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1. Introduction

For localized problems, many papers showed that the weak solution of elliptic and parabolic
equations can be obtained with a limit of approximations by regularizing the nonlinearities, see for
instance [1, 2, 4, 28, 29, 32]. However, as far as we are concerned, it was hard to find a suitable
reference for global problems which considered approximations on domains. In this paper, we will
show that the weak solution can be obtained with a limit of approximations by regularizing the
nonlinearities and approximating the domains for Dirichlet boundary value problems. Also we refer
to [19, 20] which used regularization on the nonlinearities and approximation on the convex domains
for a class of nonlinear elliptic systems.

http://www.aimspress.com/journal/mine
http://dx.doi.org/10.3934/mine.2023079
www.aimspress.com/mine/article/6240/special-articles


2

For the interested readers, we briefly explain about the mentioned papers in the previous
paragraph, which are mainly related to the regularity of elliptic and parabolic problems. Acerbi and
Fusco [1] obtained local C1,γ for local minimizers of p–energy density, where we refer to [35, 52, 53]
for fundamental papers and [27] for generalized elliptic systems. Acerbi and Mingione [2] obtained
local C1,γ regularity for local minimizers with variable exponents, where we refer to [54] for
fundamental paper and [3, 8, 16] for Calderón-Zygmund type estimates. Esposito, Leonetti and
Mingione [32, 33] obtained higher integrability results for elliptic equations with p–q growth
conditions, where we refer to [10, 18, 24] for the related results and [46, 47] for Lipschitz regularity.
Also we refer to [9, 21–23, 25] for double phase problems and [37] for a unified approach of p–q,
Orlicz, p(x) and double phase growth conditions. Acerbi and Mingione [4] obtained
Calderón-Zygmund type estimate for a class of parabolic systems, and we refer to [11, 15, 17] for the
global results and [6] for Lorentz space type estimate. Duzaar and Mingione [28] obtained local
Lipschitz regularity for nonlinear elliptic equations and a class of elliptic systems. Also Cianchi and
Maz’ya [19, 20] obtained Lipschitz regularity for a class of elliptic systems in convex domains.
Duzaar and Mingione [29] obtained Wolff potential type estimate for nonlinear elliptic equations, and
we refer to [39–44, 49] for further references and [7] for nonlinear elliptic equations with general
growth. We remark that one of the authors obtained [14] based on the techniques of [29, 48].

1.1. Parabolic equations

Suppose that a : Rn × Rn+1 → Rn satisfies{
a(ξ, x, t) is measurable in (x, t) for every ξ ∈ Rn,

a(ξ, x, t) is C1-regular in ξ for every (x, t) ∈ Rn+1,
(1.1)

and the following ellipticity and growth conditions:|a(ξ, x, t)| + |Dξa(ξ, x, t)|(|ξ|2 + s2)
1
2 ≤ Λ(|ξ|2 + s2)

p−1
2 ,

〈Dξa(ξ, x, t)ζ, ζ〉 ≥ λ(|ξ|2 + s2)
p−2

2 |ζ |2,
(1.2)

for every (x, t) ∈ Rn+1, for every ξ, ζ ∈ Rn and for some constants 0 < λ ≤ Λ and s ≥ 0.
To regularize the nonlinearity a, we define φ ∈ C∞c (Rn) as a standard mollifier:

φ(x) =

 c1 exp
(

1
|x|2−1

)
if |x| < 1,

0 if |x| ≥ 1,
(1.3)

where c1 > 0 is a constant chosen so that ∫
Rn
φ(x) dx = 1. (1.4)

Under the assumptions (1.1) and (1.2), let aε(ξ, x, t) be a regularization of a(ξ, x, t):

aε(ξ, x, t) =

∫
Rn

∫
Rn

a (ξ − εy, x − εz, t) φ(y)φ(z) dydz (0 < ε < 1). (1.5)
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Then aε(ξ, x, t) satisfies the ellipticity and growth conditions and it is smooth enough, precisely,aε(ξ, x, t) is C∞-regular in ξ ∈ Rn for every (x, t) ∈ Rn+1,

aε(ξ, x, t) is C∞-regular in x ∈ Rn for every ξ ∈ Rn and t ∈ R,

and 
|aε(ξ, x, t)| + |Dξaε(ξ, x, t)|(|ξ|2 + s2

ε )
1
2 ≤ c Λ(|ξ|2 + s2

ε )
p−1

2 ,

|Dm
x aε(ξ, x, t)| + |Dm

ξ aε(ξ, x, t)| ≤ c Λε−m(|ξ|2 + s2
ε )

p−1
2 ,

〈Dξaε(ξ, x, t)ζ, ζ〉 ≥ c λ(|ξ|2 + s2
ε )

p−2
2 |ζ |2,

for sε = (s2 + ε2)
1
2 > 0. Here, the constants c are depending only on n and p. It will be proved in

Lemma 2.13.

As usual, we denote p′ as the Hölder conjugate of p and by p∗ the Sobolev exponent of p. (Note that
p∗ can be any real number bigger than 1, provided that p ≥ n.) We denote dH(X,Y) as the Hausdorff
distance between two nonempty sets X and Y , namely,

dH (X,Y) = sup {dist (x,Y) : x ∈ X} + sup {dist (y, X) : y ∈ Y} .

Remark 1.1. As mentioned before, ak(ξ, x, t) is smooth with respect to ξ and x by Lemma 2.13. For
Neumann boundary value problems, we need to consider extensions to compare weak solutions defined
on different domains. In this paper, we consider Dirichlet boundary value problem with γ ∈ W1,p(Ω)
to obtain the main theorem without using extensions.

We will only prove the parabolic case, because the elliptic case can be done in a similar way. To
consider parabolic equations, we denote Ωτ = Ω × [0, τ] and Rn

τ = Rn × [0, τ] for τ ∈ [0,T ], where
T > 0. We write 〈〈·, ·〉〉Ω = 〈〈·, ·〉〉

〈W−1,p′ (Ω),W1,p
0 (Ω)〉 as the pairing between W−1,p′(Ω) and W1,p

0 (Ω), where

W−1,p(Ω) is the dual space of W1,p
0 (Ω). We carefully note that 〈·, ·〉 stands for the inner product in Rn

or Rn+1. We also note that for the consistency of the notation, we usually write W1,p
0 (Rn) instead of

W1,p(Rn). Here, we remark that W1,p
0 (Rn) = W1,p(Rn). For ∂tw, we mean ∂tw ∈ Lp′(0,T ; W−1,p′(Ω)

)
satisfying ∫ T

0
〈〈∂tw, ϕ〉〉Ω dt = −

∫
ΩT

wϕt dxdt for any ϕ ∈ C∞c (ΩT ).

We consider a sequence of functions {uk}
∞
k=1 defined on the corresponding sequence of domains

{Ωk}∞k=1 in this paper. So to use convergence on {uk}
∞
k=1, we consider the zero extension as in the

following definition. In this paper, ‘→’ means the strong convergence and ‘⇀’ means the weak
convergence.

Definition 1.2. For 1 < p < ∞, we say vk ∈ Lp′(Ωk
T ) (k ∈ N) converges strongly-∗ to v∞ ∈ Lp′(Ω∞T ),

which is denoted by vk ∈ Lp′(Ωk
T )

∗
→ v∞ ∈ Lp′(Ω∞T ), if∫

Ωk
T

vkηk dxdt →
∫

Ω∞T

v∞η∞ dxdt,

for any ηk ∈ Lp(Ωk
T ) (k ∈ N ∪ {∞}) satisfying

η̄k ⇀ η̄∞ in Lp(Rn
T ),

where η̄k is the zero extension of ηk from Ωk
T to Rn

T .
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Remark 1.3. In Definition 1.2, if Ωk = Ω∞ for any k ∈ N, then vk → v∞ in Lp′(Ω∞T ) is equivalent to
strong-∗ convergence, see Lemma 3.1.

We use a similar definition for W−1,p′ . We remark that W1,p
0 (Ω) is reflexive when 1 < p < ∞.

Definition 1.4. For 1 < p < ∞, we say that vk ∈ W−1,p′(Ωk) (k ∈ N) converges strongly-∗ to v∞ ∈
W−1,p′(Ω∞), which is denoted by vk ∈ W−1,p′(Ωk)

∗
→ v∞ ∈ W−1,p′(Ω∞), if

〈〈vk, ηk〉〉Ωk → 〈〈v∞, η∞〉〉Ω∞ ,

for any ηk ∈ W1,p
0 (Ωk) (k ∈ N ∪ {∞}) satisfying

(η̄k,Dη̄k) ⇀ (η̄∞,Dη̄∞) in Lp(Rn,Rn+1)

where η̄k is the zero extension of ηk from Ωk to Rn.

Definition 1.5. For 1 < p < ∞, we say that vk ∈ Lp′(0,T ; W−1,p′(Ωk)
)

(k ∈ N) converges strongly-∗ to
v∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)

)
, denoted by vk ∈ Lp′(0,T ; W−1,p′(Ωk)

) ∗
→ v∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)

)
, if∫ T

0
〈〈vk, ηk〉〉Ωk dt →

∫ T

0
〈〈v∞, η∞〉〉Ω∞ dt,

for any ηk ∈ Lp(0,T ; W1,p
0 (Ωk)

)
(k ∈ N ∪ {∞}) satisfying

(η̄k,Dη̄k) ⇀ (η̄∞,Dη̄∞) in Lp(Rn
T ,R

n+1)

where η̄k ∈ Lp(0,T ; W1,p
0 (Rn)

)
is the zero extension of ηk.

For p > 2n
n+2 and an open bounded domain Ω ⊂ Rn (n ≥ 2), assume that

F ∈ Lp(ΩT ,R
n), f ∈ Lp′(0,T ; W−1,p′(Ω)

)
and

γ ∈ C
(
[0,T ]; L2(Ω)

)
∩ Lp(0,T ; W1,p(Ω)

)
with ∂tγ ∈ Lp′(0,T ; W−1,p′(Ω)

)
.

Let u ∈ C
(
[0,T ]; L2(Ω)

)
∩ Lp(0,T ; W1,p(Ω)

)
be the weak solution of{

∂tu − div a(Du, x, t) = f − div (|F|p−2F) in ΩT ,

u = γ on ∂PΩT .
(1.6)

Here, we say that u ∈ γ + Lp(0,T ; W1,p
0 (Ω)

)
∩C0([0,T ]; L2(Ω)

)
is the weak solution of (1.6), if∫ T

0
〈〈∂tu, ϕ〉〉Ω dt +

∫
ΩT

〈a(Du, x, t),Dϕ〉 dxdt =

∫
ΩT

[
〈|F|p−2F,Dϕ〉 + f ϕ

]
dxdt

holds for any ϕ ∈ C∞0 (ΩT ). Also for the initial condition, it means that

lim
h↘0

1
h

∫ h

0

∫
Ω

|u(x, t) − γ(x, 0)|2 dxdt = 0,

which is equivalent to u(x, 0) = γ(x, 0) when u ∈ C
(
[0,T ]; L2(Ω)

)
.

Now, we introduce the main result in this paper.
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Theorem 1.6. Let Ωk ⊂ Rn (k ∈ N) be a sequence of open bounded domains with

lim
k→∞

dH(∂Ωk, ∂Ω) = 0. (1.7)

For k ∈ N, assume that εk > 0, Fk ∈ Lp(Ωk
T ,R

n), fk ∈ Lp′(0,T ; W−1,p′(Ωk)
)

and

γk ∈ C
(
[0,T ]; L2(Ωk)

)
∩ Lp′(0,T ; W1,p

0 (Ωk)
)

with ∂tγk ∈ Lp′(0,T ; W−1,p′(Ωk)
)

satisfy that limk→∞ εk = 0, fk ∈ Lp′(0,T ; W−1,p′(Ωk)
) ∗
→ f ∈ Lp′(0,T ; W−1,p′(Ω)

)
,

∂tγk ∈ Lp′(0,T ; W−1,p′(Ωk)
) ∗
→ ∂tγ ∈ Lp′(0,T ; W−1,p′(Ω)

)
,

(1.8)

and 
|Fk|

p−2Fk ∈ Lp′(Ωk
T ,R

n)
∗
→ |F|p−2F ∈ Lp′(ΩT ,R

n),
γk ∈ Lp(Ωk

T )
∗
→ γ ∈ Lp(ΩT ),

Dγk ∈ Lp(Ωk
T ,R

n)
∗
→ Dγ ∈ Lp(ΩT ,R

n).

(1.9)

Then for the weak solution uk ∈ C
(
[0,T ]; L2(Ωk)

)
∩ Lp(0,T ; W1,p(Ωk)

)
of{

∂tuk − div ak(Duk, x, t) = fk − div (|Fk|
p−2Fk) in Ωk

T ,

uk = γk on ∂PΩk
T .

(1.10)

where ak(ξ, x, t) = aεk(ξ, x, t), we have that

lim
k→∞

[
‖Duk − Du‖Lp(Ωk

T∩ΩT ) + ‖Duk‖Lp(Ωk
T \ΩT ) + ‖Du‖Lp(ΩT \Ω

k
T )

]
= 0, (1.11)

where u is the weak solution of (1.6).

We refer to [13] for Calderón-Zygmund type estimates for a class of elliptic and parabolic systems
with nonzero boundary data in rough domains such as Reifenberg flat domains.

Remark 1.7. For the sake of convenience and simplicity, we employ the letters c > 0 throughout this
paper to denote any constants which can be explicitly computed in terms of known quantities such as
n, p, λ,Λ and the diameter of the domains. Thus the exact value denoted by c may change from line to
line in a given computation.

Remark 1.8. We usually denote ḡ as the natural zero extension of g for such space as Lp(ΩT ) and
Lp′(0,T ; W−1,p′(Ω)

)
which depends on the situations.

1.2. Elliptic equations

We also have a result for elliptic equations which corresponds to Theorem 1.6. The proof is similar
to that of Theorem 1.6, and we will only state the result.

Suppose that a : Rn × Rn → Rn satisfies{
a(ξ, x) is measurable in x for every ξ ∈ Rn,

a(ξ, x) is C1-regular in ξ for every x ∈ Rn,
(1.12)
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and the following ellipticity and growth conditions:|a(ξ, x)| + |Dξa(ξ, x)|(|ξ|2 + s2)
1
2 ≤ Λ(|ξ|2 + s2)

p−1
2 ,

〈Dξa(ξ, x)ζ, ζ〉 ≥ λ(|ξ|2 + s2)
p−2

2 |ζ |2,
(1.13)

for every x, ξ, ζ ∈ Rn and for some constants 0 < λ ≤ Λ and s ≥ 0.
Under the assumptions (1.12) and (1.13), let aε(ξ, x) be a regularization of a(ξ, x):

aε(ξ, x) =

∫
Rn

∫
Rn

a(ξ − εy, x − εz)φ(y)φ(z) dydz (0 < ε < 1). (1.14)

Then aε(ξ, x) satisfies the ellipticity and growth conditions, such as (1.2), and it is smooth enough,
precisely, aε(ξ, x) is C∞-regular in ξ ∈ Rn for every x ∈ Rn,

aε(ξ, x) is C∞-regular in x ∈ Rn for every ξ ∈ Rn.

We have the following approximation results for elliptic problems.

Theorem 1.9. For 1 < p < ∞ and an open bounded domain Ω ⊂ Rn (n ≥ 2), assume that F ∈
Lp(Ω,Rn), f ∈ L(p∗)′(Ω) and γ ∈ W1,p(Ω). Let u ∈ γ + W1,p

0 (Ω) be the weak solution of{
−div a(Du, x) = f − div (|F|p−2F) in Ω,

u = γ on ∂Ω.

Let Ωk ⊂ Rn (k ∈ N) be a sequence of open bounded domains with

lim
k→∞

dH(∂Ωk, ∂Ω) = 0.

For k ∈ N, assume that εk > 0, Fk ∈ Lp(Ωk,Rn), fk ∈ L(p∗)′(Ωk) and γ ∈ W1,p(Ωk) satisfy that

lim
k→∞

[
‖Fk − F‖Lp(Ωk∩Ω) + ‖ fk − f ‖L(p∗)′ (Ωk∩Ω) + ‖γk − γ‖W1,p(Ωk∩Ω)

]
= 0,

and
lim
k→∞

[
εk + ‖Fk‖Lp(Ωk\Ω) + ‖ fk‖L(p∗)′ (Ωk\Ω) + ‖γk‖W1,p(Ωk\Ω)

]
= 0.

Then for the weak solution uk ∈ γk + W1,p
0 (Ωk) of{

div ak(Duk, x) = −div (|Fk|
p−2Fk) + fk in Ωk,

uk = γk on ∂Ωk.

where ak(ξ, x) = aεk(ξ, x), we have that

lim
k→∞

[
‖Duk − Du‖Lp(Ωk∩Ω) + ‖Duk‖Lp(Ωk\Ω) + ‖Du‖Lp(Ω\Ωk)

]
= 0.
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2. Preliminaries

2.1. Basic results about functional analysis

We use the following results related to weak convergence and weak* convergence.

Proposition 2.1. [12, Proposition 3.13 (iii)] Let { fi} be a sequence in E∗. If fi
∗
⇀ f in σ(E∗, E) then

{‖ fi‖} is bounded and ‖ f ‖ ≤ lim inf ‖ fi‖.

Proposition 2.2. [12, Theorem 3.16 (Banach-Alaoglu-Bourbaki)] The closed unit ball BE∗ = { f ∈
E∗ : ‖ f ‖ ≤ 1} is compact in the weak-∗ topology σ(E∗, E).

One can easily check that compactness in Proposition 2.2 implies sequential compactness for metric
spaces.

Proposition 2.3. If E∗ is a metric space then any bounded sequence { fi} in E∗ has a weakly-∗
convergent subsequence.

To apply Proposition 2.1 and Proposition 2.3 to Sobolev space, we use Proposition 2.4.

Proposition 2.4. [12, Proposition 8.1] W1,p is a Banach space for 1 ≤ p ≤ ∞. W1,p is reflexive for
1 < p < ∞ and separable for 1 ≤ p < ∞.

To handle the dual space of W1,p
0 (Ω), we use [45, Corollary 10.49].

Proposition 2.5. [45, Corollary 10.49] Let Ω ⊂ Rn be an open set and 1 ≤ p < ∞. Then h ∈ W−1,p′(Ω)
can be identified as

〈h, ϕ〉Ω =

∫
Ω

〈H, (ϕ,Dϕ)〉 dx,

with

‖h‖W−1,p′ (Ω) =

∫
Ω

n∑
i=0

|Hi|
p′ dx


1
p′

,

for some H = (H0,H1, · · · ,Hn) ∈ Lp′(Ω,Rn+1).

We have the following result from [51, Proposition III.1.2], [30, Lemma 2.1] and [50, Lemma 3.1].

Proposition 2.6. [51, Proposition III.1.2] Let Ω ⊂ Rn be a bounded domain, t1 < t2 and p > 2n
n+2 .

Assume that v ∈ Lp(t1, t2; W1,p
0 (Ω)

)
has a distributional derivative ∂tv ∈ Lp′(t1, t2; W−1,p′(Ω)

)
. Then

there holds v ∈ C
(
[t1, t2]; L2(Ω)

)
and moreover, the mapping t 7→ ‖v(·, t)‖2L2(Ω) is absolutely continuous

on [t1, t2] with
d
dt
‖v(·, t)‖2L2(Ω) = 2 〈〈∂tv, v〉〉Ω a.e. on [t1, t2],

where 〈〈·, ·〉〉Ω denotes the dual pairing between W−1,p′(Ω) and W1,p
0 (Ω).
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2.2. Basic inequalities on elliptic condition

We use the following basic inequality in this paper.

Lemma 2.7. [38, Lemma 3.2] For any q > 1 and s ≥ 0, there exists κ1 = κ1(n, q) ∈ (0, 1] such that

|ξ − ζ |q ≤ cκq(|ξ|2 + s2)
q
2 + cκq−2(|ξ|2 + |ζ |2 + s2)

q−2
2 |ξ − ζ |2,

for any κ ∈ (0, κ1].

We would like to emphasis that the inequalities in Lemmas 2.8 and 2.9 are obtained for s ≥ 0 even
when 1 < q < 2. We remark that a different proof for 1 < q < 2 was shown in [1, Lemma 2.1].

Lemma 2.8. For any q > 1 and s ≥ 0, we have that∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ =

∫ 1

0
(|ζ + τ(ξ − ζ)|2 + s2)

q−2
2 dτ ≤ c(|ξ|2 + |ζ |2 + s2)

q−2
2 ,

for any ξ, ζ ∈ Rn \ {0}, where c depends only on q.

Proof. By changing variable, one can easily check that∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ =

∫ 1

0
(|ζ + τ(ξ − ζ)|2 + s2)

q−2
2 dτ,

and without loss of generality, we may assume |ξ| ≥ |ζ |.
If q ≥ 2, then the lemma follows from the fact that

|ξ + τ(ζ − ξ)|2 ≤ 8(|ξ|2 + |ζ |2) (τ ∈ [0, 1]).

So it only remains to prove the lemma when 1 < q < 2.
Next, suppose that 1 < q < 2. We show the lemma by considering three cases:

(1). 2|ζ − ξ| ≤ |ξ|,
(2). |ξ| ≤ 2|ζ − ξ| ≤ 2s,

(3). |ξ| ≤ 2|ζ − ξ| and s < |ζ − ξ|.

(1). If 2|ζ − ξ| ≤ |ξ|, then for any τ ∈ [0, 1] we have

|ξ + τ(ζ − ξ)| ≥ |ξ| − |τ(ζ − ξ)| ≥
|ξ|

2
≥
|ξ| + |ζ |

4
≥

(|ξ|2 + |ζ |2)
1
2

4
,

because we assumed that |ξ| ≥ |ζ |, which implies∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ ≤ c(q) (|ξ|2 + |ζ |2 + s2)

q−2
2 ,

and the lemma is proved for the first case.
(2). If |ξ| ≤ 2|ζ − ξ| ≤ 2s, then we obtain

|ξ|2 + |ζ |2 + s2 ≤ |ξ|2 + 2(|ξ|2 + |ζ − ξ|2) + s2 ≤ 3(|ξ|2 + |ζ − ξ|2 + s2) ≤ 18s2,
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which implies ∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ ≤ sq−2 ≤ c(q) (|ξ|2 + |ζ |2 + s2)

q−2
2 ,

and the lemma is proved for the second case.
(3). Suppose that |ξ| ≤ 2|ζ − ξ| and s < |ζ − ξ|. One can easily check that〈

ξ −
〈ζ − ξ, ξ〉(ζ − ξ)
|ζ − ξ|2

, ξ + τ(ζ − ξ) −
(
ξ −
〈ζ − ξ, ξ〉(ζ − ξ)
|ζ − ξ|2

)〉
= 0,

which implies

|ξ + τ(ζ − ξ)|2 =

∣∣∣∣∣ξ − 〈ζ − ξ, ξ〉(ζ − ξ)|ζ − ξ|2

∣∣∣∣∣2 +

(
τ +
〈ζ − ξ, ξ〉

|ζ − ξ|2

)2

|ζ − ξ|2.

Then by changing variables, we obtain∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ

=

∫ 1

0

(∣∣∣∣∣ξ − 〈ζ − ξ, ξ〉(ζ − ξ)|ζ − ξ|2

∣∣∣∣∣2 +

(
τ +
〈ζ − ξ, ξ〉

|ζ − ξ|2

)2

|ζ − ξ|2 + s2
) q−2

2

dτ

=

∫ 1+
〈ζ−ξ,ξ〉

|ζ−ξ|2

〈ζ−ξ,ξ〉

|ζ−ξ|2

(∣∣∣∣∣ξ − 〈ζ − ξ, ξ〉(ζ − ξ)|ζ − ξ|2

∣∣∣∣∣2 + θ2|ζ − ξ|2 + s2
) q−2

2

dθ

≤ c(q)
∫ 1+

〈ζ−ξ,ξ〉

|ζ−ξ|2

〈ζ−ξ,ξ〉

|ζ−ξ|2

(∣∣∣∣∣ξ − 〈ζ − ξ, ξ〉(ζ − ξ)|ζ − ξ|2

∣∣∣∣∣ + |θ||ζ − ξ| + s
)q−2

dθ

≤ c(q) (I + II),

(2.1)

where

I =

∫ ∣∣∣1+
〈ζ−ξ,ξ〉

|ζ−ξ|2

∣∣∣
0

(∣∣∣∣∣ξ − 〈ζ − ξ, ξ〉(ζ − ξ)|ζ − ξ|2

∣∣∣∣∣ + θ|ζ − ξ| + s
)q−2

dθ,

II =

∫ ∣∣∣ 〈ζ−ξ,ξ〉
|ζ−ξ|2

∣∣∣
0

(∣∣∣∣∣ξ − 〈ζ − ξ, ξ〉(ζ − ξ)|ζ − ξ|2

∣∣∣∣∣ + θ|ζ − ξ| + s
)q−2

dθ.

By changing variables, we discover that

I =
1

|ζ − ξ|

∫ |ζ−ξ|

∣∣∣1+
〈ζ−ξ,ξ〉

|ζ−ξ|2

∣∣∣+∣∣∣ξ− 〈ζ−ξ,ξ〉(ζ−ξ)
|ζ−ξ|2

∣∣∣+s∣∣∣ξ− 〈ζ−ξ,ξ〉(ζ−ξ)
|ζ−ξ|2

∣∣∣+s
κq−2 dκ,

=

[
|ζ − ξ|

∣∣∣1 +
〈ζ−ξ,ξ〉

|ζ−ξ|2

∣∣∣ +
∣∣∣ξ − 〈ζ−ξ,ξ〉(ζ−ξ)

|ζ−ξ|2

∣∣∣ + s
]q−1
−

[∣∣∣ξ − 〈ζ−ξ,ξ〉(ζ−ξ)
|ζ−ξ|2

∣∣∣ + s
]q−1

(q − 1)|ζ − ξ|

≤
c(q) (|ζ − ξ| + |ξ| + s)q−1

(q − 1)|ζ − ξ|
.
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Similarly, we have

II =
1

|ζ − ξ|

∫ |ζ−ξ|

∣∣∣ 〈ζ−ξ,ξ〉
|ζ−ξ|2

∣∣∣+∣∣∣ξ− 〈ζ−ξ,ξ〉(ζ−ξ)
|ζ−ξ|2

∣∣∣+s∣∣∣ξ− 〈ζ−ξ,ξ〉(ζ−ξ)
|ζ−ξ|2

∣∣∣+s
κq−2 dκ,

=

[
|ζ − ξ|

∣∣∣ 〈ζ−ξ,ξ〉
|ζ−ξ|2

∣∣∣ +
∣∣∣ξ − 〈ζ−ξ,ξ〉(ζ−ξ)

|ζ−ξ|2

∣∣∣ + s
]q−1
−

[∣∣∣ξ − 〈ζ−ξ,ξ〉(ζ−ξ)
|ζ−ξ|2

∣∣∣ + s
]q−1

(q − 1)|ζ − ξ|

≤
c(q) (|ζ − ξ| + |ξ| + s)q−1

(q − 1)|ζ − ξ|
.

Since |ζ | ≤ |ξ| ≤ 2|ζ − ξ| and s < |ζ − ξ|, we have |ξ|2 + |ζ |2 + s2 ≤ 9|ζ − ξ|2, and

(|ζ − ξ| + |ξ| + s)q−1

|ζ − ξ|
≤

c(q) |ζ − ξ|q−1

|ζ − ξ|
= c(q) |ζ − ξ|q−2 ≤ c(q) (|ξ|2 + |ζ |2 + s2)

q−2
2 .

By the above three inequalities and (2.1), we find that the lemma holds when |ξ| ≤ 2|ζ−ξ| and s < |ζ−ξ|.
This completes the proof. �

Lemma 2.9. For any q > 1 and s ≥ 0, we have that∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ =

∫ 1

0
(|ζ + τ(ξ − ζ)|2 + s2)

q−2
2 dτ ≥ c(|ξ|2 + |ζ |2 + s2)

q−2
2 ,

for any ξ, ζ ∈ Rn \ {0}, where c depends only on q.

Proof. One can easily check that

|ξ + t(ζ − ξ)|2 + s2 ≤ c(q)(|ξ|2 + |ζ |2 + s2) (τ ∈ [0, 1]).

If 1 < q < 2, then∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ ≥ c(q)

∫ 1

0
(|ξ|2 + |ζ |2 + s2)

q−2
2 dτ ≥ c(q) (|ξ|2 + |ζ |2 + s2)

q−2
2 ,

which prove the lemma for 1 < q < 2.
To prove the lemma for the case q ≥ 2, we assume that |ξ| ≥ |ζ | without loss of generality. Then for

τ ∈ [0, 1/4], we have

|ξ + τ(ζ − ξ)| ≥ |ξ| − τ|ζ − ξ| ≥ |ξ| − |ζ − ξ|/4 ≥ |ξ|/2 ≥ c(q) (|ξ|2 + |ζ |2)
1
2 .

So we obtain∫ 1

0
(|ξ + τ(ζ − ξ)|2 + s2)

q−2
2 dτ ≥ c(q)

∫ 1
4

0
(|ξ|2 + |ζ |2 + s2)

q−2
2 dτ ≥ c(q) (|ξ|2 + |ζ |2 + s2)

q−2
2 ,

which prove the lemma for q ≥ 2. This completes the proof. �

To compare a(ξ, x, t) and a(ζ, x, t), we use the following lemma.
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Lemma 2.10. Under the assumptions (1.1) and (1.2), we have

|a(ξ, x, t) − a(ζ, x, t)|
p

p−1 ≤ c|ξ − ζ |(|ξ|2 + |ζ |2 + s2)
p−1

2 ,

for any ξ, ζ ∈ Rn.

Proof. We fix any ξ, ζ ∈ Rn. If |ξ| = 0 or |ζ | = 0 then the lemma holds trivially from (1.1) and (1.2).
So we assume that ξ, ζ ∈ Rn \ {0}. Since |ξ − ζ |

1
p−1 ≤ c(|ξ|2 + |ζ |2 + s2)

1
2(p−1) , we have from (1.2) and

Lemma 2.8 that

|a(ξ, x, t) − a(ζ, x, t)|
p

p−1 =

∣∣∣∣∣ ∫ 1

0

d
dτ

[a(τξ + (1 − τ)ζ, x, t)] dτ
∣∣∣∣∣ p

p−1

=

∣∣∣∣∣ ∫ 1

0
Dξa(τξ + (1 − τ)ζ, x, t)(ξ − ζ) dτ

∣∣∣∣∣ p
p−1

≤ c|ξ − ζ |
p

p−1

( ∫ 1

0
(|τξ + (1 − τ)ζ |2 + s2)

p−2
2 dτ

) p
p−1

≤ c|ξ − ζ |
p

p−1 (|ξ|2 + |ζ |2 + s2)
p(p−2)
2(p−1)

≤ c|ξ − ζ |(|ξ|2 + |ζ |2 + s2)
p−1

2 .

Since ξ, ζ ∈ Rn were arbitrary chosen, the lemma follows. �

We show the following well-known inequality. We remark that a different proof for 0 < q < 2 was
shown in [1, Lemma 2.1] and [36, Lemma 2.1].

Lemma 2.11. For any q > 0 and s ≥ 0, we have that∣∣∣∣∣(|ξ|2 + s2
) q−2

4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ

∣∣∣∣∣2 ≤ c
(
|ξ|2 + |ζ |2 + s2

) q−2
2
|ξ − ζ |2,

and 〈(
|ξ|2 + s2

) q−2
4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ, ξ − ζ

〉
≥ c

(
|ξ|2 + |ζ |2 + s2

) q−2
4
|ξ − ζ |2,

for any ξ, ζ ∈ Rn, where c depends only on q.

Proof. We fix any ξ, ζ ∈ Rn. If |ξ| = 0 or |ζ | = 0 then the lemma holds trivially. So we assume that
ξ, ζ ∈ Rn \ {0}. Then(

|ξ|2 + s2
) q−2

4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ

=

∫ 1

0

d
dτ

[(
|τξ + (1 − τ)ζ |2 + s2

) q−2
4 (τξ + (1 − τ)ζ)

]
dτ

=

∫ 1

0

q − 2
2
·
(
|τξ + (1 − τ)ζ |2 + s2

) q−6
4
〈τξ + (1 − τ)ζ, ξ − ζ〉(τξ + (1 − τ)ζ) dτ

+

∫ 1

0

(
|τξ + (1 − τ)ζ |2 + s2

) q−2
4 (ξ − ζ) dτ.
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By taking q
2 + 1 ∈ (1,∞) instead for q ∈ (1,∞) in Lemma 2.8,∣∣∣∣∣(|ξ|2 + s2

) q−2
4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ

∣∣∣∣∣ ≤ c(q)|ξ − ζ |
∫ 1

0

(
|τξ + (1 − τ)ζ |2 + s2

) q−2
4 dτ

≤ c(q)|ξ − ζ |
(
|ξ|2 + |ζ |2 + s2

) q−2
4
.

Also we get 〈(
|ξ|2 + s2

) q−2
4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ, ξ − ζ

〉
=

∫ 1

0

q − 2
2
·
(
|τξ + (1 − τ)ζ |2 + s2

) q−6
4
|〈τξ + (1 − τ)ζ, ξ − ζ〉|2 dτ

+

∫ 1

0

(
|τξ + (1 − τ)ζ |2 + s2

) q−2
4
|ξ − ζ |2 dτ.

If 0 < q ≤ 2 then 1 =
2−q

2 +
q
2 and 2−q

2 ≥ 0. Also if q > 2 then q−2
2 ≥ 0. Thus〈(

|ξ|2 + s2
) q−2

4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ, ξ − ζ

〉
≥ min

{q
2
, 1

} ∫ 1

0

(
|τξ + (1 − τ)ζ |2 + s2

) q−2
4
|ξ − ζ |2 dτ.

By taking q
2 + 1 ∈ (1,∞) instead for q ∈ (1,∞) in Lemma 2.9,〈(

|ξ|2 + s2
) q−2

4
ξ −

(
|ζ |2 + s2

) q−2
4
ζ, ξ − ζ

〉
≥ c

(
|ξ|2 + |ζ |2 + s2

) q−2
4
|ξ − ζ |2.

Since ξ, ζ ∈ Rn were arbitrary chosen, the lemma follows. �

We will use the following lemma.

Lemma 2.12. For any q > 1 and s ≥ 0, we have that∣∣∣∣∣(|ξ|2 + s2
) q−2

2
ξ −

(
|ζ |2 + s2

) q−2
2
ζ

∣∣∣∣∣ q
q−1

≤ c
(
|ξ|2 + |ζ |2 + s2

) q−1
2
|ξ − ζ |,

for any ξ, ζ ∈ Rn, where c only depends on q.

Proof. Fix any ξ, ζ ∈ Rn. By taking 2q − 2 > 0 instead of q (> 0) in Lemma 2.11,∣∣∣∣∣(|ξ|2 + s2
) q−2

2
ξ −

(
|ζ |2 + s2

) q−2
2
ζ

∣∣∣∣∣ q
q−1

≤ c(q)
(
|ξ|2 + |ζ |2 + s2

) q(q−2)
2(q−1)
|ξ − ζ |

q
q−1 .

By that |ξ − ζ |
1

q−1 ≤ c
(
|ξ|2 + |ζ |2 + s2

) 1
2(q−1) ,

∣∣∣∣∣(|ξ|2 + s2
) q−2

2
ξ −

(
|ζ |2 + s2

) q−2
2
ζ

∣∣∣∣∣ q
q−1

≤ c(q)
(
|ξ|2 + |ζ |2 + s2

) q−1
2
|ξ − ζ |.

Since ξ, ζ ∈ Rn were arbitrary chosen, the lemma follows. �
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2.3. Regularization on the nonlinearities

To find the ellipticity and growth conditions of aε(ξ, x, t) in (1.5), we follow the approach in the
proof of [31, Lemma 2] and [32, Lemma 3.1].

Lemma 2.13. For (1.5), we haveaε(ξ, x, t) is C∞-regular in ξ ∈ Rn for every (x, t) ∈ Rn+1,

aε(ξ, x, t) is C∞-regular in x ∈ Rn for every ξ ∈ Rn and t ∈ R,
(2.2)

and 
|aε(ξ, x, t)| + |Dξaε(ξ, x, t)|(|ξ|2 + s2

ε )
1
2 ≤ c Λ(|ξ|2 + s2

ε )
p−1

2 ,

|Dm
x aε(ξ, x, t)| + |Dm

ξ aε(ξ, x, t)| ≤ c Λε−m(|ξ|2 + s2
ε )

p−1
2 ,

〈Dξaε(ξ, x, t)ζ, ζ〉 ≥ c λ(|ξ|2 + s2
ε )

p−2
2 |ζ |2,

(2.3)

for sε = (s2 + ε2)
1
2 . Here, the constants c are depending only on n and p.

Proof. Fix a vector ξ ∈ Rn. Since a(ξ, x, t) is C1-regular in ξ ∈ Rn for every x ∈ Rn, we find that
aε(ξ, x, t) is C1-regular in ξ ∈ Rn for every x ∈ Rn. Also by changing variable, we have from (1.5) that

aε(ξ, x, t) =
1
εn

∫
Rn

∫
Rn

a(ξ − εy, z, t)φ(y)φ
( x − z
ε

)
dydz,

which implies

Dxaε(ξ, x, t) =
1
εn+1

∫
Rn

∫
Rn

a(ξ − εy, z, t)φ(y)Dφ
( x − z
ε

)
dydz.

Moreover, from (1.2), the fact that supp φ ⊂ B1 and

Dm
x aε(ξ, x, t) =

1
εn+m

∫
Rn

∫
Rn

a(ξ − εy, z, t)φ(y)Dmφ
( x − z
ε

)
dydz

=
1
εm

∫
Rn

∫
Rn

a(ξ − εy, x − εz, t)φ(y)Dmφ(z) dydz,

for any m ≥ 0, which implies that

|Dm
x aε(ξ, x, t)| ≤ Λε−m

∫
Rn

∫
Rn

(|ξ − εy|2 + s2)
p−1

2 φ(y) |Dmφ(z)| dydz

≤ 2
p−1

2 Λε−m
∫
Rn

∫
Rn

(|ξ|2 + ε2 + s2)
p−1

2 φ(y) |Dmφ(z)| dydz

≤ 2
p−1

2 Λε−m(|ξ|2 + ε2 + s2)
p−1

2

∫
Rn
|Dmφ(z)| dz,

for any m ≥ 0. Similarly, by changing variable, we have from (1.5) that

aε(ξ, x, t) =
1
εn

∫
Rn

∫
Rn

a(y, x − εz, t)φ
(
ξ − y
ε

)
φ(z) dydz,
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and one can obtain that

|Dm
ξ aε(ξ, x, t)| ≤ 2

p−1
2 Λε−m(|ξ|2 + ε2 + s2)

p−1
2

∫
Rn
|Dmφ(y)| dz.

So aε(ξ, x, t) is C∞-regular in ξ ∈ Rn for every (x, t) ∈ Rn and aε(ξ, x, t) is C∞-regular in x ∈ Rn for
every ξ ∈ Rn and t ∈ R. Also the second inequality in (2.3) follows.

From (1.2), (1.5) and the fact that supp φ ⊂ B1, we have

〈Dξaε(ξ, x, t)ζ, ζ〉 =

∫
Rn

∫
Rn
〈Dξa(ξ − εy, x − εz, t)ζ, ζ〉φ(y)φ(z) dydz

≥ λ

∫
Rn

∫
Rn

(|ξ − εy|2 + s2)
p−2

2 |ζ |2φ(y)φ(z) dydz

≥ λ

∫
(B1\B 1

2
)∩〈ξ,y〉≥0

(|ξ|2 + |εy|2 + 2〈ξ, εy〉 + s2)
p−2

2 |ζ |2φ(y) dy

≥ c(n, p) λ
(
|ξ|2 +

ε2

4
+ s2

) p−2
2
|ζ |2

∫
(B1\B 1

2
)∩〈ξ,y〉≥0

φ(y) dy

≥ c(n, p) λ(|ξ|2 + s2 + ε2)
p−2

2 |ζ |2,

and the third inequality in (2.3) holds.
It only remains to prove the first inequality in (2.3). In view of (1.5), we have

|aε(ξ, x, t)| ≤ Λ

∫
Rn

∫
Rn

(|ξ − εy|2 + s2)
p−1

2 φ(y)φ(z) dydz

≤ 2
p−1

2 Λ

∫
Rn

∫
Rn

(|ξ|2 + ε2 + s2)
p−1

2 φ(y)φ(z) dydz

= 2
p−1

2 Λ(|ξ|2 + ε2 + s2)
p−1

2 .

(2.4)

If 16ε2 ≥ |ξ|2 + s2, then by changing variables and (1.5), we obtain

|Dξaε(ξ, x, t)| =
∣∣∣∣∣Dξ

( 1
εn

∫
Rn

∫
Rn

a(y, x − εz, t)φ
(ξ − y
ε

)
φ(z) dydz

)∣∣∣∣∣
≤

Λ

εn+1

∫
Rn

∫
Rn

(|y|2 + s2)
p−1

2

∣∣∣∣∣Dφ(ξ − y
ε

)∣∣∣∣∣φ(z) dydz

= Λε−1
∫
Rn

∫
Rn

(|ξ − εy|2 + s2)
p−1

2 |Dφ(y)|φ(z) dydz

≤ 2
p−1

2 Λε−1(|ξ|2 + ε2 + s2)
p−1

2

∫
Rn
|Dφ(y)| dy.

and from the fact that 16ε2 ≥ |ξ|2 + s2, we have 17ε2 ≥ |ξ|2 + ε2 + s2 and

|Dξaε(ξ, x, t)| ≤ 5 · 2
p−1

2 Λ(|ξ|2 + ε2 + s2)
p−2

2

∫
Rn
|Dφ(y)| dy. (2.5)

So we discover that the first inequality in (2.3) holds for the case 16ε2 ≥ |ξ|2 + s2.

Mathematics in Engineering Volume 5, Issue 4, 1–43.



15

On the other-hand, if 16ε2 ≤ |ξ|2 + s2, then we have

|ξ − εy|2 + s2 = |ξ|2 − 2ε〈ξ, y〉 + ε2|y|2 + s2 ≥
|ξ|2 + s2 + ε2|y|2

2
(y ∈ B1),

and supp φ ⊂ B1 implies

|Dξaε(ξ, x, t)| ≤
∣∣∣∣∣ ∫
Rn

∫
Rn

Dξa(ξ − εy, x − εz, t)φ(y)φ(z) dydz
∣∣∣∣∣

≤ Λ

∫
Rn

∫
Rn

(|ξ − εy|2 + s2)
p−2

2 φ(y)φ(z) dydz

≤ 2Λ

∫
Rn

(|ξ − εy|2 + s2)
p
2 (|ξ|2 + s2 + ε2|y|2)−1φ(y) dy,

which implies that

|Dξaε(ξ, x, t)| ≤ c
∫
Rn

(|ξ|2 + s2 + ε2|y|2)
p−2

2 φ(y) dy. (2.6)

We claim that if 16ε2 ≤ |ξ|2 + s2 and |y| ≤ 1 then

(|ξ|2 + s2 + ε2|y|2)
p−2

2 ≤ 2(|ξ|2 + s2 + ε2)
p−2

2 . (2.7)

If p ≥ 2, then the claim (2.7) holds trivially. If 1 < p < 2, then 16ε2 ≤ |ξ|2 + s2 implies

(|ξ|2 + s2 + ε2|y|2)
p−2

2 ≤ (|ξ|2 + s2)
p−2

2 ≤
( |ξ|2 + s2 + ε2

2

) p−2
2
≤ 2(|ξ|2 + s2 + ε2)

p−2
2 ,

and we find that the claim (2.7) holds. Thus the claim (2.7) is proved. In light of (2.6) and (2.7), we
have that if 16ε2 ≤ |ξ|2 + s2 then

|Dξaε(ξ, x, t)| ≤ c(|ξ|2 + s2 + ε2)
p−2

2 . (2.8)

Thus the first inequality in (2.3) follows from (2.4), (2.5) and (2.8). This completes the proof. �

Later, we will apply the gradient of the weak solution in Lemma 2.14 by considering a zero
extension from ΩT to Rn

T .

Lemma 2.14. For any H ∈ Lp(ΩT ,R
n), we have that

lim
ε↘0
‖a(H, ·) − aε(H, ·)‖

L
p

p−1 (ΩT )
= 0.

Proof. Fix δ > 0. From (1.5), we have

a(H(x, t), x, t) − aε(H(x, t), x, t) =

∫
Rn

∫
Rn

[a(H(x, t), x, t) − a(H(x, t) − εy, x − εz, t)]φ(y)φ(z) dydz.

Let Ω̃ε = {x ∈ Ω : dist (x, ∂Ω) > ε} and Ω̃ε,T = Ω̃ε × [0,T ]. Since H ∈ Lp(ΩT ,R
n), there exists εδ > 0

such that if ε ∈ (0, εδ] then ∫
ΩT \Ω̃ε,T

|H|p dx < δ,
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which implies that

‖a(H, ·) − aε(H, ·)‖
L

p
p−1 (ΩT \Ω̃ε,T )

=

∥∥∥∥∥∫
Rn

∫
Rn

[a(H(·), ·) − a(H(·) − εy, · − (εz, 0))]φ(y)φ(z) dydz
∥∥∥∥∥

L
p

p−1 (ΩT \Ω̃ε,T )

≤ c
∥∥∥∥∥(|H(·)|2 + s2 + ε2

) p−1
2

∥∥∥∥∥
L

p
p−1 (ΩT \Ω̃ε,T )

≤ c
[
δ + |ΩT \ Ω̃ε,T | (sp + ε p)

] p−1
p
,

for any ε ∈ (0, εδ]. Thus

lim sup
ε↘0

‖a(H, ·) − aε(H, ·)‖
L

p
p−1 (ΩT \Ω̃ε,T )

< cδ
p−1

p .

Since δ > 0 was arbitrary chosen, we get

lim
ε↘0
‖a(H, ·) − aε(H, ·)‖

L
p

p−1 (ΩT \Ω̃ε,T )
= 0. (2.9)

We now estimate a(H, ·) − aε(H, ·) on Ω̃ε,T . By the triangle inequality,

‖a(H, ·) − aε(H, ·)‖
L

p
p−1 (Ω̃ε,T )

=

∥∥∥∥∥∫
Rn

∫
Rn

[a(H(·), ·) − a(H(·) − εy, · − (εz, 0))]φ(y)φ(z) dydz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )

≤ I + II + III

(2.10)

where

I =

∥∥∥∥∥∫
Rn

∫
Rn

[a(H(·), ·) − a(H(· − (εz, 0)), · − (εz, 0))]φ(y)φ(z) dydz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )
,

II =

∥∥∥∥∥∫
Rn

∫
Rn

[a(H(· − (εz, 0)), · − (εz, 0)) − a(H(·), · − (εz, 0))]φ(y)φ(z) dydz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )
,

III =

∥∥∥∥∥∫
Rn

∫
Rn

[a(H(·), · − (εz, 0)) − a(H(·) − εy, · − (εz, 0))]φ(y)φ(z) dydz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )
.

We want to prove that the left-hand side of (2.10) goes to the zero as ε ↘ 0.
To handle I, we use the standard approximation by mollifiers, see for instance [34, C. Theorem 6],

to find that

lim
ε↘0

∥∥∥∥∥∫
Rn

∫
Rn

[a(H(·), ·) − a(H(· − (εz, 0)), · − (εz, 0))]φ(y)φ(z) dydz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )
= 0,

where we used that a(H, ·) ∈ L
p

p−1 (ΩT ) and
∫
Rn φ(y) dy = 1, which implies that

lim
ε↘0

I = 0. (2.11)
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To handle II, we apply Hölder’s inequality and Lemma 2.10 to find that∣∣∣∣∣∫
Rn

[a(H(x − εz, t), x − εz, t) − a(H(x, t), x − εz, t)]φ(z)dz
∣∣∣∣∣

≤

∣∣∣∣∣∫
Rn
|a(H(x − εz, t), x − εz, t) − a(H(x, t), x − εz, t)|

p
p−1 φ(z) dz

∣∣∣∣∣ p−1
p

∣∣∣∣∣∫
Rn
φ(z) dz

∣∣∣∣∣ 1
p

≤ c
∣∣∣∣∣∫
Rn
|H(x − εz, t) − H(x, t)|(|H(x − εz, t)|2 + |H(x, t)|2 + s2)

p−1
2 φ(z) dz

∣∣∣∣∣ p−1
p

.

We apply Hölder’s inequality to find that∥∥∥∥∥∫
Rn

[a(H(· − (εz, 0)), · − (εz, 0)) − a(H(·), · − (εz, 0))]φ(z)dz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )

≤

∥∥∥∥∥∫
Rn
|H(· − (εz, 0)) − H(·)|pφ(z) dz

∥∥∥∥∥ p−1
p2

L1(Ω̃ε,T )

∥∥∥∥∥∫
Rn

(|H(· − (εz, 0))|2 + |H(·)|2 + s2)
p
2φ(z) dz

∥∥∥∥∥
( p−1

p

)2

L1(Ω̃ε,T )
,

and by using that H ∈ Lp(ΩT ,R
n), we obtain that

lim
ε↘0

∥∥∥∥∥∫
Rn

[a(H(· − (εz, 0)), · − (εz, 0)) − a(H(·), · − (εz, 0))]φ(z) dz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )
= 0,

which implies that
lim
ε↘0

II = 0. (2.12)

Last, to handle III, we find from Lemma 2.10 that∫
Rn

∫
Rn

[a(H(x, t), x − εz, t) − a(H(x, t) − εy, x − εz, t)]φ(y)φ(z) dydz

≤ c
∫
Rn

∫
Rn
|εy|(|H(x, t)|2 + |H(x, t) − εy|2 + s2)

p−1
2 φ(y)φ(z) dydz

≤ cε
∫
Rn

(|H(x, t)|2 + s2 + ε2)
p−1

2 φ(y) dy,

where we used that supp φ ⊂ B1 from (1.3). So by that
∫
Rn φ(y) dy = 1,∫

Rn

∫
Rn

[a(H(x, t), x − εz, t) − a(H(x, t) − εy, x − εz, t)]φ(y)φ(z) dydz ≤ cε(|H(x, t)|2 + s2 + ε2)
p−1

2 .

So we again use Hölder’s inequality to find that∥∥∥∥∥∫
Rn

∫
Rn

[a(H(·), · − (εz, 0)) − a(H(·) − εy, · − (εz, 0))]φ(y)φ(z) dz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )

≤ cε
∥∥∥∥(|H|2 + s2 + ε2)

p−1
2

∥∥∥∥
L

p
p−1 (Ω̃ε,T )

.

By using H ∈ Lp(ΩT ,R
n), we obtain that

lim
ε↘0

∥∥∥∥∥∫
Rn

∫
Rn

[a(H, · − (εz, 0)) − a(H − εy, · − (εz, 0))]φ(y)φ(z) dz
∥∥∥∥∥

L
p

p−1 (Ω̃ε,T )
= 0,
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which implies that
lim
ε↘0

III = 0. (2.13)

By combining (2.10), (2.11), (2.12) and (2.13), we find from that

lim
ε↘0
‖a(H, ·) − aε(H, ·)‖

L
p

p−1 (Ω̃ε,T )
= 0,

and the lemma holds from (2.9). �

3. Regularization of nonlinear parabolic equations

This section is devoted to the proof of our main result, Theorem 1.6. We start with proving our main
tools for convergence lemmas for the zero extensions, Lemmas 3.1–3.7. Then we apply these tools to
obtain the convergence lemmas, Lemmas 3.8–3.10. To conclude our main result, we apply an indirect
method. By negating the conclusion of Theorem 1.6, we show that (3.1) contradicts Lemma 3.9 and
Lemma 3.10.

Let ūk ∈ Lp(0,T ; W1,p
0 (Rn)

)
∩L∞

(
0,T ; L2(Rn)

)
be the zero extension of uk−γk ∈ Lp(0,T ; W1,p

0 (Ωk)
)
∩

L∞
(
0,T ; L2(Ωk)

)
in Theorem 1.6. Also we define ū ∈ Lp(0,T ; W1,p

0 (Rn)
)
∩ L∞

(
0,T ; L2(Rn)

)
as the zero

extension of u − γ ∈ Lp(0,T ; W1,p
0 (Ω)

)
∩ L∞

(
0,T ; L2(Ω)

)
in (1.6). To prove Theorem 1.6, we will

assume that the conclusion of Theorem 1.6 does not hold. Then there exist δ0 > 0 and a subsequence,
which will be still denoted as uk (k ∈ N), such that[

‖Duk − Du‖Lp(Ωk
T∩ΩT ) + ‖Duk‖Lp(Ωk

T \ΩT ) + ‖Du‖Lp(ΩT \Ω
k
T )

]
> δ0.

So by (1.7) and (1.9), it follows that ∫
Rn

T

|Dūk − Dū|p dxdt > cδ0. (3.1)

Later, we will show that a contradiction occurs due to (3.1).
To prove Theorem 1.6, we first derive the energy estimates for regularized parabolic problems

in (1.10). We test (1.10) by uk − γk ∈ Lp(0,T ; W1,p
0 (Ωk)

)
∩C

(
[0,T ]; L2(Ωk)

)
to find that∫ τ

0
〈〈∂tuk, uk − γk〉〉Ωk dt +

∫
Ωk
τ

〈ak(Duk, x, t),Duk − Dγk〉 dxdt

=

∫
Ωk
τ

〈|Fk|
p−2Fk,Duk − Dγk〉 + fk(uk − γk) dxdt,

for any τ ∈ [0,T ], which implies that∫ τ

0
〈〈∂t(uk − γk), uk − γk〉〉Ωk dt +

∫
Ωk
τ

〈ak(Duk, x, t) − ak(Dγk, x, t),Duk − Dγk〉 dxdt

=

∫
Ωk
τ

〈|Fk|
p−2Fk,Duk − Dγk〉 + fk(uk − γk) dxdt

−

∫
Ωk
τ

〈ak(Dγk, x, t),Duk − Dγk〉 dxdt −
∫ τ

0
〈〈∂tγk, uk − γk〉〉Ωk dt,
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for any τ ∈ [0,T ]. So by Poincaré’s inequality and Lemma 2.7,

sup
0≤τ≤T

∫
Ωk
|(uk − γk)(·, τ)|2 dx +

∫
Ωk

T

|Duk − Dγk|
p dxdt

≤ c
[
‖Fk‖Lp(Ωk

T ) + ‖ fk‖Lp′
(

0,T ;W−1,p′ (Ωk)
) + ‖Dγk‖Lp(Ωk

T ) + ‖∂tγk‖Lp′
(

0,T ;W−1,p′ (Ωk)
)] .

Here, the constant c > 0 for Poincaré’s inequality only depends on the size of the domain and 1 < p <
∞, see [5, Theorem 6.30]. By taking ūk = uk − γk ∈ Lp(0,T ; W1,p

0 (Ωk)
)
∩ L∞

(
0,T ; L2(Ωk)

)
,

sup
0≤τ≤T

∫
Ωk
|ūk(·, τ)|2 dx +

∫
Ωk

T

|Dūk|
p dxdt

≤ c
[
‖|Fk|

p−2Fk‖Lp′ (Ωk
T ) + ‖ fk‖Lp′

(
0,T ;W−1,p′ (Ωk)

) + ‖Dγk‖Lp(Ωk
T ) + ‖∂tγk‖Lp′

(
0,T ;W−1,p′ (Ωk)

)] . (3.2)

The domain Ωk depends on the function ūk (k ∈ N). To deal with the convergence of the functions,
we need to consider the domain of the functions. It is the main reason why we adapted Definitions 1.2–
1.5.

To use the compactness method, we need to show that the right-hand side of (3.2) is bounded
uniformly. To do it, we use the zero extensions to Rn

T , which makes the domain of the functions
independent of k ∈ N.

Let v̄k ∈ Lp(0,T ; W1,p
0 (Rn)

)
(k ∈ N ∪ {∞}) be the zero extensions of vk ∈ Lp(0,T ; W1,p

0 (Ωk)
)

from
Ωk

T to Rn
T . Also for hk ∈ W−1,p′(Ωk) (k ∈ N ∪ {∞}), we define h̄k ∈ W−1,p′(Rn) which corresponds to the

zero extension in Corollary 3.3. Under the assumption (1.7), we obtain the following results.

(1) [Lemma 3.1] If vk ∈ Lq(Ωk
T )

∗
→ v∞ ∈ Lq(Ω∞T ) (1 < q < ∞) then

v̄k → v̄∞ in Lq(Rn
T ).

(2) [Lemma 3.4] If hk ∈ W−1,p′(Ωk)
∗
→ h∞ ∈ W−1,p′(Ω∞) then

h̄k
∗
→ h̄∞ in W−1,p′(Rn).

(3) [Lemma 3.5] If hk ∈ Lp′(0,T ; W−1,p′(Ωk)
) ∗
→ h∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)

)
then

h̄k
∗
→ h̄∞ in Lp′(0,T ; W−1,p′(Rn)

)
.

(4) [Lemma 3.6] If the sequence ‖vk‖Lp′
(

0,T ;W−1,p′ (Ωk)
) (k ∈ N) is bounded then there exists

v∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)
)

with

v̄k
∗
⇀ v̄∞ in Lp′(0,T ; W−1,p′(Rn)

)
.

(5) [Lemma 3.7] If the sequence ‖vk‖L∞
(

0,T ;L2(Ωk)
) (k ∈ N) is bounded then there exists

v∞ ∈ L∞
(
0,T ; L2(Ω∞)

)
with

v̄k
∗
⇀ v̄∞ in L∞

(
0,T ; L2(Rn)

)
.
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We apply Lemmas 3.1–3.7 to (3.2) as follows. By using Lemma 3.1, we will show that the zero
extensions of |Fk|

p−2Fk, γk and Dγk converge strongly-∗. By using Lemma 3.5, we will show that
the zero extensions of fk and ∂tγk converge strongly-∗. With Lemma 3.6, the existence of weakly-∗
converging subsequence of ∂tūk in Lp′(0,T ; W−1,p′(Rn)

)
will be obtained. Also with Lemma 3.7, the

existence of weakly-∗ converging subsequence of ūk in L∞
(
0,T ; L2(Rn)

)
will be obtained.

We prove our main tools for convergence lemmas. From now on, we denote 1E as the indicator
function on the set E.

Lemma 3.1. With the assumption (1.7), suppose that 1 < q < ∞ and N ≥ 1. If

Vk ∈ Lq′(Ωk
T ,R

N)
∗
→ V∞ ∈ Lq′(Ω∞T ,R

N),

then
V̄k → V̄∞ in Lq′(Rn

T ,R
N),

where V̄k ∈ Lq′(Rn
T ,R

N) is the zero extension of Vk ∈ Lq′(Ωk
T ,R

N).

Proof. Suppose that Vk ∈ Lq′(Ωk
T ,R

N)
∗
→ V∞ ∈ Lq′(Ω∞T ,R

N). By (1.7),

η̄ 1Ωk
T
→ η̄ 1Ω∞T

in Lq(Rn
T ,R

N),

for any η̄ ∈ Lq(Rn
T ,R

N). So by Definition 1.2, we have that∫
Rn

T

〈V̄k, η̄〉 dxdt =

∫
Ωk

T

〈Vk, η̄ 1Ωk
T
〉 dxdt →

∫
Ω∞T

〈V∞, η̄ 1Ω∞T
〉 dxdt =

∫
Rn

T

〈V̄∞, η̄〉 dxdt,

which implies that
V̄k ⇀ V̄∞ in Lq′(Rn

T ,R
N). (3.3)

Suppose the lemma does not hold. Then there exist δ > 0 and a subsequence (which will be still
denoted as {V̄k}

∞
k=1) such that ∫

Rn
T

|V̄k − V̄∞|q
′

dxdt > δ (k ∈ N). (3.4)

Choose η̄k = |V̄k − V̄∞|q
′−2(V̄k − V̄∞) then

‖η̄k‖Lq(Rn
T ,R

N ) = ‖V̄k − V̄∞‖
1

q−1

Lq′ (Rn
T ,R

N )
. (k ∈ N).

Since (V̄k − V̄∞) ⇀ 0 in Lq′(Rn
T ,R

N) and any weakly convergent sequence is bounded, we see that
{η̄k}

∞
k=1 is bounded in Lq(Rn

T ,R
N). So there exists a subsequence (which will be still denoted as {η̄k}

∞
k=1)

such that
η̄k ⇀ η̄∞ in Lq(Rn

T ,R
N),

for some η̄∞ ∈ Lq(Rn
T ,R

N). By (1.7) and that (V̄k − V̄∞) ⇀ 0 in Lq′(Rn
T ,R

N),

η̄∞ = 0 in Rn
T \Ω∞T .
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Also we have that
η̄k · 1Ωk

T
⇀ η̄∞ · 1Ω∞T

in Lp(Rn
T ,R

N), (3.5)

because for any Ṽ ∈ Lq′(Rn
T ,R

N),∫
Rn

T

〈Ṽ , η̄k 1Ωk
T
〉 dxdt =

∫
Rn

T

〈Ṽ · 1Ω∞T
, η̄k〉 dxdt +

∫
Rn

T

〈Ṽ(1Ωk
T
− 1Ω∞T

), η̄k〉 dxdt →
∫
Rn

T

〈Ṽ , η̄∞ 1Ω∞T
〉 dxdt,

which holds from |Ωk \ Ω| → 0 and |Ω \ Ωk| → 0 by (1.7). From (3.5) and that Vk ∈ Lq′(Ωk
T ,R

N)
∗
→

V∞ ∈ Lq′(Ω∞T ,R
N), we use Definition 1.2 to find that∫

Rn
T

〈V̄k, η̄k〉 dxdt =

∫
Ωk

T

〈Vk, η̄k · 1Ωk
T
〉 dxdt →

∫
Ω∞T

〈V∞, η̄∞ · 1Ω∞T
〉 dxdt =

∫
Rn

T

〈V̄∞, η̄∞〉 dxdt,

which implies that∫
Rn

T

〈V̄k − V̄∞, η̄k〉 dxdt =

∫
Rn

T

〈V̄k, η̄k〉 dxdt −
∫
Rn

T

〈V̄∞, η̄k〉 dxdt → 0. (3.6)

On the other-hand, by (3.4), we find that∫
Rn

T

〈V̄k − V̄∞, η̄k〉 dxdt =

∫
Rn

T

|V̄k − V̄∞|q
′

dxdt > δ > 0 (k ∈ N),

which contradicts (3.6). So the lemma follows. �

We have the following characterization for h ∈ W−1,p′(Ω).

Lemma 3.2. With the assumption (1.7), suppose that h ∈ W−1,p′(Ω) (1 < p < ∞). Then there exists
v ∈ W1,p

0 (Ω) such that∫
Ω

〈
(|v|p−2v, |Dv|p−2Dv), (ϕ,Dϕ)

〉
dx = 〈〈h, ϕ〉〉

〈W−1,p′ (Ω),W1,p
0 (Ω)〉 ,

for any ϕ ∈ W1,p
0 (Ω). In addition, we have that ‖h‖W−1,p′ (Ω) = ‖v‖p−1

W1,p
0 (Ω)

.

Proof. Since h ∈ W−1,p′(Ω), there exists H = (H0,H1, · · · ,Hn) ∈ Lp′(Ω,Rn+1) satisfying

〈〈h, ϕ〉〉
〈W−1,p′ (Ω),W1,p

0 (Ω)〉 =

∫
Ω

〈
H, (ϕ,Dϕ)

〉
dx for any ϕ ∈ W1,p

0 (Ω),

by Proposition 2.5. Let v ∈ W1,p
0 (Ω) be the weak solution of{

|v|p−2v − div |Dv|p−2Dv = H0 − div [(H1, · · · ,Hn)] in Ω,

v = 0 on ∂Ω.

Then for any ϕ ∈ W1,p(Ω), we get∫
Ω

〈
(|v|p−2v, |Dv|p−2Dv), (ϕ,Dϕ)

〉
dx =

∫
Ω

〈
H, (ϕ,Dϕ)

〉
dx

= 〈〈h, ϕ〉〉
〈W−1,p′ (Ω),W1,p

0 (Ω)〉 .
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So by the definition of ‖ · ‖W−1,p′ (Ω),

‖h‖W−1,p′ (Ω) = sup
‖ϕ‖

W1,p
0 (Ω)=1

〈〈h, ϕ〉〉
〈W−1,p′ (Ω),W1,p

0 (Ω)〉 ≤ ‖v‖
p−1

W1,p
0 (Ω)

.

By taking ϕ = v
‖v‖

W1,p
0 (Ω)
∈ W1,p

0 (Ω), we get

‖v‖p−1

W1,p
0 (Ω)

≤ ‖h‖W−1,p′ (Ω).

By combining the above two estimates, we get ‖h‖W−1,p′ (Ω) = ‖v‖p−1

W1,p
0 (Ω)

. �

We extend h ∈ Lp′(0,T ; W−1,p′(Ω)
)

to h̄ ∈ Lp′(0,T ; W−1,p′(Rn)
)

in Corollary 3.3, which can be
viewed as a natural zero extension because of (3.7).

Corollary 3.3. With the assumption (1.7), suppose that h ∈ W−1,p′(Ω) (1 < p < ∞). Then for v ∈
W1,p

0 (Ω) in Lemma 3.2, one can define h̄ ∈ W−1,p′(Rn) as

〈〈
h̄, ϕ̄

〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉
=

∫
Rn

〈(
|v̄|p−2v̄, |Dv̄|p−2Dv̄

)
, (ϕ̄,Dϕ̄)

〉
dx, (3.7)

for any ϕ̄ ∈ W1,p
0 (Rn), where v̄ ∈ W1,p

0 (Rn) is the zero extension of v ∈ W1,p
0 (Ω). Moreover, we have that〈〈

h̄, ϕ̄
〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉
= 〈h, ϕ〉

〈W−1,p′ (Ω),W1,p
0 (Ω)〉 (3.8)

for any ϕ ∈ W1,p
0 (Ω) and the zero extension ϕ̄ ∈ W1,p

0 (Rn) of ϕ ∈ W1,p
0 (Ω). In addition,

‖h̄‖W−1,p′ (Rn) = ‖v̄‖p−1

W1,p
0 (Rn)

= ‖v‖p−1

W1,p
0 (Ω)

= ‖h‖W−1,p′ (Ω).

In Definition 1.4, we defined a convergence for a sequence of the domains, say hk ∈ W−1,p′(Ωk)
∗
→

h∞ ∈ W−1,p′(Ω∞). But this convergence implies strong convergence by considering the zero extension
in Corollary 3.3 as in the next lemmas.

Lemma 3.4. Under the assumption (1.7) and 1 < p < ∞, if hk ∈ W−1,p′(Ωk)
∗
→ h∞ ∈ W−1,p′(Ω∞) then

h̄k
∗
→ h̄∞ in W−1,p′(Rn),

and 
∫
Rn

(|v̄k|
2 + |v̄∞|2)

p−2
2 |v̄k − v̄∞|2 dx→ 0,∫

Rn

(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k − Dv̄∞|2 dx→ 0,

(3.9)

for v̄k ∈ W1,p
0 (Rn) and h̄k ∈ W−1,p′(Rn) (k ∈ N ∪ {∞}) in Corollary 3.3.
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Proof. By using Corollary 3.3, define h̄k ∈ W−1,p′(Rn) (k ∈ N ∪ {∞}) as〈〈
h̄k, ϕ̄

〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉
=

∫
Rn

〈(
|v̄k|

p−2v̄k, |Dv̄k|
p−2Dv̄k

)
, (ϕ̄,Dϕ̄)

〉
dx, (3.10)

for any ϕ̄ ∈ W1,p
0 (Rn). Here, vk ∈ W1,p

0 (Ωk) (k ∈ N ∪ {∞}) is defined in Lemma 3.2 and v̄k ∈ W1,p
0 (Rn)

the zero extension of vk ∈ W1,p
0 (Ωk). Moreover,

‖h̄k‖W−1,p′ (Rn) = ‖v̄k‖
p−1

W1,p
0 (Rn)

= ‖vk‖
p−1

W1,p
0 (Ω)

= ‖hk‖W−1,p′ (Ω) (k ∈ N ∪ {∞}).

For k ∈ N ∪ {∞}, let Vk =
(
|vk|

p−2vk, |Dvk|
p−2Dvk

)
∈ Lp′(Ωk,Rn+1) and V̄k ∈ Lp′(Rn,Rn+1) be the zero

extension of Vk.
Suppose that (3.9) does not hold. Then there exist δ > 0 and a subsequence, which will be still

denoted as {v̄k}
∞
k=1, such that∫

Rn
(|v̄k|

2 + |v̄∞|2)
p−2

2 |v̄k − v̄∞|2 dx +

∫
Rn

(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k − Dv̄∞|2 dx > δ (k ∈ N). (3.11)

Since v̄k ‖v̄k‖
−1
W1,p

0 (Rn)
is bounded in W1,p

0 (Rn), there exists a subsequence, which will be still denoted as

v̄k ‖v̄k‖
−1
W1,p

0 (Rn)
(k ∈ N), such that

v̄k ‖v̄k‖
−1
W1,p

0 (Rn)
⇀ ṽ0 in W1,p

0 (Rn),

for some v0 ∈ W1,p
0 (Ω∞) and the zero extension v̄0 ∈ W1,p

0 (Rn) of v0 ∈ W1,p
0 (Ω∞). By taking ϕ̄ =

v̄k ‖v̄k‖
−1
W1,p

0 (Rn)
in (3.10), we find from Definition 1.4 that

‖v̄k‖
p−1

W1,p
0 (Rn)

=
1

‖v̄k‖W1,p
0 (Rn)

∫
Rn

〈(
|v̄k|

p−2v̄k, |Dv̄k|
p−2Dv̄k

)
, (v̄k,Dv̄k)

〉
dx

=

〈〈
h̄k, v̄k ‖v̄k‖

−1
W1,p

0 (Rn)

〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉

=

〈〈
hk, vk ‖v̄k‖

−1
W1,p

0 (Rn)

〉〉
〈W−1,p′ (Ωk),W1,p

0 (Ωk)〉

k→∞
−→ 〈h∞, v0〉〈W−1,p′ (Ω∞),W1,p

0 (Ω∞)〉.

So v̄k is bounded in W1,p
0 (Rn), and there exist v̄0 ∈ W1,p

0 (Rn), V̄0 ∈ Lp′(Rn,Rn+1) and a subsequence,
which will be still denoted as {v̄k}

∞
k=1, such that

Dv̄k ⇀ Dv̄0 in Lp(Rn,Rn),
v̄k ⇀ v̄0 in Lp(Rn),
V̄k ⇀ V̄0 in Lp′(Rn,Rn+1).

(3.12)

Recall that V̄k =
(
|v̄k|

p−2v̄k, |Dv̄k|
p−2Dv̄k

)
∈ Lp′(Rn,Rn+1) is the zero extension of

Vk =
(
|vk|

p−2vk, |Dvk|
p−2Dvk

)
∈ Lp′(Ωk,Rn+1). Because of the assumption (1.7), one can also show that

v̄0 = 0 a.e. in Rn \Ω∞ and V̄0 = 0 a.e. in Rn \Ω∞. (3.13)
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Also by (1.7),

there exists K ∈ N such that suppϕ ⊂⊂ Ωk (k ≥ K) for any ϕ ∈ C∞c (Ω∞). (3.14)

From (3.13), (3.14) and Definition 1.4, we obtain that∫
Rn

〈
V̄k, (ϕ̄,Dϕ̄)

〉
dx =

∫
Ωk
〈Vk, (ϕ,Dϕ)〉 dx→

∫
Ω∞
〈V∞, (ϕ,Dϕ)〉 dx,

for any ϕ ∈ C∞c (Ω∞) and the zero extension ϕ̄ ∈ C∞c (Rn) of ϕ ∈ C∞c (Ω∞). Also from (3.12), (3.13) and
(3.14), we obtain that∫

Rn

〈
V̄k, (ϕ̄,Dϕ̄)

〉
dx→

∫
Rn

〈
V̄0, (ϕ̄,Dϕ̄)

〉
dx =

∫
Ω∞
〈V0, (ϕ,Dϕ)〉 dx,

for any ϕ ∈ C∞c (Ω∞) and the zero extension ϕ̄ ∈ C∞c (Rn) of ϕ ∈ C∞c (Ω∞). Thus∫
Rn

〈
V̄∞ − V̄0, (ϕ,Dϕ)

〉
dx = 0

for any ϕ ∈ C∞c (Ω∞). For any ϕ ∈ W1,p
0 (Ω∞), there exists ϕε ∈ C∞c (Ω∞) with ‖ϕ− ϕε‖W1,p

0 (Ω∞) < ε, which
implies that ∣∣∣∣∣∫

Ω∞

〈
V̄∞ − V̄0, (ϕ,Dϕ)

〉
dx

∣∣∣∣∣ ≤ ε (‖V̄0‖Lp′ (Ω∞) + ‖V̄∞‖Lp′ (Ω∞)

)
.

Since ε > 0 was arbitrary chosen, we find that∫
Rn

〈
V̄∞ − V̄0, (ϕ,Dϕ)

〉
dx =

∫
Ω∞

〈
V̄∞ − V̄0, (ϕ,Dϕ)

〉
dx = 0 (3.15)

for any ϕ ∈ W1,p
0 (Ω∞).

Fix ϕ ∈ C∞c (Ω∞). By (3.14), there exists K ∈ N with

v̄k − v̄∞ϕ ∈ W1,p
0 (Ωk) ∩W1,p

0 (Rn) (k ≥ K).

By a direct calculation, it follows that∫
Rn

〈
V̄k − V̄∞, (v̄k − v̄∞,D[v̄k − v̄∞])

〉
dx

=

∫
Rn

〈
V̄k − V̄∞, ((v̄k − v̄∞ϕ),D[(v̄k − v̄∞ϕ)])

〉
dx

−

∫
Rn

〈
V̄k − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dx.

(3.16)

for any k ≥ K. By (3.12) and (3.14), (v̄k − v̄∞ϕ) ⇀ (v̄0 − v̄∞ϕ) in W1,p
0 (Rn). So by Definition 1.4,∫

Rn

〈
V̄k, ((v̄k − v̄∞ϕ),D(v̄k − v̄∞ϕ))

〉
dx→

∫
Rn

〈
V̄∞, ((v̄0 − v̄∞ϕ),D(v̄0 − v̄∞ϕ))

〉
dx,
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and ∫
Rn

〈
V̄∞, ((v̄k − v̄∞ϕ),D(v̄k − v̄∞ϕ))

〉
dx→

∫
Rn

〈
V̄∞, ((v̄0 − v̄∞)ϕ,D(v̄0 − v̄∞ϕ))

〉
dx,

which implies that ∫
Rn

〈
V̄k − V̄∞, ((v̄k − v̄∞ϕ),D(v̄k − v̄∞ϕ))

〉
dx→ 0. (3.17)

By (3.12),∫
Rn

〈
V̄k − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dx→

∫
Rn

〈
V̄0 − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dx. (3.18)

By combining (3.17) and (3.18), we use (3.15) to find that∫
Rn

〈
V̄k − V̄∞, (v̄k − v̄∞,D[v̄k − v̄∞])

〉
dx→

∫
Rn

〈
V̄0 − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dx = 0, (3.19)

because of that v̄∞(1 − ϕ) ∈ W1,p
0 (Ω∞). Then by Lemma 2.11,∫

Rn
(|v̄k|

2 + |v̄∞|2)
p−2

2 |v̄k − v̄∞|2 +
(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k − Dv̄∞|2 dx→ 0,

but this contradicts (3.11) and we find that (3.9) holds. So by Lemma 2.12,∫
Rn
|V̄k − V̄∞|p

′

dx ≤ c
[∫
Rn

(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k − Dv̄∞|2 dx

] 1
2
[∫
Rn
|Dv̄k|

p + |Dv̄∞|p dx
] 1

2

+ c
[∫
Rn

(
|v̄k|

2 + |v̄∞|2
) p−2

2
|v̄k − v̄∞|2 dx

] 1
2
[∫
Rn
|v̄k|

p + |v̄∞|p dx
] 1

2

→ 0.

This implies that

‖h̄k− h̄∞‖W−1,p′ (Rn) = sup
‖ϕ̄‖

W1,p
0 (Rn)

=1

〈〈
h̄k − h̄∞, ϕ̄

〉〉
W−1,p′ (Rn),W1,p

0 (Rn)
= sup
‖ϕ̄‖

W1,p
0 (Rn)

=1

∫
Rn

〈
V̄k − V̄∞, (ϕ̄,Dϕ̄)

〉
dx→ 0,

and the lemma follows. �

Lemma 3.5. Under the assumption (1.7) and 1 < p < ∞, suppose that hk ∈ Lp′(0,T ; W−1,p′(Ωk)
) ∗
→

h∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)
)
. Then

h̄k → h̄∞ in Lp′(0,T ; W−1,p′(Rn)
)
,

and 
∫
Rn

T

(|v̄k|
2 + |v̄∞|2)

p−2
2 |v̄k − v̄∞|2 dx→ 0,∫

Rn
T

(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k − Dv̄∞|2 dx→ 0,

(3.20)

for v̄k ∈ Lp(0,T ; W1,p
0 (Rn)

)
and h̄k ∈ Lp′(0,T ; W−1,p′(Rn)

)
(k ∈ N ∪ {∞}) in Corollary 3.3.
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Proof. For any t ∈ [0,T ], by using Corollary 3.3, define h̄k(·, t) ∈ W−1,p′(Rn) (k ∈ N ∪ {∞}) as〈〈
h̄k(·, t), ϕ̄(·, t)

〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉

=

∫
Rn

〈(
|v̄k(·, t)|p−2v̄k(·, t), |Dv̄k(·, t)|p−2Dv̄k(·, t)

)
, (ϕ̄(·, t),Dϕ̄(·, t))

〉
dx,

(3.21)

for any ϕ̄(·, t) ∈ W1,p
0 (Rn). Here, vk(·, t) ∈ W1,p

0 (Ωk) (k ∈ N ∪ {∞}) is defined in Lemma 3.2 and
v̄k(·, t) ∈ W1,p

0 (Rn) is the zero extension of vk(·, t) ∈ W1,p
0 (Ωk).

For any t ∈ [0,T ], let V̄k(·, t) ∈ Lp′(Rn,Rn+1) (k ∈ N ∪ {∞}) be the zero extension of

Vk(·, t) :=
(
|vk(·, t)|p−2vk(·, t), |Dvk(·, t)|p−2Dvk(·, t)

)
∈ Lp′(Ωk,Rn+1). (3.22)

Suppose that (3.20) does not hold. Then there exist δ > 0 and a subsequence, which will be still
denoted as {v̄k}

∞
k=1, such that∫

Rn
T

(
|v̄k|

2 + |v̄∞|2
) p−2

2
|v̄k − v̄∞|2 dxdt +

∫
Rn

T

(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k −Dv̄∞|2 dxdt > δ (k ∈ N). (3.23)

Since v̄k ‖v̄k‖
−1
Lp
(

0,T ;W1,p
0 (Rn)

) (k ∈ N) is bounded in Lp(0,T ; W1,p
0 (Rn)

)
, there exist v0 ∈ Lp(0,T ; W1,p

0 (Ω∞)
)

and a subsequence, which will be still denoted as v̄k ‖v̄k‖
−1
Lp
(

0,T ;W1,p
0 (Rn)

) (k ∈ N), such that

(v̄k,Dv̄k) ‖v̄k‖
−1
Lp
(

0,T ;W1,p
0 (Rn)

) ⇀ (ṽ0,Dṽ0) in Lp(Rn
T ,R

n+1),

where ṽ0 ∈ Lp(0,T ; W1,p
0 (Rn)

)
is the zero extension of v0 ∈ Lp(0,T ; W1,p

0 (Ω∞)
)
. By a direct calculation

and Corollary 3.3,

‖v̄k‖
p−1

Lp
(

0,T ;W1,p
0 (Rn)

) =
1

‖v̄k‖Lp
(

0,T ;W1,p
0 (Rn

T )
) ∫
Rn

T

〈(
|v̄k|

p−2v̄k, |Dv̄k|
p−2Dv̄k

)
, (v̄k,Dv̄k)

〉
dxdt

=

∫ T

0

〈〈
h̄k(·, t), v̄k(·, t) ‖v̄k‖

−1
Lp
(

0,T ;W1,p
0 (Rn)

)〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉
dt.

Since vk(·, t) ‖v̄k‖
−1
Lp
(

0,T ;W1,p
0 (Ωk)

) ∈ W1,p
0 (Ωk) (k ∈ N), we find from (3.8) in Corollary 3.3 and

Definition 1.5 that ∫ T

0

〈〈
h̄k(·, t), v̄k(·, t) ‖v̄k‖

−1
Lp
(

0,T ;W1,p
0 (Rn)

)〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉
dt

=

∫ T

0

〈〈
hk(·, t), vk(·, t) ‖v̄k‖

−1
Lp
(

0,T ;W1,p
0 (Rn)

)〉〉
〈W−1,p′ (Ωk),W1,p

0 (Ωk)〉
dt

→

∫ T

0
〈〈h∞(·, t), v0(·, t)〉〉

〈W−1,p′ (Ω∞),W1,p
0 (Ω∞)〉 dt.

By taking ϕ = v̄k ‖v̄k‖
−1
Lp
(

0,T ;W1,p
0 (Rn)

) in (3.21), we combine the above equality and limit to find that

‖v̄k‖
p−1

Lp
(

0,T ;W1,p
0 (Rn)

) → ∫ T

0
〈〈h∞(·, t), v0(·, t)〉〉

〈W−1,p′ (Ω∞),W1,p
0 (Ω∞)〉 dt.
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So v̄k is bounded in Lp(0,T ; W1,p
0 (Rn)

)
, and there exists a subsequence, which will be still denoted

as {v̄k}
∞
k=1, such that 

Dv̄k ⇀ Dv̄0 in Lp(Rn
T ,R

n),
v̄k ⇀ v̄0 in Lp(Rn

T ),
V̄k ⇀ V̄0 in Lp′(Rn

T ,R
n+1),

(3.24)

where v̄0 ∈ Lp(Rn
T ) is weakly differentiable in Rn

T with respect to x-variable. Because of the
assumption (1.7), one can also show that

v̄0 = 0 a.e. in Rn
T \Ω∞T and V̄0 = 0 a.e. in Rn

T \Ω∞T . (3.25)

Let [w]h(·, t) = 1
h

∫ h

0
w(·, t + τ) dτ be Steklov average of w. In view of (1.7),

there exists K ∈ N such that suppϕ ⊂⊂ Ωk (k ≥ K) for any ϕ ∈ C∞c (Ω∞). (3.26)

By (3.21) and Definition 1.5, it follows that∫
Rn

〈
[V̄k]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx =

1
h

∫ t+h

t

∫
Ωk
〈Vk(x, τ), (ϕ(x, t),Dϕ(x, t))〉 dxdτ

→
1
h

∫ t+h

t

∫
Ω∞
〈V∞(x, τ), (ϕ(x, t),Dϕ(x, t))〉 dxdτ

=

∫
Rn

〈
[V̄∞]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx,

for any ϕ(·, t) ∈ C∞c (Ω∞). By (3.24) and (3.26),∫
Rn

〈
[V̄k]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx =

1
h

∫ t+h

t

∫
Rn

〈
V̄k(x, τ), (ϕ(x, t),Dϕ(x, t))

〉
dxdτ

→
1
h

∫ t+h

t

∫
Rn

〈
V̄0(x, τ), (ϕ(x, t),Dϕ(x, t))

〉
dxdτ

=

∫
Rn

〈
[V̄0]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx,

for any ϕ(·, t) ∈ C∞c (Ω∞). Thus∫
Rn

〈
[V̄∞ − V̄0]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx = 0

for any ϕ(·, t) ∈ C∞c (Ω∞). For any ϕ(·, t) ∈ W1,p
0 (Ω∞), there exists ϕε(·, t) ∈ C∞c (Ω∞) with ‖ϕ(·, t) −

ϕε(·, t)‖W1,p
0 (Ω∞) < ε. So we find that∣∣∣∣∣∫
Rn

〈
[V̄∞ − V̄0]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx

∣∣∣∣∣ ≤ ε [‖[V̄∞]h(·, t)‖Lp′ (Rn) + ‖[V̄0]h(·, t)‖Lp′ (Rn)

]
,

for any ϕ(·, t) ∈ W1,p
0 (Ω∞) and the zero extension ϕ̄(·, t) ∈ W1,p

0 (Rn) of ϕ(·, t) ∈ W1,p
0 (Ω∞). Since ε > 0

was arbitrary chosen, we find from (3.25) that

0 =

∫
Rn

〈
[V̄∞ − V̄0]h(x, t), (ϕ̄(x, t),Dϕ̄(x, t))

〉
dx =

∫
Ω∞
〈[V∞ − V0]h(x, t), (ϕ(x, t),Dϕ(x, t))〉 dx
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for any ϕ(·, t) ∈ W1,p
0 (Ω∞). We now integrate it with respect to time variable t to find that

0 =

∫ T−ε

ε

∫
Ω∞
〈[V∞ − V0]h(x, t), (ϕ(x, t),Dϕ(x, t))〉 dxdt

for any 0 < h < ε < T and ϕ ∈ Lp(0,T ; W1,p
0 (Ω)

)
. Since V∞ − V0 ∈ Lp′(Ω∞T ), we use [26, Lemma 3.2]

to find that

0 =

∫ T−ε

ε

∫
Ω∞
〈[V∞ − V0](x, t), (ϕ(x, t),Dϕ(x, t))〉 dxdt,

for any 0 < ε < T and ϕ ∈ Lp(0,T ; W1,p
0 (Ω∞)

)
. Thus

0 =

∫ T

0

∫
Ω∞
〈[V∞ − V0](x, t), (ϕ(x, t),Dϕ(x, t))〉 dxdt, (3.27)

for any ϕ ∈ Lp(0,T ; W1,p
0 (Ω∞)

)
.

Fix ϕ(·, t) ∈ C∞c (Ω∞). By (3.26), there exists K ∈ N with

(v̄k − v̄∞ϕ)(·, t) ∈ W1,p
0 (Ωk) ∩W1,p

0 (Ω∞) (k ≥ K).

By a direct calculation, ∫
Rn

T

〈
V̄k − V̄∞, (v̄k − v̄∞,D[v̄k − v̄∞])

〉
dxdt

=

∫
Rn

T

〈
V̄k − V̄∞, ((v̄k − v̄∞ϕ),D[v̄k − v̄∞ϕ])

〉
dxdt

−

∫
Rn

T

〈
V̄k − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dxdt.

(3.28)

Also by (3.24), (v̄k − v̄∞ϕ,D[v̄k − v̄∞ϕ]) ⇀ (v̄0 − v̄∞ϕ,D[v̄0 − v̄∞ϕ]) in Lp(Rn
T ). So by Definition 1.5,∫

Rn
T

〈
V̄k, (v̄k − v̄∞ϕ,D[v̄k − v̄∞ϕ])

〉
dxdt →

∫
Rn

T

〈
V̄∞, (v̄0 − v̄∞ϕ,D[v̄0 − v̄∞ϕ])

〉
dxdt,

and ∫
Rn

T

〈
V̄∞, (v̄k − v̄∞ϕ,D[v̄k − v̄∞ϕ])

〉
dxdt →

∫
Rn

T

〈
V̄∞, (v̄0 − v̄∞ϕ,D[v̄0 − v̄∞ϕ])

〉
dxdt,

which implies that ∫
Rn

T

〈
V̄k − V̄∞, (v̄k − v̄∞ϕ,D[v̄k − v̄∞ϕ])

〉
dxdt → 0. (3.29)

By (3.24), ∫
Rn

T

〈
V̄k − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dxdt

→

∫
Rn

T

〈
V̄0 − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dxdt.

(3.30)
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By combining (3.28), (3.29) and (3.30), we use (3.27) to find that∫
Rn

T

〈
V̄k − V̄∞, (v̄k − v̄∞,D[v̄k − v̄∞])

〉
dxdt

→

∫
Rn

T

〈
V̄0 − V̄∞, (v̄∞(1 − ϕ),D[v̄∞(1 − ϕ)])

〉
dxdt = 0,

(3.31)

because of that v̄∞(1 − ϕ) ∈ Lp(0,T ; W1,p
0 (Ω∞)

)
. So by Lemma 2.11 and (3.22),∫

Rn
T

(
|v̄k|

2 + |v̄∞|2
) p−2

2
|v̄k − v̄∞|2 dxdt +

∫
Rn

T

(
|Dv̄k|

2 + |Dv̄∞|2
) p−2

2
|Dv̄k − Dv̄∞|2 dxdt → 0,

but this contradicts (3.23) and we find that (3.20) holds. Then by Lemma 2.12∫
Rn

T

|V̄k − V̄∞|p
′

dxdt → 0,

which implies that

‖h̄k − h̄∞‖Lp′
(

0,T ;W−1,p′ (Rn)
) =

∫ T

0
sup

‖ϕ̄‖
Lp
(

0,T ;W1,p
0 (Rn)

)=1

〈〈
h̄k − h̄∞, ϕ̄

〉〉
〈W−1,p′ (Rn),W1,p

0 (Rn)〉
dt

=

∫ T

0
sup

‖ϕ̄‖
Lp
(

0,T ;W1,p
0 (Rn)

)=1

∫
Rn

〈〈
[V̄k − V̄∞], (ϕ̄,Dϕ̄)

〉〉
dxdt

→ 0,

and the lemma follows. �

To obtain a weak convergence for ∂tuk ∈ Lp′(0,T ; W−1,p′(Ωk)
)

(k ∈ N), we consider the zero
extension in Corollary 3.3. We remark that∫ T

0
〈〈h, η〉〉Ω dt =

∫ T

0

〈〈
h̄, η̄

〉〉
Rn

dt,

for any η ∈ W1,p
0 (Ω) and the zero extension η̄ ∈ W1,p

0 (Rn) of η ∈ W1,p
0 (Ω), where h̄ is defined in

Corollary 3.3.

Lemma 3.6. Under the assumption (1.7) and 1 < p < ∞, let Ωk ⊂ Rn (k ∈ N) be a sequence of open
bounded domains. If vk ∈ Lp′(0,T ; W−1,p′(Ωk)

)
(k ∈ N) satisfy

‖vk‖Lp′
(

0,T ;W−1,p′ (Ωk)
) ≤ M (k ∈ N),

for some M > 0, then there exists v∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)
)

such that

v̄k
∗
⇀ v̄∞ in Lp′(0,T ; W−1,p′(Rn)

)
,

where v̄k (k ∈ N ∪ {∞}) is defined in Corollary 3.3, which implies that∫ T

0
〈〈v̄k(·, t), η̄(·, t)〉〉Rn dt →

∫ T

0
〈〈v̄∞(·, t), η̄(·, t)〉〉Rn dt

for any η̄ ∈ Lp(0,T ; W1,p
0 (Rn)

)
.
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Proof. Since vk ∈ Lp′(0,T ; W−1,p′

0 (Ωk)
)

(k ∈ N), for each t ∈ [0,T ], there exists Vk(·, t) ∈ Lp′(Ωk,Rn+1)
such that

〈〈vk(·, t), ϕ(·)〉〉Ωk =

∫
Ωk
〈Vk(·, t), (ϕ,Dϕ)(·)〉 dx for any ϕ ∈ W1,p

0 (Ωk), (3.32)

by Proposition 3.2. Moreover,

‖vk(·, t)‖W−1,p′ (Ωk) = inf
{
‖Vk(·, t)‖Lp′ (Ωk ,Rn+1) : Vk(·, t) satisfies (3.32)

}
,

for any t ∈ [0,T ]. So for t ∈ [0,T ], choose Vk(·, t) ∈ Lp′(Ωk,Rn+1) (k ∈ N) so that

‖Vk(·, t)‖Lp′ (Ωk ,Rn+1) ≤ 2‖vk(·, t)‖W−1,p′ (Ωk) (k ∈ N),

which implies that

‖Vk‖Lp′ (Ωk
T ,R

n+1) = ‖Vk‖Lp′
(

0,T ;Lp′ (Ωk ,Rn+1)
) ≤ 2‖vk‖Lp′

(
0,T ;W−1,p′ (Ωk)

) ≤ 2M.

for any k ∈ N.
Let V̄k be the zero extension of Vk from Ωk

T to Rn
T . Since ‖V̄k‖Lp′ (Rn

T ,R
n+1) ≤ 2M (k ∈ N), by

Proposition 2.3, there exists a weakly convergent subsequence, which will be still denoted by {V̄k}
∞
k=1,

which converges to V̄∞ ∈ Lp′(Rn
T ,R

n+1), say

V̄k ⇀ V̄∞ in Lp′(Rn
T ,R

n+1),

which implies that ∫
Rn

T

〈V̄k, (η̄,Dη̄)〉 dxdt →
∫
Rn

T

〈V̄∞, (η̄,Dη̄)〉 dxdt, (3.33)

for any η̄ ∈ Lp(0,T ; W1,p
0 (Rn)

)
. Then one can check from (1.7) that V̄∞ = 0 a.e. in Rn

T \ Ω∞T . So define
v∞ ∈ Lp′(0,T ; W−1,p′(Ω∞)

)
as∫ T

0
〈v∞(·, t), η(·, t)〉Ω∞ dt =

∫
Ω∞T

〈V̄∞, (η,Dη)〉 dxdt,

for any η ∈ Lp(0,T ; W1,p
0 (Ω∞)

)
. Then by Corollary 3.3,∫ T

0
〈v̄∞(·, t), η̄(·, t)〉Rn dt =

∫
Rn

T

〈V̄∞, (η̄,Dη̄)〉 dxdt,

and ∫ T

0
〈v̄k(·, t), η̄(·, t)〉Ωk dt =

∫
Rn

T

〈V̄k, (η̄,Dη̄)〉 dxdt,

for any η̄ ∈ Lp(0,T ; W1,p
0 (Rn)

)
. So the lemma follows from (3.33). �

Lemma 3.7. Under the assumption (1.7) and 1 < p < ∞, let Ωk ⊂ Rn (k ∈ N) be a sequence of open
bounded domains. If vk ∈ L∞

(
0,T ; L2(Ωk)

)
(k ∈ N) satisfy

‖vk‖L∞
(

0,T ;L2(Ωk)
) ≤ M (k ∈ N),
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for some M > 0, then there exists v∞ ∈ L∞
(
0,T ; L2(Ω∞)

)
such that

v̄k
∗
⇀ v̄∞ in L∞

(
0,T ; L2(Rn)

)
where v̄k is the zero extension of vk to L∞

(
0,T ; L2(Rn)

)
for k ∈ N ∪ {∞}.

Proof. L∞
(
0,T ; L2(Ωk)

)
is dual of L1(0,T ; L2(Ωk)

)
for k ∈ N∪{∞}. We denote v̄k as the zero extensions

of vk to L∞
(
0,T ; L2(Rn)

)
for k ∈ N ∪ {∞}. Since

‖v̄k‖L∞
(

0,T ;L2(Rn)
) = ‖vk‖L∞

(
0,T ;L2(Ωk)

) ≤ M (k ∈ N),

by Proposition 2.3 we find that there exists a weakly convergent subsequence, which will be still
denoted as {v̄k}

∞
k=1, which converges as

v̄k
∗
⇀ v̄∞ in L∞

(
0,T ; L2(Rn)

)
.

We remark that weak-∗ convergence was used instead of weak convergence, because (L∞)∗ , L1.
One can easily check from (1.7) that v̄∞ = 0 a.e. in Rn

T \ Ω∞T . So the lemma follows by taking
v∞ = v̄∞ · 1Ω∞T

. �

Now recall the energy estimate (3.2).

sup
0≤τ≤T

∫
Ωk
|ūk(·, τ)|2 dx +

∫
Ωk

T

|Dūk|
p dxdt

≤ c
[
‖|Fk|

p−2Fk‖Lp′ (Ωk
T ) + ‖ fk‖Lp′

(
0,T ;W−1,p′ (Ωk)

) + ‖Dγk‖Lp(Ωk
T ) + ‖∂tγk‖Lp′

(
0,T ;W−1,p′ (Ωk)

)] . (3.34)

Let F̄k, γ̄k,Dγ̄k ∈ Lp(Rn
T ) be the zero extension of Fk, γk,Dγk ∈ Lp(Ωk

T ), respectively. (We remark
that γ̄k might not be weakly differentiable in Rn

T , but we abuse the notation for the simplicity of the
computation.) We apply Lemma 3.1 to (1.9). Then

|F̄k|
p−2F̄k → |F̄|p−2F̄ in Lp′(Rn

T ,R
n),

γ̄k → γ̄ in Lp(Rn
T ),

Dγ̄k → Dγ̄ in Lp(Rn
T ,R

n),
(3.35)

which implies that

lim
k→∞
‖|Fk|

p−2Fk‖Lp′ (Ωk
T ) = lim

k→∞
‖|F̄k|

p−2F̄k‖Lp′ (Rn
T ) = ‖|F̄|p−2F̄‖Lp′ (Rn

T ),

and
lim
k→∞
‖Dγk‖Lp(Ωk

T ) = lim
k→∞
‖Dγ̄k‖Lp(Rn

T ) = ‖Dγ̄‖Lp(Rn
T ).

Let f̄k, ∂tγ̄k, f̄ and ∂tγ̄ be the zero extension of fk, ∂tγk ∈ Lp′(0,T ; W−1,p′(Ωk)
)

and
f , ∂tγ ∈ Lp′(0,T ; W−1,p′(Ω)

)
in Corollary 3.3 respectively. By Corollary 3.3 and Lemma 3.5, we find

from (1.8) that  f̄k
∗
→ f̄ in Lp′(0,T ; W−1,p′(Rn)

)
,

∂tγ̄k
∗
→ ∂tγ̄ in Lp′(0,T ; W−1,p′(Rn)

)
,

(3.36)
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which implies that

lim
k→∞
‖ fk‖Lp′

(
0,T ;W−1,p′ (Ωk)

) = lim
k→∞
‖ f̄k‖Lp′

(
0,T ;W−1,p′ (Rn)

) = ‖ f̄ ‖
Lp′

(
0,T ;W−1,p′ (Ω)

),
and

lim
k→∞
‖∂tγk‖Lp′

(
0,T ;W−1,p′ (Ω)

) = lim
k→∞
‖∂tγ̄k‖Lp′

(
0,T ;W−1,p′ (Ω)

) = ‖∂tγ̄‖Lp′
(

0,T ;W−1,p′ (Ω)
).

So the right-hand side of (3.34) is bounded, and one can apply Aubin-Lions Lemma, Lemma 3.7 and
the zero extension to find that there exists a subsequence of {ūk}

∞
k=1, which will be still denote by {ūk}

∞
k=1,

and ū0 ∈ Lp(0,T ; W1,p
0 (Rn)

)
∩ L∞

(
0,T ; L2(Rn)

)
such that

Dūk ⇀ Dū0 in Lp(Rn
T ,R

n),
ūk → ū0 in Lp(Rn

T ),
ūk

∗
⇀ ū0 in L∞

(
0,T ; L2(Rn)

)
.

(3.37)

Here, the compactness method is applied to some ball satisfying B ⊃ Ωk (k ∈ N) and B ⊃ Ω by using
the zero extensions.

By (1.10),∫ T

0
〈〈∂tuk, ϕ〉〉Ωk dt =

∫
Ωk

T

〈|Fk|
p−2Fk,Dϕ〉 + fkϕ − 〈ak(Duk, x, t),Dϕ〉 dxdt,

for any ϕ ∈ Lp(0,T ; W1,p
0 (Ωk)

)
. Then we see that ‖∂tuk‖Lp′

(
0,T ;W−1,p′ (Ωk)

) is bounded. We denote the zero

extension of ∂tuk ∈ Lp′(0,T ; W−1,p′(Ωk)
)

in Corollary 3.3 as ∂tūk ∈ Lp′(0,T ; W−1,p′(Rn)
)
. Then we find

from Corollary 3.3 that

‖∂tūk‖Lp′
(

0,T ;W−1,p′ (Rn)
) = ‖∂tuk‖Lp′

(
0,T ;W−1,p′ (Ωk)

) (k ∈ N) is bounded. (3.38)

So by Lemma 3.6, there exist ∂tu0 in Lp′(0,T ; W−1,p′(Ω)
)

and a subsequence of {ūk}
∞
k=1, which will be

still denoted by {ūk}
∞
k=1 such that

∂tūk
∗
⇀ ∂tū0 in Lp′(0,T ; W−1,p′(Rn)

)
. (3.39)

Here, we denoted the zero extension of ∂tu0 ∈ Lp′(0,T ; W−1,p′(Ω)
)

in Corollary 3.3 as
∂tū0 ∈ Lp′(0,T ; W−1,p′(Rn)

)
. Define u0 = ū0 + γ in ΩT . Then we have that following lemma. We

remark that a different proof is shown in Step 4 in the proof of [30, Lemma 5.1].

Lemma 3.8. For u0 = ū0 + γ in ΩT , we have that

lim
h↘0

1
h

∫ h

0

∫
Ω

|u0(x, t) − γ(x, 0)|2 dxdt = 0.

Proof. Let ûk be the zero extension of ūk from Rn × [0,T ] to Rn × [−T,T ], which means that ûk = 0 in
(Rn × [−T,T ]) \ (Rn × [0,T ]). Also define ∂tûk as

〈〈∂tûk, ϕ〉〉Rn =
〈〈
∂tūk, ϕ χΩT

〉〉
Rn for any ϕ ∈ Lp( − T,T ; W1,p(Rn)

)
.
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Then we see that ∂tûk ∈ Lp′( − T,T ; W−1,p′(Rn)
)
, because∫ T

−T
〈〈∂tûk, ϕ〉〉Rn dt =

∫ T

0
〈〈∂tūk, ϕ〉〉Rn dt = −

∫ T

0

∫
Rn

ūk ϕt dxdt = −

∫ T

−T

∫
Rn

ûk ϕt dxdt

for any ϕ ∈ C∞c (Rn × [−T,T ]). Here, we used that ūk = 0 on Rn × {0}.
By (3.37) and (3.39), there exists a subsequence, which will be still denoted as ûk and ∂tûk (k ∈ N),

such that 
Dûk ⇀ Dû0 in Lp(Rn × (−T,T ),Rn),

ûk → û0 in Lp(Rn × (−T,T )),
ûk

∗
⇀ û0 in L∞

(
− T,T ; L2(Rn)

)
.

(3.40)

and
∂tûk

∗
⇀ ∂tû0 in Lp′( − T,T ; W−1,p′(Rn)

)
,

for some û0 ∈ Lp( − T,T ; W1,p
0 (Rn)

)
∩ L∞

(
− T,T ; L2(Rn)

)
and ∂tû0 ∈ Lp′( − T,T ; W−1,p′(Rn)

)
. Then by

Proposition 2.6, we have that û0 ∈ C
(
[−T,T ]; L2(Rn)

)
, which implies that

0 = lim
h↗0

1
h

∫ h

0

∫
Rn
|û0|

2 dxdt = lim
h↘0

1
h

∫ h

0

∫
Rn
|û0|

2 dxdt = lim
h↘0

1
h

∫ h

0

∫
Rn
|ū0|

2 dxdt,

where we used that û0 = ū0 in Rn
T , which holds from (3.37), (3.40) and that ûk is the zero extension of

ūk from Rn
T to Rn × [−T,T ]. Since ū0 = u0 − γ in Ω, we get

lim
h↘0

1
h

∫ h

0

∫
Ω

|u0(x, t) − γ(x, t)|2 dxdt = 0.

Since γ ∈ C
(
[0,T ]; L2(Ω)

)
, we find that

lim
h↘0

1
h

∫ h

0

∫
Ω

|γ(x, t) − γ(x, 0)|2 dxdt = 0,

and the lemma follows. �

Lemma 3.9. For the weak solutions u ∈ γ + Lp(0,T ; W1,p
0 (Ω)

)
∩ C

(
[0,T ]; L2(Ω)

)
of (1.6) and uk ∈

γk + Lp(0,T ; W1,p
0 (Ωk)

)
∩C

(
[0,T ]; L2(Ωk)

)
in (1.10), we have that

lim
k→∞

∫
Rn

T

|Dūk − Dū|pϕp dxdt = 0 for any ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1,

and

lim
k→∞

∫
UT

|Dūk − Dū|p dxdt = 0 for any U ⊂⊂ Ω. (3.41)

Moreover, we have that 
Dūk ⇀ Dū in Lp(Rn

T ,R
n),

ūk → ū in Lp(Rn
T ),

ūk
∗
⇀ ū in L∞

(
0,T ; L2(Rn)

)
.
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Proof. Recall from (1.7) that
lim
k→∞

dH

(
∂Ωk, ∂Ω

)
= 0, (3.42)

which implies that

there exists K ∈ N such that suppϕ ⊂⊂ Ωk (k ≥ K) for any ϕ ∈ C∞c (Ω). (3.43)

Fix ϕ(x) ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1, which is independent of t-variable. Choose K ∈ N in (3.43).
Test (1.10) by (ūk − ū0)ϕp to find that∫ T

0
〈〈∂tuk, (ūk − ū0)ϕp〉〉Ωk dt +

∫
Ωk

T

〈
ak(Duk, x, t), (Dūk − Dū0)ϕp + p(ūk − ū0)ϕp−1Dϕ

〉
dxdt

=

∫
Ωk

T

〈
|Fk|

p−2Fk, (Dūk − Dū0)ϕp + p(ūk − ū0)ϕp−1Dϕ
〉

+ fk(ūk − ū0)ϕp dxdt,

for any k ≥ K. Recall that ūk = uk − γk, ū0 = u0 − γ and ϕ ∈ C∞c (Ω) ∩ C∞c (Ωk) for any k ≥ K. For
(suppϕ)T = suppϕ × [0,T ], we discover that∫ T

0
〈〈∂t (ūk − ū0) , (ūk − ū0)ϕp〉〉Rn dt +

∫
Rn

T∩(suppϕ)T

〈ak(Duk, x, t) − ak(Du0, x, t), (Duk − Du0)ϕp〉 dxdt

= Ik + IIk + IIIk + IVk,

where
Ik =

∫
Rn

T∩(suppϕ)T

〈
ak(Duk, x, t), (Dγ̄k − Dγ̄)ϕp − p(ūk − ū0)ϕp−1Dϕ

〉
dxdt,

IIk =

∫
Rn

T∩(suppϕ)T

〈
|F̄k|

p−2F̄k, (Dūk − Dū0)ϕp
〉

dxdt

+

∫
Rn

T∩(suppϕ)T

〈
|F̄k|

p−2F̄k, p(ūk − ū0)ϕp−1Dϕ
〉

+ f̄k(ūk − ū0)ϕp dxdt,

IIIk = −

∫
Rn

T∩(suppϕ)T

〈ak(Du0, x, t), (Duk − Du0)ϕp〉 dxdt,

IVk = −

∫ T

0
〈∂tγ̄k + ∂tū0, (ūk − ū0)ϕp〉Rn dt,

for k ≥ K. One can easily check from (3.35) and (3.37) that

lim
k→∞

Ik = 0. (3.44)

By a direct calculation, we have

IIk =

∫
Rn

T∩(suppϕ)T

〈
|F̄|p−2F̄, (Dūk − Dū0)ϕp

〉
dxdt

+

∫
Rn

T∩(suppϕ)T

〈
|F̄k|

p−2F̄k − |F̄|p−2F̄, (Dūk − Dū0)ϕp
〉

dxdt

+

∫
Rn

T∩(suppϕ)T

〈
|F̄k|

p−2F̄k, p(ūk − ū0)ϕp−1Dϕ
〉

+ f̄k(ūk − ū0)ϕp dxdt.
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By (3.35)–(3.37),
lim sup

k→∞
IIk = 0. (3.45)

We handle IIIk. By Lemma 2.14,

lim
k→∞
‖ak(Du0, ·) − a(Du0, ·)‖Lp′

(
Rn

T∩(suppϕ)T

) ≤ lim
k→∞
‖ak(Du0, ·) − a(Du0, ·)‖Lp′ (ΩT ) = 0.

So by (3.37),
lim sup

k→∞
IIIk = 0. (3.46)

By (3.36) and (3.37),
lim sup

k→∞
IVk = 0. (3.47)

Since ϕ = ϕ(x) and 0 ≤ ϕ ≤ 1, one can easily show that

∫ T

0
〈〈∂t (ūk − ū0) , (ūk − ū0)ϕp〉〉Rn dt =

∫
Rn

∣∣∣∣[(ūk − ū0)ϕ
p
2

]
(x,T )

∣∣∣∣2
2

dx ≥ 0.

because ūk = 0 = ū0 on Rn × {0}, which holds from Lemma 3.8. So by (3.44), (3.45), (3.46) and (3.47),∫
Rn

T∩(suppϕ)T

〈ak(Duk, x, t) − ak(Du0, x, t), (Duk − Du0)ϕp〉 dxdt → 0,

because 〈ak(Duk, x, t) − ak(Du0, x, t), (Duk − Du0)ϕp〉 ≥ 0 in Rn
T ∩ (suppϕ)T , which implies that∫

Rn
T∩(suppϕ)T

(|Duk|
2 + |Du0|

2 + s2)
p−2

2 |Duk − Du0|
2ϕpdxdt → 0.

For any κ ∈ (0, κ1], we have from Lemma 2.7 that∫
Rn

T∩(suppϕ)T

|Duk − Du0|
pϕp dxdt ≤ cκp

∫
Rn

T∩(suppϕ)T

(|Du0|
2 + s2)

p
2ϕp dxdt

+ cκp−2
∫
Rn

T∩(suppϕ)T

(|Duk|
2 + |Du0|

2 + s2)
p−2

2 |Duk − Du0|
2ϕpdxdt.

So we find that

0 ≤ lim sup
k→∞

∫
Rn

T∩(suppϕ)T

|Duk − Du0|
pϕp dxdt ≤ cκp

∫
Rn

T∩(suppϕ)T

(|Du0|
2 + s2)

p
2ϕp dxdt.

Since κ ∈ (0, κ1] and ϕ ∈ C∞c (Ω) were arbitrary chosen, we discover that

lim
k→∞

∫
Rn

T∩(suppϕ)T

|Duk − Du0|
pϕp dxdt = 0 for any ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1.

So by (3.35),

lim
k→∞

∫
Rn

T

|Dūk − Dū0|
pϕp dxdt = 0 for any ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1. (3.48)
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For any U ⊂⊂ Ω, there exists a cut-off function η ∈ C∞c (Ω) such that 0 ≤ η ≤ 1 in Ω and η = 1 on
U. Moreover, by (3.42), there exists K ∈ N such that

U ⊂⊂ Ωk (k ≥ K). (3.49)

So by (3.48),

lim
k→∞

∫
UT

|Dūk − Dū0|
p dxdt = 0 for any U ⊂⊂ Ω. (3.50)

By Corollary 3.3 and (3.39),∫ T

0
〈〈∂tūk, ϕ̄〉〉Rn dt

∗
→

∫ T

0
〈〈∂tū0, ϕ̄〉〉Rn dt =

∫ T

0
〈〈∂tu0, ϕ̄〉〉Ω dt, (3.51)

for any ϕ ∈ C∞0 (ΩT ).
Now, we show that u0 is the weak solution of (1.6), which implies that u = u0 by the uniqueness.

Fix ϕ ∈ C∞0 (ΩT ) and choose U ⊂⊂ Ω with supp ϕ ⊂ UT . By (3.42), there exists K ∈ N such that
U ⊂⊂ Ωk (k ≥ K). We have from (1.10) that∫ T

0
〈〈∂tuk, ϕ〉〉Ωk dt +

∫
Ωk

T

〈ak(Duk, x, t),Dϕ〉 dxdt =

∫
Ωk

T

〈|Fk|
p−2Fk,Dϕ〉 + fkϕ dxdt,

for any k ≥ K. So by Lemma 2.10, Lemma 2.14, (3.35), (3.36), (3.50) and (3.51),∫ T

0
〈〈∂tu0, ϕ〉〉Ω +

∫
ΩT

〈a(Du0, x, t),Dϕ〉 dxdt =

∫
ΩT

〈|F|p−2F,Dϕ〉 + fϕ dxdt.

We find from Lemma 3.8 that u0 ∈ L∞
(
0,T ; L2(Ω)

)
∩ Lp(0,T ; W1,p

0 (Ω)
)

is also the weak solution
of (1.6). By uniqueness of the weak solution, we find that u0 = u, and the lemma follows from (3.37),
(3.48) and (3.50). �

We next estimate the concentration of Dūk near the boundary ∂Ω × [0,T ].

Lemma 3.10. For any ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1, we have that

lim sup
k→∞

∫
Rn

T

|Dūk|
p (1 − ϕp) dxdt

≤ c
∫

ΩT

(|Du|2 + |Dγ|2 + s2)
p
2 (1 − ϕp) dxdt +

∫
Ω

|[ū(1 − ϕp)
1
2 ](x,T )|2

2
dx

 .
Proof. Fix ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1. We have from (1.7) that

there exists K ∈ N such that suppϕ ⊂⊂ Ωk (k ≥ K) for any ϕ ∈ C∞c (Ω). (3.52)

We next take κ = κ1(n, p, λ,Λ) in Lemma 2.7 to find that∫
Ωk

T

|Duk − Dγk|
p (1 − ϕp) dxdt ≤ c

∫
Ωk

T

(|Dγk|
2 + s2)

p
2 (1 − ϕp) dxdt

+ c
∫

Ωk
T

(|Duk|
2 + |Dγk|

2 + s2)
p−2

2 |Duk − Dγk|
2 (1 − ϕp) dxdt,

(3.53)
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for any k ≥ K. In view of (1.2), we discover that∫
Ωk

T

(|Duk|
2 + |Dγk|

2 + s2)
p−2

2 |Duk − Dγk|
2 (1 − ϕp) dxdt

≤ c
∫

Ωk
T

〈a(Duk, x, t) − a(Dγk, x, t), (Duk − Dγk)〉 (1 − ϕp) dxdt,
(3.54)

for any k ≥ K.

We will estimate the limit superior of the right-hand side of (3.54). We test (1.10) by
(uk − γk) (1 − ϕp) to find that∫

Ωk
T

〈ak(Duk, x, t) − ak(Dγk, x, t), (Duk − Dγk) (1 − ϕp)〉 dxdt = Ik + IIk + IIIk + IVk, (3.55)

where

Ik =

∫
Ωk

T

〈ak(Duk, x, t), (uk − γk) pϕp−1Dϕ〉 dxdt,

IIk = −

∫
Ωk

T

〈ak(Dγk, x, t), (Duk − Dγk) (1 − ϕp)〉 dxdt,

IIIk =

∫
Ωk

T

〈
|Fk|

p−2Fk,D[(uk − γk) (1 − ϕp)]
〉

+ fk(uk − γk) (1 − ϕp) dxdt,

IVk = −

∫ T

0
〈∂tuk, (uk − γk) (1 − ϕp)〉Ωk dt,

for any k ≥ K.
We estimate the limit of the right-hand side as k → ∞. Without loss of generality, assume that

k ≥ K. Then we have from (3.52) that

ϕ ∈ C∞c (Ω) ∩C∞c (Ωk).

We first compute the limit of Ik. By the triangle inequality,

‖|ak(Duk, x, t) − a(Du, x, t)| |Dϕ|‖
L

p
p−1 (Rn

T∩(suppϕ)T )

≤ ‖|ak(Duk, x, t) − ak(Du, x, t)| |Dϕ|‖
L

p
p−1 (Rn

T∩(suppϕ)T )
+ ‖|ak(Du, x, t) − a(Du, x, t)| |Dϕ|‖

L
p

p−1 (Rn
T∩(suppϕ)T )

.

Since ϕ ∈ C∞c (Ω) ∩C∞c (Ωk), we have from Lemma 2.10, Lemma 2.14 and (3.41) in Lemma 3.9 that

lim
k→∞
‖|ak(Duk, x, t) − a(Du, x, t)| |Dϕ|‖

L
p

p−1 (Rn
T∩(suppϕ)T )

= 0. (3.56)

By Lemma 3.9, we have that ūk → ū in Lp(Rn
T ). Since uk − γk = ūk in Ωk

T and u − γ = ū in ΩT , we find
from (3.50) that

Ik =

∫
Ωk

T

〈ak(Duk, x, t), (uk − γk)pϕp−1Dϕ〉 dxdt →
∫

ΩT

〈a(Du, x, t), (u − γ) pϕp−1Dϕ〉 dxdt. (3.57)
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Similarly, by the triangle inequality,∥∥∥∥ak(Dγk, x, t) · 1Ωk
T
− a(Dγ, x, t) · 1ΩT

∥∥∥∥
Lp′ (Rn

T )

≤

∥∥∥∥ak(Dγk, x, t) · 1Ωk
T
− ak(Dγ, x, t) · 1ΩT

∥∥∥∥
Lp′ (Rn

T )
+

∥∥∥ak(Dγ, x, t) · 1ΩT − a(Dγ, x, t) · 1ΩT

∥∥∥
Lp′ (Rn

T )
.

So we get from (3.35), Lemma 2.10 and Lemma 2.14 that

lim
k→∞

∥∥∥∥ak(Dγk, x, t) · 1Ωk
T
− a(Dγ, x, t) · 1ΩT

∥∥∥∥
Lp′ (Rn

T )
= 0,

and it follows from Lemma 3.9 that

IIk = −

∫
Ωk

T

〈ak(Dγk, x, t), (Duk − Dγk) (1 − ϕp)〉 dxdt

= −

∫
Rn

T

〈ak(Dγk, x, t) · 1Ωk
T
,Dūk (1 − ϕp)〉 dxdt

→ −

∫
Rn

T

〈a(Dγ, x, t) · 1ΩT ,Dū (1 − ϕp)〉 dxdt

= −

∫
ΩT

〈a(Dγ, x, t), (Du − Dγ) (1 − ϕp)〉 dxdt.

(3.58)

Recall that

IIIk =

∫
Ωk

T

〈
|Fk|

p−2Fk,D[(uk − γk) (1 − ϕp)]
〉

+ fk(uk − γk) (1 − ϕp) dxdt.

Then one can easily check from (3.35), (3.36) and Lemma 3.9 that

IIIk →

∫
ΩT

〈
|F|p−2F,D[(u − γ) (1 − ϕp)]

〉
+ f (u − γ) (1 − ϕp) dxdt. (3.59)

Now, we estimate IVk.

IVk = −

∫ T

0
〈〈∂tuk, (uk − γk) (1 − ϕp)〉〉Ωk dt

= −

∫ T

0
〈〈∂tuk − ∂tγk, (uk − γk) (1 − ϕp)〉〉Ωk

T
− 〈〈∂tγk, (uk − γk) (1 − ϕp)〉〉Ωk dt.

Since ϕ = ϕ(x), 0 ≤ ϕ ≤ 1 and uk − γk = 0 on Ωk × {0}, we find that∫ T

0
〈〈∂tuk − ∂tγk, (uk − γk) (1 − ϕp)〉〉Ωk dt =

∫
Ωk

|[(uk − γk)(1 − ϕp)
1
2 ](x,T )|2

2
dx ≥ 0.

Since uk − γk = ūk in Ωk
T and u − γ = ū in ΩT , we find from (3.36) and Lemma 3.9 that∫ T

0
〈〈∂tγk, (uk − γk) (1 − ϕp)〉〉Ωk dt →

∫ T

0
〈〈∂tγ, (u − γ) (1 − ϕp)〉〉Ω dt.
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Thus

lim sup
k→∞

IVk ≤ −

∫ T

0
〈〈∂tγ, (u − γ) (1 − ϕp)〉〉Ω dt. (3.60)

In view of (3.55), we find from (3.57), (3.58), (3.59) and (3.60) that

lim sup
k→∞

∫
Ωk

T

〈ak(Duk, x, t) − ak(Dγk, x, t), (Duk − Dγk) (1 − ϕp)〉 dxdt

≤

∫
ΩT

〈a(Du, x, t), (u − γ) pϕp−1Dϕ〉 − 〈a(Dγ, x, t), (Du − Dγ) (1 − ϕp)〉 dxdt

+

∫
ΩT

〈
|F|p−2F,D[(u − γ) (1 − ϕp)]

〉
+ f (u − γ) (1 − ϕp) dxdt

−

∫ T

0
〈〈∂tγ, (u − γ) (1 − ϕp)〉〉Ω dt.

By taking (u − γ) (1 − ϕp) in (1.6), we get that∫
ΩT

〈a(Du, x, t), (u − γ) pϕp−1Dγ〉 − 〈a(Dγ, x, t), (Du − Dγ) (1 − ϕp)〉 dxdt

+

∫
ΩT

〈
|F|p−2F,D[(u − γ) (1 − ϕp)]

〉
+ g(u − γ) (1 − ϕp) dxdt

=

∫
ΩT

〈a(Du, x, t) − a(Dγ, x, t), (Du − Dγ) (1 − ϕp)〉 dxdt +

∫ T

0
〈〈∂tu, (u − γ) (1 − ϕp)〉〉Ω dt.

Thus

lim sup
k→∞

∫
Ωk

T

〈ak(Duk, x, t) − ak(Dγk, x, t), (Duk − Dγk) (1 − ϕp)〉 dxdt

≤

∫
ΩT

〈a(Du, x, t) − a(Dγ, x, t), (Du − Dγ) (1 − ϕp)〉 dxdt +

∫ T

0
〈〈∂tu − ∂tγ, (u − γ) (1 − ϕp)〉〉Ω dt.

Since ū = u − γ, we find that

lim sup
k→∞

∫
Ωk

T

〈ak(Duk, x, t) − ak(Dγk, x, t), (Duk − Dγk) (1 − ϕp)〉 dxdt

≤

∫
ΩT

〈a(Du, x, t) − a(Dγ, x, t), (Du − Dγ) (1 − ϕp)〉 dxdt +

∫
Ω

|[ū(1 − ϕp)
1
2 ](x,T )|2

2
dx.

Since ūk = uk − γk, by (3.35), (3.53) and (3.54),

lim sup
k→∞

∫
Rn

T

|Dūk|
p (1 − ϕp) dxdt

≤ c
∫

ΩT

(|Du|2 + |Dγ|2 + s2)
p
2 (1 − ϕp) dxdt +

∫
Ω

|[ū(1 − ϕp)
1
2 ](x,T )|2

2
dx

 ,
and the lemma follows. �
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3.1. Proof of Theorem 1.6

We are ready to prove Theorem 1.6.

Proof of Theorem 1.6. By Lemmas 3.9 and 3.10,

lim sup
k→∞

∫
Rn

T

|Dūk − Dū|p dxdt

= lim sup
k→∞

∫
Rn

T

|Dūk − Dū|pϕp dxdt +

∫
Rn

T

|Dūk − Dū|p(1 − ϕp) dxdt


≤ c
∫

ΩT

(|Du|2 + |Dγ|2 + s2)
p
2 (1 − ϕp) dxdt +

∫
Ω

|[ū(1 − ϕp)
1
2 ](x,T )|2

2
dx

 ,
for any ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1. Since ϕ ∈ C∞c (Ω) with 0 ≤ ϕ ≤ 1 can be arbitrary chosen in
the above estimates, one can choose a sequence of monotone increasing functions in C∞c (Ω) which
converges to 1 a.e. in Ω. Then by Lebesgue’s dominated convergence theorem, we get

lim sup
k→∞

∫
Rn

T

|Dūk − Dū|p dxdt ≤ 0.

This contradicts (3.1). So we find that (1.11) holds. �

Acknowledgments

Y. Kim was supported by the National Research Foundation of Korea (NRF) grant funded by the
Korea government (No. NRF-2020R1C1C1A01013363). S. Ryu was supported by the National
Research Foundation of Korea (NRF) grant funded by the Korea government (MSIT) (No.
2020R1C1C1A01014310). P. Shin was supported by Basic Science Research Program through the
National Research Foundation of Korea (NRF) funded by the Ministry of Education (No.
NRF-2020R1I1A1A01066850). The authors would like to thank the referee for the careful reading of
this manuscript and for offering valuable comments.

Conflict of interest

The authors declare no conflict of interest.

References

1. E. Acerbi, N. Fusco, Regularity for minimizers of nonquadratic functionals: the case 1 < p < 2, J.
Math. Anal. Appl., 140 (1989), 115–135. https://doi.org/10.1016/0022-247X(89)90098-X

2. E. Acerbi, G. Mingione, Regularity results for a class of functionals with non-standard growth,
Arch. Rational Mech. Anal., 156 (2001), 121–140. https://doi.org/10.1007/s002050100117

3. E. Acerbi, G. Mingione, Gradient estimates for the p(x)-Laplacean system, J. Reine Angew. Math.,
584 (2005), 117–148. https://doi.org/10.1515/crll.2005.2005.584.117

Mathematics in Engineering Volume 5, Issue 4, 1–43.

http://dx.doi.org/https://doi.org/10.1016/0022-247X(89)90098-X
http://dx.doi.org/https://doi.org/10.1007/s002050100117
http://dx.doi.org/https://doi.org/10.1515/crll.2005.2005.584.117


41

4. E. Acerbi, G. Mingione, Gradient estimates for a class of parabolic systems, Duke Math. J., 136
(2007), 285–320. https://doi.org/10.1215/S0012-7094-07-13623-8

5. R. A. Adams, J. J. F. Fournier, Sobolev spaces, Amsterdam: Elsevier/Academic Press, 2003.

6. P. Baroni, Lorentz estimates for degenerate and singular evolutionary systems, J. Differ. Equations,
255 (2013), 2927–2951. https://doi.org/10.1016/j.jde.2013.07.024

7. P. Baroni, Riesz potential estimates for a general class of quasilinear equations, Calc. Var., 53
(2015), 803–846. https://doi.org/10.1007/s00526-014-0768-z
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