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ABsTRACT. In this paper we consider the wave equation on 1-d networks with
a delay term in the boundary and/or transmission conditions. We first show
the well posedness of the problem and the decay of an appropriate energy. We
give a necessary and sufficient condition that guarantees the decay to zero of
the energy. We further give sufficient conditions that lead to exponential or
polynomial stability of the solution. Some examples are also given.

1. Introduction/notations. Time delay effects arise in many practical problems,
see for instance [20) 28, [T] for biological, electrical engineering, or mechanical ap-
plications. Furthermore it is well known that they can induce some instabilities
[[7, IR, M9, B0, 25], or on the contrary improve the performance of the system
28, .

Recently, control problems on 1-d networks are paying attention of many authors,
see |22, [T6] and the references cited there. We here investigate the effect of time
delay in boundary and/or transmission stabilization of the wave equation in 1 — d
networks. To our knowledge, the analysis of this effect to 1 — d networks is not yet
done.

Before going on, let us recall some definitions and notations about 1 —d networks
used in the whole paper. We refer to [2, Bl [TT], T2, 13 [T4], 24 26] for more details.

Definition 1.1. A 1 — d network R is a connected set of R™, n > 1 defined by

N
R = Uej
j=1

where e; is a curve that we identify with the interval (0, I;), I; > 0, and such that
for k # j, €5 N €, is either empty or a common extremity called a vertex or a node
(here &; means the closure of ¢;).

For a function u : R — R, we set u; = u); the restriction of u to the edge e;.
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We denote by € = {e;; 1 < j < N} the set of edges of R and by V the set of
vertices of R. For a fixed vertex v, let

& = {je{l,..,N};vee}

be the set of edges having v as vertex. If card (£,) = 1, v is an exterior node, while
if card (&,) > 2, v is an interior node. We set V., the set of exterior nodes and
Vint the set of interior nodes. For v € V.,¢, the single element of &, is denoted by

Ju-
We now fix a partition of Vegs:

Vert = DUNUVE

ext*

Clearly we will impose Dirichlet boundary condition at the nodes of D; Neumann
boundary condition at the nodes of N and finally a feedback boundary condition at
the nodes of V¢, ,. We further fix a subset V5, , of V;,,;, where a feedback transmission
condition will be imposed. For shortness, we denote by V. the set of controlled
nodes, namely

VC — C C

int ext*
We also suppose that D # ; so that the H' semi-norm becomes a norm.
We can now formulate our initial /boundary value problem:

8;$j(w7t)—%(w7t)=0 0<x<ljt>0,
Vje{l,..,N},
uj(v, t) = w(v, t) = u(v,t) Vi, 1 € &y, v € Vipe, t >0,
9 (v, 1) = (") G (v, 1) + 0 B (v, t — 7)) Yo € Vert >0,
JEEL
ot (v, 1) = 0 Y0 € Vind\VE 11 > 0,
JEEL
uj, (v,t) =0 Yv e D,t >0,
g (v,1) = 0 Yo e N> 0,
8"]1}
%(vat_ﬂ)):fg(t_%) Yo eV, 0 <t < Ty,

(1)

®) o) > 0 are fixed nonnegative real numbers, the delay 7, > 0 is also

where a; 7, aé
supposed to be fixed and g—Z?(U, -) means the outward normal (space) derivative of
u; at the vertex v.

Note that u; represents the displacement of the string e;.

Remark that the condition 2%(v, t — 7,) = fo(t —7,) forv € V., 0 < t < 7,

ot
denotes an initial value in the past, but is necessary due to the delay equation.

In the absence of delay, i. e., aé”) = 0 for all v € V., the above problem
has been considered by some authors in some particular situations, for instance
Ammari and Tucsnak [9], Ammari, Henrot and Tucsnak [4], Ammari and Jellouli
[BL 6], Ammari, Jellouli and Khenissi [7] and Xu, Liu and Liu [29]. In these papers,

some sufficient conditions are given in order to guarantee some stabilities of the

system. On the contrary, if agv) = 0 that is if we have only the delay part in
the boundary/transmission condition, system () may become unstable. See, for
instance Datko, Lagnese and Polis [IY] for the example of a string. Therefore it
is interesting to seek for stabilization results in general 1-d networks when the
parameters agv) and aé”) are both nonzero. In the special case of one string and
a feedback law at one extremity, this problem has been studied by Xu, Yung and



WAVE EQUATION ON 1-D NETWORKS WITH A DELAY TERM 427

Li [30], where the authors use a spectral analysis. For the wave equation in higher
dimensional space domain, we refer to [25].
In accordance with [30, 28], assuming that

aév) < oegv),Vv € Ve,

we show the decay of an appropriate energy. We further give a necessary and
sufficient condition for the decay to zero of the energy. If the above condition does
not hold, we conjecture that the energy does not decay. We do not investigate this
problem in its full generality but study it in a particular case.
Now if
ag”) < agv),Vv eV,

we first give a necessary and sufficient condition for the exponential decay of the
energy. We secondly find a sufficient condition for the polynomial decay of the
energy.

Our method is based on the use of observability estimates of the problem with-
out damping. Here we have chosen to obtain these observability estimates by a
frequency domain method. The use of other techniques like the d’Alembert rep-
resentation formula [I6, B] may avoid the use of the frequency domain method
but give quite often non optimal decay rates for the energy. Note finally that the
observability estimate is independent of the delay term.

The paper is organized as follows. After the recall of some definitions and nota-
tions, we show in the second section that our problem is well posed. Then in section
3, we prove the decay of an appropriate energy and give a necessary and sufficient
condition which guarantees the decay to 0 of the energy. Section 4 is devoted to
the proof of a regularity result and an a priori estimate used for the stability re-
sults. In section 5 we give a necessary and sufficient condition for the exponential
stability of our system. Similarly section 6 is concerned with a sufficient condition
for the polynomial stability of our system. Finally we end up with some illustrative
examples in section 7.

In the whole paper the notation a < b means that there exists a positive constant
C independent of a and b such that a < C' b. The notation a ~ b means that a < b
and b < a hold simultaneously.

2. Well posedness of the problem. We aim to show that problem () is well-
posed. For that purpose, we use semi-group theory and an idea from [25].

For future uses, we introduce the spatial operator associated with the system
similar to (@) but without damping. Introduce

L*(R) ={u:R — Ryu; € L*(0,1;),Vj =1,--- ,N},

which is a Hilbert space for the natural inner product. Its associated norm will be
denoted by || - [|[z2(r). Let further V' be the Hilbert space

N
Vi={¢e [JH"0,1) : ¢;(v) = ¢x(v) V], k € &, Vv € Vine s b5, (v) = 0Vv € D},
=1

equipped with the inner product

N 1. ~
7 7 0¢; 0¢;

< ¢, ¢ >y= / =y
v ; o Ox Oz
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For shortness for u € L'(R) = {u : R — R;u; € L'(0,1;),Yj = 1,--- ,N}, we

often write
N l;
/u:Z/ uj(z) de.
R =170

Now we introduce the operator A from L?(R) into itself by

Ou;

D) = fuevn[H0 1) Y 52

Jj=1 JEEy

(v) =0, Vv € Vipe;

Quj, ¢
P (v) =0,Vvo e NUVS,},
2, -
(Au), — _‘96;‘; Wj=1,---,N,Yu e D(A).

This operator is a positive selfadjoint operator since it is the Friedrichs extension
of the triple (L?(R),V,a), where the bilinear form a is defined by

a(u v)—i/lj%%d:c Yu,v € V.
’ o or Ox '
N
Let further set X = V N HH2(O, l;), which is a Hilbert space with the inner
product =
(u,v)x = (u,v)2(R) + (Au, Av)2(R), Yu, v € X,

where we have set

82’U,j

Ox?
Now we come back to our system () and transform it as follows. For all v € V,

let us introduce the auxiliary variable z,(p,t) = 2%(v, t — 7,p) for p € (0, 1) and

t > 0. In this manner, we eliminate the delay term in (@) and problem () is

equivalent to

(Au); = Vji=1,---,N,u€ X.

82uj azuj _ .
S, t) — 52 (2, 1) =0 O<z<ly, t>0,Vjed{l,..,N},
rvagg(p,t)+%zpv(p,t=0 0<p<l1l,t>0 Ve,
uj(v, t) = w(v, t) = u(v,t) Vi, L €&y, v € Vipg, t >0,
S (v, 1) = —(a” Gt (v, 1) + b 2 (1, 1)) Yo € V. t >0,
JEE
S (v, 1) =0 0 € Vine\Viis £ >0,
JEEL
uj, (v,t) =0 Yv e D,t >0,
ajj—jjv(v,t)zo Yo eN,t>0,
2,(0, t) = %(v, t) Yo eV, t >0,
2p(p, 0) = fO(—7up) YoeV, 0<p<l.

(2)
Note that z, satisfies a transport equation in the ¢, p variables, with an initial datum
att=0and p=0.
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If we introduce z = (zy)vey, and

ou
U = (U, E, Z) y
then U satisfies
ou O%*u 0z ou 1 0z
r_ (2T TAENT I it v T
U= oz o) = G & (TU ap Joev.) -

Consequently the problem () may be rewritten as the first order evolution equation

= AU,
{ U0) = (u ut, (f°(=75))0) ", (3)

where the operator A is defined by

u w
A w = Au
92y
: (L %),

with domain

N
D(A) = {(u, w, z) € (V[ H*(0, 1;)) x V x H'(0, 1)"" :

j=1
37 2L 0) = — (ol (o) + o)z (1)) Yo € V.
jeg, 7
Tt (v) = 0%V € Vine\Viyy
JEE,
Fe(v) = 0¥ € N3 2,(0) = w(v) Vo €V},

where V, is the number of nodes of V..
Now introduce the Hilbert space

H:=V x L*(R) x L*(0, 1)

equipped with the usual inner product

Y 7N l(’?u]auj \d

vEVe
Lemma 2.1. D(A) is dense in H.

S

Proof. Let (f, g, h)" € H be orthogonal to all elements of D(.A), namely

U f N
Ou; Of
((3)(3))- S v 3 [
z 7j=1 veEV,

for all (u, w, 2)T € D(A).
We first take u = 0 and w = 0 and z € D(0, 1)"=. As (0, 0, 2) € D(A), we get

Z/ZU p)dp = 0.

Since D(0, 1) is dense in L?(0, 1), we deduce that h = 0.
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N N
In the same manner as l_I’D(O7 l;) is dense in HLQ(O, l;), by taking u = 0,
=1 j=1
N j J
z=0and w € HD(O, l;) we see that g = 0.
j=1

The above orthogonality condition is then reduced to
Ju; 0
0= Z/ e f]d , V(u, w, z) € D(A).

By restricting ourselves to w = 0 and z = 0, we obtain

Ou; Of;
Z/ axj (9:5 =0, ¥(u, 0, 0) € D(A).

But we easily check that (u, 0, 0) € D(A) if and only if u € D(A). Since it is well
known that D(A) is dense in V' (equipped with the inner product < ., . >v), we
conclude that f = 0. O

Let us now suppose that
agv) < agv), Yv € V. (4)
Under this condition, we will show that the operator A generates a Cy-semi-group
in H.
For that purpose, we choose positive real numbers £V such that
aé”) <& < TU(204§U) (v)) Yo € V.. (5)

These constants exist owing to the condition ().
We now introduce the following inner product on H

< o). > Z / GRS+ wsin)de + 3 €[ ao)zlo)dp)

1
veEV, 0
This inner product is clearly equivalent to the usual inner product of H.

w S

Theorem 2.2. For an wnitial datum Uy € H, there exists a unique solution U €
C([0, +0), H) to problem [@). Moreover, if Uy € D(A), then

U € C([0, +00), D(A)) N C*([0, +00), H).

Proof. By Lumer-Phillips’ theorem, it suffices to show that A is dissipative and
maximal monotone.
We first prove that A is dissipative. Take U = (u, w, 2)" € D(A). Then

w u
< Au , w >
( 1 BBZ;) P

Tv

(AU, U)

H

8’LUJ8UJ 8 ) (,U)/l
;/0(8:6 g2 Tt ) €0~

veEV,
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By integrating by parts, we obtain

(AU, U) Z/ wjazz)

Again an integration by parts leads to

! z
T2 @np)dp = () - H0),

0

Moreover by the boundary /transmission conditions satisfied by (u, w, )" € D(A),
we have
N

Ou; _ Bu]
Dolwi Gy = D D w0k
j=1 vEV jEE, 6 5 8
= 2 D wi)gk >+Zwa‘u(v>aiii o)+ 3w (0) g (v)
vEV, JEE, UED veN
+ 2 Zwa ) a(v
vevmt\vmtjeé'
ouj ou
- Y B+ Y (2w )
vEV,: JEE, VEVint\V§,, JEE
= > (@ w() + af”2,(1))2(0)
veEV,
= =Y (@17 2(0)% + al 2,(1)2,(0)).
veV,

These properties yield

(AU, U) = =3 (af2,00)2 + af” 2,(1)2,(0) = 3 S (23(1) - 22(0))
vEV,. vEV,.
= = Yl = §)20(07 + §2220) + 0l 2, (12, 0)]
vEV,.

By Cauchy-Schwarz’s inequality we have

(v) (v)
—a§”2,(1)20(0) < Z2-22(1) + Z2-22(0)
and therefore
(CRNCO) é-('u) o
UU)<— @ _ &7 % g2 - 22201
(A0, U) < = Sl = G = a0 + (G = s
@)
with ") — g(—) - 0‘2 >0 and g< D _ ) and ol” satisfy condition

@). This shows that (AU, U) < 0 and then the dissipativeness of A.
Let us now prove that A is maximal monotone, i. e., that AI — A is surjective
for some A > 0.
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Let (f, g, h)" € H. We look for U = (u, w, )" € D(A) solution of

u !
M-A| w|=1]yg (6)
z h

or equivalently

)\’U,j — wj = fj Vj e {1, ...,N},

Mo — L% =g Ve {l,..,N}, (7)
Azp + G2 =h, YweV.

Suppose that we have found w with the appropriate regularity. Then for all
je{l,.., N}, we have

wj = )\’U,j — fj S Hl(O, ZJ) (8)

with w;, (v) = du,, (v) — f;, (v) =0 for v € D.
We can then determine z since w(v) = 2,(0). Indeed, for v € V,, z, satisfies the
differential equation
1 0z,

Azy + —
Z“Ln,ap

= h”U
and the boundary condition

20(0) = w(v) = Au(v) = f(v).
Therefore z, is explicitly given by
P
2o(p) = Mu(v)e 2P — f(v)e AP —|—7’U6_)‘T“p/ e* h,(0)do.
0
This means that once u is found with the appropriate properties, we can find z

and w. Note that in particular we have

2(1) = du(w)e ™™ — f(v)e ™ + 1,67 fol e, (0)do
= Au(v)e ™ + 29(v)

where 20(v) = —f(v)e ™ + e fol e v h,(o)do is a fixed real number de-
pending only on f and h.
It remains to find u. By [@) and @), u,; must satisfy
0?u;
872] =g+ Afj.

Multiplying this identity by a test function ¢;, integrating in space and using inte-
gration by parts, we obtain

Z/ = Gt ot Z/ R Z[a%%]

j=1

g ou; 0¢; ou;
:J_Zl/o (Noujo; + 5t —E)dw - > 8—71;(?))% (v).

veV jEE,

2
)\’u]‘—
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But using the fact that (u, w, z) T must belong to D(A), we have

PIPIE G = 2 Xaml ol
6”] - 8"] 8njv (b]u

veEV jEE, vEV, J€8€ veD 5
+Y St (w)gs, () + Y Zan;
veN VEVint\V5, JE€EY

Ou
= Z( - (v))6(v)
vEV. JEE,
= =D (@ w;(v) + a2, (1)é(v).
vEV,

Using the above expression for z,(1) we arrive at the problem

N
Sy Qw525 dr Y (@l + ol e du(w)é(0)
Jj=1

vEV,
N
Z (g5 + M)y
+ Z (V) f(v) — af20(0))b(v), Vb € V.

vEV,

9)

This problem has a unique solution v € V' by Lax-Milgram’s lemma, because the

N
left-hand side of (@) is coercive on V. If we consider ¢ € HD(O, l;) C V, then u
j=1
satisfies
2 aQUj . ’ .
A Uj = Sy =g;+Af; inD'(0,1;) Vj=1,---,N.
N N
This directly implies that u € [ [H?(0, 1;) and then w € V.0 [[H*(0, I;). Coming
Jj=1 j=1

back to @) and by integrating by parts, we find
u v V) AT, v v
STIY 3 + (@f +af e u(w) + (af29(v) — ol f ()6 (w)

veEV,: JjEE,

==Y =) Yo (O 5 )gs(0), Ve € V.

veN VEVint\V§,, JEEu

Consequently, by taking particular test functions ¢, we obtain

anv -

B (v) = 0 YweWnN,
ZZZJ = 0 YweEViu\Viy
JEEL J

8”' v V) AT v v
D50 = 0”4y (o) — (0”7 2(v) — 0" f ()
jeg,

= —ay”2(1) — ot (o) + £(v))
= (aév)zv(l) + ag )w(v)) Yo € V..
In summary we have found (u, w, z)T € D(A) satisfying (). O
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3. The energy. We now restrict the hypothesis @) to obtain the decay of the
energy. Namely we suppose that

(v) < ag ) o € V.. (10)

Let us choose the following energy (which corresponds to the inner product on H)

U U () U
Z/ (GG + G+ 32 ([ Ge 1= roan) )

where £(") is a positive constant satisfying (that exists due to (IT))

Tvaév) <& < 7,(2a¢" Y- aév))v Vv € Ve. (12)

3.1. Decay of the energy.

Proposition 3.1. For all reqular solution of problem ), the energy is non increas-
(v)
1 >

ing and there exists two positive constants C1 and Co depending only on £V, a

ag”) and T, such that

—Cy > (Be(v, )2 + (2 (v, t —7))?) < E'(t)

veEV,:

Z %— (v, 1)) (%(U, t_Tv))2)' (13)
€Ve

Proof. Deriving ([[l) and integrating by parts in space, we obtain
8u 0%u; (?u- 0%u;
E'(t) = ou; oTuy | ouy iVd
®) Z / ot 8t2 B owor) ™

U) 62’& d
+ Z ¢ 8t v, TUP)W(M t— Tvp) p)

vEV,
N

82u] ou du; al Ouj Ouj .y,
= Z/O Gor g o L 5

1 2
+Zs<v (Jo Se(v, t — 1up) G# (v, t — Tup)dp)
vEV,

0 6 1 2
= Y Y H@FE + Y& [ G t—rp) G, t = up)dp
vEV jJEE, 5 vEV, 5 a ) )
u u U w
= Z OO ) i (v) + Z o (V) (0) + ) g (0) 5= (v)
veEV. jEE, vED vEN

+ Y O FE)F)

VEVint\V5,, JEE
1 2
+ €0 fy G (v, t—Tup) G (v, t = Tup)dp

vEV,
= = (@B, )% + ol 2 (v, t —7,) 2 (v, 1))
vEV, L ,
4 Z 5(@ ) %7; Tvp)%(v, t — Typ)dp.

vEV,
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Now for all v € V,, recalling that z,(p,t) = %(v, t — Typ), we see that
1 2 1
ou 0% u 0z
— (v, t—Typ) 5 (v, t —Tp)dp = v(p; st)d
/Oat(“’ Top) gz (s t = Tup)dp /Z(p)at(p)p
8zv
= ——/ v(pyt) == (ps t)dp.

By an integration by parts in p, we obtain

L ou 8%u 1  Ou ou
(v, t = Tpp) 5 (v, E— Ty =———((% -
/0 57 (U T = Top) 5 (v, t = Tup)dp o v

Therefore, we have

E(t) = = [l (%, )% +al” 2 (v, t —7,) %4 (v, 1)
vEV,

+5 <<%—t< )2 — (2(v, 1)2)]

v <v) “
= —Z (a8 — §2)(B2 (v, 1))% + al” 82 (v, t — 7,) 2 (v, t)
vEV,.

@)
+5- (G5 (v, t = 7))?

Cauchy-Schwarz’s inequality yields

(v) a(”) w (v) (v) w
2 < -l -5 - 2w 02+ (- 2P, 1)

. (v) (v) ou (v) (v) ou
B > —ZK&P—;U+%)(E(v7t))2+<§ + 20, i)

with
€@ aé”) £ aé”) .
AT T R

which is positive according to the assumption ([[2). The second one yields

Cy = min{(ag )

Ou ou
/ > ou 9 ogu B 9
B(0)2 -0 Y [(Grw 0 + (G (v, t = 7))
vEV,
with
W ol I3 O
szmax{(ozg)—%_v—l—%, 2TU+%):UEVC}
which is also positive due to (). O

We have just shown that under the assumption ([[I), the energy decays. But we
would like to obtain stability of the system, in other words, the decay to 0 of the
energy. This is the goal of the remainder of this section. But before going on, let
us make the next remark that will be useful later on.
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Remark 3.2. Integrating the expression (3] between 0 and T', we obtain

3 / 2 (D80t )2t < B(0) — B(T) < E(0)

ot
vEV,

and therefore

/TK@( 0% + (Lo, t — 7))2)de < E(0). Y0 € V.
, Lot ot ~ VU S Ve
v (o,

(v) 8“ D+ gv)@(v, . — 7,) belongs to L?(0, T') for

This estimate implies that o; T

all v € V., with the estimate

() du( (v) bu 2
H L R GO L2(0,T)
= fo 1U)8“ (v, t)—l—aév)?;t‘(v t—7,))%dt

< 2max{ }fo gu( 2 4+ %(’U, t—7,)%)dt
< E(O) < +o0.

3.2. Problem without damping. In the sequel we need to consider the problem
without damping

62¢J %p; 0 .
— 57 = <z <lj,t>0,Vje{l,..,N}
¢>g(v t) = (v, t) = ¢(v, t) Vj, 1€ &y, v € Vips, t > 0,
ot (v, ) =0 Vv € Ving, t > 0,
JEEy (14)
¢, (v,t) =0 Yv e D,t >0,
gfi—jv( t)=0 Vo e NUVS,,,t >0,
ot =0) =ul®, Z2(t =0) = u.

It is well knwon that this problem is well posed in the natural energy space (see for
instance [3]).
N
Lemma 3.3. Suppose that (u(®, M) € V x I_ILQ(O7 ;). Then problem (I3)
j=1
admits a unique solution

N
¢ € C0,T; V)nc (0, T; [JL*(0, 1)).
j=1
This problem is obviously conservative, its energy is constant.

3.3. Decay of the energy to 0. We look at the spectral problem associated with
problem (), in other words

—\2¢; — o (Z] = 0<z<l;,Vje{l,...,N},
(b]( ) ¢l( ) ¢( ) V_], leg’uavevinta
St (v) = Y0 € Vint,
JEE
oj, (v) = Vv € D,
ol (v) = 0 Yo e NUVE,.

This system corresponds to an eigenvalue problem of the positive selfadjoint opera-
tor A defined above. Let us then denote by {\?};>1 the set of eigenvalues counted
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without their multiplicities, i.e., Ay # A, Vk # [, where without any restriction, we
may suppose that Ap > 0. For all £ € N*| let [, be the multiplicity of the eigen-
value A\? (remark that [, < 2N, Vk € N*) and let {¢y, i}1<i<i, be the orthonormal
eigenvectors associated with the eigenvalue A%.

Definition 3.4. For k > 1 and v € V., we denote by M, ()?) the following matrix
of size I},

¢ (V) Ok, 1(V)Pk,2(0) o Pk 1(V) Pk, 1, (V)
) ©r,1(0) Pk, 2(v) Pt 2(v) ok, 2(0) Pk, 1, (V)
Mv()‘k) = . . . .
oo 1ok () e a@ern®) @R

Moreover, let M(A?) be the matrix of size Iy,
M) = Y Mu(F).
vEV,
Now we recall that the following generalized gap condition holds, namely from
Proposition 6.2 of [16], we have
Iy >0,V > 1, Aprnt1 — e = (N + 1)y, (15)

From this property we will deduce an inequality of Ingham’s type. Namely fix a
positive real number 7' < v and denote by Ax,k=1,---, N + 1 the set of natural
numbers m satisfying (see for instance [10])

Am_)\fnfl Z'}/
An — A1 < form+1<n<m+k-1,
)\m—i-k _)\m-i-k—l 2’7/

Then one easily checks that the sets Agyj;,j =0,--- ,k—1,k=1,--- ,N+1, form
a partition of N*.

Now for m € Ay, we recall that the finite differences e,,;(t), 7 =0,--- ,k—1,
corresponding to the exponential functions e**m+it, j =0,---  k — 1 are given by
m+j m+j
i) = 3 ] (= Ag) e
p=m 1

Write for shortness, e_,,(t) the same finite differences functions corresponding to
—An.

Now we are ready to recall the next inequality of Ingham’s type, see for instance
Theorem 1.5 of [I0]:

Theorem 3.5. If the sequence (A )n>1 satisfies (L), then for all sequence (an)nez~
(where Z* = Z\ {0}), the function

f(t) = Z anen(t),
nez*
satisfies the estimates

/0 FOR~ S Janf?, (16)

nez*
for T > 2.
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Going back to the original functions e**»*, the above equivalence () means that,

for T > 27y, the function (from now on A_,, = —\,)
)= Y ane™,
nez*

satisfies the estimates

T N+1
[ 1rer~3 3 sl a7)
0 k=1 |n|EA,
where || - |2 means the Euclidean norm of the vector, for n € Ay, the vector C,, is
given by
Cr = (s s 0ngp-1)'

and the k x k matrix B,, allows to pass from the coefficients a,, to a,,, namely

Cn = Bn . (anu e 7an+k—1)T7

and is given by B,, = (Bn,ij)1<ij<k with

n+j—1
H ()‘n—i-i—l - )‘q)_l if 4 < ja (7/7]) 7& (17 1)a
Brij =19 aretio1
1 ifi=5=1,
0 ifie> 7.

We proceed similarly for n < —1, but the indices being decreasing from n to n—k+1.
Remark 3.6. Notice that if the standard gap condition

Iy >0,VE>1, Agy1 — Mg > (18)
holds, then A; = Z* and By = 1 and in that case the next equivalence holds (see

[21)):
T
Amw~2mﬁ

nez*

We are now ready to give a necessary and sufficient condition that guarantees
the decay to 0 of the energy.

Proposition 3.7. For all initial data in H, we have
}EEOE“) =0 (19)
if and only if the operator A satisfies
Amin(M(A})) > 0,Vk € N*, (20)
where Apmin (M) denotes the smallest eigenvalue of the matriz M.

Proof. Let us show that (Z) implies [[d): Let S(¢) be the semi-group of
contractions generated by the operator A.
It suffices to show that

tli)m S(t) e =0,V e € D(A).
~ (fo(_Tv-))v (fo(_Tv-))v
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(0)
u
Let us fix Uy = u®) € D(A). As D(A) is compactly embedded into
(fo(=m0))o
H, the set
orb(Up) = US
>0

is precompact in H. Indeed, for any sequence (t,)n, as Uy € D(A), one has
S(tn,)Up € D(A) and

1SE)Vollpay = 1SE)Vollg + I AS(En)Uoll g = [15(En)Uoll g + [[S (En) AU |
< NUolly + AUy = cste.

Therefore the sequence S(¢,,)Up is bounded in D(A) and by the compact embedding
of D(A) into H, there exists a subsequence, still denote by S(¢,,)Uy which converges
in H. In this case, the w-limit of Uy defined by

w(Uo) ={U € H : 3(tn), tn — 00, S{tn)Up — U, t — 0}

is non empty.
On the other hand, if ® € w(Up), then

S(t)q) € W(Uo).
Note further that one readily checks that S(¢)® is of the form

St)® = %('7 t) )

for some ¢ € C([0,00); V) N C([0,00); L2(R)) and 3 € C([0,00); L2(0,1)"=).
We can now apply LaSalle’s invariance principle [I5] with the relatively com-

A
pact set US(t)UO and the Liapounov functional ¢ = ||.|[;;. As [ oM and
t>0 ¢
¢ o(., t)
St)| oM | = a_;;:(_’ t) | belong to w(Up), we find that
»?
¢(0) (., t)
ey %(,t) =L Vt>0
¢ ¥ P

Therefore ¢ satisfies problem @) with initial conditions ¢(-, 0) = ¢(® and
92(-, 0) = ¢)). Moreover by (I3) we have

_ _ a

< clz/ (10, )2 + ¥y (1, £)?)dt < 0.

vEV,
In other words, it holds

Z/ (6o 0, D2 + (1, 1))t

vEV,
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which implies that
$u(0, 1) = Pu(1, £) =0 ¥t >0, Vv € V.. (21)
In particular, this implies that ¢ is solution of problem ([4]) with initial data
¢(-,0) = ¢© and 22(-,0) = ¢ because 0 = ,(0,t) = 22(v, ) and 0 =
(1, 1) = a¢ 2(v, t — ) which means that in ) the damping terms disappear.
Let us now write

l
¢(0) = Ziak,isﬁk, iy

k>1i=1

!
o) = Zibk,isﬁk, i

k>1i=1
where (Ak,iak, )ik, (bk.i)ik € >(N*). Then ¢ is given by

o(, ZZ ak, i cos(Axt) + b/\— sin(Axt)) @k, i-

k>1i=1
Consequently by @) for v € V. and j € &,
06, &
_ 27 — _ ) ; . .
0= Er (v, t) é;( ak, i\ Sin(Agt) + i, cos(Ait)) @k, i (V).

By grouping the terms corresponding to the same eigenvalue we get

Ik
0= 85: . t) = Y > —akipri@)Aksin(t) + > Zbk won. i (0)] cos(At)

k>1 i=1 k>1 i=1
= E o (v)ent,
nez*

where

Iy s
1 :
=3 <[Z b, ispr, i (v)] +Z[Z ak,Mk,i(“)P\k) Yk =1,
<Zbkzsﬁk1 _Zzakz<ﬂk1 ),VkZL

Integrating this identity between 0 and 7" > O sufficiently large and using Ingham’s
inequality (), we obtain (with the notations introduced above)

8(}5 N+1
o= [P pazy. X 1570

k=1 |n|€Ay
where C,,(v) is defined as C,, using «, (v) instead of «;,,. Summing on v € V,:
N+1

02Y > Y B 'Caw)]3 > 0.

vEV, k=1 |n|€ Ay
This implies that for all k =1,---, N + 1 and all |n| € A, we have

Y IB Cuw)ll3 = 0.

vEV,
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As B! is invertible, there exits 7, > 0 such that
1B Ca(v)ll2 2 7| Ca (V) 2-

From this estimate we deduce that for all k = 1,--- ,N 4+ 1 and all |n| € A, we
have

Z |Cn(v) %Z

vEV,

As A\ # 0, we necessarily have
2

VEk > 1, Z(EQ,CMM ) —Oandz<¥bkzgpk1 ) =0.

vEV, vEV,
b, 1
For a fixed k > 1, if we set b = : ; then
bi, 1,
2
5 (S = waon
veEV,
As a consequence if A\yin (M(A7)) > 0, we obtain that by, 1 = ... = by, = 0. In the
same manner we have a; 1 = ... = ay 1, = 0.

We have proved that ¢(© = 0 = ¢(1).
Moreover (;5(2) = 0 because ), satisfies the transport equation
Oy _ _ 1 9y
9

t — Ty Op
1/%(0, t) = 1/}1)(17 t) =0,
bu(p, 0) = ¢,

for all v € V..
We have shown that for all (¢(*), (1), ¢(2))T € w(Uy), we have ¢(©) =0 = p(1) =
#?). Consequently t]iIEQS(t)UQ = 0 and then tIEEoE(t) =0
Let us show that (M) implies [£0). For that purpose we use a contradiction
argument. Suppose that there exists k > 0 such that A (M(A7)) = 0. This means
that there exists a = (ak, 1, ,ax, lk)T # 0, such that
2

> <;akl<pkl ) =0.

vEV,

Let us set

Ik
u(., t) = <Zak7i<pk7i> cos(Art).

i=1
Then w is solution of () and satisfies

B - QZ/ P+ Giyae+ 3 ([ Gt - )

veEV,
- QZ/ Pie i (%))
~ Eulo)
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because
8 .
Yo € V,, Vt, =2 = Zak ion i(0) | (=Ak) sin(Apt) =

This means that we have obtained a solution of problem () with a constant energy
and contradicts (). O

Remark 3.8. 1. Notice that the condition (0) is independent of the choice of
the orthonormal basis of eigenvectors associated with the eigenvalue A\Z. Indeed if

{g’k,i}ik:l is another orthonormal basis of eigenvectors associated with the eigen-
value A2, then there exists an orthogonal matrix O € R"**! such that

Pk, 1 Pk, 1
: =0 :

P, 11 P, 1y
Consequently the matrix M(\) build as M(\?) by using {¢g ;}'*, instead of
{or. i} | is given by

MQOR) = OM(X)OT
and therefore Apin (M(A?)) = Anin(M(A3)).
2. If I, = 1, then the condition (Z0) is reduced to

> ler@)* >0

vEV,

because M(A2) Z lok (v

vEV,

3.4. Counterexample to the stability of the system. In this section (and in
the remainder of the paper) we have made the hypothesis (). As in [30], we may
expect non-stability results if this condition fails.

In [30], the authors consider the wave equation on a string of length = and used a
boundary control. They show that if () does not hold then non-stabilities appear.
Since their problem enters in our framework, this is a first counterexample. As a
second counterexample, we consider the wave equation on a string of length = but
with an interior control. Namely we consider the problem

% — 70 O<z<mt>0,
oz (5—7 ) (§+7 )_ (alat(& )+a2%(§7t_7-)) t>0,

u(§ ’ ) (§+7 ) t>0,

u(0,¢) =0 t>0,

Ju(m, t) =0 t>0,

u(t =0) =u®, 2Lt =0) =u® 0O<x<m,
Guig,t—1)=f%(t—1) O<t<T.

(22)

Lemma 3.9. A complex number A\ € C is called an eigenvalue associated with
system (Z43) if and only if X satisfies

(o1 + age™>7) cosh(A(€ — m)) sinh(A\E) + cosh(Ar) = 0. (23)
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Proof. Setting u(t, .) = My, we see that u is solution of [@2) if and only if ¢
satisfies

>\2¢_—“’:0 0<z<m,
82(6) — 52(6+) = —(an + aze ™ )A(),
p(6-) = p(&+),

¢(0) =0,

We then obtain

o(z) = { Asinh(Az) in (0, &)

Aj cosh(A(z — 7)) in (&, 7)
where A, A; are real constants. The continuity ¢(§_) = ¢(§4+) and g—ﬁ(ﬁ_) -
g_i(f-i-) = —(a1 + age ) Ap(€) imply that

( sinh(A¢) —cosh(A(§ — 7)) ) ( A ) —0
cosh(A) + (a1 + age ) sinh(A¢)  —sinh(A(€ — 7)) Ay ‘

Therefore a non trivial solution exists if and only if

dot sinh(A€) —cosh(A(§—m)) \ 0
cosh(X) + (a1 + age ™) sinh(A¢)  —sinh(A(E—7)) )~
and simple calculations lead to the characteristic equation (23)). (]

The characteristic equation [Z3)) is equivalent to
AN =(a1 + a2e )2 E™) _ (a4 age ™ — 2)e AT
— (a1 + 04267)\7)672>\£ +ase M+ 240, =0.

Take an interior control £ and a delay 7 such that

£ 2m+1  202k+1)

T 2+l 2+l
where n, m, k € Z. Now we look for \ in the form

2 1
A=n+i n ,nER.
For such a A\, we have
AN = (o1 — e M)e?E™ 4 (o — age 1 — 2)e 2"
+(on —age™"M)e " —ane™ +2+
=t Ao(n).
If we suppose that
az > oy > 0.

Then
Ao(O) = (041—042)—|—(041 —042—2)4—(041—042)—0424—24—@1 :4(041—042) SO

and
lim Ao(n) =a; +2>0.

I ———
By the mean value theorem, there exists > 0 such that Ag(n) = 0. Therefore
A =n+2ti n € Z, is an eigenvalue of system ) with Re(\) = n > 0. The
system is then unstable for the countable set of delays 7 and of control points £ in
the above form.
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4. A regularity result and an a priori estimate. We consider the following
problem with non-homogeneous transmission conditions

%—6;;’2 =0 O<zj<l;,t>0,Vje{l,.., N}
w;(v, t) =wi(v, t) =wv,t) V4, 1€ &, v & Vit >0,
Gt (v, 1) = k(1) Y0 €Vt >0,
JE€Ey
Sl (v, 1) = 0 Yo € Vint\VS,,,t > 0, (24)
jEE
wj, (v,t) =0 Yv e D,t >0,
g;vjv(u,t)zo Yo e N,t >0,
w(t=0)=0,22(t=0)=0

This system modelizes the vibrations of a network of strings with local forces at
the nodes of V.. The next proposition gives existence and regularity results for the
solution of problem (4.

Proposition 4.1. Let T > 0 be fived. Suppose that k, € L*(0, T) for all v €
N

V.. Then the problem ([Z4) admits a unique solution w € HHl((O, ;) x (0, T)).
j=1

Moreover w(v, .) € H*(0, T) for all v € V. and
Z [[w(v ||H1(0 T) ~ Z (o HL2 o7y YV E Ve (25)
vEV, vEVe

The proof of this proposition is relatively technical and requires some preliminary
results.
We first consider the following problem

wy(x, t) — wee(x, t) =0 in (0, 1) x (0, T),
w(l, t)=0 on (0, T),
we 0, 1) = k(t) on (0, T), (26)
w(x, 0) =0, w(z, 0)=0 on (0, 1).

Lemma 4.2. Assume that k € L*(0, T'). Then problem (Z8) has a unique solution
w € HY((0, 1) x (0, T)) which satisfies
HwHHl((o,l)x(O,T)) S Hk”L?(o,T)'

Moreover w(0, .) € H(0, T) and satisfies

[[w(0, ')”Hl(O,T) < ||k||L2(0,T)'

Proof. We extend k by 0 on R\ [0, T'] because (8] is reversible in time.
Let w(xz, A\) where A = v+ in, v > 0, n € R, be the Laplace transform of w with
respect to t. Then w satisfies

Ni(z, A) — Z8(z, \) =0 in (0, 1),
W(1, \) =0,

9000, A) = k(N),

where 8 A > 0. Consequently w(z, \) = acosh(A(z — 1)) + bsinh(A(z — 1)), with
two complex numbers a and b.
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As (1, \) = a=0and $2(0, \) = bAcosh()) = k(\), we deduce that

sinh(A(z — 1))

b, A) = Acosh()\)

E(N).
because cosh(A) # 0.

e Existence of w: w(x, t) = L7(
Laplace transform.

e Uniqueness of w: if wy, wy are two solutions of [ZH), then w = wy — wy satis-
fies the wave equation in (0, 1) with homogeneous boundary and initial conditions.
Therefore w; — we = 0, which proves the uniqueness of the solution of (Z0l).

e Regularity: Let v > 0 be fixed and set Cy, := {A € C; R\ = ~}. Define

H(xz, \) = %(?;)1)), for A € C,,. We clearly have

sinh(A(z—1))

ooy ) * k where L7 denotes the inverse

[H |l Lo (0, 1)xc,) < coth(v).

Therefore
. H(z, A)» coth(y) ||+
Wz, A S | EEACERIN O < OB N7 ‘ ,
|| ( )||L2((0,1)><]R,,) H A ( ) L2((0, 1)xR,) ~y ( ) L2(R,)
(27)
which implies that w € L2((0, 1) x (0, T')) with
||w||L2((o,1)x(o, 7)) S ||k||L2(o, T) - (28)

Indeed, we have

[e'e) —+oo
w(zx, A) :/ e OFMty(x, t)dt :/ e Ve May(x, t)dt
0

=F(e "w)(n) = F(w1)(n)

where F denotes the Fourier transform and where we have set wy; = e~ w. There-
fore

loll 20,50y ~  Twilieqo, oy ase e <lon(0,7)
< lwill 20, 1yxR)
~ N F )l 20, 1)xr,) by Plancherel’s formula

~ (e, )\)||L2((0,1)an)

while
||k||L2(o, ™ = ||k||L2(R) ~ ||k:e*'"||L2(R)
~ NFET R L2 g,
= [y .
LE] P
These two equivalences and the estimate Z7) lead to [25)).
As

([ A (z, )‘)HL?((o,l)an) < coth(v) Hif(/\)‘

we deduce that w € H*(0, T'; L?(0, 1)) and

L2 (Ry)

HwHHl(O,T;L?(O,l)) S ||k||L2(O,T)'
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Indeed
ow ow
| 1HL2 0. 1)x(0,T)) = | 1||L2((o 1)xR)
~ || F(E awl )(n HL?((O,l)an) by Plancherel’s formula
~ (i) F ( 1) )||L2 ((0,1)xR,)
~ @z, Mllzo,1)xr,)
and
. 1 .
| A (z, ,\)||2Lz((071)an) = fo fR A @ (x, A)2dA\dx
= fOfR 2+ n?)w(z, N\)2d\dx
> |[(in)i(, )‘)HL? (0, 1)xR,) *
Therefore
ow -
| 1HL2 (0, 1) (0, T)) S @, Mllzeo,1)xm,)
SR V] Y L P
We finally conclude that
w _ Bw
| WHLz((o,l)x(o,T)) = Hf; . +7w||L2((o 1)%(0,T))
< % ||L2((O oxo.7y) T 1lz20, 1yx 0.7
N ||k||L2(o,T)

In a similar manner we have

A0, Ml 2w,

| < coth(y) HI%()\)‘

L2(Ry)

which implies that w(0, .) € H(0, T) and satisfies

[[w (0,
Finally %(I, A) = %(a)l))k

< cosh(Re z), Vz € C implies that

cosh(y(1 — z))

Mo,y S Ikl 200, 7) -

But the standard estimate |cosh z|

()

< cosh(y)

cosh(A(z — 1)) <
cosh(\)
Ow(x, \)
Ox
which leads to 8_w € L*((0, 1) x

therefore

H O L2((0,1)

~ 175

Indeed

1521 20, 10,79
8w1

~

L2((0,1)xR,)
(0, T)) with

HL2 (0,1)x(0,T))

= coth~y;

sinh(7) ~ sinh(y)

< coth(y) HI%()\)‘

L2 (Ry)

S kN 20,7y -
x(0,T))

< 1152 2 g0, 1))
)(n ) L2((0,1)xRy) by Plancherel’s formula
n

HL?((O 1)xR,)

It remains to check the initial conditions. We remark that

—+o0

sinh(AM(x — 1)), 4

"

(2n — )w(x —1) (2n — 1)wt

) sin( )

X )=

Acosh(\)

sin( )
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Note further that F' € L>°([0, T]; L*(0, 1)). Therefore

t
w(z, t) = / F(z, t — s)k(s)ds.
0
Consequently we directly see that
w(z, 0) =0

(the trace having a meaning because w € H'(0, 1)). Moreover

ow LoF LoF
E(m, t) = F(z, 0)k(t) + ; E(m, t —s)k(s)ds = ; E(m, t — s)k(s)ds.
Consequently

1386 oy = o B o= espas]

f(f } %_1;(% t— S)HHfl(o, 1) |k(s)|ds.

IN

But we may write

+

% (_1)71 Sin((2n—l)2ﬂ'(m—l))COS((2n—21)7rt)

1

i (@, 1)

I
Ale

n
oo

— an(t) sin(i(znfl);(zfl)),
1

+

3
Il

where a,(t) = 2(—1)" COS(M) and {sin(MQﬂm_l))}n is an orthogonal basis
of L?(0,1). This implies that

+oo
F
S| o~ S,
ot HE10,1)  p2)
with a2 (t) < 4. Therefore
oF
], o
ot H-1(0,1)
and consequently
w t
|68_t("t)HH71(0,1) S foJk(SMdSt ,
1 1
S (Jyds)=(fy [k(s)[" ds)z
< Villkllzeg, ) -

This shows that

% ¢ e, 715 B0, 1))
ot
and moreover
ow

This ends the proof of the Lemma. O
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We now make a local construction. Namely for a fixed v € V., we consider @)
solution of

925 92
?—t%_aT_o O<z<l,,t>0,V]€&,
@, (0. 1) = (0.1 VL€ Enrt >0,
ow'"
Z 87;- (1}, ):kv() t>0, (29)
JEE,
@\ (1 t) =0 Vj € Euy t >0,
@0 (t=0) =0, 257 (t = 0) =0,

where [, = minjeg, l; (without loss of generality we may identify v with the ex-
tremity 0 for all edges of &,).

The unique solution of this system is simply § )(3:, t) = w(z/ly,t/ly), where w
is solution of problem [Z8) with k(¢) = —E—vk (Iyt), when E, is the cardinal of &,.
By Lemma £2 we directly obtain the

Lemma 4.3. The system (Z9) admits a unique solution d);v) € H((0, 1,)x (0, T)),

j € &, such that
o
7= ((0,1,)% (0, T))

Moreover ﬁ)§-v) (v, .) € HY(0, T) with the estimate
‘ = (v)

w; (v, .

J )HHl(o, T)

Let us now set (assuming for the moment that w exists)
w(z, t) == w(x,t) — Zn”) o) (2, t)

S kol 20,7 -

S HkaL2(0,T)'

veEV,
where @) is solution of problem [£d) and 7(*) is a cut-off function such that supp
n® = &, 7™ is equal to 1 in a neighborhood of v and is 0 outside a larger
neighborhood of v. Then we easily see that w is solution of the following system
2.,
%_8m2_h’( t) 0<uz; <lj,t>0,Vje{l,..,N},
wj(v, t) = wy(v, t) Vi, 1 € Ey, v € Vipy, t >0,
Gt (v, ) =0 Yo € VUV, t >0,
JEE, (30)
wj, (v, ) = YveD,t>0,
gZ—j”(U,t): YveN,t>0,
wlt=0) =0, J2(t=0) =0,

where h; is given by

8277(”) on (U) 8@(”)
(£, 1)+ 250 ) Tz 1),

hj (,T, t) = Z (
veEV. 1 jEE,
We have then transformed the system with nonhomogeneous transmission con-
ditions to a system with nonhomogeneous right-hand sides. This system can be
written in the form
0w A
i W=
o+
where the operator A was defined before. As A is a positive selfadjoint operator on
L?(R), we directly obtain the
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Lemma 4.4. The solution w of (Z) has the regularity
weC0, T;V)nCH0, T; L*(R))

and is given by the so-called constant variation formula

ZZ /sm (t = $)Ak)(h(:, 8), ¥r,i)L2(R)dS) PR, i-

k>1i= 1
N
LemmasEJ and LAl guarantee the existence of a unique solution w € HH L((0, 1;)
j=1
x (0, T)) of problem 4 given by
w(z, t) = w(x, t) Z 7Y (z , 1),
vEV,
and satisfying
N
ZijHHl((O,l 0, 7)) X Z [kl L2(0,1)- (31)
Jj=1 vEV,

It remains to show the regularity at the nodes of V.. Fix one vertex v € V. and
a cut-off function x(*) such that

X =1on(0,6,/3), X =0o0n [20,/3,1,],V) € &,
where we have 1dent1ﬁed v to 0. Let us now set
W= xWuw

This function W is solution of the following wave equation:

%—%“ﬁzﬁ( t) 0<z<lyt>0,Yj€&,
W;(0, t) = Wi(0, t) Vi, le &, t>0,
oW; _
7o (0, 1) = ko (1) t>0, (32)
jeg
Wi(lo, £) = 0 Vj €&yt >0,
W(t=0)=0, ZF(t=0)=0,

where iLj is given by

ﬁj(‘T? t)i=— Z (a—xjg(x)wj(xa t) (9;3 (‘T)a—(xa t)).

According to the estimate 1) satisfied by w, we have

Il z2 (0,0 x 0 S Y ko llz2o,m)-
v’ eV,

Recalling that F, is the cardinal of &,, we then may write
Ev ={Jjiti=1, B,

Introduce

E,
=1

Vi = W, —W;, Vi=2,- B,
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We remark that V;,i = 2,.-- | E, is solution of the wave equation with Dirichlet
boundary condition at 0 and [,, while V; is solution of the wave equation with
Dirichlet boundary condition at [, and Neumann boundary condition at 0, namely

Zaj;gl — 24 = g(a,1) 0<a<ly t>0,
G (0, 1) = ku(t) t>0, (33)
Vi(ly, 1) =0 t>0,

where g =3¢ h; and then satisfies

lgllz2(o)xory S D, ko llz20m)- (34)
v’ eV,

But Lemma EH below shows that

V10, )z 0.y S N9llz2c0,00)x 0,1)) + 1Kol 22(0,7)-

As
1 Zy
le = E_(%_Z‘/Z)v
W; = Vi+W;,Vi=2,--,E,,

we conclude that
W5, 0, M e o,y S N9llz2o.0)x0,1)) + lkollz0,7), Vi =1, , Ey.
Using B4)), we obtain the estimate ([ZH) from Proposition Bl

Lemma 4.5. Let V; € HY((0,1,) % (0,T)) be a solution of {@3) with g € L*((0,1,) %
(0,7)) and k, € L?>(0,T). Then

152

Proof. Let us denote by V the solution of

( sz, S N9llL20,0)x0,1)) + IEollL200,1)-

862162 %212 - g(‘T?t) 0<ax<ly, t>0,
G2 (0, 1) = ku(t) t>0, (35)
V(lv,t)zo t>07

where § (resp. k,) means the extension of g (resp. k) by zero outside (0,T). As
V =V; on (0,1,) x (0,T), it suffices to show that

ov
||§(07 ez, S N9llz20,0)x0,7)) + Kol z200,7)- (36)

For that purpose we use a multiplier technique. Namely we multiply the wave
equation satisfied by V by (I, — x)(2T — t)V,(z,t) (here and below for shortness we
write V, = 2¥) and integrate the result on (0,1,) x (0,27). This yields

/ v /QTg(x, )(ly — 2)(2T — )V, (2, 8) dwdt = I, — I, (37)
0 0
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where

Ly 2T
L = / / Vie(ly — 2)(2T — )V, dadt,
0 0

Ly 2T
L = / / Vil — 2)(2T — 1)V, dadt.
0 0

For the first term I; an integration by parts in time yields (no boundary terms
occur because V;(t = 0) = 0)

L, 2T
I = / / Villy — )V (x, t) dedt — I3, (38)
o Jo
where
Lo 2T
Is = / / Vi(ly — ) (2T — t)Vyi (2, t) dadt.
o Jo

For I3, an integration by parts in space and Leibniz’s rule lead to

Ly 2T a
Iy = _/ / 2 Vi(ly — 2))2T — )V, dadt
o Jo Ox
2T b
H [ w-aner-omPa
0 0

Ly 2T
/ Vi?(2T — t) dxdt — I3
0 0
2T

_/ (27 — 1)L, [V (0, 1) dt.
0
This shows that
1 b 2T I 2T
13:_/ / |Vt|2(2T—t)d:cdt——”/ (2T — )|V (0, 1) dt.
2Jo Jo 2 Jo

Inserting this expression in ([BR) we find that

l, 2T
L = / / Vi(ly — ) Vi (2, t) dedt (39)
o Jo

1 Ly 2T
——/ / |Vi|? (2T — t) dxdt
2 0 0

l 2T
+5” / (2T — t)|V;(0, )| dt.
0
Similarly for the second term Is an integration by parts in space yields
Ly 2T )
I = —/ / Vo (2T — t)=—((l, — x)V,) dadt
0 0 8$
2T

Ly

—i—/o (2T —t)(1, ) Ve dt

0

Ly 2T
_ —12+/ / VL [2(2T — ¢) dadt
0 0

2T
—zv/ (2T — )|V (0,1)|? dt.
0
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This means that
1 Ly 2T
- / / |V, [2(2T — t) dadt (40)
2 0 0

l 2T
. / (2T — )|V, (0, 8)[2 dt.
0

Inserting (B9 and ) into the identity 1), we have obtained that
ly p2T ly, p2T
/ / gz, t)(ly — z)(2T — t)Vy(z,t) dadt = / / Vi(ly — x)Vy(x,t) dedt
0o Jo 0o Jo

1 Ly 2T
——// |Vi|2(2T — t) dadt

2T
_/ (2T — )|V, (0, £)[? dt.

2T
——// |V |2 (2T — t) dadt
2T
+5”/ (2T — )|V (0,)[? dt.
0

Reminding the Neumann boundary condition satisfied by V we get

2T L, 2T
%/O 2T — )[V,(0,1)]?dt = /0/0 Gz, t)(ly — ) (2T — )V, (x, t) dadt

- / Vi(ly — 2)Vy(z,t) dedt
0

1 Ly 2T

+—/ / |V;i|?(2T — t) dadt
2 0 0
1 Ly 2T

+—/ / |V |2 (2T — t) dxdt
2 0 0

T
—%’ /O (2T — t)|ky (t)|? dt.

By Cauchy-Schwarz’s inequality we obtain finally

2T
/0 (T — VA0, D2 dt < 1912500200 + V20 (00002027

This leads to the conclusion owing to the estimate B4 and the estimate (conse-
quence of our previous considerations, see (F1I))

IV a1 (0,00)x 0,21 S N9l 2((0,00)x 0,1)) + 1Bl 220,77,
and since 27 —t > T on (0,T). O

Now we prove an a priori estimate which uses the trace regularity result of Propo-
sition BTl and that will be useful to prove our stability results for problem ().

Let u € C(0,T; V)N CY0, T; L?>(R)) be the solution of (). Then it can be
splitted up in the form

u=9o+1y
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where ¢ is solution of problem without damping ([Id]), and 1) satisfies

8;;? —682;/’{ =0 O<z<l;, t>0,Vj€e{l,.., N},
Vi (v, t) = Pi(v, t) Vj, 1 € Evy v € Vipy, t >0,
S, 1) = —(a{" 2 (v, t) + ol B (v, t = 7)) Vv €V, t >0,
JEEL
gifjf (v, 1) =0 V0 € Vint\Viy, t > 0,
JEEL
Y, (v, 1) =0 YvoeD,t>0,
(v, 1) =0 Vo e N, >0,
(t=0)=0,2(t=0)=0
(41)
In other words v is solution of problem (4] with
_ (00U wou, .
ko(t) = (o 50 (v, 1) +ag” 50 (v, T = 7). (42)

For all v € V., we may write

H ,'

Now by Remark B2 k, = (agv) Gu(v, ) + agv)%(v, - — 1)) € L?(0, T) for all

v € V.. Then we can apply Proposition E[] to 1 and obtain

S

+ S

L2(0,T) ’

2(0,7) ’ L2(0,T)

< v) au (v) ou _ ’
v; H ‘LQ(O Ty ~ U; Hal ot (v ) + o5 5f (v, . = 7) L2(0,T)
S D % ||L2<o o 15 @ =)l 20, 1))
vEV,
The two above estimates yield
du
U;CH ’L2OT) = v;g‘ ot ||L20T +U;CH ’LQ(O T)
S Z ( %(”’ ')HL2(0,T) +| 8_7;(”’ T T HL?(O,T))'
veEV,

This directly leads to the next a priori bound:

Lemma 4.6. Suppose that (u9, u™ | (fO(=7,))vey,) € H. Then the solutions u
of @) with initial data (u(®), u(l (fo( To))vev,) and ¢ of [T with initial data
(@, uM) (which belongs to V x L2( )) satisfy

T
Z/ ‘% (v, £))2dt < Z/ au )2 (%(v,t—fv))z)dt.

vEV, vEV,

5. The exponential stability. Our approach is based (as for the polynomial
stability) on a trace regularity result (Proposition EEl and Lemma EEf) and on an
observability inequality of problem without damping ([4).
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5.1. An observability inequality.

Proposition 5.1. Let (¢, i)1<i<iy, k>1 be the orthonormal basis of the operator A.
Let ¢ be the solution of ([I4) with (u(®), u)) € V x L2(R). Then there exists a time
T >0 and a constant C > 0 (depending on T') such that

ol by <0 5 [ G
vev, ’0

if and only if
Ja>0: Apin(M™) >, Vn€ Ag,k=1,--- N +1, (44)
where the matriz M™ is defined by
M* =" ®,(v) B, "B, 0, (v),
vEV,

the matriz ®,(v) of size k X Ly, where L, = Ele lnti—1, is given as follows: for
alli=1,---,k, we set

_ enrictj () i Lpic1 <J < L,
(@n(v))ij = { 0 else,

where Ly o =0 and fori>1, L,,; = Z;Zl lpair—1.

173
Proof. We first show that @)= @3). Writting u(®) = ZZakﬁz«ka and u(V) =
k>1i=1

Iy
ZZbk)icka where (Arag. i)i &y (bk,i)i, & € [2(N*), then the solution ¢ of problem
k>1i=1
(@@ is given by

Ik ‘
o, t) = ZZ(%,Z‘COS(AM) + b;—}: sin(Axt)) @k, i-

k>1i=1

Consequently for any v € V., we get

I
%(v, t) = ZZ(—OL;M-)\;C sin(Axt) + by, ; cos(Axt)) k., i (v).

k>1i=1

Putting together the terms corresponding to the same eigenvalue, we obtain

Uy Iy
d¢ .
E(’U, t) = Z(Z — ak, ik, (V) A sin(Agt) + Z(Zb’““@’“ i(v)) cos(Agt).
E>1 i=1 E>1 i=1
Using the notations introduced in Proposition B this is equivalent to
9¢ iAnt
E(’U, t) = Z ap (v)e' ™t

nez*

Integrating the square of this identity between 0 and 7' > 0 and using Ingham’s
inequality () for T large enough, and summing on v € V., we get

N+1

T
> [ Greopaz S S S IBCOE

vEV, k=1 |n|€ A, vEV.



WAVE EQUATION ON 1-D NETWORKS WITH A DELAY TERM 455

But for all n € Ay, setting

An = (A"anqlv"' 7)‘nanyln7)‘n+1an+1115' ce 7)‘n+1an+1ﬁln+1a' )
T
Andh—1Gn4k—1,1," " s At h—10n4k—1, lyr1) >
- T
B, = (bn,l,"' 7bn1ln7bn+111,"' 7bn+1ﬁln+17"' ,bn+k71,17"' abn+k*171n+k—1) )

we readily check that
1 oo~ - o
> IB Cuw)l = (BI M B, + AL M A,).
vEV,
Hence the assumption () yields (because M is a symmetric matrix)
Y B Ca()3 2 1Ball3 + 1 4nll3.
vEV,

Therefore under our hypothesis, we have

Iy
Z foT(%_f(Uv t))th 2 ZZ(“%,V\% +bi,i)

vEV, k21i:12 ,
[y + 1w e )

vV

because (¢ )k, is an orthonormal basis associated with the operator A.

It remains to show that (@3)=E2).
n+k—1 1,

Let k=1,--- ,N+1 and n € A, be fixed. Take u(® = Z Zam,iwm,i and

m=n =1
n+k—1 L

ul) = Z me)icpm,i. Then the solution ¢ of problem () is given by

m=n i=1
n+k—1 1,

o, t) = Z Z(am7icos()\mt) + b)\LmZ sin(Amt))@m, i-

m=n i=1
Then for v € V,
n+k—1 Iy,

%(v, )= > > (—am, idmsn(Amt) + by i 0S(Amt))om, i (V).

m=n =1
Applying again Ingham’s inequality, we get for T' large enough
T oo ST B 4 AT A
> / (7 (v 0)%dt ~ ByM" By + Ay M™ Ay,
veEV, 0

By (@3)), we obtain
n+k—1 1,

BIMB, + AT A, >0 3 3 (2,

m=n i=1

)

for some C' > 0. Hence we conclude that
This ends the proof. O
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Remark 5.2. If the standard gap condition ([[¥) holds, then the condition (Ed)
reduces to

Ja > 0: Apin(M(AD)) > a, Yk > 1. (45)
In particular if I, = 1, then the condition [H) becomes
> ler@))* = a
vEV,
5.2. The stability result. We are now ready to give a necessary and sufficient

condition that guarantees the exponential stability of ().

Theorem 5.3. The system () is exponentially stable in the energy space if and
only if @3 holds.

Proof. We first show that [3) implies that the system () is exponentially stable.
Let u be a solution of () with initial data (u(®), ™, (fO(=7,))vey,) € H.
Integrating the inequality (3 of Proposition B:[] between 0 and T where T is

sufficiently large, we obtain

E(0 Z T, )2 + (22 (0, £ — 7)) 2]t

UEVC
zQZﬁ) (55 <%—z<v,t—n»21dt+%2 Jo (B, t—7))%dt
vEV, vEV,
z Z fo (%2 (v, t))2dt + Z fo (v, t — 7,))?dt by Lemma L0
vEV, vEV,
2 O + u O ey + D So (B, = 7))t

vEV,
by assumption

2 O+ gy + 35 g (B =)
vEV,

Indeed, for T' > 7,, by changes of variables, we have
w T—Ty /1 Hu
fo (%t (U t— Tv))zdt = f_OT"’ ((?9_,5( )) dt
> f_T (6“ (v, 1))2%dt = 7, fo ‘?9— v, —Typ))%dp.
The previous inequality directly implies that

1 () ou
B(0) - B(T) % <||u<°>||2v+||u<1>||%z<m+ PIEY RETT) dp>-

vEV,

(46)

This means that for 7" large enough
E(0)— E(T) > CE(0)

for some C' > 0. As our system is invariant by translation and the energy is
decreasing, it is well known that the above estimate implies the existence of C; > 0
and C5 > 0 such that

E(t) < C1E(0)e~ %2 vt > 0.
Hence the energy decays exponentially.
Let us now show the inverse implication. Proposition Bl implies that

E(0 <Y / (%(v, t —7,))%dt.

vEV,
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Now by hypothesis, we have
E(T) < Ce T E(0),

11’1( 4aC )

and then for 7' large enough (T >

), we have

O S Y [ UG 0 + (G 1= m) P (47)

Now we split up u as in section 4, i. e.,

u=¢+y

where ¢ is solution of problem without damping ([Idl) and % is solution of system
EID). We define the energy E(v, t) of system ) by

(v)
L5 [ G [

vEV,

Then the same calculations as in the proof of Proposition Bl lead to

Z/ 61/’] 62¢J 61/’]‘ %)dx

/A
E'(¥, 1) 815 ot? 83: 0xOt

82
£ e Bt rn S - mpa)

vGV
N
_ /(%32%‘ d; 32¢j)d$+z[%%]l1
0

ot o2 ot (9902 —'ox ot "

v 1
+Z§( 0 %’If U t_TUp) 012 (Uu t_TUp)dp)
vEV,

= =Y (@5 ) +af B, t - ) (0, 1)
vEV, ( )
v 1 8 82
Z 3 0 B_Tﬁ t— Tvp)a_;f(vv t— T’up)dp)
veEV,
= _Z v)c?u ’U t +OZ§U)%(U, t_Tv))%—’f(’U, t)
vEV, -
=3 5 (B (v, t—1)? = G (v, 1)?).
veEV,
Asu = ¢+ we get
B, 1) = = (0" G ) +ai" G v, t =) 5 (v, 1)
vEV, -
v 8 2]
= 5 (G, t—7)? = B (v, 1)?)
vEV,

("% (v, t +o¢§v)g—‘f(v,t—m))%—f(v, £).
vEV,
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The same arguments as in the proof of Proposition Bl lead to

ne-cy <<‘Z—f<v, 0 + (55w, =)

vEV,
. (v 8¢ (v) 8¢ _ 8_1/}
U; a2 at( ’ 3 TU)) ot (1), t)v

for some C' > 0. Integrating this estimate between 0 and T', we deduce that

0<EW,T) = [ EW, )
< O e (B, )2 + (B (v, t— 7))t
vEV,
- Z fo 1 8_¢ )+ O‘év) 7 (v, t — Tv))%—f(v, t)dt.
vEV.

By continuous and discrete Cauchy-Schwarz’s inequalities we obtain

g aw 2 aw 2
1;; / v, (8t (’U, t— Tv)) )dt
—1 v) 3@5 (v) 09 oY
v; / + Qg E(’U’ t— Tv))a(v, t)dt
T
([ G ran

R

vEV,

(S

96 96
/(J(at< 0+ ot 7))

ml»—A

S Do
vEV,
03
vEV,

Z / 8? (v, t — Tv))zdt)%

veV,
(3 [ G+ B -yt
ot

veEV,

This directly leads to
g 31/} o 9y o¢
< 2 _ 2

Z/ v, )+ (5, (v, t=7)) 2\t Z/ 5 (v t= 7))t
veEVe veEV,

Finally as u = ¢ + v, the above estimate implies that

T T
6u 6¢ 0o 9
Z/ v, ( Y0, t—1,))2)dt < Z/ v, )2 (= (v, t—7,))?)dt.
vEV, ot vEV, ot
(48)
Using this estimate X)) in E), we get
E(O) S Z fo Bt (a_¢(vv t— Tv>)2)dt
vEV,
< S (%, ) 2dt+CZfT (92 (v, 1))%dt
vEV, vEVe

S Z f Tmax 6_¢ 2dt

vEV,
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when 7,4, = max7,. As the system () is conservative, we finally obtain

veV,
B = B < B0 £ Y [ P nyar
veV, Y " Tmaz
Setting g?)(, t) = ¢(., t — Tonaz ), We see that ¢ satisfies
bue + Ap =0,

55('7 t= O) = ¢(a _Tmaz)v
(bt('a t= 0) = (bt('a _Tma;ﬂ)u

and the same boundary conditions than ¢. For ¢Z, we have

E(é(o)) E((b(_jz—mam))
S (B, 1)t

veEV,:

T max
S Jy TG (v, t— Toma))
vEV,

<> [T &,

vEVe
which means that ¢ satisfies the observability estimate (E3). O

A

A

in other words

6. The polynomial stability.

6.1. An observability estimate.

Proposition 6.1. Let (k, i)i1<i<iy, k>1 be an orthonormal basis of eigenvectors of
the operator A. Let m € N*. Let ¢ be the solution of (IJ)) with (u®, uwM) €
V x L*(R). Then there exists a time T > 0 and a constant C > 0 such that

Z/ 1)%dt > C(> sz (a7 AR +b3.5) (49)

vEV, k>1 i=1
173
where u(©) = ZZak Pk i and u® = Zzbkviwk*i if and only if
k>1i=1 k>1i=1

Im € N*, 3o > 0 : Apin(M") > VneApk=1,-- N+1.  (50)

!
Z Zam
Proof. The proof is similar to the one of Proposition -1l and is therefore omitted.
O

Remark 6.2. As before, if the standard gap condition ([¥) holds, then the condi-
tion (B) reduces to

Im e N*, 3a > 0 Apin(M(A2)) > k;Lm,sz 1, (51)

and if [, = 1, then condition (&) is nothing else than

(6%
Z o (v)]? > Tam

vEV,
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By the so-called Wey!’s formula (see for instance [I1, 24]), we have

k
e~ =
N
where L = le. This implies that
j=1
lk lk
S @ @A)~ S (e AT B2 AP
E>1 =1 k>1i=1 ,
Hu O)HD Aty t Hu 1)HD(A*%)

Lk I
because, for u = Z Zukﬂ-cpkﬂ-, we have ||u||%(AS) ~ Z Z)\%Suiﬂ- for all s € R.
k>1 i=1 k>1 =1
Therefore the observability estimate ([@d) is equivalent to

T
P 2
2y R T W S
.o ot D(A D(A™Z)
Now using Lemma EE6l we obtain
T
8u Ju
I, [0, 3 [ o 007+ G = mpee
o e P> + (G (o, L= 7))

On the other hand integrating the inequality ([[3) of Proposition Bl between 0 and
T where T is sufficiently large, we have

EO)-E(T) 2 > [y (5 + (v, t — 7))?)dt
vEV,
> iy ff((%—z(v, £)2 + (2(v, t —7,))2)dt
vEV,.
+237 [ (B (v, t — )%t
vEV,
Therefore
2
E©) - B(T) 2 [[u®|} 5 +||u<”HD<A7%>+Zfﬁ%—?(vaf—n))%f
vEV,
2 @@, a3 7 [y (B, —7p))dp,
vEV,

where X_,,, = D(A"2") x D(A~*%) and owing to (@T). This finally shows that the
observability estimate (@) implies that

B(T) < BO) ~ Ku([[(a®, u®)| X,ﬁz [ Qe —rppran). 62

for some K7 > 0.
Now we recall the following interpolation result.
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Lemma 6.3. For (u(®), u(V) € D(A) x V, we have

[ e T N T
~Y D( 3
[ I T N ”H
~ A%) D(ATZ
173
Proof. Direct consequence of the equivalence ||u|\2D(AS) ~ Z Z k.| A for all
E>1i=1
Iy
s € R, when u = Z Zu;“gm“ and of Holder’s inequality. O
E>1i=1
Corollary 6.4. For all u € X, it holds
m+1
lully ™ S Nall lull ), 1m - (53)

Proof. We fix a sequence of cut-off functions n,,v € V satisfying
va =1lonR, n, =1 nearwv,
veV

and such that the support of 7, is included into S,, where S, is the star-shaped
network made of the edges e;,j € &,.

Denote by A, the Laplace operator defined on S, with Dirichlet boundary con-
dition on all nodes of S, except at v, where we impose Neumann or transmission
conditions. Let us show that if (B3) holds on S, for n,u, then it holds on R. Indeed
a convex inequality yields

el ™ S D lmoull
vey
Now using ([B3) on S, for n,u, we get
+1
lallg ™ <D Imoull, IInqu i (54)
veV )

the norm X, being defined as the norm X but on &,. By Leibniz’s rule, we directly
have

lImoullx, < lullx -

Therefore it remains to estimate ||7,ul| Ay For that purpose, we use a duality
D(A,
argument, namely
Js, nouw
||77vu|\ N sup
u ) m—1 H’LUH m—1
eD(A, D(A,
B va UNyW
= sup
m—1 Hw|| m—1
€D(A, ? ) (Av 2 )
Uy W
_ “up I une 7
m—1 H’LUH m—1
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by extending n,w by zero outside S,. Using the duality in R, we obtain

[[nwll
U -m < ||u —m su

v

m—1
D(A™ 2

But again Leibniz’s rule yields

sup DA 7)<y,
m—1 ||w|| m—1
GD(AU 2 ) D(Av 2 )
which shows that
Inoull  amm S ull ) 1=m

D(A, 2 )"~ DAz )
This estimate in (&4 shows that ([&3) holds.

We are reduced to show that ([3) holds on S, for n,u. For that purpose, without
loss of generality we may assume that v is identified with 0 for all edges of &, and
that supp 7, C Ujeg, [0,21;/3]. For shortness write U = n,u. Now for any j € &,,
we introduced the following extension of U;:

. UJ(,T) ifz e (O,Zj),
E3Uj () = { Sl LU (<2e) i e (—27115,0),
where U is extended by zero outside its support and the real numbers v; are the

unique solution of the system

1
noyz—l

—yr ot =1
270122%—1
Sy 27y =1, Yk =1,--- ,n— 3,

and finally n = WT% if m is odd and n = if m is even.

With the help of these extension operators, we obtain an extension of U € X,
to a function EU, which belongs to D(A,) (due to the three first properties of
the v;), where A, is the positive Laplace operator on the star shaped network
Sy = Ujes, (0,1;) UUjee, (—27711;,0), with interior vertex v and Dirichlet boundary
conditions at all other vertices. Applying Lemma [E3to EFU on the network Sy, we
may write

m+4
2

m+l mo.
IBUIT i3, S 1BV, 1BV 2os

<1
Now using the fact that the norm in D(AZ) is equivalent to the H'! semi-norm and
since EU is equal to U on S,, we obtain

||U||’;(j§) S BV 1BV o -
This means that it remains to estimate the right-hand side of this estimate. First
by construction, we easily check that

IEU ] peay < 10, - (56)
As before to estimate the second factor, we use a duality argument. First we remark
that for w € D(A 1 , we have

/ EUw = Z / z)w;(z) dx + Z / _j(@)w_;(x)dx,

JEEY JEEY 2n— 1y

(55)
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where for shortness we write w_; the restriction of w to the edge (—2"~'1;,0). B
changes of variables, we obtain

/ Euw—]ezg / w);(x) d,

where
(Fw)j(x) = wj(z) + x5 (= Z% 27U (=27 ), Y € (0,1;),
the cut-off function x; being fixed such that X; =1 on [0,2];/3] and x; = 0 on
[51;/6,1;] (reminding that Uj(x) = 0 for x > 2[;/3). Now we notice that the
1

conditions on v; guarantees that Fw belongs to D(A, > ) and by Leibniz’s rule we
have

[Fwll - moa S llwllmoa
D(A, 2 ) D(A, 2 )
By duality we conclude that

IBUN  iow SNt
D(A, 2 ) D(A, %)

This estimate and (BH) in (B3) show the requested estimate (B3) on S, for n,u. O

Now let (u(®), u™), 2) € D(A) be fixed (and different from 0). By a convexity
inequality and since V x L%(R) = D(Az2) x D(AY), we have

H(“(O)’ D) m

m—+1

Hm+1

1L TR i

VxL2(R) ™ D(AZ)

Using Lemma and Corollary B4 we get

m+1
@, )T ey < @5 ]

S (1l +

ety + OB 1]
O etz + 1Ol

) D(ATZ)
D peaty)(lu

S 0L+ 150 0 i, + 1 )
S H u(o ||X><D A2 H(u(o 1) ||D(A17Tm)><D(A7%)
S H (u(®, HX><D A%) H(u(o )Hx,m

This inequality is equivalent to

H(u(o)7 u(l))H2 Z VXL2(R '
Kom ||(u(0) ul®) HX><D(A2)

Using the trivial inequality

[ (), “(1))HXXD(A%) S [T Z)HXXD(A%)XHI(O,DVC
< H(u(o)7 u(l), Z)HD(A)’
we finally obtain
H w©® 4™ H2m+22
H(U(O)’ (1))H VxL2(R) (57)

A [CRRTERS]



464 SERGE NICAISE AND JULIE VALEIN

6.2. Polynomial decay of the energy. The proof of our stability result requires
the next technical Lemma proved in Lemma 5.2 of [g].

Lemma 6.5. Let (¢;)r be a sequence of positive real numbers satisfying
ert1 S e — Ofii?, Vk >0, (58)

where C > 0 and o > —1. Then there exists a positive constant M (depending on
a and C) such that

M
ey < ——, Vk > 0.

T (k)T
Theorem 6.6. Let u be a solution of (@) with (u®, uM, (f°(-7,-))) € D(A). If
Z9) holds, then the energy decays polynomially, i.e.,

C
PO wgE

2

O, (=) ez, (59)

D(A)

for some C > 0.

Proof. Introduce the modified energy

B(t) = 31U = 5I0 @ + IATOIR).

As in Proposition Bl this energy is decaying.
Combining the estimates (B2) and (&), we obtain

@@, w75

VX L2(R)
E(T) < E(0) — K> L ( Z/ S0, —mup)%dp |
( veEV,
for some Ky > 0, or equivalently
2m-—+2
[(u®®, [ 2
B(T) < E(0) - K R =m0, 1y

E(0)m

Using the trivial estimate

0( 2m 42 2
H ||L2 0,1)Ve = H 7 ))HL2(O,1)VC HHl 0,1)Vve
2 n m
S H (fg(_Tv'))HLz(Oﬁ 1)Ve E(O) ,
the above inequality becomes
u(o),u(l) 2m—+2 + fg 7. ) 2m+2
By < B() - K g I D
m—+1
< B(0) - K
with K3 > 0. Since the energy of our system is decaying, we obtain
E(T m+1
E(T) < B(0) - Ky 2 (60)

E(o)™
We now follow the method used in [§]. The estimate (G being valid on the

intervals [kT, (k + 1)T], for any k > 0, we have
E((k+1)T)m*!

o B+ )7y

E((k+1)T) < E(kT) — o

(61)
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Setting
E(kT)
Ep = —=—=.
E(0)
By dividing @) by E(0), we obtain

Ek+1 < € — K35k+1 , (62)
because E(kT) < E(0). By Lemma B3 with a = m —1 > —1 (as m > 0), there
exists a constant M > 0 such that

e <

_W,Vk>0,

or equivalently

M -
E(kT) < mE(O).

This estimate and again the decay of the energy lead to the estimate ([B3). O

7. Examples. Our aim is to give some concrete examples that illustrate our sta-
bility results.

7.1. One string with an interior damping. We consider a homogeneous string
of length 7 with an interior damping at £&. Two types of boundary conditions will
be considered.

7.1.1. Mized boundary conditions. We study the following problem (see Fig. [I)

a;u_aﬁ_o O<z<m, t>0,
am(é. ; ) g (§+a ): (041(691;(57 t)—'—OZz%(f,t—T)) t>07

u(0,t) =0, §2(m, t) =0 t>0,

u(t=0)= (0) 8“ L(t=0)=ul 0<z<m,
Du(e.t—7) = fOlt—7) 0<t<r

(63)
Here contrary to subsection B4l we suppose that as < aj.
P@® L ] e N
0 3 s
FIGURE 1.

It is well known that the eigenvectors associated with problem (@3) without
damping are ¢k (z) = \/jsm((k—i— 3)x) of eigenvalue (k+1)2, k > 0 of multiplicity
1. We then have to look at

S lor@)f? = 2 sin?((k + 3)e).

veEV,

For the exponential decay we will use the next result proved in Lemma 2.9 of [21].

Lemma 7.1. s is a rational number with an irreducible fraction
s = g, where p is odd (64)
if and only if there exists a > 0 such that
sin((g +km)s)| > o,k € N. (65)
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Applying Proposition B and Theorem (and the above Lemma), we obtain

Theorem 7.2. 1) The energy of system (&3) tends to 0 for all initial data in H if
and only if
5

N.
2 +1 7€

2) The system ([B3) is exponentzally stable in the energy space if and only ’Lf% 1
a rational number with an irreducible fraction

§ = B, where p is odd.
™ q

If we consider the system (B3] without delay (i. e. az = 0), we find the results
of @] obtained by a similar method.

7.1.2. Dirichlet boundary conditions. We here consider the problem (see Fig. B)

8 W—o O<z<mt>0,
“( ) = Fh(E 1) = —(an 36 1)+ axdE(¢ t— 7)) >0,

(O t)—O u(7r t)=0 t>0,
(t—O)—u(O) a“(t—O)—u(l) 0<x<m,

({,t—r) fo(t—T) o<t<r.

(66)
p@® L ] ® °
0 3 e
FIGURE 2.

The eigenvectors of problem without damping associated with problem (BH) are

or(x) = \/gsin(kx) of eigenvalue k?, k > 1 of multiplicity 1. We then have to
consider

> ler)? == sm 2(kE).
veV,

Denote by S the set of all real numbers p such that p ¢ Q and if [0, a1, ..., an, ...]
is the expansion of p as a continued fraction, then the sequence (a,) is bounded. It
is well known that S is uncountable and that its Lebesgue measure is zero. Roughly
speaking, the set S contains all irrationnel numbers which are badly approximated
by rational numbers. In particular, by the Euler-Lagrange theorem, S contains
all irrational quadratic numbers (i. e. the roots of a second order equation with
rational coefficients). By a classical result, we have the

Lemma 7.3. If s € S, then there exists a positive constant C' such that
) C
[sin(kms)| > s VEk > 1.
By Proposition B and Theorem [0 we then obtain

Theorem 7.4. 1) The energy of system (@A) decays to 0 for all initial data in H
if and only if

f¢a
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2) If% € S, then for all initial data in D(A), the energy of system (BA) decays
polynomially like 1/t.
3) The system ([GA) is not exponentially stable in the energy space.

Without delay, we find the results of [9].
To prove 3), it suffices to notice that for all £, there exists a sequence of natural
numbers (g,,) such that ¢, — oo and

c
[sin(gm&)] < —, Ym > 1.
dm
Consequently, there does not exist a positive constant C' such that
|sin(k€)| > C, Vk > 1.

Remark 7.5. These two examples show that the boundary conditions influence
the stability of the system because we do not have the same hypotheses for the
decay to 0 of the energy; moreover for mixed boundary conditions, we may have an
exponential stability, while for Dirichlet boundary conditions, we cannot have an
exponential stability but have a polynomial stability.

7.2. A star shaped network.

7.2.1. Dirichlet boundary conditions at all extremities. We take Dirichlet boundary
conditions at all extremities and put a damping at the interior node (see Fig. Bl).

D

FIGURE 3.

In appropriated coordinates, any eigenvector of the problem without damping is
of the form
p;(x) = ajsin(Az), 1<j <N,
for some constants a;. The transmission conditions at the interior node then lead
to

aysin(Aly) = ... = ansin(Aly), (67)
N
> a;cos(A;) =0. (68)
j=1
We now suppose that
o .,
VZ,]E{L,N},Z#], l_ ¢@ (69)
J

In that case we cannot have sin(Al;) = sin(Al;) = 0 for ¢ # j. Indeed if \l; = pm, p €
Q and A; = gm, ¢ € Q, then f—l = % € Q, which contradicts our assumption.

Therefore, there exists j € {1,..., N}, say j = 1 such that sin(A\l,) # 0. But then
a1 # 0. Indeed if a3 = 0, then

as sin(Mg) = ... = ay sin(Aly) = 0.
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As we cannot have sin(\l;) = sin(Al;) = 0 for i # j, all a; are equal to zero except
one, say ay for example and then sin(Aly) = 0. By the last transmission condition
[ER) we would have an cos(My) = 0 and then ay = 0, which is impossible.

Under the assumption (E9), we have

sin(Al;) #0,¥j=1,---, N,

and the transmission condition (G8) yields the characteristic equation

N
> cot(Al;) = 0. (70)
j=1
From this equation, we deduce that all eigenvalues are simple. Hence
> ek = af sin? () >0,
vEV,

when ¢y, is the eigenvector associated with A and by Proposition B we directly
conclude the

Proposition 7.6. If (@) holds, then the energy of our system tends to 0 for all
initial data in H.

Without delay we find the result of Proposition 2.1 of [B].
After calculations and normalization, we find that

2
a3 sin®(\;) = ———.

N
Dt
sin?(Al;)

Jj=1

In its full generality, it is difficult to find the behavior of a?sin®(\l;) from the
characteristic equation (). We therefore restrict ourselves to some particular
cases.

We first suppose that the lengths of the edges are equal to 1. Then easy cal-
culations allow to show that the set of eigenvalues of the operator A is made of
two sequences: First A2 = (5 + km)?,k € N is an eigenvalue of multiplicity 1 with
associated eigenvector

(pr)j(z) = \/gsin((g + km)z), Vj € {1,...,N}.

Secondly, A2 = k272, k € N* is of multiplicity N — 1 with orthonormal eigenvectors
given by

|
—_
SIS

2
K, 1 = sin(kmx) , Yk, 2 = —= sin(kmz) S

V3

o
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DN N
= ‘)—A
=

i

2(N —1)

—il L, Pk N—1 = T sin(kmx)

sin(kmz)

V21
Pk,i = -
V141

o

2‘
EREE

-

0
where for shortness we write ¢y, 1 as a vector with NV components, the jth component
corresponding to the restriction of ¢ 1 to the edge j.

If the feedback law is applied only at the interior node, as for the eigenvalue
A2 = k*rn% M,,,, (K*n?) = 0 (because sin(km) = 0), the eigenvalues of M, , (k*7?)
are 0. Therefore Proposition B yields

Proposition 7.7. If the lengths of the star shaped network are one and the feedback
law s applied at the interior node, the energy does not decay to 0.

We then need to add some interior controls to stabilize the system. On each edge
e; except one (for instance the first one), we put a control at §; (see Fig. H).

FIGURE 4.

Then for the eigenvalue A2 = k?72, we readily check that

N
ME*7®) = Mo, (°7%) + Y Mg, (k)

j=2
satifies
N
T MEPT? )y = sin® (kné;) (] 0)°,
j=2
where the vectors x; = ((x;)i) o, j = 2,..., N are non zero vectors, which are

independent of £ and of ;,7 =2,...,N and satisfy
(Xj)i = 0,Vi < j.
Consequently if for all j € {2,..., N}, & € S, then sin®(kn¢;) > 7 and therefore

1
n' Mm% 2 =P (x; ).
The above properties of x; imply that (Z 5(x; m)? )1/2 is a norm on RN~! and

therefore )
0T ME) 2 Tl
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or equivalently Apin(M(k?*72)) > 2.
On the other hand for A\, = § + km, we see that
Z lor(v)|” = —s1n +k7r Zsm +k7r)§ ) > l
2 J 2

vEV,
We then conclude the

Proposition 7.8. If the lengths of the star shaped network are one and the feedback
law is applied at the interior node, and at N — 1 interior points £; and if

§ eSS, Vjed2,.., N},
then for any (u®, u™ | (fO(=7,.))) € D(A), the energy of the system decays like
1.
Now we assume that N = 2n is even and that

l
li:l,Vi:1,~-~,n,li:l’,Vi:n+1,~-~,2nandl—/§ZQ. (71)

Under this assumption, ([0l) is equivalent to
cot(Al) + cot(Al') =0
and then to
sin(A(l+1")) =
This means that a first set of eigenvalues is given by
Ak = l]j— 7 k € N*.
A second set is made of the roots of sin(Al) = 0. Since §Z Q we deduce that

a; =0, foralli =n+1,---,2n. Consequently for all k € N*, &
n — 1, its associated orthonormal eigenvectors being given by:

1 k
<Pk,l(x) = WSln(g) (1;_1507"' 70507"' 7O)T7

T
2 kmx (1 1
= ey (Z.2.-1.0.---.0.0.--- .0
Sok,Q(:I;) @Sln( i )(2727 y Uy s Uy Uy ) ) )

2n—1) . krx 1 1 1 T
Sﬁk,nfl(x) - WSIH(T)(n—l,n—l,'”777,—17_170,'”,0) .

By symmetry a third set of eigenvalues is made of the numbers ’E;—T)’j of multiplicity
n — 1 for all kK € N*.

Note that for this example, the standard gap condition holds.

Since the eigenvectors associated with the eigenvalues of the second and third
sets are zero at the interior node, if we impose a damping only at this interior node,
the energy will not tend to zero. Therefore some interior control points have to be
added. More precisely we impose a feedback law at some points ; of the edge e;,
fori=2,--- ,nand for i =n+2,---,2n. By direct calculations, the matrix

k2m?
MET) = Mo (BT + ZMg] Z Me, (7

Jj=n+2
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satisfies

k22 i o kmE;

' M= =1 1281112( =0 )%,
where the vectors x; = ((x;j)i)fs, J = 2 ,n satisfy the same property than
before. Hence if for all j € {2,...,n}, 5J € S then sin (ngj) 2 7 and therefore
Amin(M(4F)) 2 .

By symmetry if for all j € {n+ 2,...,2n}
satisfies /\mm(./\/l(%)) 2

Finally for the eigenvalue A2 )2,k € N*, as we have sin(\,l') = (—1)k*!
sin(Agl), we deduce that

]i}22

S ¢ S, then the matrix M ( (1,7)72)

5[/

2sin®(M\l) 2 o2 knl )
n(l+1) (l+l’) I+
By Lemma [J if ; l, € S, then its associated matrix ./\/l((lH,)g) satisfies Aypin (M

2_2
(275) 2 s
Theorem then leads to the

a2 sin?(\ply) =

Theorem 7.9. Consider a star shaped network with Dirichlet boundary condition
satisfying ) and feedback laws at the interior node as well as at the point &; of the
edge e;, fori=2,--- . n andfori-n—l—? ,2n. If& €S, foralli=2,-

% €S8, foralli=n+2,---,2n and ; l' €S, then for all (u(o u® ) (fO(—, ))) €
D(A), the energy of our system decays polynomially like -

Note that the two previous examples do not enter into the setting of [B].

7.2.2. Mized boundary conditions. We suppose that the star shaped network is made
of 4 edges, with e; and e4 of same length [, and e and ez of same length /. At
the extremities of e; and ez, we impose Dirichlet condition and at the extremities
of e3 and e4, Neumann condition. We control at the interior node. In this case the
eigenvalues of the problem without damping are 45 J:lr,z > of multiplicity 1.

FIGURE 5.

Similar considerations as above allow to show the following results:

Proposition 7.10. 1) Ifli/ ¢ Q, then the energy of our system tends to 0.
2) Suppose that li/ ¢ Q and that HLZ, € S and lfr% € S, then for all (u®, u(,

0 1
(f°(=7v.))) € D(A), the energy decays as 7
Remark 7.11. For instance if | = v2 and I’ = 1 — /2, then li, ¢ Q, l-ﬁl’ €
S and eSs.

l+l’
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7.3. More complex networks. In this subsection, we assume that R is a network
whose edges are all of same length, i.e. I; =1, for all j € {1,..., N}. In that case,
the spectrum of the Laplace operator is explicitly know via the algebraic properties
of the network [I1), 23]. More precisely, introduce the adjacency matrix C of the
vertices of the network

C = (cs,1)s, teV\D>

where

card(EsNEt) if E,NE @
Vs, t € V\D, cs,t = { Vcard(€s)y/card(€y) rena s
0

otherwise

We may now recall the following result proved in [23]:

Theorem 7.12. Under the above assumption, we have
Sp(A) = S1 U So, where

S1 = {k?m? with multiplicity N — #(V \ D), k € N*} of associated eigenvector
ok, j(x) = ¢jsin(kmz), for some constants c¢;, and

Sy = {\? : cos\ € Sp(C)N] — 1, 1[}. Moreover ¢ is a eigenvector of A associated
with A2 if and only if (o(v))vev\p 18 an eigenvector of the matriz C of eigenvalue
cos A.

Note that this Theorem implies that the standard gap condition holds for net-
works with edges which are of length one (or more generally rational numbers).

Before going on, let us make a more precise relation between the orthonormal
eigenvectors of an eigenvalue A? from S, and the eigenvectors of the matrix C of
eigenvalue cos A:

Lemma 7.13. Let \2 € Sy. There exists a positive definite symmetric matriz
E(N) € R™ ™ where m is the cardinal of V \ D, such that for all eigenvectors v, ¢’
associated with A2, we have

(¢, ") 2Ry = (' () e pEN (#(V))ver\D- (72)

Moreover this matriz £(N) is uniformly positive definite and uniformly bounded, in
the sense that there exists a positive constant C (independent of \) such that

)\min(g()‘)) > Cv Hg()‘)”2 < C_l'
Proof. For all j =1,---, N we may write
@;(x) = ajsin(Az) + b; sin(A(1 — z)), Yz € (0,1), (73)
where (v) )
p p
- b = 74
7 sinA 7 sin’ (74)
when v (resp. v’) is the vertex corresponding to the extremity 1 (resp. 0) of the
edge e;. We use the same relations for ¢’ using a/; and b/.
Now by direct calculations, we see that
where the 2 x 2 matrices B(A) and B,
_ 1 —cos A 1 [ sin(2)\) 2sinA
B = ( — oS A 1 )’ B-(3) = 2\ ( 2sin A sin(2\) ) '

a

N
>0 b)EW 50 (

N =
<~

(% @/)L2(R) =

(S

(A) are given by
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This proves the identity ([Z2) due to the relation ([Z).

Let us now remark that B(X\) depends only on cos A and then on cos )y with
Xo € (0,m), when A = Ao + 2km or A = —Xg + 2(k + 1)7, for some k € N. The
eigenvalues of B(\) being 1 & cos A, this matrix is uniformly positive definite, i. e.,
there exists a positive constant C' (independent of A) such that

(@ bB) < Z ) > C(a2 + b?),Ya,b € R.
We further remark that the matrix B,(\) is a remainder since
1
1B (Nl < 5
Therefore we introduce the matrix F(A\g) € R™*™ as follows:

N

6 lemp PO Eeno =5 (e 51800 (57 ).

/
=1 J
Y(&0)vew\ D (&) ver\p € R™,

with the relation

é.v by — 51/
—,bj = —.
sin A sin A
From the uniform positiveness of B(A) and the above relations between a;,b; and
&y, we directly deduce that F (o) is uniformly positive definite.
The previous considerations clearly show that

EN) = F(Xo) + Fr(N),

(75)

a; =

with
1
3
Therefore there exists A > 0 such that £(A) is uniformly positive definite, for all
A> A
It remains to consider the case 0 < A < A. But in that case we see that

(gv)IeV\Dg()‘)(&/;)UEV\D = (¢, ¢/>L2(R)av(€v)v€V\Dv (fé)vevw € R™,

when ¢ is given by ([Z3) when a;,b; are defined by ([3) (and similarly for ¢'). As
the above right-hand side is an inner product on L?(R), the left-hand side is also an
inner product in R™. Hence the matrix £()\) is positive definite. The uniformness
follows from the fact that the interval (0, A] contains a finite number of A such that
A e Ss.

The uniform boundedness of £(A) is proved in the same manner. O

IF-Mll2 <

Corollary 7.14. Assume that V. = V \ D. Then for any \* € Sy, its associated
matriz M(N?) is uniformly positive definite, i.e.,

Amin (M(A?)) 2 1.

Proof. Assume that A\? is of multiplicity [ and denote by ¢;,i = 1,--- ,[ the associ-
ated orthonormal eigenvectors. Now we introduce the vectors

(@i(v)vev\p = 5()\)1/2(90i(v))ueV\D,W =1,---,L

According to the relation ([[2) these vectors are orthonormal:

(i (0))gev\p (@ (V) vev\p = 6ij, Vi, j =1, 1.
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Now we simply remark that
(&) T MO)(&) = Z&@(%(U))I(%(U))m
i,j
and consequently

(&) TMOA)(&) = Z&&j(@j(v))qjE(A)_l(sﬁi(v))v

(@(0)y EXN)H(B(0))o,
where (P(v))y = >, &(Pi(v))y. By the uniform boundedness of £(X), we deduce
that

(E)TMN)E) 2 (@), ($©)e
2 D &30 (@) =D&,
i i
this last identity following from the orthonormality of the vectors (@;(v)),. O

From this Corollary we see that if we control at least at all nodes of V \ D then
the assumption for the exponential stability (and obviously polynomial stability)
holds for all eigenvalues of So. In that case we only need to manage the eigenvalues
of S1. Note further that if S; is not empty, then some additional interior controls
are necessary since the eigenvectors associated with such eigenvalues are zero at the
nodes.

Now if we want to control on a subset of V \ D then the assumption for the
exponential stability does not necessary hold for the eigenvalues of S3. Let us
then describe how we proceed in that case. For a fixed A\? € S5, we denote by
(@i (v))vev\p € R™, i = 1,--- 1, the eigenvectors of C of eigenvalue cos A such
that their corresponding eigenvectors on the network are approximated orthonor-
mal, namely

(‘P?pp(U))IeV\D]:()‘O)(‘p?pp(v))UGV\D = ij>
This basis can be computed for all A since it depends only on g (which form a finite
set). Denote by MP()\2), the matrix build as M (A?) by replacing (¢;(v))vey, by
(7" (v))vev, , namely

(1" (v))vev.

M) = (e @)veve - (@ (0))ver.) -

(@7 () e,

Now we can state the

Lemma 7.15. Let \> € Sy be fived. If MP(N\3) is positive definite and if C has
no eigenvector associated with cos Ao identically equal to zero at the nodes of Ve,
then M()\2) is uniformly positive definite.

Proof. As before we show that
M(N?) = MPPOG) + M,(A%),

where .

M)z S T
Consequently for A large enough, the uniform positive definiteness follows from the
positive definiteness of M®P(\3). On the contrary for small ), it suffices to remark
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that M(A) has an eigenvalue equal to zero if and only if C has an eigenvector
associated with cos A = cos A\ identically equal to zero at the nodes of V.. Since we
have assumed that such eigenvectors do not exist, M(A?) is positive definite and
the conclusion follows by finiteness. O

Note that our above Lemma has only to be used for multiple eigenvalues. Indeed
assume that A\> € Sy is simple, then denote by (¢(v))vewv\p its eigenvector such
that

(SD(U))IEV\Dg()‘)(SD(U))UGV\D =1

Now consider any computed eigenvector (,),ey\p of C that depends only on cos A
and then on A\g. This eigenvector then satisfies

(SD(U))UGV\D = M(%)uevw,

with g € R such that pu? = C(lA), when

c(A) = (wv)vTev\Dg()‘) (v)vev\p-

As ¢(A) remains uniformly bounded from below and from above, it is equivalent
to check the uniform definite positiveness of M(A?) using (p(v))yev\p or using

(wv)UEV\D-

7.3.1. A first example. Consider the tree described by figure B

FIGURE 6.

By Theorem [ZT2 the eigenvalues of A are k7% of multiplicity 5 — 4 = 1, and
A2 such that cos()\) € Sp(C)N] — 1, 1].
1st case: We easily check that the eigenvector associated with k272 is given by

or(x) = \/gsin(kmc) (

As the eigenvector is zero at all nodes of the network, feedbacks at the nodes are
not sufficient to stabilize the system. But if we take a control at &; on the edge e;
for instance, we have

I

_ O =
S~—

B

O =

2 . 1
cp%(fl) = gsm2(k7r§1) > ﬁfor & eS.
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2d case: The eigenvalues of the matrix

11
O
= 0 0 0

C:?OOL
OOL\(/)g
V3

141 1_ 1. /42 1,1 /49 1
are—g—kgl,—g—g 1376+6 1376_
associated eigenvectors

o=
5
w
M,

— 1, 1] (of multiplicity 1) of

—0.75 1.3 1.3 ~0.75
o 1 1 1
(e@)eevio = | oo 15| 13 || 13 || —oms |

1 1 1 1

respectively. Then we can consider a feedback at any node of V' \ D, for instance at
the node number 4 (see Fig. ).

FIGURE 7.

We then have the next result.

Proposition 7.16. If we control at & € S on the edge e; and at one of the vertices
of V\D, for all (u®, u™, (f°(-7,.))) € D(A), the energy decays like 3. Moreover
the system is not exponentially stable in the energy space.

7.3.2. A second example. Consider the tree as described in figure B

FIGURE 8.

By Theorem [T the operator A has only the eigenvalues A\? such that cos A €
Sp(C)N] — 1, 1. Therefore by Corollary [LT4, if we control at all nodes except the
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Dirichlet one, then we obtain an exponential decay. Without delay we find the
result of [29].

Note that it suffices to control at the nodes 5, 6 and 7. Indeed the eigenvalues
of the matrix

0 3 5 0 0 0 0
3 00 & &% 0 0
% 0 0 0 0 \/ig %
c=|0 5% 0 0 0 0 0
1
0 7 (1) 0 0 0 0
0 O ? 0 0 0 0
0 O 7 0 0 0 0
are approximatively 0.9, —0.9, 0.8, —0.8, 0, 0, 0 € [—1, 1] of eigenvector
1.15 1.15 0 0 —-1.7
1.6 —-1.6 —-14 14 0
1.6 —-1.6 14 —-14 0
(SD(’U))’UGV\D =~ 1 ) 1 ) -1 ’ -1 ) 1 P
1 1 -1 -1 0
1 1 1 1 1
1 1 1 1 0
—-1.7 0
0 0
0 0
1 , -1
0 1
0 0
1 0

respectively. Therefore if we control at the nodes 5, 6 and 7 the assumption for the
exponential stability holds for the simple eigenvalues corresponding to 0.9, —0.9, 0.8,
—0.8. Now for cos A = 0, i. e., A = § + km, we see that C has no eigenvectors which

are zero at the nodes 5, 6 and 7. Furthermore we easily check that F (“742) is the
diagonal matrix with entries (3/2,3/2,3/2,1/2,1/2,1/2,1/2) and then

0 -1 -2/9
0 0 0
0 0 0
o =V 1L e =2 12 e =2 19
1 1/2 1/9
0 1 -7/9
0 0 1
By direct calculations we obtain
1 1 1
9 2 9
Mapp(w_) =9 1 5 _ 13
4 2 4 18
1 _13 131
9 18 81

Since this matrix is positive definite, by Lemma [.TH we deduce the uniform positive
definiteness of M((5 + km)?).
In other words, we have proved the
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Proposition 7.17. If the feedback law is at the vertices 5, 6 and 7, then the energy
decays exponentially in the energy space.

Note that if we impose Dirichlet boundary conditions at the nodes 4 and 6, then
the system is no more exponentially stable.

7.3.3. A network with a circuit. Similar considerations than before allow to prove
the following result:

FIGURE 9.

Proposition 7.18. Consider the network described by figure[d If the feedback law
is at &1 € S on the edge es, at & € S on the edge es, at {3 € S on the edge e4 and
at the vertex 6 or 7, then for all (u®, uM, (f°(=7,.))) € D(A), the energy decays
like % Moreover the system is not exponentially stable in the energy space.
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