform of probability density if one deals with independent
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random variables. Thus, we present d-function in (23) as an integral over imaginary
axis in a plane of complex variable z:

1 100 .
We have
EerzmlnImN
E —M dz. 25
f(B) = - / : (25)

Suppose we may change the order of integration and mathematical expectation in
(25). Then

1 100 .
f(E)—% - e Me

zmin I, N
u

dz. (26)

Our goal is to change, in a sense, the order of minimization and mathematical
expectation in (26): if we find first mathematical expectation of exp(z I, n) and
do minimization after that, then computing of the probability density is reduced to
solving deterministic problems only. A key to perform such “a change of order” is
the following observation:

There is a well known relation,

_ 2Qm)m
/eié(Au’u)er(l’“)mdmu26%(14 e cieth)‘l ’ (27)

where A~1 is the inverse matrix and det 4,,, is the determinant of the matrix A. It
is remarkable that this relation can be written also in the form:

emuin[%(Au,u)mf(l,u)m] _fdet A /e—[%(Au,u)m—(l,u)m] d™w. (28)
(2m)™

The exponent of the minimum value is presented in the form of integral. Applying
mathematical expectation to (28) we may change the order of integration over u
and M-operation which is an integration over the event space. Then the whole
problem is reduced to computing integrals: minimization has gone.

To get to the final result faster it is more convenient to take (28) in the form

a1 “+i00 ozm-i-zoo

o min[3 (Aua)m — ()] 2 det A, A EACOm—1,0m] 7
271' m
a1 100 am—zoo
(29)
Here (3, ..., {;» are complex variables running over lines [a; —i00, a1 +1900], ... [ —

100, QU 100, vector @ = (aq, ..., Quy, ) is arbitrary, Re z > 0. Dealing with complex
valued vectors (, we use the scalar product without complex conjugation, i.e., for
real v, (lg,iv) = i(lg,v).
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Applying M-operation to (29) we have

a—+100
MeminlE (Awn = /Z’";ie“‘ / EACOm e TC (3,
7T (3

a—100

The second term in the integral can be written in terms of the characteristic function
of lQZ

Xom(u) = M e/l

Indeed, using the statistical independence of variables rq, ..., rxy we have

N . N
~ lo(7a),C)m z N
Mem2G0m — pp ™ E 00U (M em 70 {Xm (lzzvcﬂ -8

We will usually write (31) without introducing the characteristic function explicitly:

Me—26Om — pNInMe ®0Om (32)

Combining (26), (30) and (32) we obtain

zoo a+zoo
f(E) = 2™ det Am B+ 5(AGO)m+NIn Me™ F o (M:Om dm¢ dz
27‘1’ 2mrgm+1’

7'LOO ox— ZOO

Let us make a change of variable z — z/N. Then we finally have

zoo a+zoo

F(B) = 2 NZ et A, Sm(B20gme dz, (33)

7100 o— lOO

Sm(E,2,0) = Ez+ 5 (Ag O+ In Me=*10:0m,

One may expect that in the limit m — oo the function S,,(E, z, {) transforms to
the functional (7) while the asymptotics of the integral (33) as N — oo is given by
formula (8).

The case of large excitations is treated similarly:

1 100
f(E)zM(S(E—i—mlnI( )) 5 eP*Me
i

— lim / E» detA / — 3 (Au,u)m+ivz(Lu)m d™u dz =

—100

_ : 1 Ez det A (Au,u)m-i-N In Mei V 7 o-wim m
= lim d™u.
m—oo 271 271'

—100

Changing the function,

zrngn I(u) d

Nln M eiVFlow)
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by its limit value as N — oo,

—g(B’LL,U) = —gM(l(),U)2,
we find
1 v det A
E) = — Bz i — = d
J(E) 21 . ¢ mgnoo det(A + zB)., %

which transforms to (20) if all changes of limit procedures made in this derivation
are legitimate.

Formula (8) looks like the leading term in an integral asymptotics obtained by
the steepest descent method. Note that the steepest descent method cannot be
applied to the integral (33) directly because this method assumes that N — oo
while m is fixed. In our case m > N, and we first tend m to infinity.

The limit of m-dimensional integrals like (33) as m — oo may be considered as
an integral in infinite-dimensional space. Such integrals appear in various issues
of physics and mathematics [9,10,12-15,18-21]. A peculiarity of the problem under
consideration is that the integral (33) does not converge absolutely and uniformly
with respect to m: if one substitute the integrand by its absolute value, then the
integral tends to infinity as m — oo. Similar difficulty is encountered if one attempts
to give a probabilistic interpretation to Feynman’s path integrals.

For real valued integrals, the Laplace method in infinite-dimensional spaces has
been developed by Ellis and Rosen [9] (see also a review paper [18]). Note also that
the problem under consideration is similar in nature to the problems considered in
theory of large deviations by S.Varahdan [21], M.Freidlin and A.Wentzel [13].

3. Statements. We formulate in this section three statements the proof of which
is the subject of the rest of the paper.
1. Let the following properties are satisfied:
A. The spectrum of the eigenvalue problem,

Ap = pBy,

where the operator B is defined by (15) is discrete. The corresponding eigen-
functions @1, @2, ... form a basis in H. The quadratic forms (Au,u) and (Bu,u) in
this basis are diagonal:

(Au, ) Zx\kuk ,  (Bu,u) Zbkuk

We number the eigen-functions in such a way that the corresponding A\ increases
A1 < A2 < ... Operator A is positive definite, i.e.

A1 > 0.

Operator B is positive, and by > 0.
B.The series of inverse eigenvalues converges:

oo

1
Z)\—k<00
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C. Denote (?(r), ©K) by ?k (r). We assume that ?k (r) are uniformly bounded for
all r and k:

|1k(r)] < h.
D. There exist a positive operator C' such that for any u
a. max(lp(r),u)? < (Cu,u) ,
b. operator C is diagonal in the basis {¢x}:

(Cu,u) E crpus,

c. for some positive number « A— aC >0,ie

acp < Mg for all &,

o0
d. the series Z = converges.

k=

Under these condltlons if hm f N( ) is an analytic function of z in some vicinity
— 00

of the point z = 0, then (20) holds true.
2. If, in addition to the above conditions,

E. ln’M e<lo<T>xU>’ < (Du, 7),

for some positive operator D, u is complex-valued, bar means complex conjugate;
F. for a from condition D and some o’ > 0,
A—ao'D—aC >0,

and
lim +/det A,,/det(A —o’D —aC),, exists,

then A}im fn(z) is an analytic function in some vicinity of the point z = 0.
— 00

A. Beliaev proved that condition E follows from condition D.a with D = 4C' [1].

3. Let (0, @) be the stationary point of the entropy functional. Define an auxiliary
probabilistic measure with mathematical expectation M by the formula: for any
function ¢(r)

Mo(r)y = M [e Uo(r)®) /M e Pllo(r),2) (34)

Suppose that all assumptions of the statement 1 are fulfilled for the functional lo
substituted by I = lo — My and the mathematical expectation M substituted by
M. Consider the function,

fN(Z7<) _ Mezminl(u)—q(l,u)7 (35)
and assume that A}im fn(z,¢) is an analytical function in vicinity of the point

z=0, (¢=0. Assume also that > 0 and for £ = \/—% Zflv:l 4 (rq) the integral,

‘Me AT O+ | g (36)

exists and does not exceed const//\H”‘, k> 0. Then (7), (21) hold true.
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4. Asymptotics of some integrals in functional spaces. Consider an integral,

_1(Au det 4,, m
Jm(R) = / ez (Awtm, | @y d™u, (37)

(Cu,u)m>R?

where (Au, u),, and (Cu,u),, are positive quadratic forms in m-dimensional space.
The factor y/det Ay, /(2m)™ is included to make the integral over the entire space
equal to unity:

T (0) = 1.

For brevity, we use the notation,

Jm(R) = / ez Anm Dy,
(Cu,u)m>R?

For the limit value of the integral J,,,(R) as m — oo we use a symbolic notation

J(R) = / e~ 2wy,
(Cu,u)>R?

Note that J(0) = 1.

We are interested in asymptotics of the integral J,,(R) as R — oo and m — oo.
The multidimensional integrals behave quite differently from the low dimensional
ones. This is caused by a peculiar behavior of the volume in the multidimensional
spaces: most of the volume of a sphere is concentrated near its surface; in a sense,
spheres in multidimensional spaces are practically empty. This can be seen from the
following estimate. Since the volume of a sphere of radius Ris V = ¢, R™, ¢, is
a constant depending on the space dimension m, the volume AV of the spherical
layer of the thickness, A, which is adjacent to the sphere boundary is: AV/V =
[R™ — (R — A)™] /R™, or

AV AN\
v (e o
Let the spherical layer contains 99% of the volume, i.e. AV/V = 0.99V. Then,
solving (38) with respect to A/R, we find: A =0.99R form =1, A ~3/4R for
m=3, A~1/3Rform=10, A ~0.05R for m = 1000.

Including the “mass density” e~z (ww) exponentially decaying away from the
origin does not change the situation. Indeed, let us put in (37) A=C =1, TIis
the identity matrix, and consider the integral,

- 1 1
_ — 2 (u,u) gm
(u,u)>R?

If m is fixed and R tends to infinity, integral (39) goes to zero. If R fixed and m
tends to infinity then the integral (40) goes to the unity, as if R = 0. To make this
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obvious, let us write (39) in “spherical coordinates”, denoting (u,u) = 72. Then

o0

Jm(R) = @ﬂ%ma(m) / ey, (40)
R
where o(m) is the area of the unit sphere,
2™/ 2
o(m) = /)"

Asymptotics of integral (40) can be found by Laplace’s method. We change the
variable r = \/m £ and write the integral in the form

/e—%r2+(m—l)lnrd7a:mm/2 / em[—%£2+ln£] %
R R 5
Voo

The stationary point of the function —%52 +1Iné is £ = 1, and, in the first approxi-
mation, the integral does not depend on R:

o] +oo m/2

124 (m-1)Inr _.om/2 —im / —mg? _m —1im
e 2 dr =m"' e 2 e d¢ = e 221,
/ : V2m

R —o00
and, using the asymptotics of I'-function for large argument, we obtain jm(R) =
Im(0).
After these preliminary comments we return to evaluation of the integral (37).
It is clear that the region (Cu,u),, > R? must be much bigger then the region
(Au,u),, > R? to let the integral feel the value of the constant R for large m. That
means that (Cu,u) is, in a sense, much smaller then (Au,u). A precise meaning of
“smallness” is given by condition D.d. Let us show that, if (C'u, u) satisfies condition
D.d, > cr/Ak < oo, then a simple estimate of J,, (R) holds:
Jm(R) < ke~ 20 (41)
the constant x is specified later. First, let us note that, due to condition D.d, the

m
product [] (1 + %) converges to an analytical function exp[2¢(2)],
k=1

W(z) = %;m (1+%>. (42)

This function is analytic in the half plane Rez > —c¢y , 0<cy= n}cin{)\k/ck}.

It is equal to unity at z = 0. Choosing a < ¢p we have for all m

m ~1/2
<H (1 - C;—Ck’“)) < V() (43)

k=1

o
because ] (1 - %) < 1
k=m-+1 k
For that o we have

(Au,u)m+aR? D™y,

N|=

Jm(R) = e @R e

(Cuu)m > R?
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< 67QR2 e~ 3 (Au,u)m+a(Cuu) pm,,

(Cu,u)m>R?

-1
< e~oR? /e_%((A_O‘C)“’“) Dy = e (H (1 - %)> < fie_O‘R2,

where we put £ = exp[—(—a)].
Hence,

J(R) < ke R (44)
Estimate (44) corresponds to Lemma 4.3 of paper [9].
5. Large excitations: Proof of the statements. We begin with some simple
corollaries of the assumptions made.

Corollaries:
1.Coefficients of the form (Bu,u) are uniformly bounded:

by < h2. (45)

Indeed, for any sequence {uy},

2
(Bu, u) < Zuk<pk> = ZM (lo(r), ox) (lo(r), ps) urus
k,s
= Zbkui
k

Therefore,

M (Io(r), ¢x) (lo(r),ps) =0 for k#s and b= M(lo(r),gok)2. (46)

Estimate (45) follows from (46) and condition C.
2.The quadratic functional (Bu,u) does not exceed (Cu,u),

(Bu,u) < (Cu,u).
Indeed,
b = M (Io(r), or)* < max(lo(r), x)* < cx.
The latter inequality follows from D.a if one puts in D.a v = ugpk.

(oo}
3.The series > f\—’; converges:
=1

S ey < a0
il el
4.Function ®(z) = (1 + Z)\b’“) is an entire analytic function in the half plane

Rez>—a, a= mln{)\k/bk} This follows from (47).
5.Function ®(z) does not have a zero at any finite point of the half plane Re
z > —a (see, for example, [16]).

6. Energy of “an elementary excitation”, E(r), defined by the relation

u

— E(r) = min B(Au,u) — (lp(r),u)| ,
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is finite and uniformly bounded.
Indeed,

o 1 ©

—35 k!

Proposition 1. Let fN (z) be Laplace’s transform of probability density of energy,
fr(z) =

Denote by In,m the m-dimensional truncation of the functional In:

zmin Iy (u)
e u

Inm(u) = (Au w) Z (lo(ra),

(A, ) = > %/\kui C o)) = S Ty
k=1

k=1

and by fNﬁm(z) the Laplace transform of the probability density of truncated energy,

fum(z) =Me” i Im (1)
Then
R R d tA —iy/ %o, u)m
fn(z) = lim fym(z) = lim / € / 1 (Au,u)m+NIn Me VF o ™.

(48)
Proof. The sum,

2
—mlnINm Z/\k (\/_Z T‘a> , (49)

converges uniformly as m — oo because the members of the sum are bounded by
the converging series,

R |
52—(\/%)2.

i
Therefore,
M Lim & ™M = fim pret N (50)
The sum (49) converges to
2
1§:1(1if’<>) It )
- — | —= k(7 = —minIy(u,r
2{5 M VN =
Thus, due to (50),
M lim ezrnuinIN,m(u,r) _ MezmmIN w,r) fN( ) — lim MezmuinIN,m(u,r) (51)

m—0o0 m—0o0
= lim fN,m(z).
m—00

Now we recall the identity for any positive quadratic form (Au,u),,, any linear
form (I, u),, and a complex number z,
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| det Am / — L (Auu)m—ivaz(l, u)mdmu —¢ —12(A000) — &7 min[4 (Au,u)m —(,u)m ]

(52)

Using (52) we can write:

zmm m (u,r) th — 2 (Au,u)pm—i (lo(r
MmN = M| ‘; bt/ E (000 M. (53)
7T

The integral in (53) converges absolutely, therefore we may compute integral and
mathematical expectation in any order. Computing first the mathematical expec-
tation,

3

N
—iy/ & l JU) .3 N —iy/Z g (r),u)m
e ! Nagl( o(r),u) (Me—h/ﬁ(lo(T);u)m) :eNlnMe ~ (o))

we arrive at (48). O
Proposition 2. The limit value of the characteristic function on the real positive
azxis in a small vicinity of the origin, z < ¢, is given by the relation,
1

o(z)

Proof. Let us split the region of integration in (48) into two subregions, (Cu,u) < R?
and (Cu,u) > R2 For the integral I; over the first region we have

det A,, o= 3 (Auu) m+N In Me™ i/ % Frlommm 1o
27T
(c

fz) = Jim fu(z) = (54)

w,u)m <R?
B /ct;t/)l:;l / o~ H(A+zB)uu)m gmy, (55)
T
(Cu,u)m <R?
™
(Cu,u)m<R?

where

A = [Me VR @O0n] N B

The first integral in the right hand side of (54) can be presented as the difference
of integrals over the entire space and over the region (Cu,u),, > R*:

detAm /6_%((A+ZB)U)U) A — detAm / e—%((A-i—zB)u,u) d™ . (56)
(2m)m (2m)m

(Cuu)m > R?

The first integral over the entire space can be found exactly. It is equal to 1 / VO (2),
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The second integral over the region (Cu,u),, > R? may be estimated by means of
(41). In the estimate of I; we assume that z is any complex number from a small
vicinity of the origin, |z| < 4. We have

| | det A, / o~ H(A+zB)uu)m gmy,
27T
(©

U ), > R2

det A, / 67% ((A=é6B)u,u)m dmu <
27r -

(Cu,u)m>R?

\/m / o~ 5 (A=3C) u ) gy,
2m)m

(Cu,u)m>R?

IN

IN

det Am _o'R?

e efé((AféCfo/C)u,u)m d™u <
(2m)™

(Cu,u)m>R?

’ 1 ’
< R < ke R (57)

- H ( (6+0:)ck )

It is assumed in the last inequality that § and o’ are small enough to satisfy the
condition

d+ad < a.

To estimate the second integral in (55) we have to estimate A. We may write A
in the form

Z 4 N
A = e 5(Buwm ( BB (1= 2 (Bu,u) + %) - 1) , (58)

2N
where

% =M (eix/%lo(’“)v")m —1+ i\/j(lo( )y W) + %(lo(r),u)m> .

First we bound p by means of inequality,

2|

’LU2

eV —1—w— —

2

[l
< 5

Let us put in this inequality

w = i\/%(lo(r),u)m ,
w| < @mm < \/%R

Imposing a constraint on R:

and note that
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0
@/NR<1/2,

we find a bound for p

3
lp| _ 1 g
Ll Iy
N — 2 N ’
or
1 53/2R3
|p| < 5 N1/2

Denote, for brevity, —5(Bu,u) by w in (58):

A = o (eNln(lerTﬂ)fw _ 1)

Using inequality |e* — 1| < |z| el*! we have

Nln(1+wT+p>—w

Function N In (1 + U’TH) — w may be estimated as follows. Let us introduce a

function of ¢,
t
o) = N (14 20

We need to estimate ¢(1). Derivative of ¢ has a simple form

A < Rew ol V(1452 ) —w| (59)

dyo w+p (w+ p)? t
A et TN [ G P
+ letolt + Lote)t
Thus,
h d ( )? h d
- o . (wtp tdt
90(1) = / dt dt = N / 1+ (w+p)t +p- (60)
0 0 N
Since .
] ol 1 5 1
2R < - P 2 (2R -
N < ’ N — 2 N < 4’
we have ’ ’ 5o
lw+ pl 5(Bu,wm| |pl _ 3RT fpl 1
< L LB [l 61
N ST N FTNSNTN 3 (61)
Combining (60) and (61) we obtain
‘Nln (1 + “%”) —w‘ = lp(1)] < (62)
1
|w+p|2/ tdt w4 p[? |w] + |p[?
< = < 2 .
< 1_%Jrlpl N Tl = N Tl
0
We add one more constraint on R to have
Nln(1+wT+p>—w‘ <1 (63)

Requiring that the right hand side of (62) be less then 1 we have
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2 (|2 1 §°RS 1 0%/2R?
NQ (Buum]+ N) S < L <1 (64)
_ 3 5_ 1 53R6 153/2R3
TN\ 4 2 N2~
We see that the inequality (63) is satlsﬁed 1f
i /6 is sufficiently small (65)
In accordance with (62) and (63) the estimate for A (59) takes the form
|A] < 37 e2(Buwm, (66)
From (66)
d tAm
1/ ¢ = e~ 2 Awum Al My < (67)
(Cu,u)m <R2

det A,, / 3 (A m+38(Buu)m gmy 3N — 37&1
27‘_ (I)m(_(s)

Combining (67) and (57) we obtain

1 —o'R? | 3N '
D, (2) D,,(—9)
Let us estimate now the integral over the second subregion,

\/M / L (Au,u)m+Nln Me*i\/%umr),u)m d™. (69)

(Cu,u)m>R2

I —

(68)

We choose in z to lie on the real positive semi-axis. Then
Reln Me iV ( lo(r) “)m < 0, and, due to (41), integral Iy admits an estimate

/d tA
I3 < ¢ / e~ 2 (Avuwm gmy, < e R

(Cu U)o > R2

Tending R to infinity as, for example, N*/7, we see that I converges to 1//®(
uniformly in m and V.

Proposition 3. If conditions E and F are fulfilled then ]\}lm fN( ) is an analytzc
function of z.

Proof. Indeed, in this case we may estimate integral I (69) for all complex z from

some vicinity of the point z =0, |2| <§
det A, 1(Au,u)m+NIn|Me W Rt u)\ m
_[2 S 2 )m d"u
7T
(Cu,u)m <R?

detA / 67% (Au,ut) pm+8(Duyi)m d™u
27r

(Cu,u)m <R?
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< e*OC,RQ det Am
- det(A — 6D —/'C)py

The estimate (68) was derived for all complex z in a vicinity of the origin. Choosing
again R ~ N7 we have a sequence of analytic functions fN,m(z) converging
uniformly in the circle |z] < é as N — 0o, m — oo. Thus the limit is an analytic
function. It is equal to 1/4/®(z) in the circle and can be continued outside of the

circle as 1/4/®(z). O

6. Small excitations: An identity. Denote by Fiy(E) the probability distribu-
tion of energy,

E
Fu(B) = [ In(EE"
0

and by (8, u) any stationary point of the entropy functional. Let us show that, for
the case of small excitations, the following identity holds:

Fn(E) = RyeVS®), (70)

Ry =M {eWU’mo <—(l’,ﬂ) - %(A*lz’, y))] , (71)

where M is the mathematical expectation for the auxiliary probability measure
(34), 1" =1 — Mly, and 0(E) is the step function ( (F) =1if £ >0 and 0(E) =0
if £ <0). In [2] this identity was obtained for probability density.

Since,

Fioo +ico
0(F) = % %eEde — % %eNEzd27 (72)
we have o o
1 . +iool
F(E)= M0 (E — 5(,4—1171)) - M 5 / ;eNEz—%(A*Iz,l)dZ _

“+i00 _ -
B 5 (lo(ra)s@) / NE=+8 3 (lo(ra),i)— 42 (A~ (Wlo+), Mlo+l') dz
— M e a=1 e a=1

‘ 2miz
AN
= (MePom) " x (73)
“+i00 N - - -
- NEz+8 Y (lo(ra),a)— 82 (A7 Mlg,Mlo)—Nz(A™ ' Mlo,l' ) =Lz (A1) dz
xM/ e a=1 —.
) 2miz

Note that the equations for the stationary point of the entropy functional (7) reads

MgePo,) -
Me—Aloa) Mo,

% (Au, i) = E.

Au =
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Thus
(Mly, 1) = 2E (A~'Mly, Mly) = (u, Mly) = 2F,
(A7 Mo, 1) = (u,l'),
and

S(E) = E3 + g(Aa,a) +1nM/e—5<l°>ﬁ> = 2Eﬁ+lnM/e_B(l°’ﬁ).

Using these relations we simplify (73):
1 +i00 ]
F(E)=eNS®Ep— / —eN A5y,
2mi ) oz
AS =B, a) — z(I',0) — g(A‘ll’, ). (74)
Identity (70) follows from (74) and (72). Note that the identity holds for any
stationary point of the entropy functional, including the points with negative tem-
perature.
The formula (70) means that the prefactor is an integral over the region
!~ 1 —137 g/
_(lau)_§("4 lvl)ZO
This region is a sphere in the space of linear functionals I’. The sphere passes
through the origin. The equation of the sphere can be written in the form
1

§(A*1(l’ + Aa),l' + Au) =

or, since A = Ml and (Au,u) = 2F,

(Ad, 1)

N =

%(A‘l(l’ 4+ NHo), I+ Nilg) = E

That means that the sphere has the radius V2E and the center is at the point
—Mly. If, in the limit N — oo, the linear functional

N
VNI = S0 (ra),  lo(r) = lo(r) — Mly, (75)
\/N; 0 0 0 0

has a Gaussian distribution, the prefactor can be computed [2]. Here we describe a
similar way in which the necessary assumptions can be seen more clear.
Denote the linear functional (75) by . Then equation (71) takes the form

Roy = 3 [ 9609 (- - (47169 | (76)

7 [eﬁmz,a)g <_\/N(§,11) _ %(A—lg,g))} .

Here 4, as a solution of deterministic problem, does not depend on “an event”.
Averaging is conducted with respect to a random functional .
The functional %(A_lﬁ,f) is the energy in the variational problem with large

excitations: ) )
~5(4716.9) = min | 34w, - ().

Thus, if we know the joint probability of energy and linear functional (¢, ),
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B =31 |3 (B - Ja7e.0) (- ).

we can determine Ry from (76):

Ry = /eﬁﬁte(—E —VNt) fn(E,t) dE dt. (77)

Computing the probability density fx(F,t) is similar to computing fx(F). It is
more convenient, as before, to deal with Laplace’s transform of the probability
density,
ct+i00 +i00

[ e de e

c—100 —100

1

IN(Et) = @)’

F(2,¢) = M ez min T =C(&1)

We have
Ry = / eVNBg(—E — VN t)ﬁ P (2, ¢) dE dt dz d¢ =
1 X dzd¢
= fn(z,0) : (78)
(27i)2V/N // (Z . %ﬁ) (5 + \/_CN)

Here we assumed that

Re (C+VNpB) > 0, Re(z—ﬁ—\;—ﬁ) > 0.

Let fn(z,¢) be an analytical function of z for each ¢ on imaginary axis, Re z >
0, fn(2,¢) — 0asRez— oo so that
c+ioco d
A z
/ In(z, C)ic
c—100 T 6 B ﬁ
Then, the only contribution to (78) is given by the pole at z = 3+ C/\/N, and the
prefactor is given by the formula:

— 0 as ¢ — 00.

+i00
1 : ¢ d¢
Ry = [ (94 ) (79)
. ’ L
2miv/ N S VN B+ Vi

In conclusion of this section, note that an identity similar to (70) can be obtained
for the antiderivative of Fy(E),

E
d
_ / / @
rB)= [ FEvEaE,

P F (E)=Fy(E)

Denote by §(E) the antiderivative of 0(E):

9(E)=0 if E<0, @E)=FE if E>0
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Then

F (B)= Ry NS, (80)

Ry =M [eNﬁ(l/’ﬁ)ﬁ (—(z’,a) — %(A‘ll’, z')ﬂ .

Identity (80) can be obtained by repeating the derivation of (70) with the change
of (72) by the relation,

1 “+1i00 1 1 “+1i00 1
E) = — - Ez dz = NE'z d
0E) =55 | = =508 | =¢ =

—100 —100

7. Prefactor. In this section we find the limit value of the prefactor.
Consider function (35). For each fixed z and ¢ the limit of this function as
N — oo can be computed in the same way as in section II

f(z ()= hm fN = hm M e ?3(ATLD—=C(Lw)

— M IL det Ay, /67% (Au,u)pm+ivz(Lu)—C(1,a) d™u
o 27T
_ detA \/67% (Auw) 4N ln Me \/7(1 NVZu—ill)m ™
22\ o
_ det Ay, / ~ 3 (Auw)m— §(B(VFu—iCa),VEu—iCa) gm,,
mﬂoo (2m)m
= lim detA /67% ((A+zB)u,u),, +vz(i(Bu,i)m (B’u. i) d™u
m—o00 \/ 27T

Bu ) —z((A+zB) "' Ba Bu)) det A (81)
det(A 1 2B)’

Validity of all equalities in (81) can be established in the same way as in section V.
If we drop in (79) the term ¢(/v/N and change fx by f we find

:6

—+o0
1 n> ~ -1 ~ detA
/N ~ — 2 ((Bu,u)—B((A+8B) "' Bi,Bi)) dn —
Bw 27r/e ’ det(A+pB) "

det A _
:\/QWdet(A‘FﬁB)((Bﬂvﬂ)—5((A+5B)1B11,B11)) = VNR..  (82)

Let us check if (82) is indeed the limit value of v/NR. We split the integral (79)

into a sum of two integrals

=g | (o 7o)

dn

[nl<c

1 A dn
+§/fN<5+\/_ >ﬁ+

[n|>c
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Choose ¢ = N®, 0 < «a < 1/2. Then the first integral converges to (82) as
N — 0. The second integral is estimated by means of (36).

S g )
2 / fN(ﬁJr\/N”n) B+ 2%

[n|>Ne
VN F (84 in A/ Nim) -2
In|>Neo=1/2
VN (| = siin a1y | d L
_ VN — B (AT ) i/ Ny (a) | A
= 5 /Me 3 3 < constNK/2

So,
VN (Ry — Rs) = 0 as N — .

8. Large singular excitations. Consider the minimization problem for the func-
tional,

1 1 &
Iv(w) = 5 [ (0 + 0w 9 0) do - =Y W) 7). (59)
Vv a=1
Here V is a two-dimensional square of the size 27, r,(a = 1,.., N) is a couple of two
points r} and r; in region V, all vectors v}, r; are distributed homogeneously and
independently in V. Minimum is sought over all periodic functions on the square
V. Such a problem appears in the theory of Kosterlitz-Thouless phase transition
[7] and theory of point vortices [17].
The functional is invariant under a shift of function u on a constant. To specify
the minimizing element uniquely we put an additional constraint on the set of
admissible functions,

<u>= 0, (84)
where we use the notation
1

<. >= — [ - d%.
14
0

Let us check that formula (20) can be used in this case.
Indeed,
(lo(r),u) = u(r®) —u(r”)
and for operator B we have

(Bu,u) = M(lg,u)* = ﬁ / (u(rt) —u (7“7))2 d*rt d?r—

= |72|/u2(:v) d’z.
%

Here we used condition (83). The eigenvalue problem (16) has the eigen-functions
e') where k is a node vector of the lattice with unit spacing. The point k = 0
is excluded due to condition (84). The eigenvalues are Ay = |k|? + h**~2|k|** while
bi ~ 1. Let us check the conditions of statement 1. The series > )\;1 converges if



MINIMUM VALUES OF STOCHASTIC FUNCTIONALS 459

o .
s > 0. Functions [, (r) = " are all bounded. Operator C can be chosen in the

following way. Let py be any series such that > t =a < +oo. We put ¢ = apg.
Then

max(lo(r) w? < (Ylul) < 3o Y = (Cuvu,

oo

or

1
Ck =k Y —-
s:l'UJS

To have
acp < A\ = |k|2+h4s_2|k|4s

we may put ur = |k|? + e*"2|k|*? and choose 0 < s, & < h, a = 1/2a. For
convergence of the series Y ¢, /A we have to put additionally,

4s — (4o +1) > 1,

or s —o > 1/2. The minimum integer value of s is s = 1.

The term with higher derivatives in (83) can be considered as a means to smear
out the d-type singularity of the excitation. The parameter h has the meaning of
a finite core of a singularity. One cannot put h = 0 in (83) because the vari-
ational problem becomes ill-posed: the functional Iy (u) is not bounded below
if h = 0. Probability density of minimum values of functional (83) depends on
two parameters, N and h; denote it by fx n(E). Formula (20) allows one to find
the limit ngnoo fnn(E) for a fixed value of h. One may consider then the limit

%in%) J\}im fn.n(E). It turns out that this limit, after some “infinite shift” of energy,
— —00

exists and can be found explicitly [17]. It remains unclear though whether one can
change the order of the limits because the integral (69) does not seem converging

uniformly.
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