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ABSTRACT. In this paper, we develop a multi layer method to solve a general-
ized case of a phytoplankton model introduced in [7]. It is treated by means of
a sequence of approximations: the mixed layer is subdivided into a finite num-
ber of thin layers within each of which horizontal velocity can be considered
constant with respect to depth. Existence, uniqueness and non negativity of
solutions are investigated.

1. Introduction. In the marine life cycle, phytoplankton is the first level of living
species, known as primary production: using photosynthesis and organic as well as
mineral nutrients to grow and proliferate (see H]). Zooplankton is the secondary
production: it eats the phytoplankton, and larger animals eat the zooplankton and
other animals. This is to say how essential the dynamics of phytoplankton is in
the sustainability and development of marine biotope. Models of phytoplankton
dynamics are many and correspond to a variety of motivations (|27, [19, 20, [I7]
etc). As an example, there is the phenomenon known as phytoplankton blooms
which occurs at certain periods, characterized by rapid and, most of the time, short
lasting enormous proliferation of phytoplankton cells. Modeling the occurrence of
such bursts is a challenging issue, with the appeal exerted on dynamicists by the
prospect of complex behavior (see [24]). The purpose of this work is not, however, to
investigate such properties. What we aim at here is to look at a model rich enough
to encompass both physical and biological features, and that can yet be solved.
The model considered here stresses three main factors: 1) Transport entailed by
the currents: the currents are computed using Navier-Stokes equations and are
introduced in the equations of the phytoplankton as time-dependent coefficients; 2)
Vertical diffusion induced by vertical mixing in the upper part of the water column;
3) Production of new phytoplankton as a result of photosynthesis which depends
on the quantity of light that a cell receives.

Regarding the movement in the sea, we treat phytoplankton cells as passive
particles, displaced by the currents and the vertical diffusion entailed by eddies.
Horizontal diffusion has been neglected here: a justification is that although it may
be several orders of magnitude larger than vertical diffusion, it acts on scales (several
tens of kilometers) which are even bigger than the scale of vertical movement (a few
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hundreds of meters). Reducing both scales to similar orders of magnitude entails
dividing the horizontal diffusion coefficients by a number which is about 10* times
as big as the one dividing the vertical diffusion.

The part of the equation which has to do with migration is linear. Nonlinear
effects are to be found in biological interactions, namely, density-dependence comes
into effect during periods of high activity, in the form of superficial layers of phyto-
plankton preventing the lower layers from getting as much light as could possibly
reach these layers. This is known in the literature as the shading effect ( [I0]). From
the above considerations, the model under study in this work reads as

%—f+div[nV(t,P)<p]: % (h(t,P)g—f> —pu(t,P)o+r](t,Pe)e
¢ (0, P) =g (P)

0
Bt 2. 0) 55 (t2,5,0) = Vs (,2,5,0) p (t,2,,0) = 0

dp .
E(tuxuyaz )_O

The parameter £ multiplying V' in equation () is a number between 0 and 1 which
indicates how fast the current “entrains” the phytoplankton. It is a simplified
model of the effect of viscosity. We assume it to be constant although it would
be natural to assume k depends on the phytoplankton density. A is the mixing
coefficient. p is the mortality rate. At first sight, this model is the same as the
one treated in [7] with the exception of the boundary condition at z = z* the
distance from the surface to a region below the thermocline. Here we are assuming
a no-flux condition while the condition assumed in [7] is the homogeneous Dirichlet
condition. In fact, in [7], it was considered that the vertical mixing coefficient
h(t,P) = 0 on the thermocline, while the vertical component of the velocity was
not vanishing. In fact, one does not have h(t, P) = 0, at z = z*, h is just very small
but V5(t, P) may be even smaller: in this case, the above condition is feasible (see
Bl). More fundamentally, the hypotheses considered here differ from those made
in [ in such respects that have rendered necessary the development of another
method for solving the equation, what we call the multilayer approach. Before we
present this approach, we point out that, in both cases, the equation is considered
without its nonlinear growth term, first: this term is added later on as a nonlinear
perturbation. Comparing migration and mortality terms considered in [7] to the
same expressions here, there is no restriction here on the physical parameters, the
fluid velocity and the vertical diffusion are functions of all the variables, and the
same is true for the mortality, while in [7] it was supposed that the mixing coefficient
and the mortality depend on z only, and the horizontal velocities depend on time
and horizontal components only. As a consequence of incompressibility, the vertical
component of the velocity was supposed to be a function of z only. So the partial
differential equation governing the evolution of phytoplankton could be divided into
a horizontal first order hyperbolic equation and a vertical second order parabolic
equation. It was then possible to decompose the study into two steps. First, the
problem was solved (in the horizontal component) along the characteristic lines
of the horizontal field. On these lines, it reduced to a one dimensional parabolic
equation with respect to the vertical component, which was solved by means of
semigroup theory. One advantage of the method we used there is that it allowed us
to obtain explicit formulae for the solutions.
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The main emphasis here is put on the currents and the diffusion. Based on data
provided to us by P. Lazure and A.-M. Jegou (|21]]), the domain of study has notably
been restricted to the upper layer, the so-called mixed layer. As far as the results
we are looking for here, we have in mind analytical results. As far as possible, we
look for explicit formulae or formulae which can be expressed in terms of simpler
ones. We focus mainly on the coupling of the horizontal transport and the vertical
diffusion. In this paper we deal with the general case where the horizontal velocity
changes with depth. This case is treated by means of a sequence of approximations:
the mixed layer is subdivided into a finite number of thin layers within each of
which horizontal velocity can be considered constant with respect to depth.

The paper is organized as follows. Section 2 is devoted to a detailed presen-
tation of the model and the main assumptions. Section 3 is devoted to proving
existence and positivity of solutions of the equation under consideration: subsec-
tion 3.1 addresses specifically the approximate model, and subsection 3.2 is devoted
convergence of this approximation to the exact solution of the model. Section 4
deals with the non linear case: the non linearity is incurred by the competition for
the photoenergy. A short review of other models is made in a final discussion.

2. The multilayer model. The domain under consideration is approximately
Q=D x]0,z%[,

where D is an open subset of the surface, that is D is a portion of a plane and z* is
the distance from the surface to a region below the thermocline. In this region the
density of phytoplankton is approximately constant ( see [20]).

The phytoplankton is characterized by its density, that is to say, at each time
t € [0,T] where T is the maximal time of observation, ¢ (¢, P) can be thought of
as the phytoplankton biomass per unit of volume evaluated at the point P at that
time

dp . 0 dyp
2 il (0.P) ¢l = o (16 PV 5E) = it Pho 1T (P

©(0,P) = ggo(P) PeQ
h(fawayao)—@ (taxayuo) -V (t,x,y,O)gp(t,:v,y,O) =0

0z
O o
82 (t7x7yﬂz)_0

e V (t, P) is the velocity of the sea currents and is given by V = (V;, Vs, V3).
Since the sea water is incompressible, we conclude that
ovhi  0Va 0V

dZ’UV(t,P):%‘Fa—y E

(1)

=0 2)

(see [A]). The parameter x multiplying V in equation ([l is a number between
0 and 1 which indicates how fast the current “entrains” the phytoplankton.
Which is a simplified model of the effect of viscosity. We assume it to be con-
stant although it would be natural to assume x depends on the phytoplankton
density.

e h is the mixing coefficient which reflect the molecular diffusion.

e 4 is the mortality rate.
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e J(t, P, o) is the irradiance intensity defined by the following equation

J(t,P.o) = o (t) exp [—koz—kl |/ o (.6, 7) dndédr | (3)
0 JD(z,y,(z—71)tan(e))

Jo (t) is the irradiance intensity hitting the sea surface at time ¢.

ko is the diffuse attenuation coefficient in the water due to water alone.

k1 is the diffuse attenuation coefficient due to the phytoplankton alone.

The set of all particles in competition with a given one is a cone with vertex at
the particle, the axis is the vertical and the angle is the maximum angle 0 < ao < 7
for which the irradiance received by the particle can be perceived.

D (x,y,9) is the disk of center (z,y) and radius § > 0

e 7, the concentration of nutrient transformed by the phytoplankton, is assumed
to be constant, ([I0] and [23])

e o, the initial conditions is a functions defined on @ = D x |0, z*[, with
horizontal projection of the support inside a compact subset of the interior
of D. Some natural properties of g are that it is non negative and lives in
L'(Q). We define the maximal time of observation as

T =T, =sup{t>0: ®(t,z,y,2) € D, V(x,y, z) € support o} .
From the assumption made about the sea surface, we can conclude that

Vs (t,x,y,0) = 0, and since h is roughly deceasing with depth so h (¢, z,y,0) >
0, thus the condition at z = 0 is just

% (t,2,y,0) =0
For a detailed discussion of the parameters and functions of the model we refer
to [.
We divide the water column into n + 1 layers
n+1
Q= U D x ]zi,l,zi[.
i=1
For 1 <i <n+ 1 we denote respectively by

Vit,z,y) = Tz_l/:lvk(t,zﬂ)dz k=1,2

Vi (tw,y,2) = V3(tjxvy,z).:Z-g_(ltvxjy,%ﬂ) (z=2i1) + Vs (t, 2,9, 2i1)
a; (t,x,y) = ﬁ/;:h(t,P)dz
ph(te,y) = le/zilu(tal’)dz

the averaged horizontal velocity of the sea currents, the affine approximation of the
vertical velocity of the sea currents, the averaged mixing function and mortality
rate respectively in the layer D x ]z;_1, 2;[ . Note that V' gives an approximation of
the velocity of the sea currents and satisfies the incompressibility property in the
layer D x ]z;_1, z;[; we have

ovi ovi oVi 1 9V oVx
- . . [/ 8—;dz+8—y2d2+‘/3 (taxayu ZZ)_‘/?) (taxayu Zi—l)]
Zi—1

or Oy 0Oz Zi — Zi—1
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from the incompressibility property @) we conclude that

ovi  ovy  ovd

8x+8y+8z =0

We denote by ¢ = @l(z .2 the restriction of ¢ to [zi—1, zi].
In each layer; for P € D X |z;—1,2;[, 1 <i <n+ 1 equation ([{Il) can be approxi-
mated as follows

2, 40

Dy’ 0%p

ot + div [ﬁvi(pi] = Q4 (tu ‘T?y) W - Mi (tu ‘T?y) 901 +rJ (tu Pu SD) (pi
with the initial data
<Pi (0,P) = o [zi_1,2i] (P)
= 906 (P)7

the boundary conditions

0!

55 (t,z,y,0) = 0

9" .
82 (t7 x, y7 z ) = 0

The flux at the interface of each layer and the continuity of the solution give rise
to the following supplementary boundary conditions

o 7 o i+1
Q; (ta €T, y) a—i (ta z,Y, ZZ) = Q41 (ta €T, y) W (ta T, Y, ZZ)

and

SDi (taxayu Zi) = Soi+1 (t7x7y7 Zi) .

for 1 < i < n. What we have in mind is that ¢* should be the restriction of ¢ to
the layer represented by the interval [z;_1,2;]. In fact, it will be shown to be an
approximation of this restriction.

Remark 1. In the equation (@) ¢ is used inside J(¢, P,w). This makes the model
coupled through boundary conditions and J.

Using the incompressibility hypothesis , the full multilayer model can be written
in the form

9ot . 9ot . 9ot 5200 . 9ot
a—ﬁ—Flin(t,iE,y)a—i—Fli‘g(t,iE,y) BS(; :Oli(t,.f,y)a—;g—li‘/gl(t,x,y,?:)a—i

—pt (t,x,y) @+ (8, P, o) ¢ 1<i<n+1

Bi (taxayvo)zo .
8@1 8@1+1
(6% (t7$7y) Oz tu"E?%aZi) = Q41 (t7$7y) Oz (t,.’II,y,Zi)

spi (t7x7y7 Zi) = SOZ‘JF (t7 x,Y, Zl)
)

It is the equation we are going to study now.
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3. The linear equation. In this section, we deal with the linear equation asso-
ciated with equation (@), that is, we drop the quantity rJ (¢, P, ¢) ¢ or we assume
r = 0. It will be further designated as equation (). The aim of this section is
to show that the multilayer model (@), possesses a non negative solution. and its
solution along characteristic lines defined by the horizontal flow in each layer, tends
to the desired solution of equation ({l), where (), denotes equation () with r=0,
as the number of layers n — oo, in L% ([0, 7], W12(0,2*)) . We now state the
assumptions of this section:

(Hy): V¢ V4, V4 are Lipschitz continuous in (z,y), Vi (t,z,y,2*) = 0 and
Vs (t,z,y,0) = 0.

(Hg): pe L>®((0,T) x Q), kV5 —pu <0.

(H3): h e L™ ((O,T) W22 (O,z*)) , h > 0.

3.1. Existence, uniqueness and positivity of multilayer model. We use an
approach by the method of characteristics to build a one-dimensional time depen-
dent parabolic equation whose resolution will yield solutions of equation (@), . More
precisely, z being fixed, equation (@), reduces to a first order hyperbolic equation
in (z,y) which can be solved by integration along the characteristic lines, that is
to say, the curves with parametric representation of the form: (Z(s),z" (s),7" (s)),
solutions of the following system of ordinary differential equations:.

go=1
T (s) =V (T(s).7 (), 7 (5)) (5)
T () = rV ((5).7 () .7 (5))

and the initial value

(E 0),z (0) N (0)) = (0, o, yo) -
In fact 7,7, 7" are also functions of the initial values xg, yo and should be written
as

t= E(Sv Zo, Z/O) 7Ei =7 (Sv Zo, Z/O) 7yi = yl (Sv Zo, Z/O) )
if we denote ®° the map defined by
(I)i (87 Zo, yO) = (El (S) 7yi (S)) ’
we have :
(z0,y0) = @ (=5,7" (5), 7' (5)) -
We denote @' (s, 2), or B(s, 2, 2o, yo) the restriction of the solution along the char-
acteristic line emanating from the point (0, zo, yo),
@i (S,{I](), Yo, Z) = SDZ (f (8) 7fi (S) 7yi (S) ’ Z) )
In terms of @, equation (@), reads
a—i 82—1' . a—i
(;Z (s,2) =@ (s) —8;02 ; d

The condition

yields
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and the condition

Oy it
@ (t7x7y) 6_i (tv'rvya Zl) = Q41 (t,{E,y) (t,.I,y, Zz)
SDi (t,fII,y, Zi) = (pH_l (tu z,Y, Zl) 1<i<n
yields
oz ) . o7t
Q; (8) ai (s, ol (_s, Hitl (S,UCoayo)) ,zi) = @1 (3) (t,xo, Yo, 27,)
P (5, @ (=5, (s,20,00)) ,21) = @ (Lzo,yo,z) 1<i<n

So, to each (xg,yo), we have associated the following system of equations:

%“; (5,2) =@ (s) % —W@%—f —m(s)ut, 1<i<n+1

u' 1(05 Zo, Yo, Z) = <P6 (IOa Yo, Z)

o)

C?_Hz (S’ 02 =0 . . it1

61 (S) %iz (Sa (I)Z_(_Sa Pt (Sv'rOvyO)) azl) = Qg1 (S) BUT (S,.Io, Yo, ZZ)

u’ (Sa ! (_Sv (I),L+1 (Sa xOvyO)) az’i) = ul+1 (va()a Yo, ZZ) ) 1 <i<n
n+1

BUT (Sv'rOvyOaZ*) =0

Conversely, once problem () is solved, we have:

(6)

@i (87 Zo, Yo, Z) = ui (Sax()u Yo, Z)

901 (f (8) T (8) Y (S) ) Z) = @Z (Su Zo, Yo, Z)
So, the solution of equation (), can be determined in terms of the solutions of
problem (@) .

Let us consider for a moment problem (). The unknown functions u’ can be
treated as functions on the product R* x [0, 2*], parameterized by (x¢, o) . Each of
the functions of the parameterized family satisfies a partial differential equation in
the interior of the layers. The initial value also is a parameterized family of functions
with the horizontal coordinates as parameters. In fact each solution and its initial
value correspond to the same parameter. This does not hold for the boundary
conditions which, indeed, involve functions associated with several values of the
parameters, more precisely, the boundary conditions are expressed as relationships
between the solution corresponding to the value (zg,yo) of the parameters, on the
one hand, and the solution corresponding to ®? (—s, O (5,20, yo)) , on the other
hand. This fact makes the study of equation (@) difficult. On the other hand, one
may observe that, as n becomes large

o’ (_5= ot (3730073/0)) — (20, ¥0) -
A natural simplification of equation (@) which, asymptotically (as n tends to oco)
will lead to the same result is to express the transmission conditions at the same
(0, Y0) -
So from now on, we will consider as an approximation the following system of
equations:

ui

s

o

- (s,2) =@ (s)% — KV, (s,z)%—i —mi(s)u’, 1<i<n+1
u’ O,Z,Io,yo) = <PZO (xovy()vz)
9u_(5,0) =0

% _ i+1

s) & (s, 0, Yo, zi) = it (8) 9u— (t, 20, Y0, 2i)
87x07y07zi):u1+1 (87$07y07zi)7 1 SZSTL
n+1 *
Dz (Sax07y052 ) =0
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We denote A" (s) the operator defined by the right hand side of problem (). We
are now ready to define the operator suited to the problem at hand. We still call it
A" (s).

A" (s) is given by

A ez = o (@0 5) B G a6

with a(sv Z)|(Z'L—1;Zi) =0 (S) ’ B(Sv Z)|(Z¢71,Zi) = KV; (55 Z) and Y (Sv Z)|(zi,1,zi) =
ai(s). fi = fl(z:_1 .2, is the restriction of the function f to the interval [z;—1, 2],
for1<i<n+1and

of

D (An (S)) = {f S W1’2 (0, Z*) n W2’2 (Zl',l, Zl) e (0)

- (=) =0,

0z
@ (s )Z( ):aiﬂ(s)%(zn lgign.}

Proposition 1. Assume (Hy) and (Hs) hold. Let vg € D(A™(0)), vg > 0. Then
equation () has a unique non negative solution v™ € L*([0,T], W2 (0,2%)) N
€Y ([0,77, L (0,2%)).

Proof. To show thls result we use a Varlatlonal formulation method, we consider
the blhnear form a (s, u,v) fO (2) ;’ (2)dz + foz* (s,2) ?)Z (2)v(z)dz
+ fo v (s, 2) u(2)v(z)dz, on W12 (O7 z ) We show that conditions below hold.

(i) The map s + a(s;u,v) is measurable for any u, v € W12 (0, z*);

(#4) There exists M € (0,+00) such that for almost any s € (0,7) and for any
u, v € WH2(0,2*) we have

la(s; u,v)] < M|[ull

vl ;
wli2(0,2%) ” wl2(0,2%)"

(#4i) There exist constants a > 0 and 3 € R such that
a(s;v,v) 2 el|v[[fyrao oy = BllvlZz( 2

for almost every s € (0,T) and for every v € W12 (0, 2*); we have that @, 3 and v
are measurable consequently the map s — a(s;u,v) is measurable. So condition ()
is satisfied. For any ¢, w € W2 (0, z*) and for almost any s € (0,T) we get

*

# 0q = 9q, Ow 2
. < A - 22 i
alsiq ) <o [ 13 fulde+Ca [ 15 1520+ o [l fulas

(where Cy = max
(s,2)€[0,T]x[0,2*]

O3 = ess Sup(s,z)e(o,:r)x[o,z*ﬂ(saZ) )

B(s,2)|, Cy = max @(s,z),
6( )‘ 2 (s,2)€[0,T]%[0,2*] ( )

Cillgllw2 - llwllz> + Callglwrz - lwllwr2 + Csllgl| L2 - [Jw]| L2

<
< Mllgllwrz - lwllwez,

where M € (0,400) is a non negative constant independent of ¢ and w. So, (i) is
fulfilled.
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Let us now prove that a(s; w, w) > afw||31.. —B|lw||7- for almost every s € (0,7)
and for any w € W12 (0, 2*), where o > 0 and 3 € R are constants, we have

als;w,w) = /Oz*oz(s)<a—wz> dz+/ 5” () (2)dz

+/OZ* v (s, 2) w?(2)dz

*

> Aza@(%yaf@+ﬁ@a%§@w@mA

Since @ > 0, B € L>((0,T) x (0,2*)), then there exist non negative constants ¢

and ¢ such that
a(s; w, w) 2—(/|g |w|dz—|—5/|—| dz.
Q

On the other hand we have

ow ow e 1, 2
. < had
1501 wldz < [(IZ2 R + o7 P, o >0
Q Q

and this implies

alsiw.w) > /M—PMWM—M/F%M
Q
> (6-p) [ 1550z — o /mwz
Q
Choosing now p = 2—< we get
) ow 2¢2
a(s;w,w) > 2/|8z| dz 3 /|w| dz
Q

Q

0 2¢?
> Sl - 2

We conclude that (i44) is verified. Condition (¢), (#¢) and (¢i¢) allow us to conclude
via a well known result of J.L. Lions (see [§], p. 218) that problem

By Jats,uts) = Jy s, 2 (2) ¢ () dz| ds = (J; w0 ()0 () d2) 6.(0)
for all $ € D (0 ,T) andfor allv€W12(O,z ).
(8)

[w]|Z-

has a unique weak solution u, i.e.,
w e L2(0,T; W2 (0, 57)) N CO(0,T5 L2 (0, 2%)), u (0, 2) = o (2)
We choose v € D ((zi—1,2;)), i =1,.n+ 1 in &), we deduce that
a 7 82 [ — 8 [
Y —a ° —fng(s,z)a—z
with ' is the restriction of the function u to the interval [z;_1, z;] , for 1 <i < n+1.

=) oy — (st in D' ((0,T) x (511, %))
On the other hand integration by parts in ), we can see the boundary condition
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in 0 and in z* 5 5
U U o

It remains to give interpretation of transmission conditions. First, we know that
u € C%0,T; L% (0, z*)) so we have continuity in z;
u' (s,2;) = u'Tl (s,2) fori=1,.n.
now, we show that
oul i+l
@i (s) N (8, 21) = Wit1(s) 0. (s,2) fori=1,..n. (9)
The Green formula in (0, z;) yields

fOTaZ (s) 2 (s zl)vzlds— (Ji UO(;Z)U (z)‘dz) 0 )dz
= Jo [fy @i (s 5 (5,2) Gov+ T (s)uivg (s) =[5 u (2) ¢/ (s) dz]ds

and in (z;,2*)
— Jo i () 255 (5,22) (f W (2)v (2)dz) 6 (0)

= fOT UZZ; @; (s) % + AV3 (s, z) 9 W” +7 (s)u v (s) — fzj u(s, 2)v (2) ¢ (s) dz
(11)

for all v € D ([0,2*]). Since w is solution of @), according to equalities [[) and
(@) we can see that

T ’U,i u1+1
/0 <6i (s) %_z (8,2;) — @iyt (8) % (s, zl)) v(z;) =0 for all v € D([0,2])

then we conclude the transmission conditions (@) .
Non negativity can be proved by standard arguments. For f € D (A" (0)), if u™
denotes the solution of equation ([d), such that

u™(0) = f,
then, u™ is a strong solution, we can multiply both sides of equation [@) by v"~ =

max(0, —u™) and integrate on [0, z*]. Standard arguments can be used to arrive at
the following

2ds}“"_}L20z*> %1/ (dun_)2 %1/ ( Vs—u>("_)2

Then, the above equality leads to the following differential inequality

d, .
a|u ‘L2<0’

This implies that:
n— 2 n— 2
[u"™ (8)| 72 < w7 (0)] 1 -

So, if we assume that f > 0, that is, ™~ (0) = 0, we obtain that :

u"" (s)=0,¥t>0
SO

u(s) >0,Vs > 0.

According to proposition [l the solution of the linear problem ([) is non negative

and given by

o (tz,y,z) = u” (t, 2, (—t, :E,y)) for z € [z;—1, 2i]
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O

3.2. The exact solution. In this subsection we show that solution along char-
acteristic lines defined by the horizontal flow in each layer, tends to the desired
unique solution of equation (),, in L? ([O, ], W2 (0, z*)) as the number of layers
n — +00.

Theorem 1. Letug € L? (0, z*) then there exists a sequence (ul}), -, uf € D (A™(0))
for all n > 1, such that -

Uy — U
in L?(0,2*) and there exist u € L? ([0,T], W2 (0,2*)) such that the solution u™
of equation ([7)

u" —=u
in L? ([0, T],W'2(0,2*)) with respect to the weak norm. Finally u satisfies the
equation

ou 0 (- ou — ou  _
%5 = B2 (h(s,z)a—> —/@Vg(s,z)g—,u(s,z)u

z

with initial value
u (0, 2) = uo (2)
Proof. Let ug € L?(0, z*), there exists a sequence (vy),s, in
{uew??(0,2%), v (z*) =u' (0) = 0}
such that
L2(0,2%)
vy = .

We determine a new initial value u such that uf € D (A™ (0)) and

n L?(0,2")
Uq — ()
we choose ug as a polynomial perturbation of g,

n+1
uf = vp + Z Qix(%il’zi)
i=2

where @); is a second degree polynomial. So
Qi (zi-1) = Qi (2)) =0
and
a1 (0) vy, (21) = @2 (0) (v, (21) + @3 (21)) (12)

@; (0) (v, (21) + Q; (20)) = Qig1 (0) (v, (21) + Qg (21)) (13)

for 2 < i < n, we denote by
€in=Qi(z), &, =Qi(zi1)

the polynomial @); is given by

et
in
z) = Z — Zi— Zi — %
%) = o) (i 2
with
+ o —
Ei,n__si,n
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Using the equalities (IZ) and ([3)we show that
+ (@ (0) —@2(0)) ,
" a2 (0)
(0

@1 (0)efy, +a@(0)ef, = (g1 (0)—a;(0)v), (z) for i=3,.n,

vy, (21)

8;_7" — 0 as n tend to +00 and by induction we can see that for Vi, ai'n — 0 as

n — +o0o. We know that

L Qi) ==
then

L2
Uy = Up.

From proposition [ there exists u™ € L? (0,7, W2 (0,2*)) N C° ([0, T], L*(0,z*))
solution of problem (). Multiplying the first equation of system (@), by the test

function 6 € C° ([O, T), W22 (0, z*))

d n+1 n+1
E(u”,@) = Z/ J(Au™) (¢, 2) tzdz—Z/ KV3—6‘tz)

n+1
—Z/ wiu™0 (t, 2)
n+1 n+1
— Z(ai—ai_l)u" (s,zZ (t, 2 —i—Z/ t,z)dz
i=1
n+1 n+1

—I—Z/ (t, 2) —|—Z/ KEB’UJ (t, 2)
n+1 "

—Z/ w0 (t, z) dz
i=1 7 %i—1

We integrate the first equality from 0 to ¢

(u",0) (t) — (u™,0) (0) = /t n+1/ (s,2)dz
+/t"+1/ ngu — (s,2)ds

n+1
t 0

/ 1) u" (s, 2;) a—z (s, 2i) ds
[ /

tn+1

L)

8V3 u” (8,2;)0(s,z;)ds

"9 (s,2)dzds
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if we take 6 = u™ we find that

T T
o Ol + (i, @) [ @llgrads + (i @) [ ()
< . (1)

where mini<j<n1 @ > 0, then u™ is bounded in L? ([0, 7], W2 (0, 2%)) so there
exists a subsequence of u™ such that u™ — v on L? ([0,T], W'2(0, 2*)) (see [l).
It is convenient for further computations to express the integral in z on (z;_1, 2;) in
each integral quantity in the form of

/ X(zi—1,2i) (Z) dz
0

where x; denotes the indicator function of set J, for instance we have

tn+1 s 0 0%0
/ / au (s,2)dzds —/ Zoz Xeimr o ¥ 525 (s,2)dzds

according to the definition of @;, ii* and 73 we have the convergence of

thrl
/ / o 6 6 n_)+oo/ / hv—dzds
tn+1
n—-1+0o0 9
/ / (s,2)dzds "% / / f<aV3vj—dzds
thrl
/ / (s,2)0 (s, z)dzds n_)+oo/ / vl (s, z) dzds

We have u™ bounded in L2 ([0, T], W2 (0, 2*)) and 6 € C° ([O,T] W22 (0, z*)) .

Then, one can see that

and
Ji B (0 5,2) 82 512) = o' £ (" 5,2) B 5.2)
< Vl]z — 2] (foz (um (s,2) G2 (s, z))2)
So for all s € (0,T)
n+1

— — n ) 00 1\ Moo = aﬁ 0 a0
Z(Oﬁi_aifl)u (5,21)5(5721) - /0 5/0 $<u(s,z)$(s,z)>

i=1

using the Lebesgue dominated convergence, we can see that

t"“ . ae | o ah 69
@ — 1) u" (8, 2i) — % (s, %)

tn+1

/ / 8V3 u" (s,2:) 0 (s, 2 nﬁﬂO/ / 8V3

and
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We integrate the equation () from 0 to ¢ with a test function
0eL? ([O,T] W22, z*])
and let n tend to 400 (a subsequence) we find
(v, 9t> (t) — (uo,0) (03e o Lo
= f? fg %ﬁ% + tfo Z*hUng + o Jo KVsvidzds
+ fotfo . ,{8(;/23_09 —Jo Jo mob Lo R
= Ity £ ()0 (s,2)deds — [ [5 kVsvodzds — [, [ Fve
Thus v is the weak solution of equation ([, and uniqueness of the solution of
equation () implies that u = v. O

Now we consider the characteristic lines (7 (s),Z (s),% (s)) , solutions of the fol-
lowing system of ordinary differential equations:.
g—i (s)=1
o () = Vi (T (5),7(s),
x

t
T (s)=rV2 (E(5),

S

and the initial value
(£(0),7(0),7(0)) = (0,20, y0) -
if we denote ® the map defined by
@ (87 Z0o, Yo, Z) = (E (87 Z) 7@ (87 Z)) )
we have:
(I07 yO) = (_Svf (Sa Z) Y (Sv Z) ) Z) .
The restriction of the solution of the linear equation (), along the characteristic
line emanating from the point (0, zo, yo),
@(SaZaIanO) = (f(s) aT(S) 7?(5)72) )

Theorem 2. Under the assumptions (Hy), (Hz), and (Hs) , we have that for
o € W22 (Q) there exist a unique nonnegative solution of the linear model (), for
te€0,T].

Proof. For z € [z;_1,z;], using the definition of V}' and V3, we have

a _. 0
%(I)l (Sv'r()ayo) - %(I) (va()vy()vz)

as n — —+oo and ‘
®* (0,0, y0) = (0,20, %0, 2)
SO
@ (s,20,%0) e (8,205 Y05 2) -

we know that the solution of the linear problem () is given by

" (tz,y,z) = u” (t, z, ®° (—t,x,y))
and by applying theorem ([II)

" (tx,y,2) = ut,z,® (—t,z,y,2))
the solution of linear problem (l), is non negative and given by

otz y,2) =u(t,z,®(-t,x,y,z2)).
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4. Nonlinear equation. As a preliminary step in the proof of existence in the
nonlinear case, we derive a priori estimates for the solutions of equation ([l). We
have to assume that

Hy: Jo € LY (0,T) is satisfied.

The notation ||.|| corresponds to the usual norm in L?(2).

Proposition 2. If equation (@) has a non negative solution p, such that its initial
value po € L' (Q) and if it has a compact support, then there exists a constant ¢
such as

e O < lleoll exp (ct)

Proof. By integration of the equation () and multiplying by a test function ¢, we

found that
—p+ | div|kV (t,P — | h(z z
/Qatw A [V (t, P) ¢l wr (2) 5, )¢~ Qu()s@
+/TJ(t,P,80)<P2
Q

L (e

+/Q7°J (t, P, ) p? (15)

we have that

/div[mV(t,P)w]gp = / O?KV (t, /gﬁliv
Q o2 Q

— / ©*kV (t, P)n (P)+/ @*kV (t, P)n (P)
Dx{z*} Dx{0}

+/ 2RV (t,P)n(P)—/ orV (t, P) Vg
dDx[0,2*] Q

where 7 (P) is the outward normal vector at point P and Ve is the gradient of ¢.
The first term

/ SRV (1, P) 1 (P) = 0.
Dx{z*}

since, for P € D x {z*}

V(E,P)n(P) = Vs,_.
= 0.
Also, for P € D x {0}
V(E,P)n(P) = V.
0.

We integrate the equation within a time interval during which the horizontal pro-
jection of the support is contained in the interior of D, as long as ¢t € [0,T,,,]. So
for P € 9D x [0, z*]

V(t,P)n(P)y=0.
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Thus

/WV (t,P).Vyp = 1/ KV (t, P) Vp?
Q 2 Q

1 1 .
= 3 /asz ©*kV (t,P).m(P) — 3 /Q P2 div (kV (t, P))
= 0.

8<p 1d 2
—_— = - — t
| 2o =55 @I,

d
Ellw(t)ll2 < 20 Joll g o, llee (DI

cle 17,

We know that

SO

IN

which immediately yields

lle )11 < [lspoll* exp (ct) -
O

Theorem 3. Under assumptions (Hy ), (Hz), (Hs) and (Hy), we have that for each
po € Lﬁ_ () with a compact support, equation () has one and only one solution,
defined on the mazimal time interval on which it remains with a compact support.
Moreover, the solution is non negative on its domain.

Proof. Denoting u (t) = ¢ (t,.), where ¢ is a possible mild solution, we have the
following

w(t) =T (t,0) u (0) + r/o To (t,8) (J(s,.,u(s))u(s))ds (16)

© — To (t,5) ¢ is a solution of the linear problem (). Uniqueness that it entails
is an evolution operator on L?(2) (see [§]). It is also non negative. From (@), it is
obvious that the function J takes only non negative values. So, the right hand side
of formula (I8 is a non negative operator. Given any ¢ € [0,77], let us consider the
convex cone

I'={u,u:[0,¢] — L% (), continuous and |u (0)|| < R},

T is in fact a closed subset of the space of continuous functions from [0, ¢] into
L*(£2), endowed with the usual norm which we will denote ||.|. Given ug in L2 (),
we consider the map, denoted G, defined by the right hand side of [[H) on the set
T. Clearly, for each v € T', we have G(v) € T'. On the other hand, we can see that,
for any pair v1,vs of elements in I', we have

1G(v2)(t) = G() (D) < C exp(at)

sup [[va(s) — v (s)|,
0<s<t

from which we deduce by induction
k—1

16" () () = G* () ()| < C* exp(at) sup |[lva(s) —vi(s)|-

(k—1)! 0<s<t

This inequality shows that there exists k* such that, for each k > k*, G* is a strict
contraction from I' into itself. From this, we conclude that G has a unique fixed
point. This being true for ¢ € [0,T], we obtain existence and uniqueness of a non
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negative solution of ([IH), defined for all ¢t € [0,T] . So, problem () has, at least, a
mild solution. O

5. Conclusion. The phytoplankton has for long generated a lot of interest from
various perspectives. With no attempt to being exhaustive, let us mention the fol-
lowing works: on the mathematical side, a typical work is the one by S. Ruan who
investigates qualitative features- stability, bifurcations- of delay differential equa-
tions, with possibly infinite delay and/or partial differential equations. In principle,
the delay is related to nutrient recycling and delayed growth response Beretta et al.
[6], S. Ruan [22] (see also J.Wu [30] for a comprehensive presentation of reaction
diffusion equations with delay). Restrictions in such models (constant coefficients,
no transport) make them far from being adapted to the oceans. There is a category
of models which deal only with some physical or chemical aspects of the phytoplank-
ton growth, see for example C. Zonneveld [BT], B2] and references therein: these are
generally systems of ordinary differential equations from which it is possible to es-
timate some parameters. Most spatial models are treated by simulations: this in
principle allows the consideration of very complicated models. Examples of such
studies can be found in articles of P. Franks and his co-workers [19] 20, [I7].

In this paper we have considered a three dimensional model for phytoplankton
a model where the water column is divided into small layers, inside each of which
it is reasonable to assume that the current velocity depends only on the horizontal
variables. Firstly we showed that the multilayer model has a unique non negative
solution, secondly we investigated the convergence of this approximation to the
exact solution of the model.

The model neglects the effect of nutrient concentration gradients. It would be
interesting to include these in a model, as they have a substantial effect on the
phytoplankton distributions.
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