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Abstract: In this paper, a class of survival red blood cells model with time-varying delays and impulsive effects is considered. First,
some sufficient conditions for the persistence are derived by use of the theory on impulsive differential equations. The persistence
describes the persistent survival of the mature red blood cells in the mammal under delay and impulsive perturbations. Then assuming
that the coefficients in the model are w-periodic, some criteria ensuring the existence-uniqueness and global attractivity of positive w-
periodic solution of the addressed model are obtained, which are suitable for survival red blood cells model with any w € R,. These
global attractivity criteria describe the nonexistence of any dynamic diseases in the mammal. Moreover, our proposed results in this
paper extend and improve some recent works in the literature. Finally, two examples and their computer simulations are given to show
the effectiveness and advantages of the results.
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1. Introduction in many biological and ecological dynamical systems. Thus,

the system parameters are not fixed constants and often vary

The scalar delay differential equation within a certain range and the assumption of parameters

fluctuation in the system is necessary. In particular, due to
N'(1) = —aN(@) + BN 1> 0, (1.1) Y y.np

the effects of a periodically varying environment such as

where a,B,y,7 € R,, was proposed by Wazewska-
Czyzewska and Lasota [1] as an appropriate model to
describe the survival of red blood cells in an animal. In
this model, it is assumed that the cells are lost from the
circulation at a rate @, N(¢) denotes the density of mature
red blood cells in blood circulation at time #, 8 and y denote
the production of red blood cells per unit time and 7 is the
time delay between the production of immature cells in the
bone marrow and their maturation for release in circulating
bloodstreams. More detailed information about system
(1.1) can be found in [2-8], where [2—-6] deals with the
periodic solutions for system, [7] deals with the automorphic
solutions for system, [8] deals with the global attractivity,
and [9-11] deals with the dynamics of discrete case.

The variation of the environment plays an important role

seasonal fluctuations, the system parameters often exhibit
periodicity. As pointed out by Nicholson [12] that any
periodic change of climate tends to impose its period upon
oscillations of internal origin or to cause such oscillations
to have a harmonic relation to periodic climatic changes.
Hence, it is more realistic to consider the nonautonomous
case of system (1.1) as follows ( [13-15]):

N'(1) = —a(ON(0) + BB "V >0, (12

or its special and extensive cases ( [2,3,6,16,17]):
N'(1) = —a(f)N(1) + B(t)e YONE=m) ¢ > (), (1.3)
N'(t) = —(ON(t) + Z Bi(t)e ONETO) >0, (1.4)

i=1
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where «,B,B:,7,vi,7T,7; are all positive w-periodic
functions, w is a positive constant and m is a non-
negative integer. In particular, Li and Wang [14] studied
the existence and global attractivity of positive periodic
solutions of system (1.2) by employing the continuation
theorem developed by Gaines and Mawhim [18]. However,
these results can only be applied to system (1.2) when
0 < a() < 1 and 7(¢) < 1, which is too restrictive in real
applications.

In [16], Saker and Agarwal investigated the oscillation
and global attractivity of system (1.3) when y(r) = y, where
v is a real constant, and obtained that system (1.3) has a

unique positive w-periodic solution if

! S
lim yf B(s) exp (f a(u)du)ds <Z
f—oo —mw S—mw 2
Obviously, it leads to

yﬁlmwe‘llm‘“ < g, (1.5)
where o, 8! denote the minimum values of a(f) and B(¢),
respectively. It implies that the criteria in [16] are only valid
for the special time delay 7 = mw, where mw satisfies the
inequality (1.5).

In [17], Liu et al. investigated the existence and global
attractivity of unique positive periodic solution of system
(1.4) and obtained that system (1.4) has a unique positive

w-periodic solution if Mpg < 1, where

exp ( fw a/(s)ds)
0
exp( fo ! a(s)ds) -1

Obviously, it leads to

M =

k)

m

D Blog <1,
i=1

which implies that the criteria in [17] are only valid for some
special periodic constants w and m. Hence, techniques and
methods for dynamical analysis of red blood cells models
(1.2)-(1.4) should be further developed and explored.
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Recently, dynamical analysis of impulsive nonlinear
systems has attracted the attention of many researchers
[19-29].

time scales, Wang [19] studied the periodic solution for a

For instance, based on the concept of periodic

new type of neutral impulsive stochastic Lasota-Wazewska
model. Modeling by Fractional Mathematics, Stamov [20]
investigated uncertain impulsive fractional order Lasota-
Wazewska model on the survival of red blood cells. In
addition, taking into account the effects of both delays and
impulses such as weather change, resource availability, food
supplies, etc, Yan [23] considered the following red blood

cells model with impulsive effects:
X (1) = —a(Ox(0) + ) B Ot e 1, 1),
i=1

x(te) = (1 + b)x(1), k € Zy,

(1.6)
where b, > —1 denotes the possible measure of an impulsive
effect on cell x at time #, k € Z,. The author obtained some
sufficient conditions for existence and global attractivity
of positive periodic solution of system (1.6) under the
assumption that

I'(n) = 1—[ (1 + by) is w-periodic.
O<n <t

Then Liu and Takeuchi [24] pointed out that the w-
periodicity of I" in [23] implies that I'(w) = 1 which is a more
restrictive condition and so some new sufficient conditions
were derived in [24] for the existence and global attractivity
of positive periodic solution of system (1.6), which removed
the restriction that I'(w) = 1 and extended and improved
the results in [23]. Unfortunately, one may observe that the
methods used in [21-24] are only valid for red blood cells
models with time-invariant delays [21,22] or some special
time delays [23,24], i.e., 7, = m;w. In other words, it is
necessary that = € Z,.

Motivated by the above discussions, our aim in this paper
is to study the dynamics of the following red blood cells

model with time-varying delays and impulsive effects:
i(1) = —ax(t) + ) Bine OO e [y, 1),
i=1

x(te) = L(te, x(t)), ke€Z,.

1.7
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The paper is organized as follows. In Section 2, we introduce
some necessary notations, definitions and prove that the
solutions are positive and ultimately bounded. In Section
3, we present some results on persistence of system (1.7)
based on those ultimately bounded conditions. In our model
the persistence describes the persistent survival of the mature
red blood cells under delay and impulsive perturbations. In
Section 4, some sufficient conditions ensuring the existence
and global attractivity of unique positive periodic solution
are presented under the assumption that the coefficients in
the model are w-periodic, which are suitable for Lasota-
Wazewska model with any w € R,. These criteria describe
the nonexistence of any dynamic diseases in the mammal.
Two examples and their computer simulations are offered to
show the effectiveness and advantages of our new results in

Section 5. Finally, we draw conclusions in Section 6.
2. Preliminaries

Notations. Let R denotes the set of real numbers, R, the set
of positive real numbers and Z, the set of positive integers.
[e]" denotes the integer function. A = {1,2,---,m}. For
any interval J C R, set § C R¥(1 < k < N),C(J,S) =
{¢ : J — S iscontinuous} and PC(J,S) ={p:J - S is
continuous everywhere except at finite number of points 7, at
which (%), ¢(t7) exist and p(t*) = ¢(f)}. In particular, let
PC; be an open set in PC([-7,0],R;). Given a continuous
function f which is defined on J € R, we set

fr=inff(s),  f* =sup f(s).

seJ

Consider the red blood cells model (1.7) with initial value:
i(1) = —a(x(D) + Y BiDe OO e [, 1),
i=1

x(t) = L(t, (1)), k€ Zy,

X, = @(s), —-T<s5<0,

2.1)
where ¢ € PC;, 0 < 7;(¢) < 7,i € A, where 7 is a given
constant. For each t > #;, x, € PC; is defined by x,(s) =
x(t +s),s € [-71,0].

In this paper we need the following assumptions:

(Hy) a,B; and y; : Ry — R,,i € A, are all continuous

functions with positive lower and upper bounds.

Mathematical Modelling and Control

(H,) The impulse times #,k € Z,, satisfy 0 < 1y < 1} <
. <l > +ooas k — +oo.

(H3) Iy : Ry xRy — R, are continuous functions which
satisfies pfu < Ii(t,u) < pfu, u € Ry, t € Ry, k € Z,,

where p,’( and pf are some positive constants.

Definition 2.1. System (2.1) is said to be persistent, if there
exist constants M > 0 and m > 0 such that each positive

solution x(7) of model (2.1) satisfies

0 < m < liminf x(f) < lim sup x(r) < M.
15

—teo t—+00

Definition 2.2.

w-periodic solution of system (2.1), if

A map x : Ry — R, is said to be an

(1) x(r) is a piecewise continuous map with first-class
discontinuity points and satisfies (1);

(2) x(¢) satisfies x(t + w) = x(f),t # t; and x(f; + w*) =
x(t)), k€ Z,.

Definition 2.3. Let x* = x*(¢, tp, ¢*) be a solution of system
(2.1) with initial value (9, ¢*), where ¢* € PC,. Then the
solution x* is said to be a positive stationary oscillation of
system (2.1), if
(1) x* is the unique positive w-periodic solution of system
(2.1);
(2) For any other solution x =
through (79, ¢), it holds that

x(t, ty, @) of system (2.1)

|x = x*| > 0ast— oo.

To derive the main results, we need to introduce some

Lemmas and their Corollaries.

Lemma 2.1.
2.1).
Proof. Let x(r) = x(t,1y,$) be a solution of system (2.1)

R, is the positively invariant set of system

with initial value (%), ¢), where ¢ € PC.. First, we prove that
x(t) > 0 for t € [ty,t;). Suppose on the contrary, in view
of the continuous of x on interval [#y, #;) and ¢(0) > 0, then
there exists a f € [fy, #1) such that x(f) = 0 and x(¢) > 0 for
t € [to, 7). Thus it follows from system (2.1) that

Bi(t)

X(t) = x(t —at+Z— , 1€ [to, ),
(0) = x(1) ® L v (Oxi=0) x(1) [t0. )
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which leads to
!
X(1) = x(to) exp( f T(s)ds ) 1 € [1o, D),
)

where

N Bi(1)
IN0) :[ —a/(t)+; pTo e ]

Since x is continuous on interval [#y, #), it can be deduced
that

0 = x(f) = x(f") = x(tp) exp( f I'(s)ds )

Obviously, this is a contradiction and so x(r) > 0 for ¢ €
[70,11). Note that x(t;) = I1(x(f;)) > 0, we can similarly
prove that x(r) > O for ¢ € [t;,1,). In this way, it can be
finally deduced that x(r) > 0 for ¢ € [#y, 00). The proof is

complete. O

Lemma 2.2. ( [30]) Assume that there exist functions m €
PCR:+,R,), p,g € CR,,R) and constants dy, > 0 such that

D m(1) < p(hym(1) + q(1), t € [ir_1, 1),
m(ty) < dkm(t,:), keZ,.

Then

m(ty) 1_[ dy exp(ftp(s)ds)

fo<tx<t fo

+ft n d; exp(ftp(u)du)q(s)ds, t 2> 1.

o s<y<t s

m(t) <

Remark 2.1. It should be noted that the above assertion still

holds if the sign “ < in Lemma 2.2 are replaced by *“ > .

Lemma 2.3. Assume that (H,) — (H3) hold. If there exist
some real constants 1 > 0,17, > 0,6, > 0 and 6, > 0 such
that

ot —8) =6, <Wals, 1) S Wi(s,0) < -t —s5)+ 6

(2.2)
forany ty < s < t,, where

W\ (s,1) = Z Inp} — f a(u)du,

S<t <t

WY,(s,1) = Z lnpi—f a(u)du.

S<t <t

Mathematical Modelling and Control

Then the set Q = {x € R, :
ultimately bounded set of system (2.1), where M and m are

0 <m < x < M} is the

any positive constants that satisfy

m S m ]

M > Z LM m< Z ﬁ—’ exp(—ny)e’ez.
; —' 2
i=1

Proof. Let x(¢) = x(t, 1y, ¢) be a solution of system (2.1)
with initial value (¢y, ¢), where ¢ € PC,. By Lemma 2.1,
we know that x(¢) > 0 for ¢ € [ty, 00). Then it follows from
system (2.1) that

i(t) < —a()x(t) + ) BilD), 1 € [t1,10),
i=1
x(ty) < py x(ty), k € Zy.

By Lemma 2.2 and (2.2), it can be deduced that
!
w0 <00) [ | ew(~ [ atsias)

to<tp<t fo
m
+2,
i=1

t

l_[ pf exp( - ft a'(u)du)/g’i(s)ds

0 s<p<t
< ¢(0) exp( Z lnpi) exp ( - fl a/(s)ds)
fo<tk <t to
+ Zm:ﬂ,s ft exp( Z lnpf)exp ( - ft a(u)du)ds
i=1 o s<ist s

= ¢(0) eXp( Z Inp; - f t a/(s)ds)

fo<te<t ’
+il8is Itexp( Z lnpi — fra(u)du)ds
i=1 0 '

= $(0)exp(¥i (10, 1) + f exp(¥ (s, )ds

i=1 fo

< $O)exp(—m(t — 10) + 61)

m

+Z,Bis frexp( —mt—s)+ Gl)ds
i=1 f

< exp(— mt—to) + 91)(¢(0) — Z 77_[1) + Z n_zeel
i=1 =

=1 11
m oS

- M as t— 0,

= M

which implies that there exists a constant 7 > fy such that
x() <M, t>T,.

Volume 1, Issue 1, 12-25
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Next we show that there exists a constant 7, > T +7 such
that m < x(¢), t > T,. First, from system (2.1) we know that

i) 2 —a(x(D) + ) Bl exp(=y} M),
i=1
t€ [ti1, ) N [T + T, 00),

x(t) = pix(ty), k € Z,.

Without loss of generality, one may suppose that T} + 7 #
tt,k € Z,. Then by Remark 2.1 and (2.2), it can be deduced
that

x(t) = X(T) +7) ﬂ phexp (- ff a(s)ds)

o<tk <t fo

+ Z Vi f 1_[ pi exp ( - ft a(u)du),B,-(s)ds

o g<p<t

>x(T) +71) exp( Z lnpi) exp( _ f’ a(s)dS)

to<ty<t fo

+Zﬂ vlf exp Z lnpi)exp(—fla(u)du)ds

S<t <t

= x(Ty + 1) exp(W2(t0, 1)) + Zﬁ{%’f exp(Ya(s, 1)ds
i=1 fo
> x(Ty + 1) exp (= m(t — o) - 6)

m

+ Zﬂ Vi f exp —1m(t—15)— Qz)ds

,31‘/1
> exp( m(t —ty) — 92)(X(T1 +7)— Z
i=1
N Z s Py M
m [

- “Lyie™” as t — oo,

-1 2

where v; = exp(—yf M) which implies that there exists a
constant T, > Ty + 7 such that m < x(¢), t > T,. The proof

is therefore complete. O
Suppose that

suppi =p5>1, (2.3)

inf p! = p' €(0,1),
keZ, klngerk p e( )

then the following result can be derived.

Mathematical Modelling and Control

Corollary 2.1. Assume that (Hy) — (H3) hold. If there exists
a constant > 0 such that ty, — ty_; > u > h;—‘,’s, keZ,. Then
the set Q = {x € R, :

bounded set of system (2.1), where M and m are any real

0 < m < x < M} is the ultimately

constants that satisfy

m
i N i S 1
M > Z W Tnp! exp(—yi M)p .
=1 ¥ == i=1 I

=,
5
2,

Proof. For any given fp < s < t, if there exist some
impulsive points on the interval [s, 7], then assume without
loss of generality that #,, < § < f41 < -+ < fyy; £ 1 <
tms+jr1, Where tyu,k = 1,---, j, are the impulsive points
on the interval [s, f]. Then note that #; — #,_; > u, one may
Im+l 2 (J -
’;—5 +1 > j. In this case, it can be deduced from the definition

of ¥, and ¥, that

derive that t — s > 1,1 — Dy, which implies that

m+j

!
WY, (s,1) = Z Inpf — f a(u)du
k=m+1 S
< jlnpS —al(t—-ys)
t_
< (_s + l)lnps —d@t-ys)
u
1 S
< —(t- s)(a’ - n_p) +1np5,
m+j 1
Y,(s,1) = Z lnp]’( —f a(u)du
k=m+1 s
> jlnp' —aS(t-ys)
l’_
> (— + l)lnp A ()
u
1 1
> —(t- s)(cyS - n_p> +lnp1.
u

Obviously, if there is no impulsive point on the interval

[s,7], the above assertions also hold. Hence, let n; =

InpS Inp!
I _ n—p,m =ad° - n—p,91 = Inp® and 6, = —Inp’
u
and by Lemma 2.3, we can obtain Corollary 2.1. O
If
supp; =p° > 1, infpf=p'>1, (2.4)
keZ, keZ.

then we have

Corollary 2.2. Assume that (Hy) — (H3) hold If there exists
,keZ,.Then
O0<m<x< M} is the ultimately

a constant > 0 such that t, — ty_1 > > o
the set Q = {x € R, :

Volume 1, Issue 1, 12-25
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bounded set of system (2.1), where M and m are any real

constants that satisfy

Proof. The proof is similar to Corollary 2.1 and we only

- f a(u)du

need notice that

[

Nk
E

2

Yo(s, 1) =

\Y
|
S
[}
)
~
[
N

which implies that 7, = @’ and 9, =0. O

In addition, if

suppy =p° <1, =pl <1, (2.5)

inf 1
keZ, k1€nZ+ Pi
then we have
Corollary 2.3. Assume that (H\) — (H3) hold. Then the set
Q={xeRi: 0<m<x < M)is the ultimately bounded
set of system (2.1), where M and m are any real constants

that satisfy

m S
Bi
M>;?p, m<z lnp exp(— ySM)p
Proof. Notice that
m+j ‘
Yi(s,t) = Z lnpf —f a(u)du
k=m+1 S
< —al(t-s),

which implies that 7; = ! and 6; = 0. By the proof of

Corollary 2.1, we can obtain the above result. O

In particular, when there is no impulsive effects, i.e.,
I;(t,u) = u, the following result can be directly derived by
Corollary 2.3.

Corollary 2.4. Assume that (Hy) and (H) hold. Then the
set Q ={x € Ry : 0 <m < x < M} is the ultimately
bounded set of system (2.1), where M and m are any real

constants that satisfy

PV . A
>Z?, m<ZJeXP(_7i ).
i=1 i=1

Mathematical Modelling and Control

3. Persistence of Lasota-Wazewska model

We are now in a position to state our main results on

persistence of system (2.1).

Theorem 3.1. Assume that (H,) — (H3) hold. Then system
(2.1) is persistent if there exist some constants n; > 0,1, >
0,6, > 0 and 6, > 0 such that

=t — 5) — 0y < W(s, 1) < Wi(s,0) < —m(t = 5) + 6y,

forany ty < s < t, where

Pi(s,0) = Yyanr lnpf - f; a(u)du,
t
Wals, 1) = Zyarer Inpf = [ au)du.

Corollary 3.1. Assume that (H,)—(H3) and (2.3) hold. Then
system (2.1) is persistent if there exists a constant y > 0 such

th Inp?
atty —t—) =2 U > o keZ,.

Corollary 3.2. Assume that (H,)—(H3) and (2.4) hold. Then
system (2.1) is persistent if there exists a constant y > 0 such
1"(55 keZ..

that ty — ty—y > u >

Corollary 3.3. Assume that (H)— (H3) and (2.5) hold, then

system (2.1) is persistent.

Corollary 3.4. Assume that (H,) holds, then system (2.1)

without impulsive effects is persistent.

Remark 3.1.
Corollaries 2.1-2.3) in Section 2, the above conclusions can

Based on the results (Lemma 2.3 and

be obtained easily and the detailed proofs are omitted here.

Remark 3.2. One may observe from Corollaries 3.1-3.3
that there exists a necessary restriction on the lower bound
of impulsive intervals [f;_1, #;) to guarantee the persistence
when p5 > 1. But the restriction can be removed when
p% < 1. The ideas behind it is that the encountered impulsive
perturbation can be large enough provided the impulsive
intervals are larger than a special value which is related to
the perturbation scopes. But the restriction on impulsive
intervals can be removed when the impulsive perturbation

is small.
4. Periodicity of Lasota-Wazewska model

In this section, we shall investigate the stationary
oscillation of system (2.1). First, to derive the results we

Volume 1, Issue 1, 12-25
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need introduce some assumptions that are more restrictive
than (H;) — (H3) as follows:

(P1) a,B;,; and 1,

continuous w-periodic functions, where w > 0 is a real

: Ry > R,,i € A, are all positive
constant.
(Po) Ii(t,u) = pru,u e R,k € Z,.

(P3) For given w > 0, there exists an integer ¢ € Z, such

thatf; + w = Tk+q andpk+q =pr,k €Z,.

Lemma 4.1.( [31]) Assume that (Py) — (P3) hold. Then
system (2.1) has an w-periodic solution if there exists a ¢ €
PC; such that x,+,(ty, §) = ¢, where x(t, 1y, ¢) is the solution
of system (2.1) through (ty, ¢).

Theorem 4.1. Assume that (P1) — (P3) hold. Then system
(2.1) admits a positive stationary oscillation if there exist
constants M > 0,8 > 0 such that

nmax . pr) S MO e 7, 4.1

and

s<a —Zﬂs S g7 4.2)

Proof. First, we prove that the following inequality holds:

e — eV < Sy — v, te Ry, u,v eRy. (4.3)

In fact, let E = 79, then it holds that |e™¥®% — ¢=7V| =
|E" — E¥| = E|InEllu — v| < ESy}|u — v, where ¢ is a real
value between u and v. Since u,v € R, we know that & > 0,
which implies that (4.3) holds.
Let x = x(t,t9,¢) and y =
solutions of system (2.1) with initial values (¢, ¢) and (¢, ¢),

¥(t, 19, ) be two arbitrary
respectively, where ¢,¢o € PC,. Consider an auxiliary
function V(#) = |x — y|. Obviously, V € PC(R,R;).

Calculating the upper right derivative of function V; it can

Mathematical Modelling and Control

be deduced from (4.3) that

D*V(r)

IA

—a(D)lx(®) — y(@®)

m
+ Z Bi(D)|e™ Vi OMTiO) _ gyl Dx(t=Ti(0))
i=1

IA

—a!|x(t) = y(1)l

+ > B (e = 7)) = y(t = 7i(0)
i=1

= -V + Z BVt —1i(1)
i=1

IA

—a'V(D) + ) BV Ve,
i=1

“4.4)
where V(1) = sup,_,,, V().
On the other hand, it follows from (P,) that

V() = |x(te) =yl = Ute, x(5) = Lt YD) = piV (7).

4.5)
From (4.1)—(4.5) and using the Lemma 2.1 in [32], we get

V(1) < MV, (tg)eA=010) ¢ > g (4.6)

where A > 0 satisfies 1 < o — Zﬁs Yol

i=1
By (4.2), one may choose a € > 0 small enough such that

S+e<a _Zﬂs S p6+erT

Choose 1 = 6 + &, then (4.6) becomes
V(1) < MV, (tg)e ™0, t > 1,

i.e.,
[x(1) = y(0)] < Mg — gl 1 > 1.

Thus there exists a T > 1, such that
x(1) = Y(D)le < 5l = @le, 12 T. (4.7)
Define an operator

y : ¢ - -xt0+(u(t07 ¢)

Obviously, operator . maps the set PC, into itself. By
induction, it can be deduced that

Tr = X110 (to, 9), k € Z,.

Volume 1, Issue 1, 12-25
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Let k large enough such that 7y + kw —271 > T, then it follows
from (4.7) that

1
1750 — FXel: = X410 (t0s ®) = Vig ko0, Ple < =160 = ¢l

Hence, operator .# is a contraction mapping in Banach
space PC,. Using Banach fixed point theorem, there exists
a unique ¢* € PC, such that #¢* = ¢*. By Lemma 4.1,
we know that system (2.1) has a positive w-periodic solution
x(t, 19, 9*).

Furthermore, we show that x(r) = x(¢, 1y, ¢*) is the unique
w-periodic solution of system (2.1) and all other solutions
converge exponentially to it. Suppose on the contrary that
there exists another w-periodic solution y(r) = y(¢, 1y, ¢*)
where ¢* € PC,. Then similar to the proof of (4.7), we get
that for 7 > 0

|x(t’ tO’ ¢*) - y(t’ t07 ‘p*)|‘r
= |x(t + kw, ty, ¢*) — ¥(t + kw, to, o*)|:

< M|¢* _ 90*|-re_g(t+kw_t0) -0 as k— o0,

which implies that x(r) = y(¢), + > 0. Hence, x(¢) is the
unique positive w-periodic solution of system (2.1) and all
other solutions converge exponentially to it, i.e., system
(2.1) admits a positive stationary oscillation. The proof is

thus complete. O

If

suppe = p5 > 1,
keZ,

then we have

Corollary 4.1. Assume that (Py) — (P3) hold. Then system
(2.1) admits a positive stationary oscillation if there exist
constants p > 0,0 > 0 such that t;, — ty_1 > u > %,k €Z,

and

m
§<al - Zﬁfyise&.
i=1

Proof. Notice that max{l, p} <p°, k€Z, andt, —ty >
nu,n € Z,, by Theorem 4.1 we can obtain the above result.
O

Remark 4.1. Compared Corollary 4.1 with Corollaries 3.1

Inp® Inp®
o

and 3.2, one may observe that #; — 1 > u > o

implies that more restrictive condition on impulsive interval

is needed to guarantee the existence of stationary oscillation.
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In addition, if

keZ,

then we have

Corollary 4.2. Assume that (Py) — (P3) hold. Then system

1

(2.1) admits a positive stationary oscillation if o >

m
DBV
i=1

Proof. Notice that max{1l, p;} <1, k € Z, and let M =
1,0 = 0, by Theorem 4.1 we can obtain the above result. O

Corollary 4.3. Assume that (Py) holds, then system

(2.1) without impulsive effects admits a positive stationary
m

oscillation if o > Z By
i=1

Remark 4.2. In [15,17,18], the authors investigated the
stationary oscillation of system (2.1) with/without impulsive
effects under the assumption that 7(¢) is a constant delay
that satisfies i € Z,. Note in our results, the restriction is
completely removed and the time-varying delay 7(f) may be
large enough or small enough provided that it is positive w-

periodic.

Remark 4.3. When there is no impulsive effects, i.e., px =
1, the stationary oscillation of system (2.1) has been studied
by Li and Wang [13] under the assumptions that 0 < a(f) < 1
and 7(#) < 1 and Liu et al. [16] under the assumption that
Mpq < 1, where

exp ( fow a(s)ds)

exp fom a(s)ds) - 1
v (7s _ maxyS
p—;fo Bi(s)ds, g =maxy;.

It is obvious that those assumptions are greatly relaxed in

M =

Corollary 4.3. Moreover, one may note from Corollary
4.3 that there is nothing restriction on periodic constant w.
In other words, the development results in this paper are
suitable for any w € R,.

5. Applications

In this section, we shall give two examples and theirs
computer simulations to show the effectiveness of the

Volume 1, Issue 1, 12-25
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proposed results.

Example 5.1. Consider a delayed red blood cells model with

impulses as follows:
i(f) = =[1.1+ 0.1 sin 2—”t]x(t)
= .3 . 5
2r
+ 48+0.2 —(t+i
; [ cos 5 ( 1)]

x exp (= (0.5 +0.3sin 2?”@ +1) x(t - 7)),

t € [ti-1, 1),
x(t) = px(t;), k € Zy,

(5.1
where p > 0 and 7 > 0 are some real constants.

Property 5.1. Case: p > 1. System (5.1) is persistent if there
exists a constant u > 0 such that ty.1 —ty > u > Inp, k€ Z,.

Property 5.2. Case: p < 1. System (5.1) is persistent for
any impulsive sequence {ty}rez, satisfying (H).
Proof. It is easy to check that system (5.1) satisfies the
conditions (H;) — (H3) and by Corollaries 3.2 and 3.3, we
can obtain the above properties, respectively. O

Remark 5.1. When there is no impulsive effects, i.e.,p = 1,
the state trajectories of system (5.1) are given in Figure
1.(a). In this case, obviously, system (5.1) is persistent. If
we consider the impulsive effects such as p = 2, then by
Property 5.1, we know that system (5.1) is persistent if
tt1 — t = 0.6931. Figure 1.(b, ¢) show the state trajectories
of system (5.1) with # = 0.7k and 10k, respectively.
However, when 7, = 0.6k which violates the Property 5.1,
it is interesting to see from Figure 1.(d) that system (5.1)
is non-persistent. It confirms that the proposed condition
in Property 5.1 is feasible and effective to guarantee the
persistence of system (5.1).

In addition, if p = 0.5, then by Property 5.2, we know that
system (5.1) is persistent for any impulsive sequence {# }icz,
in (H,). Figure 1.(e, f) show the state trajectories of system
(5.1) with #; = 0.1k and 2k, respectively.

Remark 5.2. In the simulations of Example 4.1, we choose
the time delay 7 = 3.4, time step 2 = 0.01 and initial values
¢=2mm=1,---,4.

Example 5.2. Consider a simple delayed red blood cells

Mathematical Modelling and Control

model with impulses:

i(f) = —x(t) + [0.9 + 0.1 sin 2—"r]
w

xexp( = (0.4 +0.1 cos %Tt) x(t = 7(1))),

x(t) = px(t). k € Z.,
5.2)
. 2m
where 7(t) = 0.2 — O.l[sm —t] and w > 0,p > 0 are two
w
real constants.
Property 5.3. Case: p > 1. System (5.2) admits a positive
stationary oscillation if there exist constants q € Z.,0 >
0,u > 0 such that ty + w = tyyy and

In
tk+l_tk2/~l>7p, keZ,,

1 >6+0.5¢%3%.

Corollary 5.1. Case: p > 1. System (5.2) with t, =
uk,k € Z, admits a positive stationary oscillation if there

exist constants 6 > 0, u > 0 such that

1
> %, ke,
1> 6 +0.5¢0%,

9EZJ,.
o)

Property 5.4. Case: p < 1. System (5.2) admits a positive
stationary oscillation if there exists a constant q € Z, such

that ty + W = tiyg.

Corollary 5.2. Case: p < 1. System (5.2) with t;, = uk,k €

Z. admits a positive stationary oscillation if — € Z...

Proof. It is easy to check that system (5.2) satisfies the
conditions (P;) — (P3) and by Corollaries 4.1 and 4.2, we
can obtain the above properties, respectively. O

Remark 5.3. From Property 5.4, one may note that system
(5.2) without impulsive effects admits a positive stationary

oscillation for any w € Z,.

Remark 5.4. When there is no impulsive effects, i.e.,
p =
admits a positive stationary oscillation for any w > 0. The

1, by Corollary 5.2, we know that system (5.2)

corresponding simulations for w = 2 and 8 are shown in

Figure 2.(a, b). If we consider the impulsive effects such as
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Non-impulsive effects p=2, u=0.7

solution x

time t

|
of [z md

sl
ol
% 20 40 60 80 100 Or; 50 100
e = ‘ f 10 ‘ ‘ ; ;
.| | .| P05, 12|
6 1 ‘ !
| e
54— § | ” ’ il f ‘l | I )
IR 'm il i
T | r\.') !l V ll"/ “ !? 1/2 \‘/ M/ M/MDW'/
% 20 0 60 80 100 % 20 40 60 80 100

time t time t
Figure 1. (a) State trajectories of system (5.1) without impulsive effects. (b) State trajectories of system (5.1) with
p = 2,u = 0.7. (c) State trajectories of system (5.1) with p = 2,u = 10. (d) State trajectories of system (5.1) with
p = 2,u = 0.6. (e) State trajectories of system (5.1) with p = 0.5,u = 0.1. (f) State trajectories of system (5.1) with
p=05u=2.
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p = 2 or 4.8, then by Corollary 5.1, we know that system
(5.2) admits a positive stationary oscillation if

u > 1.7329, u>3.9215,
p=2: p=438:

@ €y, @ €Z,.

u

Thus it can be deduced that system (5.2) admits a positive
stationary oscillation when (I) w = p = 2 and #, = 2k;
(I w = 8,p = 4.8 and #;, = 4k, which is shown in Figure
2.(c,d). In addition, if p = 0.8, then by Corollary 5.2, we
know that system (5.2) #; = uk,k € Z, admits a positive
stationary oscillation if Y e Z,. Figure 2.(e, f) show the
state trajectories of system (5.2) with #, = 0.1k,w = 2 and
t = 0.8k, w = 8§, respectively. Those simulations match our

development results perfectly.

Remark 5.5. In the simulations of Example 4.2, we choose
the time step 27 = 0.01 and initial values ¢ = 0.2m,m =
1,---,4.

Remark 5.6. Obviously, all of the criteria in [15,17,18] are
invalid for system (5.2) since iéZJ,. In particular, when
there is no impulsive effects, i.e., p = 1, the criteria in
[16] can be applied to guarantee the stationary oscillation
of system (5.2) under the assumption that

ew

e? —1

045w < 1.

However, from Remark 5.3, we know that system (5.2)
without impulsive effects admits a positive stationary
oscillation for any w € R,. Thus our development results

are more general than those [15-18].

6. Conclusions

This paper was dedicated to the dynamical analysis of
survival red blood cells model with time-varying delays
and impulsive effects. By use of the theory on impulsive
differential equations, some sufficient conditions for the
persistence have been presented. Then assuming that the
coefficients in the model are common periodic, some criteria
ensuring the existence-uniqueness and global attractivity of
positive periodic solution were obtained, which extended
and improved some recent works in the literature. Two

examples and their computer simulations have been given

Mathematical Modelling and Control

to show the effectiveness and advantages of the results. In
addition, the ideas used in this paper can be developed to
study some other dynamical systems.
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