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ABSTRACT. The aim of this paper is to optimize traffic distribution coefficients
in order to maximize the trasmission speed of packets over a network. We con-
sider a macroscopic fluidodynamic model dealing with packets flow proposed
in [10], where the dynamics at nodes (routers) is decided by a routing algo-
rithm depending on traffic distribution (and priority) coefficients. We solve the
general problem for a node with m incoming and n outgoing lines and explicit
the optimal parameters for the simple case of two incoming and two outgoing
lines.

1. Introduction. There are some recent works on car traffic flow on networks,
see [7, 8, 11], that relie on macroscopic description via car densities and other
conserved quantities [3, 12, 13]. To treat a telecommunication network, we look
at an intermediate time scale, thus assume that packets transmission happens at a
faster level but the equilibria of the whole network are reached only as asymptotic.

A network is formed by a finite collection of transmission lines and nodes (or
routers), each packet is seen as a particle on the network and it is assumed that
each packet travels on the network with fixed speed and assigned final destination.
Moreover it is assumed that routers receive, process and then forward packets.
Packets may be lost with a probability increasing with the number of packets to be
processed. Each lost packet is sent again.

Hence, on a single straight transmission line each router sends packets to the
following one a first time and lost packets are sent a second time and so on until
they reach next router. Looking at intermediate time scale we assume conservation
of packets and get the following simple model consisting of a single conservation
law:

where p is the packet density, v is the velocity and f(p) = vp is the flux.

Since the speed on the line is assumed constant, an average transmission speed
among routers can be derived considering the amount of packets that may be lost
along with an assigned loss probability function (see [10]). From the average trans-
mission speed one gets a velocity function and thus a flux function.

In order to consider complex networks, one needs a way of solving dynamics at
nodes in which many lines intersect. For this, we consider the routing algorithm:
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(RA) Packets are processed by arrival time and are sent to outgoing lines in order
to maximize the flux.

A key role is played by Cauchy problems with initial data constant on each trans-
mission line called Riemann problems at the node. In order to determine unique
solutions to Riemann problems, some additional parameters are introduced, called
respectively priority parameters and traffic distribution parameters. The theory for
this model is developed in [10].

In this paper we focus on a simple network formed of a single node with m
incoming and n outgoing lines. We assume that packets flow from m initial nodes
to n final ones. We assign the packet quantities flowing from initial to final nodes and
compute the final equilibrium as function of the traffic distribution (and priority)
parameter. Such equilibrium should belong to the admissible region for the final
fluxes. The strategy we use (see [10]) is to project the equilibrium point on the
admissible region which is a convex set in RY with N = n,m. We take this
projected point as solution to the Riemann Problem.

Next, from the solution to the Riemann Problem, we determine the average
speeds at which packets travel on the network and we define three functionals mea-
suring:

e the speed of the packets travelling on the lines,

e the average travel time,

e the speed of the packets, weighted with their quantity, travelling on the lines,

i.e. the fluxes.

We will see that the third functional does not depend on the the traffic distribution
and priority parameters. The aim is to optimize the choice of the coefficients in
order to maximize the first functional and to minimize the second one.

A key point is that from different choices of the projection on the admissible
region we get different solutions to the Riemann Problem. In the simple case of
m =n = 2, we deal with the projection of a point on a segment in R!. In this case
there is only one reasonable choice and we are able to completely solve the problem
giving the optimal values as function of the packets densities.

It is interesting to notice that in many cases there is a set of optimal values
(with the extreme case of functional not depending on the parameter) of the traffic
distribution and priority parameters.

The paper is organized as follows. Section 2 describes the dynamics of packet
density on a single transmission line based on a prescribed packet loss probability.
Then basic definitions and notations for telecommunication networks are given.
Section 3 illustrates the routing algorithm for Riemann problems at nodes. In
Section 4 we indicate the optimal parameters for the dynamic of packet density
given in Section 2 and for a simple network with m incoming and n outgoing lines.
Finally in Section 5 we exactly compute the optimal parameters for the simple case
n=m=2.

2. Packets flow on a telecommunication network. Each transmission line,
represented by a real interval I, consists of many edges and nodes. Each node
corresponds to a server sending and receiving packets. To determine the dynamics
on I we need to describe the effect of packets loss on the velocity of transmission
function. We assume that each node Ny sends again packets that are lost by the
following node Njiyi. More precisely, we assume that there exists a function p :
[0, prmaz) — [0,1] that assigns the packet loss probability as function of the packet
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density. Suppose that § is the distance between the nodes Ny and Nii1. Let Aty
be the transmission time of packets from node N to node Ny, in the case in which
they are sent with success at the first attempt, and At,, the average transmission
time when some packets are lost by Niy; and they are sent again by Nj. Let us
denote with v = Aito and v = %m, the packets velocity, respectively, in the two
cases. Therefore at the first attempt the packets sent by node Ny reach with success
node Ny with probability (1 — p) and they are lost by node Ni11 and sent again
by node N, with probability p. At the second attempt there are p packets to be
sent again and (1 — p)p packets are sent with success while p? are lost. Going on
at the n-th attempt (1 — p)p™~! packets are sent successfully and p™ are lost. The
average transmission time is equal to

+o00 Ato
Atuw = 3 ndto(1 = plp"~ = 0
n=1

from which we get that the transmission velocity is given by v = A% = Aito (1-p) =

(1 — p).
In this paper we assume that the following packets loss probability is assigned:
_pto—1

p(p) =

Then the transmission velocity is equal to v (p) = o(1 — p(p)) = 1 — p, and, since
f(p) = v(p)p, the flux function is:

f(p)=p(1—p). (2)

Other packets loss probability may be assumed and analogous results in terms of
optimal traffic distribution and priority coefficients may be found. For simplicity,
we suppose that the maximal packet density is pmax = 1.

Next we give some basic definitions and notations for telecommunication net-
works. We model a telecommunication network by a finite set of intervals I; =
[a;,b;] CR,i=1,...,N,a; < b;, on which we consider the equation (1). Hence the
datum is given by a finite set of functions p; defined on [0, +oo[ X I;.

On each transmission line I; we want p; to be a weak entropic solution, that is
for every function ¢ : [0, 400[ X I; — R smooth, positive with compact support on

]0,+oo[><]ai,bi[
too b /g )
[ (058 + 1100 52 ) it =0, 3)

and for every k € R and every ¢ : [0, +oo[ x I; — R smooth, positive with compact
support on |0, +oo[ X Ja;, bi[

400 pb; ~ ~
L (=0 santon =17 00 - 7 00 5 Y ot = 0. (o

0 a; X
It is well known that, for equation (1) on R and for every initial data in L°°,
there exists a unique weak entropic solution depending in a continuous fashion from
the initial data in L},,. Moreover, for initial data in L> N L' we have Lipschitz

continuous dependence in L', see [5, 6].

We assume that the transmission lines are connected by some nodes. Each node
J is given by a finite number of incoming transmission lines and a finite number of
outgoing transmission lines, thus we identify J with ((i1,...,%m), (j1,..-Jn)) Where
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the first m-tuple indicates the set of incoming transmission lines and the second n-
tuple indicates the set of outgoing transmission lines. Each transmission line can be
incoming transmission line at most for one node and outgoing at most for one node.
Hence the complete model is given by a couple (Z, ), whereZ = {I; : i =1,...,N}is
the collection of transmission lines and J is the collection of nodes. For boundaries
of transmission lines not connected to nodes we can use the theory of [1, 2, 4].

3. Riemann problems at nodes. Now we discuss the solution at nodes. If p =
(p1, -y Pm+n) is @ weak solution at the node such that each 2 +— p;(t, 2) has bounded
variation, then p satisfies the Rankine-Hugoniot condition at the node J, namely

m m-+n
Z f(pso(tv b;)) = Z flpu(t, a$))a (5)
p=1 Pp=m+1

for almost every t > 0.

For a scalar conservation law a Riemann problem is a Cauchy problem for an
initial data of Heavyside type, that is piecewise constant with only one discontinuity.
One looks for centered solutions, i.e. p(t,z) = ¢(%), which are the building blocks
to construct solutions to the Cauchy problem via wave front tracking algorithm.
These solutions are formed by continuous waves called rarefactions and by traveling
discontinuities called shocks. The speed of waves are related to the values of f’,
see [5, 9]. Analogously, we call Riemann problem for a node the Cauchy problem
corresponding to an initial data which is constant on each transmission line.

To solve Riemann problems according to (RA) we need some additional para-
meters called priority and traffic distribution parameters. We have only m priority
parameter p € ]0,1[ and n traffic distribution parameter a € ]0,1[. We denote with
po(t, ), ¢ =1,...,m and py(t,x), ¥ = m+1,...,m + n the traffic densities,
respectively, on the incoming transmission lines and on the outgoing ones and by
(P05 Pys,0) the initial data. We denote by 7 : [0,1] — [0,1] the function that asso-
ciates to every density the other density with the same flux. By equation (2) we
have that o = 1 and 7(p) = 1 — p. Since the speed of waves must be negative
on incoming lines and positive on outgoing ones, we want to determine a unique
(m + n)-tuple (p1, ..., pm+n) € [0,1]™™ such that

A {pe0} UlT(pp0),1], 10 < pypo <o,
Pe © { [07 1] ’ if o < Py,0 < 17 (6)
p=1,....,m, and
R [0, o], if 0 < pyo <o,
€ . ' 7
P { {py,0} U0, 7(pyo)l, if o <ppo<1, @

1 = m+1,...,m+n, and, on each incoming line I, ¢ = 1, ..., m, the solution consists
of the single wave (p, 0, f,), while, on each outgoing line Iy, y =m+1,...,m+n,
the solution consists of the single wave (py, py.,0)-

Define 7'** and ~,;;** as follows:
max __ f(pg070)a if Pyp,0 S [an]a _
’pr _{ f(O'), ifp¢706]0,1], 30_13"'7m7 (8)
and

max f(o), if py.o € 10,0],
U= i , = 1,..., i 9
Yy { f(p%o), if Py.o € ]g’ 1]7 P =m—+ m-+n ( )
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The quantities 7)'** and ~,/** represent the maximum flux that can be obtained by
a single wave solution on each transmission line. In order to maximize the number
of packets through the node over incoming and outgoing lines we define

I' = min {F’L’I’L’ 1ﬂo’u,t} ’

whereI';,, = >3 7** and T, = ZZE:I 4178, One can easily see that, to solve
the Riemann problem, it is enough to determine the fluxes 4, = f(p,), ¢ =1,...,m,
and Yy = f(py), ¥ = m+1,...,m+n. Let us determine 4,,¢o = 1,...,m. We
have to distinguish two cases:

. T, =T,

II: r,, > T.
In the first case we set 4, = 72", o = 1,...,m. Let us analyse the second case in
which we use the priority parameters pq,...,p, where 0 < p, < 1 and ZZzl Dy =

1. Not all packets can enter the node, so let C' be the amount of packets that can
go through. Then p,C packets come from the ¢—st incoming line. Consider the
space (71,...,%m) and denote by P the point with coordinates v, = p,I". Recall
that the final fluxes should belong to the region:

Q:{(’Ylw-w%n)10§7¢§7$ax,¢=1,...,m}.
We distinguish two cases:

a) P belongs to €,

b) P is outside Q.

In the first case we set (91,...,9m) = P, while in the second case we set
A1y 39m) = Q, with @ = proj(P), where proj is some projection on O =
an {Z?:Zl 7, = I'}. From the choice of this projection the analysis and the choice
of the parameters p1,...,pn, can be very different. The most natural projection to
take is the projection on a convex set. For n = m = 2, since () is a one dimensional
set, one essentially has a unique reasonable projection that maximizes the fluxes v,
and ~2. This case will be treated in Section 5 where a detailed description of the
optimal choices of the parameters p,, is given.

Let us now determine 4y, = m+1,..., m+n. As for the incoming transmission
lines we have to distinguish two cases :

I. T, ., =T,

. r,,, >TI.
In the first case 4y = 7™, = m+1,...,m + n. Let us determine 4, in the
second case in which we use the traffic distribution parameters a,,11,...,Qmin

where ay, €]0, 1] and Zzzmﬂ oy, = 1. Since not all packets can go on the outgoing
transmission lines, we let C' be the amount that goes through. Then «yC packets
go on the outgoing line I,,. Consider the space (Ym+1;- - -, Ym+n) and denote by P
the point with coordinates: v, = ayl'. Recall that the final fluxes should belong
to the region:

Q= {(Ym+1s-- s Yman) 10 <y <P o =m+1,...,m+n}.

We distinguish two cases:

a) P belongs to €,
b) P is outside .

In the first case we set (%m+1,.-.yFm+n) = P, while in the second case we set
(Fmt1y -y Yman) = Q, where Q = proj(P).
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FIGURE 1. A single node network. The circles on the left and on
the right represent the sources and the destination respectively.
The circle in the middle o represents the node. The segments e,
and ey, represent the lines incoming from the sources and outgoing
to the destinations respectively.

4. Optimization of a simple network. We focus on a network as in figure 1
comprised of only one node o. There are packets from sources to destinations passing
through the node o and running on lines. We denote by e1,...,€m,emt1,---;€min
the lines from sources {1,...,m} to the node o and from o to destinations {m +
1,...,m+n} and by cyy with ¢ € {1,...,m} and ¢ € {m +1,...,m + n} the
number of packets running from source ¢ to destination v first on line e, then
through the node o and finally on line e;;. We define the packets densities running
on the lines as follows

+
e p, from e, to o: p, = Z$:'r:,+l Coonp;
® py from o to ey: py =37 Coy.
Our aim is to solve the RP for the node at o. Then we want to compute the

velocity, the average transmission time and the flux over the network as function of
the parameters oy, and p,. Therefore we introduce the following costs:

m m—+n m 1 m—+n 1 m m—+n
D=3 3 Vew =3 —4 Y — h= Y Ve
=1 p=m+1 o=1"f  pemy1 ¥ =1 p=m+1

with Vg = v, + vy, v, = v(p,) and vy = v(py) are the velocities on the lines
€y, €y, and p is the solution to the RP with initial data (py 0, py,0). We define
Y (resp. 7,/ ") as in equation (8) (resp. equation (9)) and consider the points
described by the following systems:

{ 7% =Tp, (10)
where the p,’s are the priority parameters with Zg;l py, =1, and
{ 7w =Tay (11)

m—+n

where the ay’s are the traffic distribution parameters with 3 )77, ay = 1.
We introduce the following conditions:
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ALZJ Yop = ame < ,ymaa:
Let now I' = T';;,, and denote by P;, the polyhedron given by the intersection
of the simplex Tj,, = {a e R": 0 < ay <1, v =m+1,...,m+n,> oy =1}

max

and the cube Cy, = {a € R" : a < ’Y’“’ , ¥ =m+1,...,m+n} and proj
the projection of a point in 73, on the boundary of P;,. We do not give a precise
description of such a projection so as to maintain the description of the solution
as general as possible. Indeed different choices of the projection lead to different
optimal subsets of T5,.

The solutions to the RP are the following:

o (e L AT Py ity .o, Dty ) if all At are satisfied,
o (YT L AT Torof(Qmit, - - - s @mtn)) if any of the A is not satisfied.

Notice that the case where all At are false is not possible since otherwise it would
be an > Fout-

Consider the following conditions:

By: v = ppliout < 75

Now, if I' = T',,+ we denote by P,,: the polyhedron given by the intersection of
the simplex Tpu: = {p € ]Rm :0<p, <1, o=1,...,m, > p, =1} and the cube
Cowt ={peR™: p< e »=1,...,m} and proj the projection of a point in
Tout on the boundary of Pout In thls case the solutions given to the RP are the
following:

maz

max

o (Tpi,., Tpmyind, - s, if all By are satisfied,

max

o (Lproj(prs---pm), Y43, - - - vms?,) if any of the By is not satisfied.
Notice that the case where all By are false is not possible since otherwise it would
be Loyt > . To compute the cost we observe that p, = [~ (%) (Py = f~(Fy)
resp.) and 4, is either 42'® or I'p, or I'(proj(p))e (94 is either 4;** or L'y, or
L(proj(a))y resp..)

In what follows we will determine the cost functions and optimize them on the
parameters oy, and p, such that conditions Aty and By are satisfied.

Remark. Indeed, for the general case of m incoming and n outgoing lines, the
projection proj has not been fixed. However, we notice that when some of the
conditions are not satisfied, the cost functions are evaluated on a projected point
Iproj(a) (I'proj(p) resp.) and do not depend on the parameters a;’s (p,’s resp.)
anymore. Hence the cost functions are constant in the set proj—t(a) (proj=!(p)
resp..) If a°P! (p°P! resp.) optimizes a cost function when restricted to P, (Pout
resp.), then proj=t(a°Pt) (proj—t(p°P!) resp.) optimizes the same cost function non
restricted. This procedure will be made in detail in the case m = n = 2.

4.1. Optimal choice for flux (2). Recall that we set pimq, = 1, hence vimar = 1,
v(p) = 1 —p and f(p) = p(1 — p). We want to solve p(l — ﬁ) = 4. Hence, by
solving p> — p+ 4 = 0, we get p = %(1 + /AR Where ) =1-— 4’? and
v(pe) = (1=pp) = 5(1=551/A(3)) (v(py) = (1 Pw 2 *Sw\/ (%)) resp.)
with:
incoming lines:
=1 if ppo <oand ' =Ty,
or pyo < o, p,I' = 7"“” and I' = T'pyy;
Sp =
+1  if pyo > o,
or pyo < 0, ppl <2 and I' = [yyy;
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outgoing lines:
+1 if pyo >0 and I' =Tpyy,
or py,o >0, aypl =" and I' = I'jp;
if pyo <o,
or pyo >0, aypl’ <5 and I' = T,

8111 = _1

Then
1
Voyp = 52—59“/ () — spr/ Ay
m—+n
-y Y v
e=19P=m+1
1 n m—+n
=3 2mn — nst/ (o) +m Z spr/A(Fy) ,
p=1 PYp=m+1
and
m—+n m—+n

J — + — +
o saz:l‘/’ wzm;rlw 9021 oV AFe) wzm:ﬂ — sy /Alw)

For J; we get:

m+n min
Jy = Z Z cwwvw_zpwl—mp > pu(l—py)
=m-+1 Pp=m+1
_ ig_: (1+ 503/ DG — 55/AGy)
m+n
+1 0 (s /AG( -5y /AGY)
P=m+1

m—+n

1 & . 1 .
= 12 0-AG) T Y (- AGY)
p=1 PY=m+1
= D et e
® P
We notice that J3 is constant. Indeed, if I' = T';,, and all At are satisfied,
Js = ZWWM +) oyl = ZWWU“ + Lin;
P
if ' =T, and any At is not satisfied,

J3 = Z,ymaz + ana

where a is some constant depending on proj(«); if I' = ',y and all By are satisfied,
J3 = Zpgorout + Z%Tw =Tout + Z’YZW"L»
® ¥ P

if ' =T’y and any B is not satisfied,
Z ’Ymaz + Foutba
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where b is some constant depending on proj(p).
Finally we want to maximize the cost J; and to minimize the cost Js with respect
to the parameters oy and p,,.

4.2. Case I'y, = T'py. Assume first that ' = Ty, = T'yyy. Then all Ay are
satisfied if and only if vy, = ~"** for all . Indeed if vy < ;' for some ¢
then T'ip D oy =D vy < Z’yZZLM = I'yut and we get a contradiction. In this case

max max

’3/ = ( 1 yersIn
thus J; and Jy do not depend neither on the parameters o, nor on the parameters
Pe-

4.3. Case I';, < I'yyt. Assume now that I' =T, < Ty and all Ay satisfied. In
this case we have:

max max
7’)/m+1a ce 37m+n)7

’3’ = (,y{naz7 e 7'72(“:7 am+1rina ey aernFin)y
hence:
2J; = 2mn-— nZsM/A(%,) — stW/A(’yﬂ,)
= 2mn—n Z Spy/ 1 —dyger (12)

(%2}
—stw\/l —40[1/,1—‘““ (13)
¥

1
2 =

1 1
2 1 — 5o/ AYy) > 1 —syp/A(Yy)
1
- %: [ (14)

1
+ . 15
g 1-— S 1-— 40[me ( )

Now the part of the cost in (12) (resp. in (14)) does not depend on the ay’s and
maximizing J; (resp. minimizing J5) is equivalent to maximizing expression (13)
(resp. minimizing expression (15).) Since we are in the case I' = T';;, < Ty, for the
sy’s we always have sy, = —1 for all y =m +1,...,m +n apart the case sy = +1
when py o > o and oyl = 7"

Remark. In what follows, we will always consider sy, = —1. If py o > o then the
functionals J; and J, are discontinuous at ay, = 7{;“” /T and their values must be
computed separately. We will give all the details in the case m =n = 2.

Finally, setting s, = —1, we have to maximize the expression

So= ) V/1-dayTi, (16)
W
and to minimize the expression
. 1
Jo = . 17
2 %:H 1—4dayly, (a7)
Since the parameters a,; are restricted to the condition > ay, = 1 we substitute
m—+n—1

the expression a4+, = 1 — ZmeH ay, in Ji and in J, and, by slight abuse of

notation, we also denote by j1 and jg the resulting functions of ay 41, .-+, Amgn—1.
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We begin with the analysis of jl as function of aunt1,...,®nyn—1. The partial
derivatives of J; are given by

m+n—1
9 () —or,, —\1= 401 = T30 a)Tin + VI daiTs,
Oox; VT AT /1- 41— 500 0T,

We then get that Jl( ) >0fora; <1-— Z$+:L+l1 . We obtain that J; has a

critical point in am+1 = = Qmtn—1 = Qntn = -

We observe that Jy, as function of ayy41,. .., @min—1, and its level surfaces, on
the n — 1-dimensional space with coordinates a1, ..., ®p4n—1, are symmetric
with respect to the line a1 = --+ = amyn—1. The Hessian of J; is negative
definite. Indeed

0% 1 1
——J; = —AT?
9a?"! ((1 S-S ap PR T (I- 4air>3/2>
2 . 1
Ji = —41? for i #j
B0, ! 041 =S agrypz or 177
m+n—1 1
T 7 _ 2 2
1=m-+1

m+n—1

9 1
e (2,0

ij=m+1

Then j1 is concave and has a maximum in a1 =+ * = Qpuan—1 = Qntn = %
Now if such a point of maximum does not satisfy the constraints , i.e. does
not belong to P;,, we have to find the maximum of Ji on P,,. The points of P;,
candidate to maximize J; are those lying on the boundary of F;, that is having
coordinates vy = ;" for some ¢ € {m + 1,...,m + n}. Then we fix ¢ and

max

consider the restriction of J; on the hiperplane ITy = {a € R" . Oy = WF
The critical point of Jy restricted to Iy is given by the points o € I, such that
VJy L 10, ie. VJ; || n, where n is the versor normal to IT,,. Therefore the critical
points of J; on II,, are given by the points that satisfy the following condition:

VJ, — (VJi-n)n = 0. (18)

Now for ¢p € {m+1,...,m+n — 1}, n = &, (the canonical versor having all
components zero apart from the 1)—th which is equal to 1) and equation (18) means

that
0

80&1‘
foralli#¢, i=m+1,...,m+n— 1. In particular the points where aij

. 1
are those for which a; =1 — ZT:ZZH aj

Ji1 =0,

max

If v = m + n we have that a4y =1 — Z;’:::;ll o; = ’Y"”r” , hence we get that
n= \/%(1, ..., )T and equation (18) means that

(n—2) a%h Z—J =
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a2

FIGURE 2. The level curves and the regions for J; when n = 3.

foralli =m+1,...,m+n — 1. Formally these are n — 1 conditions which are
however linearly dependent. Indeed they can be described by a linear system of
rank n — 2.

We denote by py, the point of I, which satisfies equation (18) and by 7 the canon-
ical projection 7 : R™ — R™ ™, T(Qmi1s s Cmin—1, Omin) = (Qmits .- Cmin_1)-
There are three possibilities for such points:

1: there exists one and only ¥ € {m + 1,...,m + n} such that the point py

belongs to w(P;,);

2: there exists more than one ¢ € {m + 1,...,m + n} such that the point py

belongs to w(FP;,);

3: the point py does not belong to m(P;,) for all v € {m+1,...,m+n}.

If case 1. holds py is the point the maximizes Ji. If case 2. holds there are a
finite number of points that are candidate to maximize jl. It is sufficient to check
all of them to find out the maximum. Finally, if case 3. holds, it means that the
space is divided in regions by the hiperplanes H; where %jl =0 and 7(P;,) is
entirely contained in one of these regions. In this case, for each region, there exists
one vertex of 7(Pj,) which maximizes jl. For n = 3 we give a complete description
of the regions and the maximizing vertices. See figure 2 for a picture of the level
curves of J; and the different regions.

For n = 3 and ¥ = m+ 1, condition (18) gives Mmejl = 0 which is satisfied by

m+1

1—
« such that a1 = = L and (g = — gt

2

Tma1 1 Ymt1
il = = .
P = (55 (7))

For 1) = m + 2, condition (18) gives ~——2—.J; = 0 which is satisfied by « such that

Oam 41

, l.e.

,Y'lnam 17&
Ay = 52 and a1 = —522, ie.

O A
mez={5(1- )
Pm+2 (2< T T
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a2

F1GURE 3. The cones C; in the different regions identify the opti-
mal vertices.

Finally for ¢ = m+3, condition (18) gives aaiﬂ Jp— aa — J; = 0 which is satisfied
i l—amys -
%, A1 = Qo and oy = —35%2 e,

1 Tmiz | 1 Vrmt3
maz=(=(1- = (1- .
Pm+3 (2 ( r )2 T

If we are in case 3. we introduce the following three lines

by a such that a,;,+3 =

Hi = {a=(mt1,0m+2) 1 @mi1 =1 — @yt — Qo)
= {Oé - (Oéerl, am+2) Q42 = 1-—- 2am+1}7
Hy = {a=(amt1,my2): @mia =1 —my1 — Qmya}
1
= { (am+1aam+2) L Qmy2 = 5(1 - am+1)}7
Hy = {Oé = (C%m+170ém+2) COpg2 = Oém+1}~

H; are the lines where ﬁJl = 0 and these lines divide the region of R {a € R?:
Qi1 + Qmy2 < 1} in 6 regions. We denote by

R;: the region comprised between H; and Hs below Hs,
Rs: the region comprised between Hy and Hs below Hg,
R3: the region comprised between Hs and H; below Hg,
Ry: the region comprised between H; and Hs above Hg,
Rs5: the region comprised between Hy and Hj3 above Hg,
Rg: the region comprised between Hs and H; above Hs.

Now, in the regions R; and R4 the tangent space to the level curves is generated
by a vector which belongs to the cone C; generated by the vectors (1,0), (0,1) (see
figure 3.)

In the regions Ry and Rj the tangent space to the level curves is generated by a
vector which belongs to the cone Cs generated by the vectors (0, 1), (1, —1).

In the regions R3 and Rg the tangent space to the level curves is generated by a
vector which belongs to the cone C5 generated by the vectors (1,—1),(1,0).
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We denote by v; the vertex of 7(P;;,) such that each line of C; passing through
v;, separates 7(Pi,) from the point (3, 3).

We state that the maximum of j1 on m(P;;,) is reached on the vertex v; in the
regions R; and Rsy;. Indeed the level curves passing through the other vertices are
farther from (3, %) than those passing through v;.

Next we show that j2 behave in a fashion similar to jl. For the partial deriva-
tives, by denoting & = &(am+1,- .., @min—1) = (1 — > ay), we have:

2

O jy(e) - o, VI—4aTs, (1+vI—4aTs,)” — vI—dails, (1 + vI—daTs,)
" VT— ey, (1+V1—4ails,) VT —4aTy, (1+V1—4aT,,)’

2
6041'

We have that z2-Ja(a) > 0 for a; > 1 — Zﬁiﬁ;} ay. We obtain that Jp has a
critical point in 41 =+ = Qnan-1 = Qmipn = %

The Hessian of Js is positive definite. Indeed

2
Lty ! 2 P
da? (1+vI—da;D) Vi—da; L ) \ (1+v/T—da,T) ' T—da,0

+41? ! _ 2 __ L
(1+v1-4al) V1 — 4al (1+v1-4al')  V1-4aT

9 2
O g, = ar = — EEN———
Do Dy (1+v1—4al) y1—4al (1+v1—4al') V1—4al

and, finally
ol Hess(Jy)a =
mtn—1 2
e :;H ((1+\/1—4ailr) \/1—4aif‘> <(1+\/12—4aif) +\/1—14aiI‘> of
2 -1
e ((1+\/1—4alr) ¢1_4ar> <(1+\/12—4&F) * ¢1_14&p> t_szH sy
Then .J, is convex and has a minimum in Qg1 = = Qmgn = %

It worths noticing that, up to exchanging the maximum with the minimum, Jo
behaves exactly as jl. Indeed Z%ijl =0 and (%ijg = 0 are verified on the same
hiperplanes. Therefore we have the same points py,, the same regions and the same
optimal vertices if case 3. holds. See figure 4 for the level curves and the regions of

Jy when n = 3.

4.4. Case I'yy: < I'j. Assume now that I' = 'y < I'yy,. In this case we have:

max)
)

’Ay = (plrouta v 7pmrout77{nax7 < Tn
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FIGURE 4. The level curves and the regions of J; when n = 3.

hence:
2J, = 2mn—n25w/A(’y¢)—mZSW/A(’Am)
= 2mn—n25¢\/1—4p¢Fout (19)
©
—-m Z Sy /1 — 4yt (20)
P
and
1 1 1
—Jy = +
2" Zl—swvﬁ(%) Zl—swvA(%)
- Zl 11 Ip.T 21
e e — 2APpl out
1
+ . 22
%lfsd) 174712"” ( )

Now the part of the cost in (20) (resp. in (22)) does not depend on p and maxi-
mizing J; (resp. minimizing J3) is equivalent to maximizing expression (19) (resp.
minimizing expression (21).) Since we are in the case I' = I'pyy < I'ip,, for the s,’s
we only have the case: s, = +1 for all ¢ =1,...,m, apart the case s, = —1 when
pp0 < o and p,I' =42
Remark. As done for the case I' = I';,, we only consider s, = +1. Then one
should compare the optimal value of the functionals evaluated taking s, = +1 with
the value for s, = —1 and p, = Wg‘”/F. This will be done in detail for the case
m=n=2.

Finally we have to maximize the expression

jl = - Z 1- 4p<prout (23)
2]
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and to minimize the expression

o=y ! : (24)
]

1— /1 —4p,lout

Notice that we get the same expression for .J; that we obtained in equations (23)

with opposite sign and p in the place of a. Hence now Jy is convex and we have to

find its maximal value when restricted to m(Pp,:). Such maximal value will fall on

a vertex of 7(P,y,:) and there are only a finite number of vertices to be checked.
For J2 we have

81”7 p(li B q 5
1-4(1=" 25 po)lous 1- 1-4(1- O b Tow — T=4piTout (1-vI=1p:Tour )
20,

P G, 7 -
\/1—4pirm(1— T—4p;Tour) 1—4<1— ’"fp@)rm 1— 1-4(1— 75 pe)Tout

2

and
pTHess(jg)p
2
— 1 2 1
= 412 + 2
; ((1 VT pl) VI 4piF> <(1 I apl) | VI 4pir> b
2
+41?
(1_\/1_ 1_ ml )\/1_ 1_ ml )F
2 1 “
m— 1 Z pipj
(1-1-40 =275 por) \/1— 11—y tpr ) G
Hence jg is concave and has a maximum in p; = --- = p,, = % Since we want

to find the minimum value of J, restricted to 7(Ppyyt) it is sufficient to analyse the
value of J, on the vertices of T(Pput).

5. Optimization of a simple network with m = n = 2. We focus here on the
case n = m = 2, i.e. on a simple network with one node o, two sources {1,2},
two destinations {3,4} and four lines {a,b,¢,d}, where a and b are the incoming
lines to the node o and ¢ and d are the outgoing lines from the node o. There are
packets from sources {1, 2} to destinations {3,4} passing through o and running on
lines a, b, c,d: cyy with ¢ € {a,b} and 9 € {c,d}. We define the packets densities
running on the lines as follows

Pa from a to 0: pg = Cac + Cag;
pp from b to o pyp = Cpe + Cbd;
pe from o to ¢ pe. = cae + Coc;
pd from o to d: pg = caq + Cpa-

Our aim is to solve the RP for the node at 0. Then we want to measure the average
transmission over the network as function of the parameters o and p. We consider
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the following costs:

J1 :Vac+Vad+Vbc+‘/bd
1 1 1 1

Jp=—+—+—+—
Va Up Ve Vd

JS = CacVac + CadVad + cbcv;)c + cbd%d-

with Viy = vy, + vy, vy = v(py), vy = v(py) and where p is the solution to the
RP. The systems (10) and (11) are satisfied by the points (pI', (1 — p)T") for the
incoming lines and (aI’, (1 — a)T") for the outgoing lines, respectively. For these to
be the solutions to the RP for the outgoing lines, the following conditions must be
satisfied:

Al: v = ol <y
A2: yg = (1—a)lin < g
Otherwise, we consider the only reasonable projection which gives:
proj(al’, (1 —a)T) = (v, T — 4™ if Al is not satisfied and A2 is satisfied and
proj(al’, (1 — a)T) = (F fym‘w, ey if Al is satisfied and A2 is not satisfied.
Therefore if I' = I';,, the solutions given to the RP are the following:

o (YT AT e, (1 — a)yq) if both Al and A2 are satisfied.
o (YT AT AT T — 40@®) if Al is not satisfied and A2 is satisfied.

o (YT AP Tim — ", ") if Al is satisfied and A2 is not satisfied.

Notice that the case of both A1, A2 false is not possible since otherwise it would
be an > Fout-

For the incoming lines, the conditions read:

B1: ;ya prout < ,ymaz

B2: 4, = (1 —p)Tour < ",
Otherwise, we consider the following reasonable projection on the admissible set:
proj(pl', (1 — p)T') = (y"**, T — 4*%) if B1 is not satisfied and B2 is satisfied and
proj(pl', (1 — p)I') = (T — 477", 4"*") if Bl is satisfied and B2 is not satisfied.

Thus, if I' = I',,+ the solutions to the RP are the following:

o (pVa, (1 D)V, VI, %) if both Bl and B2 are satisfied.
o (ymaz Fout — e ~mar ~mar) if B1 is not satisfied and B2 is satisfied.

o (Dour — Y, v, yer ~e®) if Bl is satisfied and B2 is not satisfied.

Also now the case of both B1, B2 false is not possible since otherwise it would be
Fout Z Fin

Once fixed p, and py, ¢ € {a,b} and ¢ € {c,d}, we can find for which « and p
conditions A1, A2, B1, B2 are satisfied as follows. If I' =T';,,, let

,yé + mar
=T =g, yg=T—90", p = . B
! az vc
then, for oo > 1+ﬁ , A1l is false and A2 is true, for a < 1+ﬁ+’ A1l is true and A2
is false and finally, for 1+ﬂ+ <a< 1+[3 , both A1 and A2 are true.
If otherwise I' = Iy, let
/ max
- 0 Y
—T— 7naw7 =T — ,ymaw ¢ = mlzlm7 q+ b -
Ya Ya
then, for p > e B1 is false and B2 is true, for p < + ——, B1 is true and B2 is
false and ﬁnally, for 1+ ——<p< 1+ —, both B1 and B2 are true.
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To compute the cost we observe that p, = f~1(5,) (py = f~'(4y) resp.) and
Yo 1s either py,, (1 —p)vg, 74 @ or I' =42 (4 is either aryy, (1 —a)yy, 741" or
[ — 7" resp.).

Substituting all the possible solutions to the RP in the expression of J3 we obtain
that J3 = 2I". Therefore, as for the general case of m incoming lines and n outgoing
lines, we consider the flux of equation (2), set Umaz = Pmaz = 1 and maximize Jy
and minimize Js.

Now if F = Fm = I'syt- Then both A1 and A2 are satisfied if and only if

max

maw
p-=p"= mam, hence o = ,Ymalc+,ynln,m = %1“ . In this case
c

( max max max mam)
)

’Y Ya » Yo » Ve » Vd
and J; and Jy do not depend neither on « nor on p.

5.1. Case I';,, < T',ut- Assume now that I' =T';,, < I',,: and both A1 and A2 are
satisfied. In this case we have:

=" ey ), (1= ) (v ™ +75"))-

and maximizing J; and minimizing J, is equivalent to maximizing the expression
(13) and minimizing the expression (15).
Since we are in the case I' = I';;, < I'pyr and A1 and A2 true, for s. and sq we

have: s. = sq = —1. Hence we have to maximize the expression
= V1—dali, + V1 —4(1 - )Ty, (25)
and to minimize the expression
Jo = L + ! . (26)
1+V1—-4aly,  14+/1—-4(01—a)ly,
Now the case pg = pp = 3 1 cannot happen smce we would have y['%% = % = i,

and I' = 5. But the maximal value of I'yy¢ is 5 L which fact contradicts the assumption

that T';, < T'yut- Assume then that not both pe and pp are equal to % By the

expressions of the first and second derivatives of J; (Jy resp.) we get that Jy is
concave (J; is convex) and has a maximum (minimum) in @ where @ = 3.
For the a’s such that A2 is satisfied but A1 is not and viceversa, we have that

J1 and J> do not depend on « and, in particular the values of the j1 and jg are

1 — Ay 44 /1= 4T — 'y;j“”) if sc=s4=—-1and aul'> Vs

Jy =
1-— 47171}11@17 +.,/1—4( - rleaz) if sy =+1and aul' > 'Y,Tpnax,
1 1
J Iy /T=dy e + 14+,/1-4(T =) if so=s584=—-1and ayl'> 'ym‘m
2 B L L = max
1—\/1—47:/?“’” + 1+\/1 4T — mtu) if Sep = +1 and O[w]_—‘ > ’yw R

where we used the notation ¥ =¢,d, ay = o, 1 — a.

5.1.1. Optimal choices of a. First we give the optimal choice of a when s, = sq4 =
—1. Then we will treat the case when either s. or s; or both are equal to +1. We
can collect the informations of the previous section as follows:

e 7 < 1 < 7 then Jj is constant for 0 < o < ﬁ then it increases for
< a < § then it decreases for § < a < 7=
e sasl .

The optimal value of J; is for a = 3.

ﬁ and then it is again
constant for
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1 then Ji is constant for 0 < a < 1+5+ then it decreases for
<a<l

o f7 < BT
1+B+ sa 1+/3—
The optimal values of J; are for a € [0, ﬁ]
e 1 < 3 < B% then J; is constant for 0 < a < % then it increases for
1
1+8+ Sas
The optimal values of Jy are for a € [r—5=

<
< and then it is again constant for

1+5‘

1[3, and then itis again constant for +[3 <a<l.

=1l

Finally for Jo we have the following cases:

e 37 <1 < T then Jy is constant for 0 then it decreases for

1
S 55
< 1

< a
S @S e

<a< l then it increases for % and then it is again
T B <a<l.
The optimal value of Js is for a = %
e 5~ < 1t < 1 then Jy is constant for 0 < a < % then it increases for
1 1
1+5+§0¢S1+5_ <a<l.
The optimal values of J are for « € [0, W]
e 1 < B~ < BT then Jy is constant for 0 < a < 1+1ﬁ+ then it decreases for

_1
1+4+
constant for

and then it is again constant for - [5’

1+16+ <a< 157 and then itis again constant for +ﬂ <a<l.
1].

The optimal values of Jy are for a € [1+/3* ,

Now we treat the case when either s. or sq or both are equal to +1. For jl it
is fundamental to recall that it is a measure of the velocity which is a decreasing
function of the density v = 1 — p hence taking the solution of p; with sy, = +1
corresponds to taking a lower velocity. We distinguish the following cases.

If 3~ <1 < B7%, then the maximal value of J; does not change by exchanging
sy = —1 with s, = +1 (with the optimal value for o = 1.)

If 3~ < T <1 and sy = —1 then the maximal value of J; remains invaried with
the optimal choice being « € [0, ﬁ]

If 3= < 8 <1 and s4 = +1 then the maximal value of J; does not exists. One
can chose a = ﬁ + €.

If 1 <3~ < B and s, = —1 then the maximal value of J; remains invaried with
the optimal choice being « € [1+5, ,1].

If 1 <3~ < 3% and s. = +1 then the maximal value of J; does not exists. One

1
can choseozf—Hﬁ, €.

Analogously, for Jo, since it is a measure of the time, which is an increasing
function of the density % = ﬁ, taking the solution of py, with s, = 41 corresponds
to taking a bigger time value. Hence we distinguish the following cases:

If 3~ <1 < 7T, then the minimal value of J, does not change by exchanging
sy = —1 with s, = +1 (with the optimal value for o = 1.)

If 3~ < AT <1 and sy = —1 then the maximal value of J; remains invaried with
the optimal choice being a € [0, 175+ ].

If 3=~ < B+ <1 and sy = +1 then the maximal value of J; does not exists. One
can chose o = ﬁ +e.

If 1 <3~ < B and s. = —1 then the maximal value of J; remains invaried with
the optimal choice being a € [1+6— ,1].

If 1 <3~ < 3% and s. = +1 then the maximal value of J; does not exists. One

- _1
can chose o = 5= €
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5.2. Case I'yy; < I';,. Assume now that I' = T'yyy < I';,, and B1 and B2 are
satisfied. In this case we have:

g = (PP, (1= PP 7).

and maximizing J; and minimizing J, is equivalent to maximizing the expression
(19) and minimizing the expression (21).

Since we are in the case I' = 'y < I'y, and B1 and B2 true, for s, and s, we
only have the case: s, = sq4 = +1. Hence we have to maximize the expression

—(v/1—4pr' + /1 —4(1 — p)I) (27)
and to minimize the expression

J» = L + ! : (28)
1—V1—4pTow  1—+/1—4(1 — p)Tous

Notice that in this case we have the same expression of Ji that we obtained in

equations (25) with opposite sign and p in the place of a. For Js, as in the general

case, we obtain that it is a concave function of p and has a maximum in p = %

Similarly to the case I' = I';,, we obtain that when conditions B1 is false and B2 is

true or viceversa then the cost functions J; and J, are constant with respect to p.

In particular the values of jl and jg are the following:

R T—dypar —  J1 =41 —yper)  if s, = sp = +1 and p,I' > 47197,
Ji =
T—dygor — )1 =40 —yper) if s, = —1 and pyl' > e,
1

1
+
A 1—,/1—4~ymaz 1—,/1—4(T—~max)
J2: \/ 1 ¥ \/ 1 ®

14+, /1I-4ygee + 1—/1—4(T o)

where we have used the notation ¢ = a,b, p, = p,1 —p.

if sq=sp=+1and p,I' > 7",

maz

if s, =—1and p,I' >~}

5.2.1. Optimal choice of p. First we give the optimal choice of p when s, = s, = +1.
Then we will treat the case when either s, or s, or both are equal to —1. We can
collect the above informations in the following way:

1

e g~ <1 < gt then J; is constant for 0 < p < ThgT then it decreases for
ﬁ < p < 1 then it increases for £ < p < - +1q, and then it is again
constant for H—_ <p<l.

_— 1 1 1 11 1 1 1
We distinguish three cases: 5 — T9gF = Thg- 20 2 TigF = T9qg- 2

and % o7 < 15 % Simplifying we obtain the three cases: ¢~ ¢ > 1,

g gt =1and ¢ ¢" < 1. In the first case we have that the optimal values
of Jy are for p € [0 in the second case the optimal values of J; are for
p € [0, 1+q+[ U]
for p € [17,=, 1],
° q_ <qt <1 then Jp is constant for 0 < p < ﬁ then it increases for

1]
’ 14qt+ D

ﬁ, 1], and in the third case the optimal values of J; are

1+q+ <p< 1+ — and then it is again constant for ﬁ <p<l.
The optimal values of J; are for p € [ﬁ7 1].

e 1 < q < q' then J; is constant for 0 < p < 1+7+ then it decreases for
ﬁ <p<j3 +1q and then it is again constant for <p<l.

The optimal values of J; are for p € [0, W]'
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For J; we have the following cases:

e ¢- <1 < ¢" then Jy is constant for 0 L

<SPS then it increases for
<p< o

ﬁ <p< % then it decreases for % TTam and then it is again
constant for ;—— <p < 1.

S 1 1 1 11 1 1 1
We dlstlngulsh three Cases: 5 — TygF > T34~ 30 3 " 11¢gF — Trq¢ 2
and % — q+ < 1+q — % Simplifying we obtain the three cases: ¢ ¢ > 1,

g q" = 1 and g~¢" < 1. In the first case we have that the optimal values
of Jy are for p € [0, ﬁ], in the second case the optimal values of Jy are for
pE [0’ 1+q+[ U }
for p € [H_q_ , 1],
e ¢~ < gt <1 then Jy is constant for 0 < p < ﬁ then it decreases for

ﬁ, 1], and in the third case the optimal values of Jy are

and then it is again constant for ﬁ <p<lL

-, 1].
149
e 1 < g < ¢ then J, is constant for 0 < p < ﬁ then it increases for

1 1
Tt SPS 15
The optimal values of J, are for p € [—1—

1 1 oo . ]
Trgr SPS 150 and then it is again constant for 5 Sp< 1L

The optimal values of J are for p € [0, ﬁ]

We treat now the case where s, = s, = —1. Concerning J; we compare the
following quantities:

VI —dyar — \/T—A(T — yprov) < /T4y — /1 = 4 — yre). (29)
Assume first that ¢= <1 < ¢*. Then v,,7, > I'/2 and

\/1 — dymar — \/1 — (T — ypar) < 0.

Therefore we get that the inequality (29) is satisfied if:

2—4T—2,/T — 4y /1 — 4(T — yov) < 2—4T—2,/1 — 47z /1 — 4(T — ymaz),

that is if
1-— 16(’7;”‘11) —4I' + 16P,Yma:c <1- 16( mam) — 4T + 161'\,ylznax’

i.e. when
mam (F maw) S ,ygnaw (1“ _ ,ygnaw)’

which is true if 47*** is farther than 7;"** from I'/2. Hence, in the case ¢~ <1 < ¢,
the optimal value of J; is attained in the opposite intervals that maximize J; when
both s, and s; are equal to +1.

If ¢~ < ¢* <1 then it means that v, > I'/2 > =y, hence

VI =477 — /T = AT — yrev) <0 < /T— 4707 — | [1 = 4(T — 4pe)

and J; is maximized for p € [0, ﬁ]
If 1 < ¢~ < g7 then it means that v,, < I'/2 < 73 hence

\/1 _ 4fytrlnax _ \/1 _ magc) 2 0 2 1— 4,ylinaz _ 4(1‘\ ,Ymam)

and J; is maximized for p € [1+q_ ,1].
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We consider now the case where s, = —1 and s; = +1 and compare the following
quantities:

/T = 4779 — /1= 4T — o) > = /T =4y — /1 = 4(T — 7). (30)

If ¢ > 1 then (30) is trivially satisfied since its left handside is positive. If otherwise
q~ <1 we get that

24T —2,/1 — 4y /T — 4(T — 770%) < 2—4T42,/1 — 4977 | /1 — 4(T — Hnaw)

which is always verified. Hence, in this case, the optimal value of J; is attained for

pE A= =1
Finally we treat the case s, = +1 and s, = —1 and compare the quantities:

_\/1 _ 4,)/(7lnam _ \/1 _ I‘ q/maz < 4+./1— 4,Ymaz F ,Ymax). (31)

If g7 < 1 then (31) is trivially satisfied since its right handside is positive. If
otherwise ¢ > 1 we get

24T +2,/1 — dymaz /1T — 4(T — ymaz) > 24T —2, /1 — 4779, /1 — 4(T — »jra®)

which is always verified. Hence, in this case, the optimal value of J; is attained for
peE [O’ ﬁ]
Concerning Js, if s, = s, = —1, we have to compare the following quantities:
1 1

1
+

I+ T=877% 1=\ /T—A(T —yree) 1+‘/1+47maf 1+ /T+4([T +per)

(32

Let

)

1 1
R T, e e R T
and notice that
d 2 2
R e e N e T TV e TV T R

Hence ®(v) is a strictly increasing function of 4. Therefore the inequality (32) is
satisfied if and only if 7*** < ;%" that is, if and only if

F ,y’fna/.ll B 1 F _ ,ygnlll'
e =9 27 = " mas
Ya q rYb
Finally ¢T™¢~ > 1 implies that Jy is minimized for p € [1+q ,1], ¢t~ < 1 implies
that Jo is minimized for p € [0, ﬁ] and ¢t¢~ = 1 implies that J, is minimized

for p € [ﬁ, 1] U o, ﬁ] This means that the intervals that optimize Jy are

reversed with respect to the case where both s, = s, = +1.

Next we consider the case where s, = —1 and s, = +1 and compare:
1 1 1
+ < + .
1-|—\/].—4’)/(7[7‘0‘z 1— 1_4(1"_/7gzaw) 1—./1— 4,ymam 1— 1_4(F_,ylr)nax)

(33)
We denote by

U(q) = + .
==tz 1—4( —~)
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and we notice that ¥ is a concave function simmetric with respect to I'/2. Moreover

we have
1 1 VI— 1y
6(7) =¥(y) — () = - = > 0.
1—y1—-4y 144/1—-4y 2y
Now if v, < 7, that is if gT¢~ > 1, then, since ® is increasing, ®(7,) < ®(7p) <
U(vp), i.e. the inequality (33) is satisfied, and J5 is minimized for p € [ﬁ, 1].
If v, > 73, which is equivalent to say that ¢*¢~ < 1, then Jy is minimized by
pE [ﬁ, 1] when s, = s, = +1, a fortiori these are the optimal parameters when

S5q = —1 which correspond to taking a smaller time.
Finally, if s, = +1 and s, = —1, we compare:
1 n 1
L —/T—4yra® 1 /T —4(T — ymax)
1 1

> + . 34
1—/T—4ym®  1— /14T — ) 39

We have that the inequality (34) is satisfied if v, < 7, which means that ¢t¢~ < 1.

Hence, in this case, Jo is minimized for p € [0 L ]. If otherwise v, > 74, ie. if

P T4gT
qtq™ > 1, then p € [0, ﬁ} is the optimal choice when s, = s;, = +1. A fortiori it
is the optimal choice if we take s, = —1, that is a smaller time.
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