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Abstract. We give null controllability results for some degenerate parabolic
equations in non divergence form with a drift term in one space dimension. In
particular, the coefficient of the second order term may degenerate at the ex-
treme points of the space domain. For this purpose, we obtain an observability
inequality for the adjoint problem using suitable Carleman estimates.

1. Introduction. Recently, interest in the null controllability of degenerate par-
abolic equations has increased. Indeed, as pointed out by several authors, many
problems that are relevant for applications are described by degenerate parabolic
equations, with degeneracy occurring at the boundary of the space domain. For
instance, degenerate equations can be obtained as suitable linearizations of the
Prandtl equations, see [25]. In a different context, degenerate operators have been
extensively studied since Feller’s investigations in [17], [18], where the main moti-
vation was the relevance of the previous equations in transition probabilities.

The case of parabolic equations in divergence form is well-understood (see, e.g.,
[1], [4], [6] - [10], [24], [25]): for all T > 0 and u0 ∈ L2(0, 1) there is a control
f ∈ L2((0, T ) × (0, 1)) such that the solution of











ut − (a(x)ux)x + c(t, x)u = f(t, x)χω(x), (t, x) ∈ (0, T ) × (0, 1),

u(t, 0) = u(t, 1) = 0, t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1),

(1)
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satisfies u(T, x) = 0 for all x ∈ [0, 1]. Here, a ∈ C0[0, 1] satisfies a(0) = a(1) = 0,
a > 0 in (0, 1), c ∈ L∞((0, T ) × (0, 1)) and χω is the characteristic function of a
non-empty interval ω = (α, β) ⊂⊂ [0, 1]. For the uniformly parabolic case we refer,
e. g., to [2], [12], [13], [19], [20], [22], [29] and [31]. Several results have also been
obtained for semilinear versions of (1), see, for example, [1], [4], [6], [27], [28].

However, many problems arising in applications (see, e.g., [21], [23] and [30])
are described by degenerate parabolic equations that are not in divergence form.
In such a context, a null controllability result was obtained in [5] for the following
problem:











ut − a(x)uxx + c(t, x)u = f(t, x)χω(x), (t, x) ∈ (0, T )× (0, 1),

u(t, 0) = u(t, 1) = 0, t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1).

(2)

The main goal of this paper is to provide a full analysis of the null controllability
problem for










ut − a(x)uxx − b(x)ux + c(t, x)u = f(t, x)χω(x), (t, x) ∈ (0, T )× (0, 1),

u(t, 0) = u(t, 1) = 0, t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1),

(3)

where c ∈ L∞((0, T )×(0, 1)), a and b ∈ C0[0, 1]. Here, a is allowed to degenerate at
x = 0 and x = 1, as long as suitable assumptions are satisfied near these points (see
Hypothesis 3.1). A model example of such a degenerate coefficient a is the function

a(x) = xK1 (1 − x)K2 , K1,K2 ∈ (0, 2), (4)

whereas, for b, we can take

b(x) = xk1(1 − x)k2 , (5)

where ki are such that ki ≥ 0 and ki > (Ki − 1) for i = 1, 2. We observe that the
restriction K1,K2 ∈ (0, 2) is natural if we want to obtain global null controllability:
if K1 or K2 ≥ 2, then the model fails to be null controllable (see [5] for details).

We underline the fact that we cannot consider bux as a small perturbation of auxx
(see [16]). Therefore, the problem cannot be solved by a straightforward adaptation
of the recalled results of [5]. In order to deal with the well-posedness of (3) we refer
to [14], [15], [16], [26] and Section 2 of this paper.

The paper is organized as follows:
- in Section 2, we prove the well-posedness of the linear problem (3) when c ≡ 0;
- in Section 3, we state Carleman estimates for the adjoint problem of (3) when
c ≡ 0;
- in Section 4, we prove the observability inequality for the adjoint problem (3) and,
as a consequence, we give a null controllability result for (3) when c ≡ 0;
- in Section 5, we extend the previous results to (3) when c 6= 0.

2. Well-posedness. Let T > 0, Q := (0, T ) × (0, 1), ω := (α, β) ⊂⊂ (0, 1) be a
non-empty given interval, we consider the degenerate parabolic problem



















ut − a(x)uxx − b(x)ux = f(t, x)χω(x), (t, x) ∈ Q,

u(t, 0) = u(t, 1) = 0, t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1).

(6)
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Here a, b ∈ C0[0, 1] are such that a(0) = a(1) = 0, a > 0 on (0, 1) and b/a ∈ L1(0, 1).
In order to study the well-posedness of (6), let us recall the well-known weight

function

η(x) := exp

{

∫ x

1
2

b(y)

a(y)
dy

}

, x ∈ [0, 1],

introduced by Feller in a related contex [17] and used by several authors, see, e.g.
[16], [26]. Define

σ(x) := a(x)η−1(x),

and observe that if u is sufficiently smooth, e.g. u ∈W 2,1
loc (0, 1), then

Au := auxx + bux = σ(ηux)x,

for almost every x ∈ (0, 1). For this purpose, let us consider the following Hilbert
spaces

L2
1
σ

(0, 1) :=
{

u ∈ L2(0, 1)
∣

∣ ‖u‖ 1
σ
<∞

}

, ‖u‖2
1
σ

:=
∫ 1

0 u
2 1
σdx,

H1
1
σ

(0, 1) := L2
1
σ

(0, 1) ∩H1
0 (0, 1), ‖u‖2

1, 1
σ

:= ‖u‖2
1
σ

+
∫ 1

0
u2
xdx,

H2
1
σ

(0, 1) :=
{

u ∈ H1
1
σ

(0, 1)
∣

∣ Au ∈ L2
1
σ

(0, 1)
}

, ‖u‖2
2, 1

σ

:= ‖u‖2
1, 1

σ

+ ‖Au‖2
1
σ

.

Observe that since b/a ∈ L1(0, 1), η ∈ C0[0, 1]
⋂

C1(0, 1) is a strictly positive
function. Thus, in the sense of Banach spaces, one has that

{

L2
1
σ

(0, 1), H1
1
σ

(0, 1), H2
1
σ

(0, 1)
}

≃
{

L2
1
a

(0, 1), H1
1
a

(0, 1), H2
1
a

(0, 1)
}

,

where the last triplet is the triplet related to well-posedness as in [5].

Lemma 1. For all (u, v) ∈ H2
1
σ

(0, 1) ×H1
1
σ

(0, 1) one has

< Au, v > 1
σ
= −

∫ 1

0

ηuxvxdx. (7)

Proof. First, we claim that the space H1
c (0, 1) :=

{

v ∈ H1(0, 1) | supp{v} ⊂ (0, 1)
}

is dense in H1
1
σ

(0, 1). Indeed, if we consider the sequence (vn)n≥4, where vn := ξnv

for a fixed function v ∈ H1
1
σ

(0, 1) and

ξn(x) :=















0, x ∈ [0, 1/n]
⋃

[1 − 1/n, 1] ,
1, x ∈ [2/n, 1 − 2/n] ,
nx− 1, x ∈ (1/n, 2/n) ,
n(1 − x) − 1, x ∈ (1 − 2/n, 1− 1/n) ,

then one has that vn → v in H1
1
σ

(0, 1) (see [5]). Now, set

Φ(v) :=

∫ 1

0

(

(auxx + bux)v
1

σ
+ ηuxvx

)

dx,

with u ∈ H2
1
σ

(0, 1). Then, Φ is a bounded linear functional on H1
1
σ

(0, 1). Moreover,

Φ = 0 on H1
c (0, 1). Indeed, let v ∈ H1

c (0, 1), one has that
∫ 1

0

(auxx + bux)v
1

σ
dx =

∫ 1

0

σ(ηux)xv
1

σ
dx = −

∫ 1

0

ηuxvxdx.

Thus, Φ = 0 on H1
1
σ

(0, 1), that is, (7) holds.
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The following theorems refine Theorems 1.1 and 1.2 by Barbu-Favini-Romanelli
[3] for the case of n = 1.

Theorem 1. The operator (A,D(A)) given by

Au = auxx + bux, D(A) = H2
1
σ

(0, 1)

is m-dissipative and self adjoint in L2
1
σ

(0, 1).

Proof. By (7) we have that A is dissipative and selfadjoint in L2
1
σ

(0, 1). Let q(u, v)

the quadratic form in H1
1
σ

(0, 1) ×H1
1
σ

(0, 1) defined as q(u, v) :=
∫ 1

0 ηuxvxdx. Then,

using the Lax-Milgram Theorem, as in [5] one proves that A is maximal.

As usual, one can prove the following well-posedness theorem.

Theorem 2. For all f ∈ L2(Q) and u0 ∈ L2
1
σ

(0, 1), there exists a unique weak

solution u ∈ U := C0
(

[0, T ];L2
1
σ

(0, 1)
)

∩L2
(

0, T ;H1
1
σ

(0, 1)
)

of (6). Moreover, one

has

sup
t∈[0,T ]

‖u(t)‖2
L2

1
σ

(0,1) +

∫ T

0

‖u‖2
H1

1
σ

(0,1)dt ≤ C

(

‖u0‖2
L2

1
σ

(0,1) +

∫ T

0

‖f‖2
L2

1
σ

(ω)dt

)

,

for a positive constant C.

Lastly, we remember the following results that will be helpful in the rest of the
paper and, with additional assumptions on the degenerate function a(x), we can
prove a characterization for the space H1

1
σ

(0, 1) (for the proof we refer to [5]).

Hypothesis 2.1. The function a ∈ C0[0, 1] is such that a(0) = a(1) = 0, a > 0 on
(0, 1) and there exist K1,K2 ∈ (0, 2) such that

1) the function x 7−→ a(x)

xK1

is nonincreasing near zero;

2) the function x 7−→ a(x)

(1 − x)K2

is nondecreasing near one.

Lemma 2. Assume that Hypothesis 2.1 is satisfied. Then,

1) limx→0+ x2/a(x) = limx→1−(1 − x)2/a(x) = 0;

2) if w ∈ H2
1
σ

(J
1
) and b/a ∈ L1(0, 1), then

limx→0+ xw2
x(x) = limx→1−(x− 1)w2

x(x) = 0;

3) the following Hardy-Poincaré inequality holds
∫ 1

0

v2 1

a
dx ≤ C

∫ 1

0

v2
xdx ∀ v ∈ H1

0 (0, 1).

where C is a positive constant. Moreover, if b/a ∈ L1(0, 1) then the Banach
spaces H1

1
σ

(0, 1) and H1
0 (0, 1) coincide.

3. Carleman Estimates for Degenerate Parabolic Problems. In this section
we prove crucial estimates of Carleman’s type, that will be useful to prove the obser-
vability inequality for the adjoint problem of (6).
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3.1. Statement of the main results. Given T > 0, J
1

:= (0, j
1
) and J

2
:= (j

2
, 1)

proper subintervals of (0, 1) and h ∈ L2
(

0, T ;L2
1
σ

(0, 1)
)

, we consider, for i = 1, 2 ,

the parabolic problems






vt + a(x)vxx + b(x)vx = h(t, x), (t, x) ∈ Qi := (0, T ) × Ji,

v(t, ∂Ji) = 0, t ∈ (0, T ) .

(8)

Here, the coefficients a, b satisfy the following assumption.

Hypothesis 3.1. The function a ∈ C0[0, 1]
⋂

C3(0, 1) is such that a(0) = a(1) = 0,
a > 0 on (0, 1); the function b ∈ C0[0, 1]

⋂

C2(0, 1) is such that b/a ∈ L1(0, 1).
There exists ε ∈ (0, 1) such that

1.a) the function
x(b − ax)

a
∈ L∞(0, ε);

1.b) there exists K1 ∈ (0, 2) such that
xax(x)

a(x)
≤ K1 ∀x ∈ (0, ε);

1.c) there exists a function C1 = C1(ε
′) > 0, defined in (0, ε), such that

C1(ε
′) → 0 as ε′ → 0+,

and

∣

∣

∣

∣

(

x(b(x) − ax(x))

a(x)

)

xx

− b(x)

a(x)

(

x(b(x) − ax(x))

a(x)

)

x

∣

∣

∣

∣

≤ C1(ε
′)

1

x2
, ∀x ∈ (0, ε′);

2.a) the function
(x − 1)(b − ax)

a
∈ L∞(1 − ε, 1);

2.b) there exists K2 ∈ (0, 2) such that
(x − 1)ax(x)

a(x)
≤ K2 ∀x ∈ (1 − ε, 1);

2.c) there exists a function C2 = C2(ε
′) > 0, defined in (0, ε), such that

C2(ε
′) → 0 as ε′ → 0+, ∀x ∈ (1 − ε′, 1)

and

∣

∣

∣

∣

(

(x− 1)(b(x) − ax(x))

a(x)

)

xx

− b(x)

a(x)

(

(x− 1)(b(x) − ax(x))

a(x)

)

x

∣

∣

∣

∣

≤ C2(ε
′)

1

(x− 1)2
.

We observe that Hypotheses 3.1.1.b and 3.1.2.b are equivalent to Hypothesis 2.1
(see [5]).

Now, as in [5], let us introduce the weight functions






































ϕi(t, x) := θ(t)(pi(x) − 2‖pi‖L∞(Ji)), i = 1, 2,

p1(x) :=

∫ x

0

y

a(y)
eRy

2

dy, p2(x) :=

∫ x

j
2

y − 1

a(y)
eR(y−1)2dy, R > 0,

θ(t) :=
1

[t(T − t)]4
.

(9)
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Observe that ϕi(t, x) < 0 ∀ (t, x) ∈ Qi, ϕi(t, x) → −∞ as t→ 0+, T− and, by the
assumptions on a(x), one has that pi ∈ C4(0, 1)

⋂

W 1,1(J
i
) (for i = 1, 2).

Our main results are the following.

Theorem 3. Assume that Hypothesis 3.1.1 is satisfied for some ε ∈ (0, 1) such that
ε < j

1
. Then, there exist two positive constants C and s0 such that every solution

v of (8) in

V1 := L2
(

0, T ;H2
1
σ

(J
1
)
)

∩H1
(

0, T ;H1
1
σ

(J
1
)
)

satisfies, for all s ≥ s0,
∫

Q
1

η
(

sθv2
x + s3θ3

(x

a

)2

v2
)

e2sϕ1dxdt

≤C
∫

Q
1

h2 e2sϕ
1

σ
dxdt + 2sC

∫ T

0

θ(t)
[

ηxv2
xe

2sϕ
1

]

(t, j
1
)dt.

Theorem 4. Assume that Hypothesis 3.1.2 is satisfied for some ε ∈ (0, 1) such
that 1 − ε > j

2
. Then, there exist two positive constants C and s0 such that every

solution v of (8) in

V2 := L2
(

0, T ;H2
1
σ

(J
2
)
)

∩H1
(

0, T ;H1
1
σ

(J
2
)
)

satisfies, for all s ≥ s0,
∫

Q
2

η
(

sθv2
x + s3θ3

(

x − 1

a

)2

v2
)

e2sϕ2dxdt

≤C
∫

Q
2

h2 e2sϕ
2

σ
dxdt+ 2sC

∫ T

0

θ(t)
[

η(1 − x)v2
xe

2sϕ
2

]

(t, j
2
)dt.

We will prove only Theorem 3 since the proof of Theorem 4 is analogous.

3.2. Proof of Theorem 3. In order to prove Theorem 3 the following result is
necessary:

Proposition 1. Assume that Hypothesis 3.1.1 is satisfied. Then there exists l ∈ R

such that

lim
x→0+

x

(

x(b(x) − ax(x))

a(x)

)

x

= l.

Proof. Set ρ(x) := x(b(x)−ax(x))
a(x) , we have that ρ satisfies Hypothesis 3.1.1.c if and

only if

ρxx(x) −
b(x)

a(x)
ρx(x) =

C1

x2
γ(x)sgn

{

ρxx(x) −
b(x)

a(x)
ρx(x)

}

, x ∈ (0, ε), (10)

where γ is a suitable continuous function such that γ(x) ∈ [0, 1].
Now, set γ := γ sgn

{

ρxx − b
aρx
}

, for some fixed x ∈ (0, ε) and h > 0 such that
x + h ∈ (0, ε), by classical representation formula of the solutions of (10) one has
that

ρx(x+h) = exp

{

∫ x+h

x

b(y)

a(y)
dy

}(

ρx(x) + C1

∫ x+h

x

exp

{

−
∫ s

x

b(y)

a(y)
dy

}

γ(s)

s2
ds

)

.

(11)
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Finally, by (11) and assumptions, there exists a positive constant C such that

x |ρx(x)| ≤x |ρx(x+ h)| exp

{

−
∫ x+h

x

b(y)

a(y)
dy

}

+ xC1

∫ x+h

x

exp

{

−
∫ s

x

b(y)

a(y)
dy

}

ds

s2

≤C
(

x |ρx(x+ h)| + x

∫ x+h

x

dy

y2

)

.

(12)

Passing to the limit, the conclusion follows.

Now, we define, for s > 0, the function

w(t, x) := esϕ1
(t,x)v(t, x)

where v is the solution of (8) in V1; observe that, since v ∈ V1, w ∈ V1. Setting, for
simplicity, ϕ := ϕ1 and p := p1, one has that w satisfies



















(e−sϕw)t + a(x)(e−sϕw)xx + b(x)(e−sϕw)x = h(t, x), (t, x) ∈ Q
1
,

w(0, x) = w(T, x) = 0, x ∈ J
1
,

w(t, 0) = w(t, ji) = 0, t ∈ (0, T ).

(13)

Defining Lv := vt + avxx + bvx and Lsw := esϕL(e−sϕw), the equation of (13) can
be recast as follows

Lsw = L+
s w + L−

s w = esϕh,

where






L+
s w := Aw − sϕtw + s2aϕ2

xw,

L−
s w := wt − sAϕw − 2saϕxwx.

Moreover, set < u, v >L2
1
σ

(Q
1
) :=

∫

Q
1

uv
1

σ
dxdt, one has

‖L+
s w‖2

L2
1
σ

(Q
1
) + ‖L−

s w‖2
L2

1
σ

(Q
1
) + 2 < L+

s w,L
−
s w >L2

1
σ

(Q
1
)= ‖hesϕ‖2

L2
1
σ

(Q
1
). (14)

Lemma 3. The following identity holds

< L+
s w,L

−
s w >L2

1
σ

(Q
1
) = s

∫

Q
1

η(aϕxx + (aϕx)x)w
2
xdxdt

+ s3
∫

Q
1

ηϕ2
x(aϕxx + (aϕx)x)w

2dxdt

− 2s2
∫

Q
1

ηϕxϕxtw
2dxdt +

s

2

∫

Q
1

η
ϕtt
a
w2dxdt

− s

2

∫

Q
1

η

(

(Aϕ)xx −
b

a
(Aϕ)x

)

w2dxdt



























































{D.T.}

(15)
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{B.T.}











































− 1

2

∫ j
1

0

η
[

w2
x

]T

0
dx+

∫ T

0

[

ηwxwt

]j
1

0
dt+

s

2

∫ T

0

[

η(Aϕ)xw
2
]j

1

0
dt

− s

∫ T

0

[

ηaϕxw
2
x

]j
1

0
dt− s

∫ T

0

[

ηAϕwwx

]j
1

0
dt

+
1

2

∫ j
1

0

η
[

(s2ϕ2
x − s

ϕt
a

)w2
]T

0
dx−

∫ T

0

[

η(s3aϕ3
x − s2ϕxϕt)w

2
]j

1

0
dt.

Proof. It results, integrating by parts,

< Aw,L−
s w >L2

1
σ

(Q
1
)

=

∫

Q
1

(ηwx)xwtdxdt− s

∫

Q
1

(ηwx)xAϕwdxdt − 2s

∫

Q
1

(ηwx)xaϕxwxdxdt

= −
∫

Q
1

ηwxtwxdxdt+

∫ T

0

[

ηwxwt
]j

1

0
dt+ s

∫

Q
1

η(Aϕw)xwxdxdt

− s

∫ T

0

[

ηAϕwwx
]j

1

0
dt+ s

∫

Q
1

η((aϕx)x − bϕx)w
2
xdxdt− s

∫ T

0

[

ηaϕxw
2
x

]j
1

0
dt

= − 1

2

∫ j
1

0

η
[

w2
x

]T

0
dx+

∫ T

0

[

ηwxwt
]j

1

0
dt

+ s

∫

Q
1

ηAϕw2
xdxdt−

1

2
s

∫

Q
1

(η(Aϕ)x)xw
2dxdt+

1

2
s

∫ T

0

[

η(Aϕ)xw
2
]j

1

0
dt

− s

∫ T

0

[

ηAϕwwx
]j

1

0
dt+ s

∫

Q
1

η((aϕx)x − bϕx)w
2
xdxdt− s

∫ T

0

[

ηaϕxw
2
x

]j
1

0
dt.

(16)
Therefore, integrating again by parts,

< −sϕtw + s2aϕ2
xw,L

−
s w >L2

1
σ

(Q
1
)

=

∫

Q
1

η
(

s2ϕ2
x − s

ϕt
a

)

wwtdxdt

−
∫

Q
1

ηAϕ
(

s3ϕ2
x − s2

ϕt
a

)

w2dxdt− 2

∫

Q
1

ηaϕx
(

s3ϕ2
x − s2

ϕt
a

)

wwxdxdt

=
1

2

∫

Q
1

η
(

− s2ϕ2
x + s

ϕt
a

)

t
w2dxdt+

1

2

∫ j
1

0

η
[(

s2ϕ2
x − s

ϕt
a

)

w2
]T

0
dx

− s3
∫

Q
1

ηϕ2
xAϕw

2dxdt+ s2
∫

Q
1

ηAϕ
ϕt
a
w2dxdt

+

∫

Q
1

(

η(s3aϕ3
x − s2ϕxϕt)

)

x
w2dxdt−

∫ T

0

[

η
(

s3aϕ3
x − s2ϕxϕt

)

w2
]j

1

0
dt

=
s

2

∫

Q
1

η
ϕtt
a
w2dxdt + s2

∫

Q
1

(

η
ϕt
a
Aϕ− ηϕxϕxt − (ηϕxϕt)x

)

w2dxdt

+ s3
∫

Q
1

(

(ηaϕ3
x)x − ηϕ2

xAϕ
)

w2dxdt+
1

2

∫ j
1

0

η
[(

s2ϕ2
x − s

ϕt
a

)

w2
]T

0
dx

(17)
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−
∫ T

0

[

η
(

s3aϕ3
x − s2ϕxϕt

)

w2
]j

1

0
dt

=
s

2

∫

Q
1

η
ϕtt
a
w2dxdt− 2s2

∫

Q
1

ηϕxϕxtw
2dxdt

+ s3
∫

Q
1

ηϕ2
x

(

(aϕx)x + aϕxx
)

w2dxdt+
1

2

∫ j
1

0

η
[(

s2ϕ2
x − s

ϕt
a

)

w2
]T

0
dx

−
∫ T

0

[

η
(

s3aϕ3
x − s2ϕxϕt

)

w2
]j

1

0
dt.

Adding (16)-(17), (15) follows immediately.

The next lemma holds.

Lemma 4. The boundary terms in (15) become

{B.T.} = −seRj
2

1

∫ T

0

η(j1)θ(t)j1w
2
x(t, j1)dt. (18)

Proof. Using the definition of ϕ and the fact that w(t, j
1
) = 0, the boundary terms

of < L+
s w,L

−
s w >L2

1
σ

(Q
1
) become

{

B.T.
}

= − 1

2

∫ j
1

0

η
[

w2
x

]T

0
dx+

∫ T

0

[

ηwxwt

]j
1

0
dt

+
1

2

∫ j
1

0

η
[(

s2θ2
(x

a

)2

e2Rx
2 − s

a
θ̇
(

p(x) − 2‖p ‖L∞(J1)

)

)

w2
]T

0
dx

− s

∫ T

0

θ(t)
[

ηeRx
2

xw2
x

]j
1

0
dt− s

2

∫ T

0

θ(t)
[

η
(x(b − ax)

a

)

x
w2
]

(t, 0)dt

− s

∫ T

0

θ(t)
[

η
(

1 +
x(b − ax)

a

)

wwx

]

(t, 0)dt

+ s3
∫ T

0

θ3(t)
[

η
x3

a2
w2
]

(t, 0)dt

+ 2s2‖p‖L∞(J1)

∫ T

0

θ(t)θ̇(t)
[

η
x

a
w2
]

(t, 0)dt.

Since w ∈ V1, where V1 is as in (10), w ∈ C0
(

[0, T ];H1
1
σ

(J1)
)

. Thus wx(x, 0),

wx(x, T ) and
∫ j

1

0
η
[

w2
x

]T

0
dx are well defined and, using the boundary conditions of

w, it results that
∫ j

1

0

η
[

w2
x

]T

0
dx = 0.

Moreover, since w ∈ H1
(

0, T ;H1
1
σ

(J
1
)
)

, wt(t, 0) and wt(t, j1) are well defined. Now,

by Lemma 2, we have that limx→0
√
xwx(t, x) = 0. Since wtx(t, x) ∈ L2(J

1
), then,

by Hölder’s inequality,

|wt(t, x)| ≤
∫ x

0

|wtx(t, y)|dy ≤
√
x

(
∫ x

0

|wtx(t, y)|2dy
)1/2

.



704 P. CANNARSA, G. FRAGNELLI AND D. ROCCHETTI

Thus, if w ∈ V1 then
∫ T

0 [wxwt]
j
1

0 dt is well defined and it is 0. Now, we consider the
term

1

2

∫ j
1

0

η
[(

s2θ2
(x

a

)2

e2Rx
2 − s

a
θ̇
(

p(x) − 2‖p‖L∞(J1)

)

)

w2
]T

0
dx.

Since w ∈ V1, then w ∈ C0([0, T ];L2
1
σ

(J
1
)). Thus w(0, x) and w(T, x) are well

defined and w(0, x) = w(T, x) = 0. This implies that

1

2

∫ j
1

0

η
[(

s2θ2
(x

a

)2

e2Rx
2 − s

a
θ̇
(

p(x) − 2‖p ‖L∞(J1)

)

)

w2
]T

0
dx = 0.

By Lemma 2

−s
∫ T

0

θ(t)
[

ηeRx
2

xw2
x

]j
1

0
dt = −s

∫ T

0

θ(t)
[

ηeRx
2

xw2
x

]

(t, j
1
)dt.

Thus, the boundary terms become

{B.T.} = − seRj
2

1

∫ T

0

η(j1)θ(t)j1w
2
x(t, j1)dt−

s

2

∫ T

0

θ(t)

[

η

(

x(b − ax)

a

)

x

w2

]

(t, 0)dt

− s

∫ T

0

θ(t)

[

η

(

1 +
x(b − ax)

a

)

wwx

]

(t, 0)dt

+ s3
∫ T

0

θ3(t)

[

η
x3

a2
w2

]

(t, 0)dt

+ 2s2‖p ‖L∞(J1)

∫ T

0

θ(t)θ̇(t)
[

η
x

a
w2
]

(t, 0)dt.

By Proposition 1,
∣

∣

∣

∣

θ(t)

[(

x(b − ax)

a

)

x

w2

]

(t, ǫ)

∣

∣

∣

∣

≤ θ(t)

∣

∣

∣

∣

ǫ

(

x(b − ax)

a

)

x

(ǫ)

∣

∣

∣

∣

∫ ǫ

0

w2
x(t, y)dy → 0

as ǫ→ 0+. Thus

s

2

∫ T

0

θ(t)

[

η

(

x(b − ax)

a

)

x

w2

]

(t, 0)dt

= lim
ǫ→0

s

2

∫ T

0

θ(t)

[

η

(

x(b − ax)

a

)

x

w2

]

(t, ǫ)dt = 0.

Moreover, by assumption, it results
∣

∣

∣

∣

θ(t)

[(

1 +
x(b − ax)

a

)

wwx

]

(t, ǫ)

∣

∣

∣

∣

≤θ(t)
(

1 +

∥

∥

∥

∥

x(b− ax)

a

∥

∥

∥

∥

L∞(J1)

)

|wx(ǫ, t)|
(

ǫ

∫ ǫ

0

|wx(t, x)|2dx
)

1
2

→ 0

as ǫ→ 0+, thus

s

∫ T

0

θ(t)

[

η

(

1 +
x(b − ax)

a

)

wwx

]

(t, 0)dt

= lim
ǫ→0

s

∫ T

0

θ(t)

[

η

(

1 +
x(b − ax)

a

)

wwx

]

(t, ǫ)dt = 0.
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Now, by Lemma 2,

∣

∣

∣
θ(t)θ̇(t)

[ x

a
w2
]

(t, ǫ)
∣

∣

∣
≤ θ(t)|θ̇(t)| ǫ

2

a(ǫ)

∫ ǫ

0

w2
x(t, y)dy → 0,

as ǫ→ 0+, thus

2s2‖p ‖L∞(J1)

∫ T

0

θ(t)θ̇(t)
[

η
x

a
w2
]

(t, 0)dt

= lim
ǫ→0

2s2‖p ‖L∞(J1)

∫ T

0

θ(t)θ̇(t)
[

η
x

a
w2
]

(t, ǫ)dt = 0.

Finally,

s3
∫ T

0

θ3(t)

[

η
x3

a2
w2

]

(t, 0)dt = lim
ǫ→0

s3
∫ T

0

θ3(t)

[

η
x3

a2
w2

]

(t, ǫ)dt = 0.

In fact, by Hölder’s inequality, it results w
2(t, x) ≤ x

∫ x

0

w
2
x(t, y)dy. Thus

∫ T

0

θ3(t)

[

η
x3

a2
w2

]

(t, ǫ)dt ≤
∫ T

0

θ3(t)

[

η
x4

a2

∫ x

0

w2
xdy

]

(t, ǫ)dt

and again, by Lemma 2,

∫ T

0

θ3(t)

[

η
x4

a2

∫ x

0

w2
xdy

]

(t, ǫ)dt→ 0, as ǫ→ 0+.

The crucial step is to prove now the following estimate.

Lemma 5. The distributed terms of (15) satisfy the following estimate

s(2 −K1)

∫

Q
1

ηθw2
xdxdt+ s3(2 −K1)

∫

Q
1

ηθ3
(x

a

)2

w2dxdt

− C

(

s2
∫

Q
1

ηθ3
(x

a

)2

w2dxdt+ sC1(ε
′)

∫

Q
1

ηθw2
xdxdt+ sΛ(ε′)

∫

Q
1

η
θ

3
2

a
w2dxdt

)

≤ s

∫

Q
1

η(aϕxx + (aϕx)x)w
2
xdxdt+ s3

∫

Q
1

ηϕ2
x(aϕxx + (aϕx)x)w

2dxdt

− 2s2
∫

Q
1

ηϕxϕxtw
2dxdt +

s

2

∫

Q
1

η
ϕtt
a
w2dxdt − s

2

∫

Q
1

η

(

(Aϕ)xx −
b

a
(Aϕ)x

)

w2dxdt,

where C is a positive constant and Λ(ε′) is a suitable positive function defined in
(0, ε) (see (22)) .
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Proof. Using the definition of ϕ, the distributed terms of < L+
s w,L

−
s w >L2

1
σ

(Q
1
)

take the form

{

D.T.
}

= s

∫

Q
1

ηθ
(

2 − xax
a

+ 4Rx2
)

eRx
2

w2
xdxdt

+ s3
∫

Q
1

ηθ3
(x

a

)2(

2 − xax
a

+ 4Rx2
)

e3Rx
2

w2dxdt

− 2s2
∫

Q
1

ηθθ̇
(x

a

)2

e2Rx
2

w2dxdt+
s

2

∫

Q
1

η
θ̈

a

(

p− 2‖p‖L∞(J1)

)

w2dxdt

− s

2

∫

Q
1

ηθ

(

(x(b − ax)

a

)

xx
− b

a

(x(b− ax)

a

)

x

)

eRx
2

w2dxdt

− s

∫

Q
1

η
θ

a
Rxb

(

(x(b − ax)

a

)

+ 3 + 2x2R

)

eRx
2

w2dxdt

− s

∫

Q
1

ηθR

(

2x
(x(b − ax)

a

)

x
+ (1 + 2Rx2)

(x(b− ax)

a

)

)

eRx
2

w2dxdt

− s

∫

Q
1

ηθR(3 + 12Rx2 + 4R2x4)eRx
2

w2dxdt.

(19)
Because of Hypothesis 3.1.1.b

2 − xax
a

≥ 2 −K1 > 0 ∀ x ∈ (0, ε);

thus there exists R > 0 such that

2 − xax
a

+ 4Rx2 ≥ 2 −K1 ∀ x ∈ J
1
.

Moreover, for all x ∈ J
1

one has that

R

∣

∣

∣

∣

xb

(

(x(b − ax)

a

)

+ 3 + 2x2R

)
∣

∣

∣

∣

≤R ‖b‖L∞(J1)

(

∥

∥

∥

∥

(x(b − ax)

a

)

∥

∥

∥

∥

L∞(J1)

+ 3 + 2R

)

=: CR,1.

Using Hypothesis 3.1.1.a and Proposition 1, for all x ∈ J
1

one has

R

∣

∣

∣

∣

(

2x
(x(b− ax)

a

)

x
+ (1 + 2Rx2)

(x(b − ax)

a

)

+ (3 + 12Rx2 + 4R2x4)

)∣

∣

∣

∣

≤

R

(

2

∥

∥

∥

∥

x
(x(b − ax)

a

)

x

∥

∥

∥

∥

L∞(J1)

+ (1 + 2R)

∥

∥

∥

∥

(x(b − ax)

a

)

∥

∥

∥

∥

L∞(J1)

+ (3 + 12R+ 4R2)

)

=: CR,2.

Then, set ρ(x) := x(b(x)−ax(x))
a(x) as in Proposition 1, and applying Hypothesis 3.1.1.c,
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one has
{

D.T.
}

≥s(2 −K1)

∫

Q
1

ηθw2
xdxdt+ s3(2 −K1)

∫

Q
1

ηθ3
(x

a

)2

w2dxdt

− 2s2e2R
∫

Q
1

ηθ|θ̇|
(x

a

)2

w2dxdt− s‖p‖L∞(J1)

∫

Q
1

η
|θ̈|
a
w2dxdt

− s

2
eRC1(ε

′)

∫

Q
1

η
θ

x2
w2dxdt− s

2
eR max

[ε′,j
1
]
|ρxx − (b/a)ρx|

∫

Q
1

ηθw2dxdt

− seRCR,1

∫

Q
1

η
θ

a
w2dxdt− seRCR,2

∫

Q
1

ηθw2dxdt,

(20)

where ε′ ∈ (0, ε). Observing that there exists CT > 0 such that θ|θ̇| ≤ CT θ
3,

|θ̈| ≤ CT θ
3
2 and θ ≤ CT θ

3
2 , one can deduce the next estimate:

{

D.T.
}

≥s(2 −K1)

∫

Q
1

ηθw2
xdxdt+ s3(2 −K1)

∫

Q
1

ηθ3
(x

a

)2

w2dxdt

− 2s2e2RCT

∫

Q
1

ηθ3
(x

a

)2

w2dxdt− seRC1(ε
′)

∫

Q
1

η
θ

x2
w2dxdt

− seRCT

(

max
[ε′,j

1
]
|ρxx − (b/a)ρx| + CR,2

)

‖a‖L∞(0,1)

∫

Q
1

η
θ

3
2

a
w2dxdt

− seRCT
(

CR,1 + ‖p ‖L∞(J1)

)

∫

Q
1

η
θ

3
2

a
w2dxdt.

(21)

By Hardy’s inequality (see, e.g., [11]) and because η is continuous and strictly
positive, it is possible to estimate the last term of (21) in the following way

∫

Q
1

η
θ

x2
w2dxdt ≤ CH

supJ1
{η}

infJ1
{η}

∫

Q
1

ηθw2
xdxdt.

Here, CH is a positive constant. Finally, set

Λ(ε′) :=

(

max
[ε′,j

1
]
|ρxx − (b/a)ρx| + CR,2

)

‖a‖L∞(0,1) + CR,1 + ‖p ‖L∞(J1) (22)

we obtain the conclusion.

Proposition 2. There exist two positive constants C and s0 such that, for all
s ≥ s0, all solutions w of (13) in V1 satisfy

∫

Q
1

η

(

sθw2
x + s3θ3

(x

a

)2
)

w2dxdt

≤C
(

∫

Q
1

h2 e2sϕ

σ
dxdt + 2s

∫ T

0

η(j1)θ(t)j1w
2
x(t, j1)dt

)

.
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Proof. By (14) and by Lemmas 4 and 5 it is sufficient to estimate only the term

−sCΛ(ε′)

∫

Q
1

η
θ

3
2

a
w

2
dxdt. For λ > 0 it results

∫

Q
1

η
θ

3
2

a
w2dxdt =

∫

Q
1

(

1

λ
ηθ2

(x

a

)2

w2

)
1
2
(

λη
θ

x2
w2

)
1
2

dxdt

≤ 1

λ

∫

Q
1

ηθ2
(x

a

)2

w2dxdt + λ

∫

Q
1

η
θ

x2
w2dxdt.

By Hardy’s inequality one has
∫

Q
1

η
θ

3
2

a
w2dxdt ≤ 1

λ

∫

Q
1

ηθ2
(x

a

)2

w2dxdt+ λCH
supJ1

{η}
infJ1

{η}

∫

Q
1

ηθw2
xdxdt,

for some positive constant CH . Thus, for s0 large enough and λ small enough,

Cλ

(

s

∫

Q
1

ηθw2
xdxdt+ s3

∫

Q
1

ηθ3
(x

a

)2

w2dxdt

)

− 2seRj
2

1

∫ T

0

η(j1)θ(t)j1w
2
x(t, j1)dt

≤
∫

Q
1

h2 e2sϕ

σ
dxdt,

for some positive constant Cλ and for all s ≥ s0.

Recalling the definition of w, we have v = e−sϕw and vx = (wx − sϕxw)e−sϕ.
Thus, Theorem 3 follows immediately by Proposition 2.

4. Observability and controllability of linear equations. In this section we
will prove, as a consequence of the Carleman estimates established in Section 3, an
observability inequality for the adjoint problem



















vt + a(x)vxx + b(x)vx = 0, (t, x) ∈ Q,

v(t, 0) = v(t, 1) = 0, t ∈ (0, T ),

v(T, x) = vT (x) ∈ L2
1
σ

(0, 1)

(23)

of (6). In particular, the following result holds.

Proposition 3. Assume that Hypothesis 3.1 is satisfied. Then there exists a positive
constant CT such that every solution v ∈ U of (23) satisfies

∫ 1

0

v2(0, x)
1

σ
dx ≤ CT

∫ T

0

∫

ω

v2 1

σ
dxdt. (24)

Here U := C0
(

[0, T ];L2
1
σ

(0, 1)
)

∩ L2
(

0, T ;H1
1
σ

(0, 1)
)

.

Before proving this proposition we will give some results that will be very helpful
to this aim. As a first step we introduce the following class of functions

W :=
{

v solution of (23)
∣

∣ vT ∈ D(A2)
}

where

D(A2) =
{

u ∈ H1
1
σ

(0, 1)
∣

∣ Au ∈ H2
1
σ

(0, 1)
}

.

Obviously,

W ⊂ C1
(

[0, T ] ; H2
1
σ

(0, 1)
)

⊂ V := L2
(

0, T ;H2
1
σ

(0, 1)
)

∩H1
(

0, T ;H1
1
σ

(0, 1)
)

⊂ U .
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Proposition 4 (Caccioppoli’s inequality). Let ω′ and ω two open subintervals of
(0, 1) such that ω′ ⊂⊂ ω ⊂⊂ (0, 1). Let s > 0 and ψ(t, x) := θ(t)Ψ(x), where θ is
defined in (9) and Ψ ∈ C1(0, 1) is a strictly negative function. Then, there exists a
positive constant C such that

∫ T

0

∫

ω′

v2
xe

2sψdxdt ≤ C

∫ T

0

∫

ω

v2dxdt, (25)

for every solution v of the adjoint problem (23).

Proof. Let us consider a smooth function ξ : [0, 1] → R such that










0 ≤ ξ(x) ≤ 1, for all x ∈ [0, 1],

ξ(x) = 1, x ∈ ω′,

ξ(x) = 0, x ∈ (0, 1) \ ω.

Then,

0 =

∫ T

0

d

dt

(
∫ 1

0

(ξesψ)2v2dx

)

dt =

∫

Q

2sψt(ξe
sψ)2v2 + 2(ξesψ)2v(−σ(ηvx)x) dxdt

= 2s

∫

Q

ψt(ξe
sψ)2v2dxdt + 2

∫

Q

(

ξ2e2sψσ
)

x
ηvvxdxdt+ 2

∫

Q

(ξ2e2sψa)v2
xdxdt.

Hence,

2

∫

Q

(ξ2e2sψa)v2
xdxdt

= − 2s

∫

Q

ψt
(

ξesψ
)2
v2dxdt− 2

∫

Q

(

ξ2e2sψσ
)

x

ξesψ
√
σ

ξesψ
√
σ
ηvvx dxdt

≤− 2s

∫

Q

ψt(ξe
sψ)2v2dxdt+ 4

∫

Q

(

ξesψ
√
σ
)2

x
ηv2dxdt+

∫

Q

(ξ2e2sψa)v2
xdxdt.

Thus,

inf
ω′

{a}
∫ T

0

∫

ω′

e2sψv2
xdxdt ≤ sup

ω×(0,T )

{ ∣

∣

∣
4η
(

ξesψ
√
σ
)2

x
− 2sψt(ξe

sψ)2
∣

∣

∣

}

∫ T

0

∫

ω

v2dxdt.

As a consequence of Proposition 24 one has:

Lemma 6. Assume that Hypothesis 3.1 is satisfied. Let T0, T1 be such that 0 <
T0 < T1 < T . Then there exists a positive constant C = C(T0, T1) such that every
solution v ∈ W of (23) satisfies

∫ T1

T0

∫ 1

0

v2 1

σ
dxdt ≤ C

∫ T

0

∫

ω

v2 1

σ
dxdt.

Proof. Let us consider a smooth function ξ : [0, 1] → R such that










0 ≤ ξ(x) ≤ 1, for all x ∈ [0, 1],

ξ(x) = 1, x ∈ [0, (2α+ β)/3],

ξ(x) = 0, x ∈ [(α+ 2β)/3, 1].
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We define w(t, x) := ξ(x)v(t, x) where v ∈ W . Then w satisfies






wt + awxx + bwx = (aξxx + bξx)v + 2aξxvx =: h, (t, x) ∈ (0, T ) × (0, β),

w(t, 0) = w(t, β) = 0, t ∈ (0, T ).

Setting ω′ := ((2σ + β)/3, (σ + 2β)/3) and using Proposition 4, it results
∫

Q

h2 e2sψ

σ
dxdt =

∫ T

0

∫

ω′

((aξxx + bξx)v + 2aξxvx)
2 e2sψ

σ
dxdt

≤ C

∫ T

0

∫

ω′

((aξxx + bξx)
2v2 + 4a2ξ2xv

2
x) e

2sψdxdt

≤ C

∫ T

0

∫

ω′

v2dxdt + C

∫ T

0

∫

ω′

v2
xe

2sψdxdt

≤ C

∫ T

0

∫

ω

v2dxdt ≤ C

∫ T

0

∫

ω

v2 1

σ
dxdt,

(26)

for some positive constant C. Applying the previous inequality with ψ = ϕ1 and
Theorem 3 with J

1
= (0, β), one has

∫ T

0

∫

ω

v2 1

σ
dxdt ≥ C

∫

Q

h2 e2s
0
ϕ1

σ
dxdt ≥ s

0
C

∫ T

0

∫ β

0

ηθw2
x e

2s
0
ϕ1dxdt

≥ C

∫ T1

T0

∫ β

0

ηw2
xdxdt.

By Lemma 2 it follows
∫ T

0

∫

ω

v2 1

σ
dxdt ≥ C

∫ T1

T0

∫ β

0

w2 1

σ
dxdt ≥ C

∫ T1

T0

∫ (2α+β)/3

0

v2 1

σ
dxdt. (27)

Consider now z(t, x) :=
(

1 − ξ(x)
)

v(t, x). Then z satisfies






zt + azxx + bzx = −h, (t, x) ∈ (0, T )× (α, 1),

z(t, α) = z(t, 1) = 0, t ∈ (0, T ),

and, as before, using (26) with ψ = ϕ2, Theorem 4 with J
2

= (α, 1) and Lemma 2,
it results

∫ T

0

∫

ω

v2 1

σ
dxdt ≥ C

∫ T1

T0

∫ 1

(α+2β)/3

v2 1

σ
dxdt. (28)

By (27) and (28), one has
∫ T

0

∫

ω

v2 1

σ
dxdt ≥ C

∫ T1

T0

∫

ωc

v2 1

σ
dxdt,

where ωc := (0, 1) \ ω. Thus

2

∫ T

0

∫

ω

v2 1

σ
dxdt ≥

∫ T

0

∫

ω

v2 1

σ
dxdt +

∫ T1

T0

∫

ω

v2 1

σ
dxdt

≥ C

∫ T1

T0

∫

ωc

v2 1

σ
dxdt+

∫ T1

T0

∫

ω

v2 1

σ
dxdt

≥ (1 ∧C)

∫ T1

T0

∫ 1

0

v2 1

σ
dxdt,
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for some positive constant C.

Lemma 7. Assume that Hypothesis 3.1 is satisfied. Let T0, T1 be such that 0 <
T0 < T1 < T . Then every solution v ∈ W of (23) satisfies,

∫ 1

0

v2(0, x)
1

σ
dx ≤ 1

T1 − T0

∫ T1

T0

∫ 1

0

v2 1

σ
dxdt.

Proof. Multiplying (23) by
v

σ
and integrating over (0, 1), one has

0 =

∫ 1

0

vt(t, x)v(t, x)
1

σ
dx+

∫ 1

0

(ηvx(t, x))xv(t, x)dx

=
1

2

d

dt

∫ 1

0

v2(t, x)
1

σ
dx−

∫ 1

0

ηv2
x(t, x)dx.

Then
d

dt

∫ 1

0

v2(t, x)
1

σ
dx = 2

∫ 1

0

ηv2
x(t, x)dx ≥ 0 ∀ t ∈ [0, T ],

that is the function t 7→
∫ 1

0

v
2(t, x)

1

σ
dx is nondecreasing for all t ∈ [0, T ].

Proof of Proposition 3. As a direct consequence of the Lemmas 6 and 7 we have
that the observability inequality (24) hold for all v ∈ W . Now, let vT ∈ L2

1
σ

(0, 1)

and v the solution of (23) associated to vT . Since D(A2) is densely contained in
L2

1
σ

(0, 1), there exists a sequence (vnT )n ⊂ D(A2) which converges to vT in L2
1
σ

(0, 1).

Consider now the solution vn associated to vnT . Obviously, (vn)n converges to v in
L∞(0, T ;L2

1
σ

(0, 1)) ∩ L2(0, T ;H1
1
σ

(0, 1)) (see, e.g.,[2]) and

∫ 1

0

v2
n(0, x)

1

σ
dx ≤ CT

∫ T

0

∫

ω

v2
n

1

σ
dxdt.

Clearly,

lim
n→+∞

∫ T

0

∫

ω

v2
n

1

σ
dxdt =

∫ T

0

∫

ω

v2 1

σ
dxdt

and

lim
n→+∞

∫ 1

0

v2
n(0, x)

1

σ
dx =

∫ 1

0

v2(0, x)
1

σ
dx.

Assuming that Hypothesis 3.1 is satisfied, using the observability property proved
in Proposition 3 and a standard technique, one can prove a null controllability result
for the linear degenerate problem (6):

Theorem 5. Assume that Hypotheses 3.1 is satisfied. Then, given T > 0 and
u0 ∈ L2

1
σ

(0, 1), there exists f ∈ L2(Q) such that the solution u of (6) satisfies

u(T, x) = 0 for every x ∈ [0, 1].

Moreover,
∫

Q

χωf
2 1

σ
dxdt ≤ C

∫ 1

0

u2
0

1

σ
dx,

for some positive constant C.
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5. A linear extension. In this section, we will extend the results established in
the previous sections to the following degenerate parabolic problem



















ut − a(x)uxx − b(x)ux + c(t, x)u = f(t, x)χω(x), (t, x) ∈ Q,

u(t, 0) = u(t, 1) = 0, t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1),

(29)

where, as before, Q := (0, T ) × (0, 1), T > 0 is fixed, ω := (α, β) ⊂⊂ (0, 1) is a
non-empty assigned interval, (f, u0) ∈ L2(Q) × L2

1
σ

(0, 1), a ∈ C0[0, 1] is such that

a(0) = a(1) = 0, a > 0 on (0, 1) and b ∈ C0[0, 1] is such that b/a ∈ L1(0, 1).
Furthermore we assume that the potential c = c(t, x) is essentially bounded on Q.

Using a perturbation argument, one can prove that Theorem 2 still hold for (29),
that is (29) is well-posed in the sense of semigroup theory:

Theorem 6. For all f ∈ L2(Q) and u0 ∈ L2
1
σ

(0, 1), there exists a unique weak

solution u ∈ U := C0
(

[0, T ];L2
1
σ

(0, 1)
)

∩ L2
(

0, T ;H1
1
σ

(0, 1)
)

of (29). Moreover,

one has

sup
t∈[0,T ]

‖u(t)‖2
L2

1
σ

(0,1) +

∫ T

0

‖u‖2
H1

1
σ

(0,1)dt ≤ C

(

‖u0‖2
L2

1
σ

(0,1) +

∫ T

0

‖f‖2
L2

1
σ

(ω)dt

)

,

for a positive constant C.

Now, we have to prove that the observability property and the null controllability
result obtained in Section 4 still hold for the adjoint problem of (29). To this purpose
first we have to establish for







vt + a(x)vxx + b(x)vx − c(x, t)v = h(t, x), (t, x) ∈ Qi := (0, T ) × Ji,

v(t, ∂Ji) = 0, t ∈ (0, T )

(30)

Carleman estimates similar to the ones proved in Theorems 3 and 4. Here, as in
Section 3, T > 0 is fixed, J

1
:= (0, j

1
) and J

2
:= (j

2
, 1) are proper subintervals of

(0, 1) and h ∈ L2
(

0, T ;L2
1
σ

(0, 1)
)

. Then, one has the following:

Proposition 5. Assume that the potential c ∈ L∞(Q) and that Hypothesis 3.1 holds
for some ε ∈ (0, 1) such that ε < j

1
and 1 − ε > j

2
. Then, there exist two positive

constants C and s0, such that, for all s ≥ s0, the following Carleman estimates hold
∫

Q
1

η

(

sθv2
x + s3θ3

(x

a

)2

v2

)

e2sϕ1dxdt

≤C
∫

Q
1

h2 e2sϕ1

σ
dxdt+ sC

∫ T

0

θ(t)
[

ηxv2
xe

2sϕ1

]

(t, j
1
)dt,

for all solution v ∈ V1 of (30) and
∫

Q
2

η

(

sθv2
x + s3θ3

(x− 1

a

)2

v2

)

e2sϕ2dxdt

≤C
∫

Q
2

h2 e2sϕ2

σ
dxdt + sC

∫ T

0

θ(t)
[

η(1 − x)v2
xe

2sϕ2

]

(t, j
2
)dt,

for all solution v ∈ V2 of (30).
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Proof. We will prove only the first estimate since the proof of the second one is
analogous. Rewrite the equation of (30) as vt + avxx + bvx = h̄, where h̄ := h+ cv.
Then, as a consequence of Theorem 3, there exist two positive constants C and
s0 > 0, such that, for all s ≥ s0,

∫

Q
1

η

(

sθv2
x + s3θ3

(x

a

)2

v2

)

e2sϕ1dxdt

≤C
∫

Q
1

|h̄|2 e2sϕ1

σ
dxdt+ sC

∫ T

0

θ(t)
[

ηxv2
xe

2sϕ1

]

(t, j
1
)dt.

(31)

By the definition of h̄ the term
∫

Q
1

|h̄|2 e2sϕ1

σ
dxdt can be estimated in the following

way
∫

Q
1

|h̄|2 e2sϕ1

σ
dxdt ≤ 2

∫

Q
1

(

|h|2 + |c|2v2
) e2sϕ1

σ
dxdt. (32)

But, as a consequence of Lemma 2,
∫

Q
1

|c|2v2 e2sϕ1

σ
dxdt ≤ ‖c‖2

∞

∫

Q
1

(esϕ1v)2
1

σ
dxdt ≤ C

∫

Q
1

η(esϕ1v)2xdxdt

≤ C

∫

Q
1

η e2sϕ1v2
xdxdt + Cs2

∫

Q
1

ηθ2e2sϕ1

(x

a

)2

v2dxdt.

Using this last inequality in (32), it follows

∫

Q
1

|h̄|2 e2sϕ1

σ
dxdt ≤2

∫

Q
1

|h|2 e2sϕ1

σ
dxdt+ C

∫

Q
1

ηe2sϕ1v2
xdxdt

+ Cs2
∫

Q
1

ηθ2e2sϕ1

(x

a

)2

v2dxdt.

(33)

Substituting in (31), one can conclude

∫

Q
1

η

(

sθv2
x + s3θ3

(x

a

)2

v2

)

e2sϕ1dxdt ≤ C
(

∫

Q
1

v|h|2 e2sϕ1

σ
dxdt +

∫

Q
1

ηe2sϕ1v2
xdxdt

+ s2
∫

Q
1

ηθ2e2sϕ1

(x

a

)2

v2dxdt + s

∫ T

0

θ(t)
[

ηxv2
xe

2sϕ1

]

(t, j
1
)dt
)

.

Hence, for all s ≥ s0, where s0 is assumed sufficiently large, the first estimate of
Proposition 5 is proved.

As a consequence of the previous Carleman estimates, one can deduce an observ-
ability inequality for the adjoint problem











vt + a(x)vxx + b(x)vx − c(t, x)v = 0, (t, x) ∈ Q,

v(t, 0) = v(t, 1) = 0, t ∈ (0, T ),

v(T ) = vT ∈ L2
1
σ

(0, 1)

(34)

of (29). Without loss of generality we can assume that c ≥ 0. (Otherwise one
can reduce the problem to this case introducing ũ := e−λtu for a suitable λ > 0.)
Moreover, we observe that in a way analogous to the proof of Proposition 4, it is
possible to prove that the Caccioppoli’s inequality (25) is satisfies for all solution
of (34).
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Proposition 6. Assume that the potential c ∈ L∞(Q) and that Hypothesis 3.1 is
satisfied. Then, there exists a positive constant CT such that every solution v ∈ U
of (34) satisfies

∫ 1

0

v2(0, x)
1

σ
dx ≤ CT

∫ T

0

∫

ω

v2 1

σ
dxdt. (35)

Proof. As in the proof of Lemma 7 and using the fact that c ≥ 0, it results that
every v ∈ W ′ := {v solution of (34) : vT ∈ D(A2)} satisfies

∫ 1

0

v2(0, x)
1

σ
dx ≤ 1

T1 − T0

∫ T1

T0

∫ 1

0

v2 1

σ
dxdt,

for all 0 < T0 < T1 < T . Moreover, proceeding as in Lemma 6 and applying
Proposition 5, one has

∫ T1

T0

∫ 1

0

v2 1

σ
dxdt ≤ C

∫ T

0

∫

ω

v2 1

σ
dxdt.

for some positive constant C and for all v ∈ W ′.
Now, proceeding as in the proof of Proposition 3, one obtains the conclusion.

Finally, using Proposition 6 and a standard technique, one can extend the null
controllability result established in Theorem 5:

Theorem 7. Assume that the potential c ∈ L∞(Q) and that Hypothesis 3.1 is
satisfied. Then, given T > 0 and u0 ∈ L2

1
σ

(0, 1), there exists f ∈ L2(Q) such that

the solution u in U of (29) satisfies

u(T, x) = 0 for every x ∈ [0, 1].

Moreover,
∫

Q

χωf
2 1

σ
dxdt ≤ C

∫ 1

0

u2
0

1

σ
dx,

for some positive constant C.
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