MMC, 1(1): 26-34
DOI:10.3934/mmc.2021003
Received: 21 February 2021
Accepted: 09 March 2021
Published: 15 March 2021

Sors Mathematical Modelling

QEE? and Control

http://www.aimspress.com/journal/mmc

Research article

Practical exponential stability with respect to 7—manifolds of discontinuous
delayed Cohen—-Grossberg neural networks with variable impulsive
perturbations

Gani Stamov', Ekaterina Gospodinova’ and Ivanka Stamova'-*

! Department of Mathematics, University of Texas at San Antonio, San Antonio, TX 78249, USA

2 Department of Computer Sciences, Technical University of Sofia, Sliven 8800, Bulgaria

* Correspondence: Email: ivanka.stamova@utsa.edu; Tel: +1-210-458-6103.

Abstract: In the present work, we study discontinuous impulsive systems of the type of Cohen-Grossberg Neural Networks (CGNN5s)
with time-varying delays. The impulsive perturbations are realized not at fixed moments of time, and can be considered as control inputs.
The hybrid concept of practical exponential stability with respect to specific manifolds defined by a function is introduced and studied
analytically. The established results are applied to the case of Bidirectional Associative Memory (BAM) CGNNs. Lyapunov function
method and the Razumikhin technique are the base of the proofs. A numerical example is also presented to demonstrate the applicability
and effectiveness of the obtained stability conditions. The proposed results extend and complement some existing stability criteria for

impulsive CGNNs with time-varying delays.
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1. Introduction

The concept of the specific type of CGNNs introduced
in [1] and the wide classes of their applications make
this type of neural network systems powerful resources
to study numerous real world phenomena. Some of
these phenomena studied in engineering and computer
sciences include problems such as intelligent recognition
processes, handwriting recognition, image recognition,
pattern and sequence recognition, data processing, blind
signal separation, email spam filtering, signal processing,
control problems, fixed point computations, function
approximation, optimization problems and many other real
life phenomena. The requirement of the existence of stable
states in most of the applied problems motivates and justifies
the great deal of attention to the stability analysis of CGNNs

[2-4].

Also, time delays in the states trajectories may have

some significant effects on the stability behaviors of these
systems. That is why recently there exist many stability
results for CGNNs in which the effects of constant delays,
time-varying delays, distributed delays, mixed time-varying
delays have been investigated. See, for example [5-10] and

the references therein.

In addition, systems with discontinuous solutions
extensively arise in modelling of many phenomena by
CGNNs. Such systems are well represented by impulsive
[11-13].

distabilize the behavior of a system and also can be

differential equations Since impulses can
considered as control inputs [14—17], the stability analysis
of CGNN s under impulsive perturbations and/or control has

been a very hot topic of interest [18-22].

However, in most of the contributions to the stability
theory of impulsive CGNNs, impulses at fixed instants are
considered. The more general case of variable impulsive
perturbations in delayed CGNNSs started to gain an attention
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recently [23-26].
almost periodic solutions of such neural network models

In [23] the existence and stability of

are investigated. A generalized robust stability of CGNNs
with variable impulsive perturbations and mixed delays is
studied in [24]. The paper [25] deals with the stability with
respect to h~—manifolds for Cohen—Grossberg bidirectional
associative memory neural networks with variable impulsive
The paper [26]
is devoted to global stability of integral manifolds for

perturbations and time-varying delays.

reaction-diffusion delayed CGNNs with variable impulsive
perturbations. Indeed, systems with variable impulsive
perturbations that include as a special case impulsive
systems with fixed moments of impulses, are more general
and more appropriate for practical applications. However,
their investigations are related to strains such as bifurcation,
“merging” of solutions, “beating” of solutions, etc., since
different solutions have different impulsive inputs and the
time at which impulsive perturbations occur depend on the

current state [27-30].

Since different types of neural network models behave
differently, a number of stability concepts have been
introduced in their qualitative analysis. The most studied
is the exponential stability concept, and recently, a large
number of exponential stability criteria for impulsive
delayed CGNNs have been proposed. See, for example,
[19-21] and the references therein. In fact, it is well
known that the global exponential stability guarantees the

fast convergent rate for the neural network’s states.

The notion of practical stability that is quite independent
of that of Lyapunov stability is of a significant importance
in numerical research and practical engineering problems
[31-33]. It is well known [34-37] that in some cases, though
a system is stable or asymptotically stable in the Lyapunov
sense, it’s actually useless in practice because of undesirable
transient characteristics (e.g., the stability domain or the
attraction domain is not large enough to allow the desired
deviation to cancel out). Despite the high importance of the
practical stability notion it is not developed for impulsive
delayed CGNNs with variable impulsive perturbations and

this is the basic aim of the paper.

In addition, in recent years more researchers are interested
in the investigation of practical stability behavior with
respect to manifolds, instead of single system’s states, [38—
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by specific functions. The main advantages of the stability

The manifold under consideration is defined mainly

with respect to manifolds concept are related to the ability of
allowing the state trajectories to converge to a neighborhood
of the equilibrium or even to a set of solutions without
disrupting their stability properties.

In this paper, motivated by the above discussion we
will introduce the hybrid concept of practical exponential
stability with respect to a manifold, defined by a continuous
function for a class of CGNNs with time-varying delays and
variable impulsive perturbations. By using the Lyapunov
function method and differential inequalities, some sufficient
conditions that guarantee the defined stability behavior are
established. The obtained results are applied to the case of
BAM CGNNSs. An example is also presented to demonstrate
the applicability and effectiveness of the obtained stability
conditions. The proposed results extend and complement
some existing stability criteria for impulsive CGNNs with

time-varying delays.
2. Preliminaries

We will use the following notations: R” denotes the n-
dimensional Euclidean space endowed with the norm ||x|| =
2y lxil of a x € R" and R, = [0, 00).

In this paper we will investigate the stability behavior of
the states of the following system of CGNNs with time-

varying delays and variable impulsive perturbations:

Wit = —Ai(Wi(f))[Bi(Wi(l)) - Z CiiF (‘W)

J=1

= D DG (Wit = s,) = V} 1 # (W),
Jj=1

Wi(t") = Wi(0) + Pu(Wi(0), t = Ti(W),
@.1)

where “W(¢) is an n—dimensional vector-function that
represents the state vector at time ¢, ¢t > fy, ty) €
R,.

connection weights C;;, D;; € R, V; € R denotes the external

Furthermore the model parameters that denote the
input of the node i at time ¢, the functions A; € C[R,R,],
B, F;,Gj,s;,Py € CI[R,R], 0 < 5si(t) £ v, v = const >

0, t > s, i,j = 1,...,n, and the continuous functions
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7w : R* - R, k = 1,2,....
the systems parameters A;, B;, F;, G}, s;, Py, 7y we refer to
[2-10,23,24,26].

The impulsive jumps for the states of the defined model

For the meanings of

(2.1) occur at some times f;, when the integral curve of a

state ‘W (¢) meets hypersurfaces defined by the equations
t=1 (W), t2t, WeR", k=1,2,....

CGNNs with variable impulsive perturbations of the type
(2.1) generalize the impulsive systems of CGNNs with fixed
impulsive instants studied in [18-22]. For more detailed
information about systems with variable-time impulses, see
[23-30].

We study the model (2.1) under the following initial

conditions

{ W) =@t —19), to—v < t< 1y, 2.2)

W(i5) = ¢o(0),

where the initial function ¢ is piecewise continuous with
finite number of points of discontinuity of the first kind and
bounded on [—v, 0]. The family of all such functions will be
denoted by £C.

Throughout this paper, we will need the following
assumptions:

Aj. The functions 74(‘W) are continuous, k£ = 1,2,...,
T0(W) = 1o for W € R" and

to <TI(W)<to(W)<..., i(‘W) > o0 ask — oo

uniformly on ‘W € R".

A,. The functions A;, i = 1,2,...,n are continuous on
R and there exist positive constants A; and A; such that 1 <
A, < Aiy) <A;forany y eRandi=1,2,...,n.

Az. The functions B;, i = 1,2, ..., n are continuous on R,

B;(0) = 0 and there exist positive constants B; such that
Bi(x1) — Bi(x2) > B,
X1~ X2
forall y1,x2 €R, y1 #x2andi=1,2,...,n.
Ay.
continuous on R, F;(0) = 0, G;j(0) = 0 and there exist
constants K; > 0 and L; > 0 such that

The activation functions F;,G; i = 1,2,...,n are

IF;(c)=F (2l < Kilvi—x2l, 1Gi(x1)=G(x2)| < Lilx1—x2l

Mathematical Modelling and Control

forall yi,x2 € R, x1 #x2,j=1,2,...,n.
As. Any solution of the initial value problem (IVP) (2.1),
(2.2), satisfied the following relations

Wit)) = Wit,), Wie)) = Wi,) + Py (Wit)),

where the instants #,, f,,... (fo < t;, < t;, < ...) are the
impulsive moments, [ = 1,2,....

In order to introduce the hybrid concept of practical
exponential stability with respect to a manifold, we consider
a continuous function & = h(t, W), h: [ty —v,00) XR" - R
and the following sets that will be called h — manifolds

defined by the function A:
M(n—-1)e) ={xeR": [|ht, W)l < &, t € [ty, )}, € >0,

M;,(n—1)(e) ={@ e PC: |ln(z, o)lly < &, 1 € [to = v, 10]},

where ||A(z, @)ll, = sup_, <.« (2, ().

We also assume that the sets M;(n — 1)(g), M;,(n — 1)(e)
are (n — 1)-dimensional manifolds in R”, and any solution
W(t) = W(t; ty, o) of the IVP (2.1), (2.2) satisfying

At W(t; 1o, po))ll < H < o0

is defined on [, 00).

Definition 2.1. The system (2.1) is said to be practically
globally exponentially stable with respect to the function #,
if given (4, A), 0 < A <A, tp € R, and ¢y € My, ,(n — 1)(1)
imply the existence of positive constants vy, p, such that

Wt 10, 40) € Mi(n — D(A+ YIS, @o)llye ),

where W(t; ty, ¢p) is a solution of the IVP (2.1), (2.2).

The class Lyapunov-type
functions will be introduced as follows [13,23-26,29].
Definition 2.2. A function V : R, XxR" — R, belongs to the

of piecewise-continuous

class Q" if:
1. V(, W) is continuous in (t4_1(W), :(W)) X R",
k = 1,2,..., locally Lipschitz continuous with respect to

its second argument ‘W, and V(¢,0) = 0 for 7 > 0;

2. For each (*,W") such that 7,(W*) = t*, t* € R,,
W eR" k=1,2,... there exist the finite limits
Vi, W)=

1 *+ Y\ .
“fW)li}’fI*l-'W*)V(t’ (W)’ V(t ’ W ) _(r_'w}l%}*l,wk)v([, W)

r<r* >r*
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and V(£*~, W*) = V(t*, W™).
For a function V € Q", we will consider the following
derivative with respect to system (2.1), defined by [13]

1
D™V(t,¢(0)) = Xlgg sup [V(t+x, Wittx: 1o, )= V(t, ¢(0))],

where (¢, ¢) € Ry X PC.

The following lemma is necessary in the proof of our main
results.
Lemma 2.1. Assume that the function V€ Q" is such that
fort € [ty, ), ¢ € PC,

V(" 0(0) + Ap) < V(t, 0(0), t=1i(p), k=1,2,...,
(2.3)

and the inequality

D*V(t,0(0) < —pV(t, p(0) + d, t # Ti(e), k= 1,2, ...
(2.4)

is valid whenever V(t + &, p(£)) < V(t,9(0)), for —v < € <
0, p>0andd>0.
Then
Ve, W(z; 10, ¢0))

d
< sup V(5. o(é) exp(—p(t —to))+;, (2.5)

—v<é<0

for t € [ty, 00).

Proof Let 1;,, t;, > ty, be the first impulsive moment, i.e.
the first moment when the integral curve of the IVP (2.1),
(2.2) meets some of the hypersurfaces with equations ¢ =
(W), t>=ty, WeR", k=1,2,....

First, we consider the case ¢ € [#, #;, ]. From the properties
of the derivative D*V (¢, ¢(0)), we obtain

D+{V(t, (0)) exp(p(t - l‘o))}

= (D" Vet 00 + Vet 00D pexp(p(z = 1), 1 € T, 111
(2.6)
Now, we integrate both sides of (2.6), and using (2.4) we
obtain

V(t, W(t; 10, 9)) exp(p(t — tg)) — sup V(t5, @o(é))

—v<E<0

t

< dfexp(p(T— to))dt

fo
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whenever V(r + &, p(£)) < V(t,¢(0)) for —v < £ < 0.
The last inequality leads to (2.5) for ¢ € [#, #;,].
Since #;, = min{t : t = TR(W()), t > 1y}, we get from

(2.3) that

V@, Wt to, 90) < Vi, Wt to, o))

d
< sup V(ta,fpo(f))exp(—P(t—to))+;-

—v<é<0
Let#;, = min{r: t = 7.(‘W(?)), t > ¢, }, and suppose that
(2.5) is satisfied for ¢ € (t;,_,, 1,1, [x > 1. Then we will get as

above

V(ty, W to, o)) < V(ty,, Wt to, o))

d
< sup V(tg,%(f))exp(—p(t—to))+;-

—v<é<0

The assertion of Lemma 2.1 follows by induction.
3. Main results

We will state our main practical exponential stability
results here.
Theorem 3.1. Assume that for system (2.1) assumptions A —
As hold and, in addition:

1.
constant g such that 3\_, |Vi| < Ag;

0 < A < A are given and there exists a positive

2. For the system parameters, there exists a p > q such
that p = p1 — p2, where

n
p1=A min (Bi - Z |Cji|Ki> >pr=A max

n
Z |DjilL;,
Jj=1 - j=1

A = minici, A;, A =mMaXici<, Aj;

3. The impulsive functions Py, are such that

B

Pi(Wi(®) = —yaWi(@®), 11 =yl <

=

>

wherei=1,2,...,n, k=1,2,...;
4. For the function h(t, x) there exists a function V € Q"

such that the next inequalities hold
(e, W)II < V(t, W) < AH)IIAE, W), 1 € [to, ), W € R,

where A(H) > 1 exists for any 0 < H < oo.
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Then system (2.1) is practically globally exponentially
stable with respect to the function h.

Proof Consider an arbitrary solution W(r) =
(W), Wa(®),..., W,(0)T of (2.1) with an
function ¢y € PC.

initial

We define a Lyapunov function as

n Wi(1)
VWD) =y fo sz(ss))ds, reR,.
i=1 !

‘We have from the above definition that

1

1
ZII’W(I)II SV, W) < <IIWQ@I. @3.1)

[>> |

First, we can easily show that condition (2.3) of Lemma
2.1 is satisfied. For ¢t = 1(¢), ¢ € PC, k = 1,2,..., using

(3.1) and condition 1 of Theorm 3.1, we have

1 1 v
V(" 00) + Ap) < —lp(0) + A =_§ 1 = yicllei (0
(", ¢(0) + 90)_A|I<p()+ el " 11 = irllp:(0)]

= ==

n

IA
| =

1
lpi(0)] = lew(o)ll < V{1, 9(0)). (3.2)

i=1
Next, we will prove (2.4). If t > 1ty and ¢ # 11(p), ¢ € PC,
then, using again (3.1) and the conditions of Theorem 3.1,

we get

DV(t,p(0) < - ) (Bi|soi<0>| - D IC,IK i, 0)

i=1 Jj=1

= > IDyIL e (=s;(0))| - sgn(wxr))vi)

J=1

< ( -Bi+ ) |c,i|1<,-)V<r, ¢(0))

J=1

+ Zl IDlLs sup V(i + & ¢(©) + Zl Vil

] —V<é<

< =-p1V(t,0(0) + p2 sup V(t +&,¢(0) + Ag.

—v<é<
It follows from the last estimate and condition 2 of
Theorem 3.1 that, there exists a positive constant p > g,
such that
D*V(z,9(0)) < —pV(1,¢(0)) + Ag, (3.3)
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whenever V(r + &, p(£)) < V(t,¢(0)) for —v < £ < 0.
Now, we apply (3.2), (3.3) and Lemma 2.1 to get

V(t, W) < A+ sup V(t,o(&))e P

—v<£<0

(3.3)

for t € [ty, ).
Let ¢y € M;, (1) . Then from condition 4 of Theorem 3.1
and (3.4) it follows

e, W(z; to, eo)ll < V (1, W(z; 10, ¢0))

<A+ sup V(15, 9o@))e ")

-v<é<0
< A+ AHE)|IR(ES, o)lle P, t € [tg, 00).

Hence,
W(t: to, go) € My (A + A, go)llve )

for t > 1, i.e., the system (2.1) is practically globally
exponentially stable with respect to the function . and the
proof of Theorem 3.1. is complete.

Among the different types of CGNNs, the type of BAM
neural network models attracts more attention [19, 20,
22, 25].

investigate the practical global exponential stability of BAM

The goal of the next part of our paper is to

CGNNs with time-varying delays and variable impulsive
perturbations.

We will apply our result to the following BAM neural
network model with time-varying delays and variable
impulsive perturbations of Cohen—Grossberg type:

(Wq((t) = —Ag (W (1))

Bi(Wyc(t) = ) CoceF o(U(®))
L=1

= > DrerG (Ut = s (1) = Vic|, £ # O( W, ),

L=1
Ut = —Ag(U(1)

Bo(UL1) = ), CraFacWi(t)
K=1

= > DrxGa( Wyl = 55c(1))) — VL], t# O(W.U),
K=1

Wy (") = Wi (®) + Pr(Wec(1)), t = (W, U),
Up(t") = U@ + Q(UL(D), t = (W, U),

(3.4)

where K = 1,2,...,n, L = 1,2,...,m, the parameters

Cxr.Dxr € R, Vg € R, Ax € C[RR,],
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By, Fr,Gr,sr, Py € CIR,R], 0 < s2() < v, v = const >
0, t > sy are the same as in (2.1), and A,y € C[R,R,],
Cri,Drxc € R, Vs € R, By, Fye,Gye, Opx € C[R,R], and
the continuous functions 6, : R™™ — R, k = 1,2,... are
with identical properties.

Let ¢y € PC[[-v,0],R"],¢ € PC[[-v,0], R™]. We will
study the model (3.4) with an initial function ¢y = (¢, ¥o)” .

Define a continuous function 1 = fz(t, 2), h:

R™™ — R and consider the A—manifolds

[t() - OO) X

M,(n+m—1)(e) ={Z eR™" : ||h(t, 2)|| < &, 1 € [1g, )},

M, ,(n+m—-1)(e) = {¢> € PC[[-v,0],R"] x PC[[-v,0],R™] :

sup It Il < &, 1 € [t = v, o1},
-v<£<0
Introduce the following assumptions:
Ag. The functions 8, (W, U) are continuous, k = 1,2, ...,
Oo(W,U) = ty for W, U € R" and

to <O(W, U <b(W, U< ..., (W, U) >

as k — co uniformly on ‘W € R", U € R™.
A7. The functions AL, L =1,2,...
on R and there exist positive constants A ,and A £ such that
1 <A£ <Ar(y) SKLforany)(eRandﬁz ,2,....m
Ag. The functions B, £ =1,2,...,
R, B,(0) = 0 and there exist positive constants B ¢ such that

,m are continuous

m are continuous on

Br(x1) - Br(x2) > B,
X1~ X2
forall yi,x2€R, y1 #x2and L=1,2,...,m
Ag. The activation functions F«K, GAq( K=12,...,
continuous on R, Fx(0) = 0, Gx(0) =
constants K¢ > 0 and Ly > 0 such that

n are

0 and there exist

1Fc(x1) = FaeQra)l < Kcly

- x2l,
IGx(x1) — Gx(x2)l < Licly1 — xal

forall yi,x2 € R, x1 #x2, K =1,2,...,n
With the useof a Lyapunov function V € Q"

o sen(s) 1O sen(s) |
ve.zo =Y, [ f 5
7; 0 Z AL(S)

A«(S)
the proof of the next theorem is similar to the proof of
Theorem 3.1.
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Theorem 3.2. Assume that for system (3.4) assumptions A —
Ag hold and, in addition:

1. 0 < A < A are given and there exists a positive
Vil + 27 Vel < AG;

2. For the system parameters, there exists a p > q such

constant q such that Y g

that p = py — pa, where

m _ n
p1= é( 1217&1” (B‘K—; 'CAL'K”A('K)ﬂQ}}Qm (3L—7; |C7(L|K£))

max
1<L<m

> Py = ( Z |DexlLy + max Z |D7(L|L7<)

where

A = min( min A, min A
(1<’K<n 7(,1<£<m L)

A = max( max Ag, max A,);
(IS’KSn K 1<L<m L)

3. The functions Q sy are such that

O(Ug(1) = =0 UL,

and
A
max (|1 — yal, |11 = 6l) < =,
A
where ¥ = minj<x<, Yik, Ok = MiNcreondpp, K =
,2,....n, L=1,2,....m, k=1,2,...;

4. For the function h(t, Z) there exists a function V €

Q™™ such that the next inequalities hold

(e, Z)Il < V(t, Z) < AUDI(, D), t € 19, ),

where A(H) > 1 exists for any 0 < H < co.

Then system (3.4) is practically globally exponentially
stable with respect to the function h.
Remark 3.1.

practical global exponential stability with respect to a

Since the hybrid stability concept of

function h generalizes the exponential stability and the
practical stability notions, with Theorem 3.1 we extend
and complement the existing stability results for CGNNs
with impulses and delays. For example, our results extend
the results in [24-26] considering the practical stability
case. Also, we extend numerous exponential stability results
such as [19-21, 23], considering stability with respect to a
function 4 instead a separate state (steady state or an almost
periodic solution).
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Remark 3.2. The reported stability results can be applied
as control strategies, using appropriate impulsive functions.
In fact, the impulsive control is essential in many applied
problems [13—-17]. In addition, since we consider the most
general case of variable impulsive perturbations, we extend

and generalize the results in [18-20,22].
4. An example
As an example, let consider the following impulsive

Cohen—Grossberg-type neural network with time-varying

delays

2
B(Wi(0) = )" CyF (W (1)

=

Wilt) = A Wi(t)

2
= > DG Wt = s5,(1)) — v,-] 1 TCW)),

J=1
o x 0
W) = U w1 = reway),
U
i=1,2, k=1,2,...,
4.1
where
Wi ()
W) = , Vi=V,=0.03,
W (1)

Al(W1) =3+02sin(Wy), Ax(W>2) =4-0.1cos(Wa),
Bi(W1) = By(Wy)=3W,;, i=1,2,
Wi+ 1] =W -1

Fi(W) = G(W)) = 2 , 0<si(n <,
Ciy=1, C;p=05, C; =06, Cyp=05,
D1 =02, D;;=0.1, Dy =0.15 Dy =0.1,

the functions 7, (‘W) = |'W|+2k, k = 1,2, ... are continuous
and satisfy

to < TI(W)<o(W)<...<1) (‘W) > 0ask —» o

uniformly on R

We can check that assumptions A, — A4 are satisfied and
Bi=B,=3, Ki=Ky=L =L,=1.

Also, condition 1 of Theorem 3.1 is satisfied for A >
0.025 and condition 2 of Theorem 3.1 holds for A = 2.8,

Mathematical Modelling and Control

A =4.1p; =392 > p, = 1.435. In addition, the constants

Yie, 1 = 1,2,k =1,2,... are such that

2.8
|1_7ik|zﬂ <L

Consider the continuous function 7 = |W,| + |'W,| for
which condition 4 of Theorem 3.1 is achieved.

Since all conditions of Theorem 3.1 are satisfied, the
system (4.1) is practically globally exponentially stable with
respect to the function 4. The stable behavior is represented
in Figure 1.

AW

Figure 1. The practically exponentially stable
behavior of the model (4.1) with respect to the

function A.

5. Conclusions

In this paper, a discontinuous CGNN system with
time-varying delays and variable impulsive instants is
investigated. The generalized notion of practical global
exponential stability with respect to a manifold is introduced
for the model under consideration. Applying the Lyapunov
function approach, criteria are obtained. The new results
are applied to the case of BAM CGNNs. An example is
With this

research we contribute to the development of the stability

presented to illustrate the established criteria.
theory of impulsive delayed CGNNSs. The proposed concept
can be applied to all specific types of CGNN:s, as well as, to

different types of models of diverse interest.
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