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ABSTRACT. We consider here the wave equation in a (not necessarily periodic)
perforated domain, with a Neumann condition on the boundary of the holes.
Assuming HO-convergence ([3]) on the elliptic part of the operator, we prove
two main theorems: a convergence result and a corrector one. To prove the
corrector result, we make use of a suitable family of elliptic local correctors
given in [1] whose columns are piecewise locally square integrable gradients.
As in the case without holes ([2]), some additional assumptions on the data
are needed.

1. Introduction. In this paper, we are concerned with some convergence and cor-
rector results for the wave equation in perforated domains, when the elliptic part
of the operator converges in the sense of the H%-convergence. This notion, intro-
duced by M. Briane, A. Damlamian and P. Donato in [3], generalizes the G and
H-convergences to perforated domains. The G-convergence was introduced by S.
Spagnolo ([13]) for symmetric matrices in order to study second order differential
operators with oscillating coefficients. The H-convergence was introduced by F.
Murat and L. Tartar ([10]) to treat the general nonsymmetric case.

To describe the problem, let 7' > 0 be given and let Q. = Q\ S: be a perforated
domain, obtained by removing from a given bounded domain Q of R™ a compact
set of holes S..

Consider the following problem:

peul —div(A*Vu.) = f. on Q.x(0,7),
u. = 0 on 90 x(0,T),
AVu..v = 0  on 9S5: x(0,7T), (1)
us(x,0) = ae on .,
ul(x,0) = be on €,
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where v denotes the unitary outward normal to €., {p-} is a sequence of uniformly
bounded and positive functions defined on Q, {f.} is a sequence of functions be-
longing to L?(2. x (0,7)) and {A%} is a sequence of symmetric bounded matrix
fields such that

{(A®,S.)} H-converges to A°, (2)

for some matrix field A° (see Definitions 2.1 and 2.3 in Section 2).

We prove two main results. The first one (Theorem 4.3) concerns the convergence
of the solution of problem (1.1) to that of the homogenized problem. The second one
(Theorem 4.4), more technical, is a corrector result. Under additional assumptions
on the data, we prove that

i) lim fluz = lleoqo 17,2200 = 0
. . (3)
i) ili% [Vue — C vu|‘CU([O,T];(L}OC(QE))") =0,
where u is the unique solution of the homogenized problem associated with (1.1)
and C¢ is an elliptic local corrector (see Definition 3.1).

As shown in Section 7, the convergence of the energy associated with problem
(1.1) (defined in Section 6) to that of the homogenized problem is necessary for
proving convergence (1.3). On the other hand, as already observed by S. Brahim-
Otsmane, G. A. Francfort and F. Murat in [2], where they have studied the ho-
mogenization and the correctors for the wave equation with H-convergent elliptic
part, more restrictive hypotheses on the data are needed for the convergence of the
energy. This explain the additional assumptions in the corrector result.

We first prove the corrector result for the particular family (C¢). of elliptic
local correctors given in [4], whose columns are piecewise locally square integrable
gradients. It has the property that on suitable subsets of €2, it can be approximated
by a matrix field C} of the form

Crei = VW ., a.e. in , (4)

where for any i € {1,...,n}, the function Wi is defined through the solution of a
suitable elliptic problem in £2.. These properties play an essential role in the proof
of the corrector result (1.3), since it allows us to use compensated compactness
arguments (a div-curl type lemma for perforated domains, see Proposition 2.6). We
recall in Section 3 the construction of this particular corrector and give some related
properties. In Corollary 4.5, we show that (1.3) holds true for a more general family
of elliptic local correctors.

Let us mention that in the case of a fixed domain (H-convergence), one always has
a global corrector in the whole domain € (Definition 3.1). In the presence of holes,
this is still true for the global correctors constructed in [3], but some additional
regularity assumptions on the geometry of Q. have to be assumed (see Theorem
3.3).

In the last section, we split the solution of (1.1) (denoted by v.) as a sum of
two functions u. and z., where u. satisfies a problem for which the corrector result
applies and z. converges weakly to zero. We show that a strong convergence for
ze 18 necessary in order to have the corrector result (1.3) for v.. This means (see
Proposition 8.2 and Remark 8.1) that the assumptions of the homogenization result
are not sufficient.
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We refer to [1] for the homogenization and the correctors of the wave equation
with periodically oscillating coefficients in a fixed domain (see also [6] chap. 12,
for detailed proofs). The corresponding homogenization problem in periodically
perforated domains has been studied in [5] by D. Cioranescu and P. Donato, and
the corrector result has been proved by A. Nabil in [11].

Plan

Definitions and main properties of H%-convergence
The elliptic corrector

Statement of the main results

Proof of Theorem 4.3 (homogization result)
Convergence of the energy

Proof of Theorem 4.4 (corrector result)

0 N O Ot = W N

The general case

2. Definitions and main properties of H’-convergence. Let  be an open
bounded subset of R™, n > 2 and e the general term of a sequence of positive
number which tends to zero.

For any ¢, let Sc be the set of holes, which is a closed subset included in 2. We
denote by Q. the perforated domain 2\ S. and by V. the space

Ve = {U € HI(QE) | Vg = 0}7

equipped with the H'-norm.
We will use the following notation:

x g for the characteristic function of the set E of R™,

|E| for the Lebesgue measure of the subset F,

ve for the zero extension on  of any function v. defined on €.,

v for the unitary outward normal vector with respect to €2,

Vu(zx,t) for the gradient of a function u with respect to the space variables,
for any function f: Q) x (0,7) — R, f’ denotes its time derivative,

M(a, 5,9Q) denotes for two positive reals o < 3, the set of the n X n matrix
fields A defined on € and satisfying

{ A measurable on €,

A(@)AN > a|A]?, AN < BN, VA ER™, ae. z €.

Definition 2.1. ([3]) The sequence {S.}. is said to be admissible in Q if any L>°-
weak* limit of xq. is positive almost everywhere on 2 and if there exist a positive
real ¢g independent of £ and a sequence {Q:}. of linear extension operators such
that for each ¢

Q- € L(V2, Hy (),
(Qev)ja, = v, Yo eV, (5)
||V(Q5U)H(L2(Q))n < <o va||(L2(QE))n , Ve Ve

The existence of such operators is proved in [7] for the case of periodic holes. In
general, it depends on the geometry of the domain 2. and a necessary and sufficient
condition for their existence seems to be an open question. We refer to [3] and [3]
for other examples and comments.
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Remark 2.1. In the following, we use on V. the norm [|v|[, = [|[Vv||(p2(q_)»- Due

to (2.1) and the Poincaré inequality on (2, this norm is equivalent to the H!-norm.
Indeed, one has

||UHH1(QE) < ”QEU”Hl(Q) < co ||V(Q€U)H(L2(Q))” < caco HVUH(LZ(QE))” ’
where obviously cqcy does not depend on e.

Lemma 2.2. ([3]) Let {S:} be an admissible sequence in Q and {Q:} satisfying

(2.1).
Then

(e = ¢ in HY(Q) = (Qelpry,,) = ¢ in HE(®)) .

In the following, Q* denotes the adjoint of @), i.e., the operator in £L(H (), V)
defined by

Vge H_l(Q)a Vo eV, Qzg(v) = <97Q8U>H*1(Q),H%(Q) :

Recall now the definition of the H"-convergence introduced by M. Briane, A.
Damlamian and P. Donato in [3]. It is an extension to perforated domains of H-
convergence.

Definition 2.3. ([3]) Let {S.} be an admissible sequence in Q and {A°} a sequence
in M(a, 3,9Q). The sequence {(A¢, S:)} is said to H°-converge to A® € M(o’, 3,Q)

(denoted by (A4%,S:) N AY), if and only if for any function f in H~'(Q), the
solution v, of

—div (A*Vv.) = Qif on .,
(A*Vu.).v = 0 on 0S¢, (6)
ve = 0 on 0f),
satisfies the weak convergences
Q-v. — v weakly in  Hg (), )
AV, — A°Wov  weakly in (L?(Q))",

where v is the unique solution in H}(Q) of the following problem:
—div (A°Vv) = f on Q, (8)
v = 0 on 0.

As shown in Proposition 1.7 of [3], this definition does not depend on the sequence
{Q:}. Let us recall the main properties of H-convergence which shall be used in
the main result.

Theorem 2.4. Compactness ([3])

If {S.} is admissible in Q and if {A®} belongs to M(«, 3,2), then there exists a
subsequence €' of ¢ such that (A%, S./) 7 A% where AY € M(a/c,3,9Q) and co is
the constant introduced in (2.1).

The next proposition gives an equivalent definition of H%-convergence.

Proposition 2.5. ([3]) Let {A®} a sequence of M(a, 3,Q) and {S:} be admissible

in Q. The following propositions are equivalent:
a) The sequence {(A%,S.)} H-converges to A°.
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b) For every sequence of functions {g.} in L*(Q) such that g. — g weakly in
L2(S2), the solution v. of the problem
—div (A*Vv.) = g. on Q.
(A°Vu.).v = 0 on 0S5, 9)
ve = 0 on 0,

satisfies the weak convergences

Q:ve — v weakly in H}(Q), (10)
AsVu, — AN weakly in (L*(Q))",
where v is the unique solution in H}(Q) of the following problem:
—div (A°Vv) = g on Q,
{ v = 0 on 0N (11)

The following result gives a “div-curl” lemma for perforated domains.

Proposition 2.6. ([3]) Let {S.} be admissible in Q and {&:} C (L2(Q:))" a vector
field sequence. Suppose that {£.} is bounded in (L?*(2))"™ and

—divé =QLf:  on (.,
{ & .v=0 on 08, (12)
where { f-} is compact in H=(Q).

Then

i) {div &} is compact in H=1() and if & — & in L2(Q), then f- converges to
f=div& in H1(Q).

ii) If {n-} € (L2(Q))" is a vector field sequence which converges weakly to some
no € (L2())" and satisfies if {curl (n:)} is compact in H=1(Q), then & .n. con-
verges to & .o in D' ().

3. The elliptic corrector. In this section we give the definition of an elliptic
corrector. We also recall the construction of a particular local corrector done in [1]
and we give some additional properties. This construction plays an essential role in
the proof of the corrector result for the wave equation.

First, let us give the definition of an elliptic corrector.
Definition 3.1. ([3]) Let {S.} be admissible in Q and {A°} be a sequence of
M (a, 3,9) such that {A° S.} H%converges to A°. A sequence of matrix fields

{C°} in (L2(Q))" is said to be a global corrector for {A¢,S.}, if for every f €
H~1(Q) the following strong convergence holds:

;ii% [Vve = C*Vvl| 110y =0, (13)
where v is the solution of (2.2) associated with f and v the solution of (2.4).

ZOC(Q))"Z is said to be a local corrector
for { A%, S.} if for every f € H=1(Q) and for every open set w CC €, the following
strong convergence holds:

;ii% Ve — CEVU”(Ll(SZEOw))" =0, (14)

A sequence of matrix fields {C¢} in (L3

where v, is the solution of (2.2) associated with f and v the solution of (2.4).
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Proposition 3.2. ([3]) Let {A%,S:} be a sequence which H°-converges to A°.
Let {C¢} in (L%OC(Q))"2 be a sequence of matriz fields satisfying for every A in R™
and for every open subset w CC §)

i) C°XN— X  weakly in L?(w),
ii)  curl (CEN) is compact in H ™' (w), (15)
iii)  div (xa.A°C\) is compact in H™(w).

Then
1. The sequence {C¢} is a local corrector for {A®,S.} and xq, A°CS — A°

weakly in (L%OC(Q))"z.
2. If {C¢} is bounded in (L"(w))" for w CC Q and some r € [2,+00], and if
Vv e (L*(Q))"™ for some s € [2,+0o0], then

;i_r)r(l_) HVUE - CEVU”(LQ(QEﬂw))" = 07 (16)

for ¢ = min {2, TT—JFSS}, where ve is the solution of (2.2) associated with
f=—div (A°Vv).

3. If {C%} € L3(2) and (3.8) holds for w = Q, then {C¢} is a global corrector
and (8.4) holds for w = Q.

Theorem 3.3. ([3]) For every H-converging sequence { A%, S.}, there exists a local
corrector {C¢}.

Moreover, if there exists an open set Qy such that Q C € and {S:} is admissible
in 1, then there exists a global corrector for {A®,S.}.

Remark 3.1. In [3], the existence of a global corrector is established by construct-
ing a family (C¢) satisfying (3.3) in 2 as follows:

Let
. | A® on Q
B _{ I on Q\Q.

Since the sequence {B¢} is clearly in M(a, 8,€;) and {S.} is admisssible in €y,
by Theorem 2.4 there exist a subsequence of € (still denoted ) and a matrix B°
such that {B¢, S.} H-converges to B®. Let Q. be an extension operator provided
by the admissibility of S, in €, and let @} be its adjoint. Let ¢ be a function of
D(94) equal to 1 on Q and for every A € R™, let w§ be the solution of the problem

—div (B°VwS) = Qi(—div (B°V(pA.x))) on O\ 5.,
(B*Vuw5).v = 0 on 95, (17)
wy = 0 on 09);.

Since {B¢} H-converges to BY, we have the following:

Q-w§ — wy weakly in HJ (),
{ B*Vws — B'Vw, weakly in (L2(4))", (18)
where w) is the solution of the problem
—div (B°Vw,) = =div (B°V(pA.2)) on O,
{ wy = 0 on 09;. (19)
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Because of the uniqueness of the solution of (3.7), we have wy = @A .z on ;.
Since @ is equal to 1 on 2, one has
{ Qewi — M.z weakly in HY(Q),
BeVw§ — B\ weakly in (L*(Q))".
Consider the matrix field C¢ defined by
C°XN=V(Qu5), VIeR"™ (21)

As B® = A° on Q and from (3.5), (3.8), (3.9) and Proposition 2.6 i) applied to
Bewg, the family (C°) satisfies the three conditions of (3.3) in €.

(20)

Proposition 3.4. If C] and C§ are two local correctors, then

lim |05 = G5l o,y =00 Yw CC Q. (22)

Moreover, if C§ and C§ satisfy property (3.4) with r = 2, one has for any q € [1,2],
iiﬂ% 1CT = C2ll(La(arwyy2 =0 Vw CC Q. (23)

Proof. Fix a compact subset w contained in  and let ¢ € D(Q2) such that ¢ =1
on w. Set up(z) = (A.x) ¢ where z € Q, and A is a fixed element in R™.
Let u. be the solution of the problem

div (A*Vu.) = div (A°Vuy) on Q.
(A*Vu.).v = 0 on 05;, (24)
u = 0 on 0f),
If wy = supp ¢, we have for any A € R”
[CIA = CiMl ey < IICT VU0 = C5 Vol g, ruy)
< [CiVuo - VUEHLl(QEﬁwl) + 1105 Vuo — VUEHLl(QEﬁwl) :

From (3.2), the last term converges to 0 as e tends to 0. Hence (3.10) holds.

Suppose that C§ and C5 satisfy (3.4) with » = 2 and let ¢ € [1, 2] be fixed. Choosing
s such that ¢ = ——, i.e 3—16[2 +o0[, one has
q= s+ 27 My - 9 _ q ) )

[CTA = CS/\”Lq(QEﬂw) < ICTVuo — VU&HLLI(SlEmwl) +[C3Vuo — VU&HLLI(QEmwl) :
From (3.4), the right-hand side converges to 0, as € tends to 0. O
Let us now recall the construction of the local corrector done by G. Cardone, P.

Donato and A. Gaudiello in [4].
Let {wp}ren be a sequence of increasing subsets of R with smooth boundary
and let {¢n }rhen be a sequence of functions defined on €2 such that
wy=0Cw; CC...w, CCwpy1 CC...CC N,
U wn =19, (25)

heN
on € D) and ¢ =1 on wp, Vh € N.

For any h € N, introduce the family (C). in (L2 (Q))"2 defined by
Chei = V(Qewy, ;) a.e.onQ, Vie{l,...,n}, (26)



104 PATRIZIA DONATO AND FLORIAN GAVEAU

where {e1, ..., e,} denotes the canonical basis of R and wyj, ; is the unique solution,
for any h € Nand i € {1,...,n}, of the following problem:
—div (A°Vuwj, ;) = Qi(—div (A°V(pnzi))) on Qo
(A*Vwj ).v = 0 on 0S;, (27)
wy,;, = 0 on 01,

whose variational formulation is

Find wj, ; € Ve such that

/ AV Vode = | AV(pnz)V(Quv)de, YveVe. ()
Q Q

Since {A%,S.} HYconverges to A” and ¢}, is equal to 1 on wy, it follows that

HCZH(LQ(Q))nQ < cp, (29)
where ¢;, is independent of € but dependent on h,
and
i) Qewj; — PnTi in Ho (Q),
i) A*Vuwj ;= AV (ppai)  in (L*(Q))", (30)
iii)  Qewj, ; — T in Hl(wh)
) xo,AC[ —~ A in (L%(wn))™
Now, define C* in (L OC(Q))”2 as follows:
C¢=C; ae. in w,—wp_1, VheN (31)

i
where {wy,} satisfies (3.13) and Cj, is given by (3.14).

From (3.13) and (3.17), for any open set w CC €2, one has

IC* N (z2uyme < €ws (32)
where ¢, is independent of £, but dependent on w.

The following result is proved in [1]:

Theorem 3.5. [1] Let (A%, S:). be a sequence which H°-converges to A°. Let f be
in H-1(2), ve and v be the solutions of (2.2) and (2.4) respectively, associated with
f. Then, if C* is given by (3.19), one has for any q € [1,2],

i) VEeR"Voe D(),p>01nQ, h_n%/ |Ce¢llpdr < c|§|q/<pdac,
=0 Jq, Q

ii) V¢ € (D(Q))", EHV’UE = Cll(agayyn < VY=l (12a)n -
(33)

This result allows us to prove the existence (not explicitly proved in [1]) of a
local corrector result for a sequence { A, S.}.

Theorem 3.6. Under the hypotheses of Theorem 3.5, the sequence {C¢} given by
(3.19) is a local corrector for {A®,S.}. Moreover, it satisfies property (3.4) with
r=2.
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Proof. Let us show that (3.2) holds for the sequence {C¢} given by (3.19).
Let f be in H (), ve and v be the solutions of (2.2) and (2.4) respectively, w
be an open set with w CC Q, 7 > 0 and ¢ € (D(Q))" such that

Vo =l L2y < -
From Theorem 3.5, it follows that

E [|Vve — CEVU“(LI(QEmw))"
< E (vag . CE¢||(L1(QE))” + ||CE¢ — CEVU”(Ll(QEmw))n)

< E (CHVU = Ollz2yn + 1C N (p2quyynz 16— VU||(L2(Q))"> < oA e,

where ¢,, is the constant introduced in (3.20). This, gives the claimed result, since
7 is arbitrary.

Now, we prove that {C¢} satisfies property (3.4) with » = 2. To do so, let n > 0,
wCC Qand ¢ € (D(Q))" such that

Vo — (b”(L%(Q))" <,

where ¢ = 2?:’5 € [1,2[. From Theorem 3.5 and the Holder inequality, we have

lim [Vve = C*V[[ paga.ruy)n

< T (V0 = C6ll (pagayyn + 116°6 = C90] (e )

§E<C/|VU ¢H(L2(w))" + HOEH(Lz(w))T@ llp — Vo ||< (Q)>n> < dn + cum,

and this concludes the proof, since n is arbitrary. 0
In the following, we will use this result:

Proposition 3.7. For any ¢ € D(R), there exists l, € N such that
lim || (C* [ -0, 34
im 09 (34)

where Cf, is given by (8.14).
The proof of this proposition is based on the following lemma proved in [4]:

Lemma 3.8. [1] Under the hypotheses of Theorem 3.5, if {wp} is given by (3.13)
and C§ by (3.14), one has for any h,k € N and for any ® € (D(wp))"™

tm [ A~ Cf ) ®)((CF — Cf ) @) dr = 0. (35)
=0 Jq.

Proof of Proposition 3.7. Since ¢ € D(2), there exist w CC 2 and an integer lg

such that supp ¢ = w and w C wy,, where wy, is an element of the sequence {wy,}

introduced in (3.13). For n > 0 and for every h € {1,...,l}, let ®! € D(wp))™ be

such that

1V = @ 12 yyn <1
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From the Holder inequality, the ellipticity of A%, (3.17) and definition (3.19) of C®,
one has

| e yvel i < Z / (CF~CF,) Vol da

Q:Nwp,

le
<> [ iei-ciwe- ¢h|da:+2/ (€ — CF, @b do
Nwp,

h=1 QNwp,

lg 5 . lg %
<So([ wei-cpa) ety ([ i -ciehpa)

h=1 Qe Nwp, h=1 Qe Nwp,

Ly le 1
1 1 2
<n>o(en+a)+ 10 Y (3 [ aci - cryolc - crisgar)
h=1 h=1 e
(36)
where c¢p, and ¢, are independent of e.
Since supp ¢Z C wp, and Iy > h for every h € {1,...,ls}, we can apply Lemma
3.8 to the right-hand side of (3.24) to obtain

0 < Ty ||(c* - cz,) v C<en,

(L1(Q:)

which implies (3.22), since n is arbitrary. O

4. Statement of the main results. In this section we state the homogenization
and the corrector results.

4.1. Homogenization of the wave equation. Consider the problem

peul —div (A°Vu.) = f. on Q. x(0,7),
u. = 0  ondQx(0,T),
A*Vue . v 0 ondS:x(0,7), (37)
ue(x,0) ae on .,
ul(z,0) be on €.
We make the following hypotheses on the data:

pE e LOO(QE)u (38)
I A1, 2 € R such that 0 < A < pe < Ao,

A € M(a,3,Q), tA® = A,
{S:}¢ is admissible on 2,
and
fe € L2((0,T) x ), a. € V., b.e L*(Q.). (40)
Let us introduce the spaces
W-(0,T; Vo, L2(Q:)) = {ve L*0,T5Ve) | o' € L*(0,T5L%(2)) }
W0, T HE(Q), () = {v e L=(0,T; HY(Q)) | v € L2(0, T3 LA(Q)},
which are Banach spaces with respect to their graph norms, defined by

lllw. 0,720y = W0llzeo.rvey + 19"z x 0y »

”UHW(O,T;H%(Q),L%Q)) = ||U||L°°(0,T;Hg(sz)) + ”UI”L?(QX(O,T)) :
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Recall that W(0,T; H}(Q),L3(2)) is dense in CY([0,T]; L*(?)) and
We(0,T; V-, L?(2.)) is a Hilbert space.
The variational formulation of (4.1) is
Find u. € W.(0,T; V., L*(€.)) such that
(pul,v)v v, +/ A*Vu Vo de = / fevdx  in D'(0,T), YvelV,

Q. Q.
ue(x,0) = ac on .,
ul(xz,0) = be on ..

(41)
It is well known that under hypotheses (4.2)-(4.4), for every fixed e there exists
a unique solution u. of (4.1) in W.(0,T; V., L?(€).)) such that
ue € CO([0,T);: V), ul €C([0,T); L*(Q:)) and u! € L*(0,T;V,).

Therefore, the initial conditions u.(0) = a. and u’(0) = b. make sense.
Suppose furthermore that

(4%, 5.) I A0, (42)
where A% € M(a/c, 3,9) and ¢y is given by (2.1). Observe that A is symmetric

for every ¢, so its H°-limit A° is also symmetric.
We make the following assumptions on the data:

pe = p  weakly * in L>(1), (43)
and B
i)  f-—f weakly in L?((0,T) x ),
ii)  Qea. —ap weakly in Hg(Q), (44)
iii)  pebe — b weakly in L?(Q).

Remark 4.1. As we will see in Theorem 4.3 below, in the homogenized problem

appears the limit of p/;/b8 and not that of b.. This explains why we make assumption
(4.8)iii. This fact was already observed in [2] for a fixed domain.

Proposition 4.1. Under hypotheses (4.2)-(4.4) and (4.6)-(4.8), there exists a con-
stant ¢ independent of € such that

“ (45)

{ ||uls||L°°(0,T;L2(QE))
c.

aell o 0,7 (20

VAV

The proof of Proposition 4.1 follows the same outline as in the periodic case (see
for instance [5]). Indeed, it only makes use of the fact that A° € M(«, 3,Q) and
that the initial data are bounded.

To describe the asymptotic behavior of problem (4.1), we need to extend not
only its solution u. on the whole domain € but also its time derivative u.. To do
that, we need to suppose that the extension operator Q). given in Definition 2.1 also
acts on functions in L2(£2.).

In the following, we suppose that Q. satisfies (2.1) and also

i) Qe € L(L*(Q:),L2()),
i)  (Qev)jo. =v, Vve L*(Q), (46)
iit)  [|Q=vll 2y < o llvll 2y s Vv € L2(Qe),

where ¢ is the constant introduced in (2.1).
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We can now construct a family (P.) of extension operators for time-dependent
functions.

Theorem 4.2. Let {S.} be admissible in Q and assume that (4.10) holds. Then,
there exists an extension operator
P.eLl (LOO(O, T;V.), L>(0,T; H&(Q))) NnL (LOO(O, T; L?(.)), L>=(0,T; L2(Q)))
such that ¥ ¢ € L>(0,T;V.) N W (0,T; L*(Q.))
i) Pop=¢ on Qe x(0,T),
1) (P.¢) =P.¢' on Qx(0,7T),
m) ||Pa¢||L°°(0,T;L2(Q)) < ¢co ||¢||L°°(O,T;L2(QE)) g (47)
W) N Ped'll oo 0,75220) < €0 19/l oo 0, 7522(02.))
v)  IV(Pe)ll oo 0,7:L2(2))m) < €0 IVl Lo 0,122 (020 )y -

where ¢y is the constant introduced in (2.1).

Proof. As in the periodic case studied in [5], we construct the extension operator
P. from @, treating the variable ¢ as a parameter. Set
Pe(9)(z,t) = (Qeo(:, 1)) (x) (48)

for ¢ in L°°(0,T;V.) or in L>(0,T; L?(£2)).

With this definition, P. belongs to £ (L>(0,T;Vz), L>(0,T; H§(£2))) and also
to
£ (L%(0,T; L2(9.), L0, T; LA(R))). Tt is clear that if
¢ € L>=(0,T;V-) N Whe(0,T; L*(Q.)), then one has ii) since Q. is independent of
t.
To prove iii), let ¢ € L>((0,T) x Q)). One has by (4.10)iii and (4.12)

H(P8¢)HL°°(O,T;L2(Q)) = Ssup H(Q€¢(t))”L2(Q)
te€(0,T)
< sup cop ||¢(t)HL2(QE) = G ||¢HL°°(O,T;L2(QE))'
te(0,7)
Assertions iv) and v) are obtained by using (2.1), (4.10) and (4.12). O

We can now state the convergence result.

Theorem 4.3. Suppose that (4.2)-(4.4), (4.6)-(4.8) and (4.10) hold. Then, one
has the following convergences:
i) Poau.—u weakly * in L>=(0,T; Hi(Q)),
ii)  Poul > weakly * in L>(0,T; L*(Q)), (49)
iii)  A*Vu. = AOVu  weakly * in L°(0,T; (L*(Q)"),

where u is the solution of the homogenized problem

pu —div (A°Vu) = f  onQx(0,7),
u = 0 ondQx(0,T),
u(z,0) = ag on §, (50)
W' (z,0) = bo on ,
and by = 9
p

The proof is given in Section 5.
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4.2. Corrector result. In this section we state a corrector result for problem (4.1).
Under suitable assumptions, we show that the convergence of u. to u’ is strong and
the weak convergence of Vu, to Vu given by Theorem 4.3 can be improved by using
the corrector matrix C¢ defined in (3.19). As in the case of a fixed domain (see
[2]), we have to make additional hypotheses on the initial data (a.,b.). Here, due
to the presence of the holes, we have also to suppose (which is always true for a
subsequence) that

Xa. = X0 weakly * in L>(Q), (51)
for some o € L () positive a.e. on §.

Concerning the data we suppose that f. € L?(2 x (0,7)), b. € L?() for every
¢ and that

i) f— L swongly in 12(0x (0.7)),
X0

(52)
ii) be — by strongly in L?(Q),
for some f € L?(Q x (0,T)) and with by defined in (4.14).
We also assume that a. is the solution of the following equation:
—div(A*Va.) = Q:(—div(A’Vap)) on Q.
A*Va..v = 0 on 05, (53)
a. = 0 on 0f2,

for some ag € Hg ().

These assumptions are essential in order to prove the convergence of the energy
associated with problem (4.1) to that of problem (4.14) (see Section 6). Indeed, we
prove that

1 1
3 / (pe(ul)* + A°Vu.Vu.)de — 3 (p(u')? + A°VuVu)dr  in C°([0,T]).
Q. )

Remark 4.2. Observe that assumptions (4.15)-(4.17) imply convergences (4.8).
Indeed, (4.15) and (4.16)i give immediately (4.8)i. On the other hand, the H°-
convergence of A¢ to A® and (4.17) imply

Q%a. — a  weakly in H}(Q),
where a is the solution of

—div (A°Va) = —div (4°Vay) on Q,
a = 0 on 0.

Since this problem has a unique solution, it follows that a = ag.
Finally, from (4.7) and (4.16)ii, one has

pebe = pby  weakly in L*(Q),

so that (4.8)iii holds for b = pby. Consequently, Theorem 4.3 applies and gives

convergences (4.13) and the homogenized problem (4.14) with ag, by and f given by

(4.16) and (4.17). O
Now, we can state the corrector result.

Theorem 4.4. Under hypotheses (4.2)-(4.4), (4.6)-(4.7), (4.10) and (4.15)-(4.17),
we have the following corrector result:
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i) limlue = @lleogomyzacny =0,

(54)
o ) B
i)l [[Vue — C*Vaulleogo,ryzy, 2.9 = 0

loc

where u is the solution of (4.14) and {C=} is the corrector given by (5.19).

Corollary 4.5. Under the assumptions of Theorem 4.4, if Vu € C°([0, T]; (LP(Q))")
for some p > 2, then (4.18)ii holds for any local corrector satisfying (3.4) with r = 2.

Theorem 4.4 and Corollary 4.5 will be proved in Section 7.

Remark 4.3. Observe that it is quite natural to suppose that (3.4) holds. In-
deed, in practice to show that a sequence {C*¢} is a local corrector one makes use
of (3.3), which implies (3.4). This condition also holds for the particular corrector
constructed in [4] with » = 2, as shown in Theorem 3.6.

Remark 4.4. Suppose that the hypotheses of Theorem 3.3 are verified and let
{C*} be the global corrector constructed in [3] (see Remark 3.1). Then, following
the same arguments as in the proof of Theorem 4.4, one can prove that convergences
(4.18)ii still hold for this corrector in .. Namely, we have

3 € —
212% IVue =€ VUHCO([O,T];(U(QE))”) =0.
The proof of Theorem 4.4 is based on this following result, proved in Section 7:

Proposition 4.6. For all h € N*, let v € D(wp,), ¢ € C*>°(]0,T]) and

1

Xenlt) = 5 [ (pelul®) =0 (0"

+A(B(t) VY = Vue(t)) . (6(t) G0 — V(1)) de,

(55)

where wy, is an element of the sequence {wy} introduced in (5.13) and C§ is the
matric defined in (3.14).

Under the hypotheses of Theorem 4.4, one has

X.n — X in C°([0,T7), (56)
where for any t in [0,T],
X(t) = % /Q(p (' (8) = v¢/ (1)* + A ($(1)Vv = V(b)) . ((t) Vv — Vu(t))) da.
(57)

5. Proof of Theorem 4.3 (homogenization result). Let ¢ be in D(]0,T]).
Multiplying (4.1) by ¢ and integrating by parts the first term over (0,7), we get

T T T
/ petep” dt — / div (A*Vue)pdt = / fepdt.
0 0 0
For any w. in L?(Q x (0,7)) and for any w in L*(Q x (0,7)), set

T T
W, = / we(z, t)p(t)dt and @ = / w(z, t)p(t) dt,
0 0
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respectively. Therefore, u. satisfies

T
—div (A°Vu.) = fe— pE/ us” dt  on Q,
5 0 (58)
AVu..v = 0 on 95,
u. = 0 on 0N.

By virtue of estimates (4.9), there exist a function u and a subsequence of € (still
denoted €) such that

Pou. > u weakly * in L>(0,T; HA(Q)),
P.(u.) =4/ weakly * in L>(0,T; L%(Q)).

Then
T T
/ P.ucpdt — / udt weakly in H}(Q),
0 0
T T
/ Poup" dt — / u”dt  weakly in H ().
0 0
Consequently,
T T
/ P.uspdt — / udt strongly in L2(£2),
0 0
T
/ Pou" dt — / u” dt  strongly in L2(9).
0 0
From (4.7) and (4.8)i, we have

T T
/ (fe)pdt 4/ fedt weakly in L?(Q),
0 0

T T
p}/ (Poue) @ dt — p / u” dt  weakly in L?(Q).
0 0

In view of (4.6) and Proposition 2.5, this implies that Q.u. converges weakly in
HE(Q) to the solution u* of the following problem:

T
—div (A°Vu*) = f — p/ up” dt in Q, (59)
0
and moreover, -
AV, — AVu*  weakly in L*(Q). (60)
Let us show that
u* = . (61)

Observe that there exists a subsequence (still denoted ¢) such that
Xa. = xo weakly * in L>(Q).
Hence,
X0, Qelie = Xou” weakly in L?(Q),
T
Xa. / P.oucpdt — xotu  weakly in L2(Q).
0
Since

T T
XQEQaaa = / 5;90 dt = XQ. / Poucpdt,
0 0

then xou* = xo«, which in view of the positiveness of xq, gives (5.4).
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From (5.3) one obtains (4.13)iii and from (5.2)

T T
—div (A'Va) = / fodt — p/ uwe”dt in D'(Q),
0 0
which implies, since ¢ is arbitrary,

/ pu'vder+ | A°VuVvdr = | fodr in D'(0,T), Yve Hy(Q).  (62)
Q Q )

It remains to check the initial conditions.
Since W (0,T; H}(Q),L?(2)) is compactly embedded in C°([0,77]; L?(€2)) (see
[12], Corollary 4, p. 85), we have

Pou. — u  strongly in C°([0, T); L*(2)), (63)
which gives
Pu.(0) — u(0)  strongly in L*(£2).
From (4.12) and (4.8)ii, we get
Pou.(0) = Qca. — ag  weakly in L*(Q),
so that
u(0) = ap on Q.

On the other hand, to identify u/(0), choose v € H}(Q) and ¢ € C°([0,T]) such
that ¢’ (0) = o(T) = ¢'(T) =0 and ¢(0) = 1.
An integration by parts over (0,T) in (4.5) gives

T T T
//AEVUEvaad:cdt—/ /fsvgpd:cdt = —// peulve dadt
0 JQ 0 JQ 0 JQ.
T
:// pgu’svgp’dxdt—i—/ pebvp(0) da
0 JQ. Qe

T —
= —/ /ﬁanugvcp” dxdt—i—/ pebev dx.
0 Ja Q

Passing to the limit as € tends to 0 and using (4.7), (4.8) and (4.13), we obtain

T T T
/ A'VuVop dxdt—/ fvpdzdt = —/ / puv” d:vdt—i—/ bvdx
0 Ja 0 Ja 0 Ja Q

T
:—/ /pu”mpdmdt—/pu/(())vd:z:—l—/bvda:. (64)
0 Jo Q Q

Observe now that in (5.5) one can choose ¢ € C*°([0,T7]), which together with (5.7)
and assumption (4.2) gives

The uniqueness of the solution of the limit wave equation (4.14) implies that in
(4.13) the whole sequence P.u. converges to u and this concludes the proof. O
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6. Convergence of the energy. In this section, we study the asymptotic behavior
of the energy associated with problem (4.1). Take u’ as test function in (4.5) (this
is formal, but a standard density argument makes the computation rigorous, see [6]
Chap. 12, Prop. 12.7). We have after an integration by parts in ¢ over (0,7,

1 1
/ (§p8 lul|” + §A8Vu€Vu€) dr =
Q

€

T
1/ p€|b€|2 dx +1/ A*Va-Va. dx —|—/ feul dzdt.
2 Ja. 2 Ja. 0 Ja.
Set
1
ealt) = / (o= (L) + A°Vue()Vue(t)] de, Vi€ 0,T] (65)
Qs
and
E. = % / [pe(b:)® + A°Va.Va.| dz. (66)
QE

The quantity e. is called the energy associated with problem (4.1).
Observe that
t
e(t) — E. = / feul dzds, Yt e [0,T]. (67)
0o Ja.

The corresponding e® and E°, associated with the solution u of the homogenized
wave equation (4.14), are defined by

() = % /Q [0 ((£))® + AVu(t)Vu(t)] dz, ¥t e [0,T), (68)
E° = %/ﬂ [p(bo)* + A°VaoVag] dx (69)

and one has (using a density argument similar to that needed for e.)

t
o) = E° "dads, ¥ T].
e’ (t) —i—/o /qu xds, Vte[0,T) (70)

Proposition 6.1. Let e. be defined in (6.1). Under the hypotheses of Theorem 4.3,
there exists a continuous function e(t) and a subsequence of e. (still defined €) such
that

ec — e strongly in C°([0,T]).

The proof of this proposition can be done using the same arguments as that given
in [11] for the periodic case. In general we do not have e(t) = €°(¢). But under the
additional hypotheses (4.15)-(4.17), this equality holds true, as shown in the next
result.

Theorem 6.2. Under the hypotheses of Theorem 4.4, we have the following strong
convergence of the energy:

e — € strongly in C°([0,T]),
where e. and €° are defined by (6.1) and (6.4), respectively.
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Proof. Let e be given by Proposition 6.1. We have to show that
e(t)=¢€(t), Vtelo,T].
From (6.1), (6.2) and (6.3), it follows that

1

_ 1 !
ec(t) = —/ pe(b)? da + —/ A*Va.Va. dx —I—/ fexa. P-ul dzds. (71)
Q 2 Ja. 0JQ

2

Taking a. as test function in (53) and using Remark 4.2, we obtain

liII(lJ / A*Va.Va.dr = llIr(lJ A VaoV(Q:ac)dx = / AVaoVaedz. (72)
£— Q.
From (4.15) and using the strong convergence (5.6), one has

xa. P-uc — xou  weakly in L*(Q x (0,7)). (73)

On the other hand, for any ¢ € D(Q2) and ¢ € D(0,T)

T T
/ / xa. (Peus)'t Cdadt = — / / xa. Peuctp ¢ dadt.
0 Q 0 Q

This, together with (6.9), gives

T T T
lim —/ / xa. Peuctp ¢ dedt = —/ / Yout) ¢ dadt = / / Xou'v € dxdt.
=0 Jo Jo o Jao 0o Jo

Hence, by density
xa. P-ul = xou'  weakly in L*(€2 x (0,7)),

and from (4.16)i, it follows that

t t
lim fexa. P-ul dzds = / fu' dxds. (74)
Q 0 Jo

e—0 0

From (4.7) and (4.16)ii, we have

lim [ pe(b.)?da = /Q p(bo)? da. (75)

e—0 Jo

Combining (6.8), (6.10), (6.11) and passing to the limit in (6.7), we obtain

1 t
lime.(t) = = / p(bo)?dx + / AV agVagdr + / / fu' dzds
e—0 2 Jo Q 0 Ja
= eo(t)v
which is the claimed result. ]

Remark 6.1. Observe that once the corrector result of Theorem 4.4 is proved, we
can show that each term which composes the expression (6.1) of e.(t) converges to
the corresponding one in (6.4).
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7. Proof of Theorem 4.4 (corrector result). Has already mentioned, the proof
of Theorem 4.4 makes use of Proposition 4.6. We begin by its proof.
Proof of Proposition 4.6. Let v € D(wp) and ¢ € C*([0,T]). If X, is given by
(4.19), we can write

X.p=X!

g,

nt st.,h + Xs,hv

where for every ¢ € [0,7],
Xt =5 /Q [ (L6 + AV (1) V(1) e = (1),
XZu(t) = —/Q [peul(t) @' (t) v + ¢(t) A°CL VoV uc(t)] da, (76)

X2,(t) = % / [pe(¢/ (1)) 0% + AZp(1)C5 Vv () C5 Vo] dar
Q.

We study the limit of each term separately.

The limit of X!, : In Theorem 6.2 this limit was computed in C°([0,T]), it is
the energy of the problem limit given by (6.4).

The limit of X 53 5 ¢ Let us prove the convergence
1
X2, — 3 [p(¢")?v* + A%V ¢Vo] dz  in C°([0,T)). (77)
Q
From (3.17), (4.2) and (4.3), one has

3 2 ~ 2
2 HXE.,hHLoo(O’T) S HQZ)IHLOO(O,T) HpsHLDO(Q) ||UHL2(Q) +

18170 0,29 145 o0 )2 1CR V0N <
where c is independent of €. Similarly, in view of the regularity of ¢, one can prove
that the time derivative of X2, is bounded. Thus, from the Ascoli-Arzela theorem,
there exists a subsequence (stlll denoted ) such that X? ', converges strongly in

C°([0,77) to a function X3. To identify this limit, it is sufficient to identify the
pointwise limit of X2, . Observe first that from (4.7), one has for every ¢ € [0, T7,

ti [ pe (¢(0) Pdo =i [ (@0 e = [ p@ 0 Rdn (1)
e=0 Jo, e=0 /o Q
From definition (3.14) of C5, we can write

Cth = Z V ngh ’L) 8v

2 oz, a.e. on (79)

Using (7.4) yields

G h € ov
/QEA CrVuCiVudr = le/ v hla 8 s
ov v 8
- l]zl/ (8:171 8_117]A (QEth)) dx (80)

Now, we apply Proposition 2.6 to the last term.
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Due to (3.15) and (3.18)ii, we can apply Proposition 2.6 i) to A*Vuwy, ; to get
div (A°Vuy ) — div (A°V(ppa;))  strongly in H™(Q), (81)

for every i € {1,...,n}.

On the other hand, curl (V(Qewj, ;)) =0 for every j € {1,...,n}.

Now, we can pass to the limit in (7.5) using Proposition 2.6 ii). Since v € D(wp,)
and ¢, = 1 on wy, one has

lim A% ¢(t)Cr Vo ¢(t)Cp Vu da

e—0 Q.
v oy
ljzl /Q (8:51 6—%/1 (@hxz)V(<pth)> dx
ov ov B .
Z / o 3_17] Aleiejdr = /QA o(t)Vu o(t)Vu dz,

i,j=1
for every ¢ € [0,T]. This, together with (7.3), gives (7.2).

The limit of X2, : To show that the convergence of X2, takes place in
C°([0,T7]), we cannot use the same argument as for X?,. Indeed, since we have
no uniform estimate on u”, we have no estimate on (X 52 ) - We study then sepa-
rately the limit of the two terms which compose X 52 h-

Let us prove first that

/ﬁavu;¢’dx—> pvu'¢p’dr in C°([0,T7). (82)
Q. Q

To do so, we first identify its limit in L°°(0,7) and then we show that the conver-
gence takes place in CY([0,T]). Let ¥ be in D(0,T), one has

< / pavu;¢'dx,w> - / / peil ¢ du dt
Q. L5 (0,T),L1(0,T)

- /0 /Q pevPeus (¢"y' + ¢ ) da dt.

Then, using (5.6) and (4.7), we can pass to the limit to get

T
lim </ pevuLd’ dz z/1> = —/ / pou (¢ + ¢")dr dt
=0\ Ja. L>(0,T),L1(0,T) 0o Ja

T
:/ /pvu/gb/wd:cdt = </ pou' ¢ dx 1/1> ,
0 Ja Q L>°(0,T),L1(0,T)

which, by density, gives
/ pevulgd de = | pvi/¢' dr  weakly * in L>(0,T). (83)
Q. Q

On the other hand, to show that this convergence is strong in C°([0,T7]), we use
the compact embedding of H'(0,7) into C°([0,T]). From (4.5), we can write

0

— peuld'vdx :/ peul ¢"vdr + fd'vdr — / A*Vu.¢'Vudx.
ot Jo. Q. Q. Q.
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From (4.2)-(4.4), (4.7), (4.13) and (4.16)i, one has

0

o [ et @odn

S H(b”HLOO(O,T) ||p€||L°°(Q) HPEu,E(t)HL2(Q) ||v||L2(Q)

+ H(blHLoo(O,T) (||f5(t)”L2(Q) [ollL20) + I4%M Lo (yyn2 IV (Peus @)l (22 (0y)n ”vv”(L2(Q))"> -

Thus,
T
8 / ! !
— peu. @' v dx
/0 ot Jo. " F

where ¢ is independent of €. Convergence (7.7) follows from this inequality and
(7.8).

Let us now prove the convergence of the second term of X 52 5> namely

2
< ¢

/ ¢A€CZVvVu5dx—>/¢AOVvVud:c in C°([0,T7)). (84)
Qe Q

To do so, we adapt to our case some arguments used in [2]. From (7.4), the varia-
tional formulation of (3.15), definition (4.12) of P. , we have

ov
/Q A p(t) Cr VoVue(t) dx —Z/ A%o(t) Vw}”@ Vue(t) dx

> / <A€¢ ) Vg, N(g—; us(t)) — A%9(1) Vwi,iv(g—;) us(t)) dz

i—1
2. H-1(Q),H}(Q)

n 8’0
Z< —div (A" (t)V(oni)), Q- ((%ci
_Z/QA5¢(1€)V/U\J/}?MV(%>PEU€@)d$
i=1 ’

n

i=1

= (G k)y -1, mi (@) ) = (He, Peuc) (g g1 q) (1), (85)
i=1
where
: 0 15 v .
G; = —¢(t)div (A°V(enzi)) » k; = P 2| e Vie{l,...,n}
[ Q.

and  H. ZA%V wi L (g;’)

i=1
(86)
For simplicity, the duality pairing (-, ) g-1(q),m1 (o) Will be denoted (-, ).

In view of (3.18)ii, {H.} is a bounded sequence in C*([0,T]); L*(2)) and fur-
thermore,

H. ™ Hy= ZAO goh:vz)(bV( ) weakly * in L°°(0,T; L*()).  (87)

=1
Let us show that

(H. — Hy, P.u.) — 0 strongly in C°([0,77). (88)
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First, notice that from (5.6) and (7.12), we have for any ¢ fixed in [0,T],
hl% (H: — Hy, Poug)(t) = 0. (89)
E—>

Moreover, due to (4.13) and (7.12), there exists a constant ¢ independent of & such
that

| (He — Ho, Psu5>||00([0)T]) <gc (90)
((He — Ho, Paua»IHcO([o,T]) <
Then, from (7.14), (7.15) and the Ascoli-Arzela theorem, we obtain (7.13).
Let us also prove that for any i € {1,...,n},
ki — ki = 8U u  strongly in C°([0, T]; L*(9)). (91)
X
.. . . v v
This is not obvious because in general, we do not have P. [ —| wu. | = e P.ug.
T Q Ty

In view of (4.9) and (4.11), kf and (k§)" are bounded in L°°(0,T; Hi(Q2)) and in
L>(0,T; L?(S2)), respectively. This implies that there exist a subsequence of ¢ (still
denoted ¢) and a function k¢ such that

(92)

ke X kD weakly * in L*°(0,T; Hg(2)),
(ks N (k) weakly * in L°>°(0,T; L*(Q2)).

Using definition (4.12) of P., we have for any ¢ fixed in [0, T,

v v
P, <3xi 0. Ua) (t) - Qa <(3_{EZ Qaua(t)) QE> . (93)

Due to convergences (4.13), we can apply Lemma 2.2 to (7.18) to get kY = k;. This,
together with estimates (7.17), gives (7.16).

Using (5.6), (7.10)-(7.13) and (7.16), for every ¢ fixed in [0,T], one has

lim (Z G, kE)(t) — (He, Poug)(t )) = > (Gi k:)(t) — (Ho,u)(t). (94)

e—0
=1 =1

Since supp v C wyp and ¢, = 1 on wy,,

/QA%(UV(%%)V<§; U(t)> dr = /Q Aoew(t)v(gsi u(t)> dr,  (95)

AA0¢(t)V(¢hxi)v(g”> /Aoez(b ( ) u(t) dw. (96)

This, in view of (7.10), (7.11) and (7.19), gives for every ¢ fixed in [0, 7],

and

lir% d(t)ATCEV OV (t) de = | ¢(t) A°VuVu(t) da. (97)
e~lJa. Q

Finally, let us check that this convergence takes place in C°([0, 7).
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Let n > 0, since C°([0,T7]; L*(Q)) is dense in C°([0,T], H~(Q)), we can find
(H, Li)lgign in (CO([O, T], L2(Q))"+1 such that

{ |[Ho — HHcO([o,T];H*I(Q))
1Gi = Lillco(o, 775~ 1 02y

0,

. (98)

INIA

We can write
(He, Poue) — (Ho,u) = (He — Ho, Peue) + (Ho — H, Poue)
+(H, P-us —u) + (H — Hp,u), (99)
(G, kS) — (G ki) = (G — Ly, k§) + (L, kS — k) + (L — Gy, k)
Then, there exists a constant C' > 0 independent of 1 such that

(e Petie) = (Ho, ) ooz + 321G, £} = (G ) len oy
< |[{H- = Ho, P-uc) | coo.1) " lH — Hlleo o,y @ | Pettell e 0,73 o)
1 Hlleo go.71;2(9) 1ot = ooz
+ ||13 — Holleo ((o,77;1-10)) Il oo 0,75 212 (00
i Z} (||GZ- = Lilleoo,ry -1y 185 | L 0,7 12 (02
L illeo oz 195 = Killeogo,ry 2y
+||L; — Gi||co([07T];Hf1(Q)) ||ki||L°°(0,T;H&(Q))>
<c (II(HE — Ho, Pue)leoggo,ryy + 1 Pevte — ullco o 19:12(0))

+ 1k = killco o,y r200)) T 77)'

From (4.13), (7.13), (7.16) and since 7 is arbitrary, we deduce that the left-hand
side tends to 0 as € — 0, so that

Z<Gi’ k) — (He, Pous) — Z(Gi,ki) — (Hp,u) strongly in C°([0,T7).
i=1 i=1
This, together with (7.22) gives (7.9).
By using Theorem 6.2, (7.2), (7.7) and (7.9), we conclude that X} converges
strongly to X in C°([0,T)). O

Proof of Theorem 4.4. Let {C¢} be the sequence introduced in Section 3 by (3.19).
To prove the result we use from Proposition 3.7, Proposition 4.6 and the following

classical density result:
Ve C(0, T} HY(9) N C (0, T} IA(Q)), ¥ >0, 3(6,v) € C=(0,T]) x D(®),
. 2
0 = ¢lleoqo,ma)) < 05 (100)
y 2
i) [IVu = oVl cogo, iy 2y < -
Let n > 0 and (¢,v) be defined by (7.25). Take h in N such that supp v C w.
From (4.2), (4.3) and definition (4.19) of X_ , we have for every t € [0,T],

AL

2 o .
9 [Jul(t) — ¢I(t)v||L2(QE) + b) [¢(t)CL Vv — Vua(t)”?m(szs))n < Xen(t).
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Then, due to Proposition 4.5, there exists a constant ¢ such that

T 2 2

lim {||U/a = ' vlleoqo,myir2 ey 16 CRVY — VUEHCU([O,T];(L?(QE))")} (101)
< clXlleogo,ry) -

In view of (4.2), (4.3) and definition (4.21) of X, we have

A2 2 B
1Xllcoqo,ryy) < 5 l[u" = ¢"vllco o,71.02(02)) + 5 loVv - Vullgo oy p2cay - (102)

Let w be an open set with w CC Q. From (3.20), (7.25)-(7.27) and the Hoélder
inequality, there exist positive constants c¢1, co and cs such that

A1

2 (&% 2
5 e = wlleoqo, )220,y + 5 1C7Vu = Vel oo, (21 (o)

<a (||U/a - ¢/U||20([0,T];L2(QE)) + [l ¢IU||20([O,T];L2(QE))

+|C*Vu — ¢Csvv||2C0([O,T];(L1(Qsﬂw))") + [l¢ C*Vv — ¢OZVU||2co([o,T];L1(QEmw))n)
+ ¢ CrVv — vu&HQCO([O,T];Ll(QEﬁw))"))

< ca (1X 1o 2y + 1+ 10z [V = 6V Ul g0 73 200209
+1(Ci = )Vl 161 0.1))

<cs (||U’ - ¢'U||§0([0,T];L2(Q)) + VU = $V0lI20 o 711202y + 7

(G = )Tl iy ) < e (30 1(Ch — OVl )
By virtue of Proposition 3.7, there exists a positive constant ¢4 such that
E T 2 2
0 < Ty (It = /oo zyszc0y) + 107V = Vatellgngo ryuraunam) < can

Since 7 is arbitrary, this implies (4.18)i and (4.18)ii for the sequence {C®} defined
by (3.19). O
Proof of Corollary 4.5. Suppose that Vu € C°([0,T7]; (LP(2))") where p > 2. Let
(D%). be an elliptic local corrector satisfying (3.4) with » = 2. From the Holder
inequality, for any open set w with w CC €2, one has

[Vue = D*Vulleo (0,712 (2. w))™)
< Ve = C*Vulleo o, 77,21 (0w + 1(CF = DY) Vulleo o,71;21 (e ey
< | Vue = C*Vulleo(o,79,(11 (0. nw))m)

+](c* =D

#2 | Vu (TN -

(Lpfl (QEWO IVulleo o,y (e )y

Applying Proposition 3.4 for g = ﬁ € [1,2[ and Theorem 3.6, yields
lim [[Vue = D*Vul|co (0,721 (0 rwym) = 05

which concludes the proof. O
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8. The general case. In this section, as in the case of a fixed domain studied by
S. Brahim-Otsmane, G. A. Francfort and F. Murat in [2] and following the ideas
they developed, we show that the hypotheses of Theorem 4.3 are not sufficient to
have the corrector result stated in Theorem 4.4.

Consider the problem

pevl —div(A°Vo:) = f. on Q. x (0,7T),
ve = 0 ondQx(0,T),
AVv..v = 0 ondS: x (0,T), (103)
ve(x,0) = a. on .,
vl(z,0) = b on €,

under the hypotheses of Theorem 4.3, namely (4.2)-(4.4), (4.6)-(4.8) and (4.10). We
also assume that

*

Xa. — xo weakly * in L>®(Q). (104)
Theorem 4.3 implies

{ i) P, >u  weakly *in L=(0,T; H}(Q)), (105)

ii) Pl > u/  weakly *in L>(0,T; L*(Q)),

where u is the solution of the homogenized problem (4.14).
Let us show that in general we do not have the convergences

{ i) dim oz = @lleoqpo 71:22(0.)) = 05
s 5
i) lim [[Voe = C*Vulleo o 7y;r2

loc

B (106)
@y =0

To do so, decompose v, in the form
Ve = Ue + Ze,

where u, solves a problem whose data satisfy the assumptions of the corrector result
and P.u. has the same weak* limit « than P.v..
In this decomposition, u. is the solution of the problem

peul —div(A*Vu,) = 2 on Q. x (0,7),
X0
u. = 0 on 092 x (0,7, 107
AVu..v = 0  on 9dS: x (0,T), (107)
ue(x,0) = de on {2,
ul(z,0) = b on €,
where by is defined in (4.14) and d. satisfies
—div(4°Vd.) = Q(—div(4A°Vag)) on Q,
AVd..v = 0 on 05, (108)
d- = 0 on 0f2.
On the other hand, z. is the solution of
pezl —div(A°Vz.) = f.— 2 on Q. x (0,7),
X0
ze = 0 on 092 x (0,7
) ) 1
AVze.v = 0 on 9S. x (0,7, (109)
ze(x,0) = a.—d. on €.,

2L(x,0) = b.—bo on €)..
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Notice that due to the admissibility of S¢, the term x_fo is well defined.
We have the following result:

Theorem 8.1. Under the assumptions of Theorem 4.3 and (8.2), we have

i)  Pou.>u  weakly *in L>®(0,T; H}(Q)), (110)
ii) Poul o' weakly *in L>®(0,T; L*(Q)),
0 limflug = wlleogo,ryiz2(0.)) = 0 (111)
i) i [[Vue = CVulleogo,ry 2y, 02))m) = 0
i) P.ze =0  weakly *in L>(0,T; H}(D)), (112)
ii) P.zl >0  weakly * in L°(0,T; L*(Q)),

where u is the solution of the homogenized problem (4.14) associated with (8.1) and
(8.5) and C* is the corrector matriz given by (3.19).

Proof. First, from definition (8.6) of d. and the H°-convergence of A° to A%, one
has

Q-d. — ap  weakly in Hj(Q). (113)
On the other hand,

Xa. AN f weakly in L*(Q2 x (0,7)).
X0

This, together with (8.11), allows us to apply Theorem 4.3 to (8.5). Thus, P.u.
converges to the solution u° of the corresponding homogenized problem. Since the
data are same as in (4.14), the uniqueness of the solution of problem (4.14) implies
that u® = u, which gives (8.8).

Moreover, since the data of problem (8.5) satisfy also the hypotheses of Theorem
4.4, we have (8.9). Finally, convergence (8.10) follows from (8.3) and (8.8). O

Proposition 8.2. Under the hypotheses of Theorem 8.1, the corrector result (8.4)
holds if and only if

{ 8 lim(122leo o 7.2 () = 0 (114)

i) (Ve oo 7y

loc

@m = 0
Proof. Suppose that convergences (8.12) are satisfied. Then

vl — u/”CU([O,T];LQ(QE))"' [Voe — OEVU”CO([O,T];(Ll (2e)™)

loc

< Mt = lleoo,ry 20009 + 122 lleoo,ry;22 000y + Ve = C*Vulleogo my; 1z, (20))m)

loc

FVzelleoggo, e, 00y -

loc

In view of (8.9) and (8.12), we get (8.4).
Conversely, we have

122 llcoqory 2 TNV Zelleo o154, 200y

< vk = wlleo .1 2200y Hl1e = @ lleoqpo, 11:22(0.0) TI1VVe = Ctllcoqpo, 11:(22, 0 )ym)

loc

Ve = CVulleo oz, 0
which tends to 0, by virtue of (8.4) and (8.9). O
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Remark 8.1. We are now able to show that the assumptions of Theorem 8.1 do
not necessarily provide convergences (8.4). Indeed, if (8.4) holds, from Proposition
8.2 one deduces that

fig 122 O)l 2 = L l1b« ~ boll 20y =0,

€
iiﬂ% ||VZE(O)HL}DC(QE) = glﬂ% [Vae - Vd€||Llloc(QE) =0,

that is,

0 limllpbe = b1z, =0,

.. : 115
i) Tim [ V(Qear) - V(Qede) (o =0. (115)

But, from (4.8)iii we only know that pebe — b weakly in L?(Q2), which do not

imply (8.13)i. Furthermore, in view of (8.11) and (4.8)ii, the function Q.a. — Q.d:
converges weakly to 0 in H}(Q2) and in general, this convergence is not strong.
Consequently, we cannot expect a corrector result for v. under the assumptions of
Theorem 8.1.

Acknowledgments: The authors kindly thanks Alain Damlamian for discussions
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