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Abstract: The power spectral density of a signal comprised of a sequence of Dirac δ-functions
at successive times determined by a Fibonacci sequence is the temporal analog of the well known
structure factor for a Fibonacci chain. Such a signal is quasi-periodic and, under suitable choice of
parameters, is the temporal analog of a one-dimensional quasicrystal. While the effects of disorder
in the spatial case of Fibonacci chains has been studied numerically, having an analytically tractable
stochastic model is needed both for the spatial and temporal cases to be able to study these effects as
model parameters are varied. Here, we consider the effects of errors in where the δ-functions defining
the signal in the temporal case occur, i.e., timing jitter. In this work, we present an analytically tractable
theory of how timing jitter affects the power spectral density of Fibonacci signals.
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1. Introduction

Fibonacci chains are quasiperiodic one-dimensional systems whose structural or material properties
follow a Fibonacci sequence [1–3]. Fibonacci multilayered structures have been realized that exhibit
structural [4, 5], electronic [1, 2, 6–12], acoustic [13–15], diffusive [16], plasmonic [17, 18], electrical
[19–21], and electromagentic [22, 23] properties. Historically, of particular interest are Fibonacci
superlattices which are epitaxially grown multilayered semiconductor structures where the sequence
of semiconductor layer thicknesses follows a Fibonacci sequence [3]. Such quasi-periodic structures
for suitable choice of the parameters realize one-dimensional quasicrystals [24]. Unlike periodic
systems, Fibonacci systems possess two incommensurate periods, and are thus called quasiperiodic.
Fibonacci superlattices were extensively studied in the 1980’s as they were a relatively straightforward
way to realize an artificial one-dimensional quasicrystal. Spectral properties of Fibonacci chains
are thoroughly reviewed in [25–27]. Quasi-crystal Fibonacci chains have their two incommensurate
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periods in the golden ratio φ = (1 +
√

5)/2. The static structure factor (structure factor by default)
of Fibonacci chains is broadband consisting of many sharp peaks; in the limit the chain is of infinite
length, these tend to Dirac δ-functions giving rise to a singluar-continuous spectrum. Specifically, the
set of wavevectors corresponding to peaks in the structure factor is dense in the sense that for any
wavevector, there is a peak arbitrarily close to it. A Fibonacci chain exhibits a characteristic structure
factor in some senses intermediate between the periodic or random cases. In the case of Fibonacci
superlattice, perhaps the most thoroughly studied physical realization of the concept of a Fibonacci
chain, epitaxial structures suffer from errors in the layer thicknesses as well as interface roughness;
however, the basic spectral properties of real Fibonacci superlattices were found to be reasonably robust
against such uncertainties in layer thicknesses in the sense that the main spectroscopic signatures of
the underlying Fibonacci structure persist even in the presence of modest disorder.

The foregoing discussion concerns Fibonacci chains, but Fibonacci temporal sequences should also
be explored for temporal signals as well. The spectroscopic properties may be attractive for some
applications. For example, Ref. [28] suggests cryptographic keys (in the context of spatial Fibonacci
chains). Fibonacci signals are of interest due to their simultaneous broadband nature coupled with the
appearance in the power spectral density (PSD) S 0(ω) of numerous narrow lines. The spectra may be
regarded for practical applications as quasi-random, despite the fact that they arise from a deterministic
process. Applications in broadband radar and communications as well as cryptography may suggest
themselves.

In view of possible applications, the effects of timing jitter ξ(t), which will slightly vary the temporal
occurences of the Dirac-δ functions comprising the Fibonacci signal, is germane. To gain insight into
this problem, we turn to the literature related to disorder in Fibonacci chains and superlattices. Ref. [4]
carried out X-ray diffraction on a Fibonacci superlattice and found that despite a roughly 5% error in
the thicknesses of the layers, the diffractogram exhibited the expected pronounced peaks; Ref. [29]
carried out theoretical studies of the effects of disorder on a Fibonacci chain. As the type of disorder
present in superlattices has nothing directly to do with Fibonacci superlattices, we can look to the
literature on periodic superlattices. Though the literature is extensive, a key study is Ref. [30] where
a disorder model similar in some ways to one in which long-time order is not preserved was found to
apply to the experimental x-ray diffraction data for the superlattice studied, though the model really
requires one to understand the superlattice structure in three dimensions. For the Fibonacci signal,
however, such complications are not required.

In the first disorder model explored in both Refs. [4] and [29] the on-site energies in a nearest-
neighbor tight-binding model (which we can regard as a surrogate for layer thickness variations) are
uniformly distributed around a symmetric interval about the nominal (i.e., mean) site energies. They
found that the resulting spectrum was remarkably unaffected by the fluctuations up to a few percent.
That is, for the finite-length Fibonacci chains studied, the peaks in the structure factor persisted in
the presence of this disorder type in which long-range order is preserved. This disorder model is
analogous to one of the timing-jitter models we consider below, in which there is a clock that is locked
to an oscillator keeping absolute time. Timing jitter is thus around the absolute time. We also find
that all the peaks, in the PSD S 0(ω) in the absence of timing jitter ξ(t) also appear in S (ω) in the
presence of timing jitter; S 0(ω) denotes the PSD in the absence of jitter, while S (ω) with jitter. (We
also find additional features, the appearance of pedestals under the peaks; see below.) We also consider
a second timing-jitter model in which the clock is a self-sustaining oscillator [31]. In this case, the
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nominal timing wanders from the absolute time and the peaks are broadened and merge.
In this study, we consider the spectral properties of Fibonacci signals in the presence of timing jitter

ξ(t). In particular, we compute the PSD S (ω) of such signals. That is, we explore the effects of ξ(t) on
S (ω). Timing jitter that does not preserve-long-time order not only tends to broaden peaks in S (ω), but
actually is found to suppress important quasiperiodic properties of a Fibonacci signal; timing jitter that
preserves long-time order results in a PSD in which all peaks in S 0(ω) continue to be present. To carry
out our study, we consider generic timing-jitter models that were developed to capture basic effects on
the PSD of oscillators. The type that destroys long-time order is associated with a clock constituted
by what Lax calls a self-sustained oscillator [31]. In this case, the timing jitter associated with the
clock can wander with no effective restoring force. The second type of timing jitter which preserves
long-time order is described by an Adler-type system [32] in which the clock oscillator is locked to
the true time scale so that there is effectively a restoring force maintaining the oscillator close to the
true time. This model was adapted by Haus [33] to mode-locking of lasers. In fact, the two models
can be employed in combination as we do below. While these models are to some degree generic,
they have proven successful in describing the main effects of timing jitter and can be used to illustrate
the contrasting effects of these two types of timing jitter. The models clearly leave out much of the
physics of the noise generation and how the fundamental noise that leads to timing jitter propagates
through the system. That is, the fundamental noise may be subject to system-specific filtering–linear
and nonlinear–as well as time delays of particular import in systems with time-delay feedback [34].
These effects are not included here.

2. Approach

Let us begin by pointing out the basic quantity, the structure factor, in the spatial case. The PSD
will be entirely analogous. A key quantity with regard to a spatial Fibonacci chain is the structure
factor [35],

S (q) =
1

n + 1

n∑
k,k′=0

eiq(zk−zk′ ) (2.1)

where q is the wavevector, n is the number of sites in an Nth generation Fibonacci chain, and zk is the
position of the kth lattice site. Here we assume the scattering strength of each lattice site is the same
and normalize S (ω) to facilitate the comparison for different generation N.

Our focus is on Fibonacci signals, the direct temporal analog of a Fibonacci chain. Basically, we
change zk to tk (the time of the kth δ-function impulse in the signal) and q to (angular) frequency ω (the
angular frequency). We begin with the signal

f (t) =

N∑
k=0

δ[t − tk − ξ(t)] (2.2)

where tk are the times given by an Nth-generation Fibonacci temporal sequence (see below for explicit
expressions) and ξ(t) is timing jitter, i.e., error in the clock. We assume that ξ(t) is generated by a
zero-mean stationary random process with 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t)〉 = σ2 with σ the standard deviation
of ξ(t). We also assume the process is ergotic, so that we may evaluate time averages as configuration
averages. We denote by f0(t) the signal in the absence of timing jitter. Note that f (t) is a finite-duration
signal.
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The power spectral density (PSD) of this signal is the temporal analog of the dynamic structure
factor. It is

S (ω) =
1

n + 1

∫ ∞

−∞

dt
∫ ∞

−∞

dt′ eiω(t−t′)〈 f (t) f (t′)〉 (2.3)

where 〈· · · 〉 is the time average of the quantity contained within. The PSD can equally be viewed as
the squared modulus of the Fourier transform of f (t) averaged over the timing jitter or as the Fourier
transform of the autocorrelation function of f (t). If the timescale over which ξ(t) varies is much longer
than the duration between successive tk’s, that is, if the instances where ξ(tk) is so large that, say,
tk + ξ(tk) > tk+1 + ξ(tk+1) is so rare that we can neglect such instances, then we can take

f (t) =

N∑
k=0

δ[t − tk − ξ(tk)] (2.4)

and

S (ω) =
1

n + 1

n∑
k,k′=0

eiω(tk−tk′ )〈eiωΞ(tk−tk′ )〉 (2.5)

where Ξ(tk − tk′) = ξ(tk) − ξ(tk′) and we use the fact that for a stationary random process, Ξ(tk − tk′)
only depends on |tk − tk′ |. The frequency ω arises naturally in the exponent. Its physical meaning is
that for a given timing jitter ξ(t), the phase noise for a sinusoid at frequency ω is ωξ(t). Although exact
expressions exist for S 0(ω) [5], we shall need the expression of Eq (2.5) when we include the effects
of ξ(t). Below, we evaluate the time-averaged quantity in Eq (2.5) for the two types of timing jitter.

Before we do so, we consider a Fibonacci sequence that determines the time difference tk+1 − tk in
an Nth generation Fibonacci sequence seeded by the two time durations τA and τB. Define the rule

FN = FN−1 ⊗ FN−2 (2.6)

giving the sequence FN of τA’s and τB’s of the Nth generation. Thus, for the first few generations, we
have the sequences of τA’s and τB’s,

F1 = τA,

F2 = τA τB,

F3 = τA τB τA,

F4 = τA τB τA τA τB,

F5 = τA τB τA τA τB τA τB τA.

As for the values of tk, we have

t0 = 0,
t1 = τA,

t2 = τA + τB,

t3 = τA + τB + τA,

t4 = τA + τB + τA + τA + τB,

t5 = τA + τB + τA + τA + τB + τA + τB + τA,
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etc., up to tN for the Nth generation Fibonacci sequence.
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Figure 1. S 0(ω) for (a) N = 6, (b) 8, (c) 10, and (d) 12 generation Fibonacci signals in
the absence of timing jitter ξ(t). The main peaks are at ω = 2πφp/τF with p ∈ W and
τF = φτA + τB.
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We consider τA = φ/(1 + φ) and τB = 1/(1 + φ). We have for convenience chosen these values such
that τA + τB = 1 (without loss of generality) and τA/τB = φ (see below) giving a signal that is a time-
analogue of a one-dimensional quasicrystal. Figure 1 shows the PSD S 0(ω) in the absence of timing
jitter for an (a) N = 6, (b) 8, (c) 10, and (d) 12 generation Fibonacci signal. As N increases, the number
of peaks in the PSD increases while the linewidths decrease. These lineshapes, even in the absence of
timing jitter, are Lorentzian with the width decreasing with increasing generation N. The peaks at small
ω for modest N mainly reflect the finite thickness of the Nth generation Fibonacci signal. In the limit
N → ∞, the peaks are δ-functions, and in general for Fibonacci signals occur when ω = 2π(m+nφ)/τF

where τF = (φtA +τB). The largest peaks occur when 0 ≈ πτ2(mτA−nτB) with m, n ∈ Z. For τA/τB = φ,
the main peaks are at ω = 2πφp/τF with p ∈ W and in this case τF = φτA + τB. The large peaks for
the first few p are evident in all panels of Figure 1, which shows S 0(ω) for (a) N = 6, (b) 8, (c) 10, and
(d) 12. These plots reproduce well known features of the structure factor (but here in the PSD in the
frequency rather than the wavevector domain) of Fibonacci chains [25, 26].

We next turn to the case in which timing jitter ξ(t) is present. We have the expression of Eq (2.5) for
S (ω), which is the Wiener-Khinchine spectrum [36, 37]. We adopt a combined model for the timing
jitter, as mentioned above, that accounts for clock wander and for a locking oscillator. Since the model
is discussed in detail in Refs. [31, 33, 38], we refer the reader to those works. Note also as mentioned
above, we assume the fundamental noise is unfiltered by the system. In short, the characteristic function
encountered above is

〈eiωΞ(tk−tk′ )〉 = e−Λω|tk−tk′ | exp[−ω2σ2(1 − e−2|tk−tk′ |/τ̃)]. (2.7)

Here, Λ is the rate at which the phase at frequency ω wanders from the value it would have determined
by an absolute clock and τ̃ is the correlation time of the locking oscillator. σ, recall, is the standard
deviation of the timing jitter of the locking oscillator. Note that inherent in these models is timing
jitter that is Gaussian at all times but where time-correlations nonetheless can lead to Lorentzian
lineshapes in the PSD. Of course one can imaging physical systems in which the timing jitter is
distributed differently or with different temporal correlations; however, this model has proven to be
quite successful for a range of physical oscillators. It also enables the clear distinction of timing jitter
that preserves or destroys long-time order and has the benefit of enabling analytically tractable results
for a stochastic model.

For the case without the presence of the locking oscillator, the timing jitter ξ(t) obeys a one-
dimensional diffusion equation [31]. The timing thus can wander since there is no restoring
force maintaining tk near its nominal value. Ref. [31] considers the phase noise of an otherwise
monochromatic oscillator, and thus the phase noise associated with the timing jitter ξ(t) on an oscillator
of frequency ω is ωξ(t). In the case of a locking oscillator [33], ε(t) may not wander far from the
correct value; in effect, ξ(t) approximately obeys a one-dimensional diffusion equation in a harmonic
potential [38], thus providing a restoring force preventing tk from departing strongly from its nominal
value. Our timing-jitter model allows for both effects [38].

3. Results

In the following, we explore the effects of ξ(t) on S (ω). For clarity, we consider the two types of
timing jitter separately, though using Eq (2.7) both can be accounted for simultaneously. Specifically,
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we consider two cases: first the effects of Λ with σ = 0 (self-sustaining oscillator) and second the
effects of σ and τ̃ with Λ = 0 (locking oscillator). In Figures 2 and 3 are plotted S (ω) for N = 8
(Figure 2) and 12 (Figure 3) for (a) Λ = 0.01 and (b) 0.1 with σ = 0. We choose N = 8 and 12 to make
the main effects clear, and also to compare with published work on Fibonacci superlattices, which for
practical reasons are limited to modest N ∼ 10. We see that for increasing Λ, while the most dominant
peaks persist, they are increasingly broadened, an effect that becomes more severe with increasing ω.
At the same time, the plethora of small, narrow peaks in Figure 1(b) and (d) are no longer visually
evident. The merging of the broadened peaks as ω increases lead to an apparent featureless floor above
which the residues of the main peaks rise. Comparing Figures 2(b) and 3(b), for large Λ the PSD is
similar for both values of N as the finite-N-induced broadening has been dominated by broadening
associated with Λ. That is, Λ limits the temporal range over which the signal remains coherent.

Figures 4 and 5 show S (ω) for N = 8 (Figure 4) and 12 (Figure 5) for (a) σ = 0.01 and (b) 0.1 both
with τ̃ = 10 and Λ = 0. Here the effect of ξ(t) is markedly different. That is, the correlation time τ̃ is
over ∼ 10 pulses. Focusing on Figure 5, where the effect is more evident (the peaks are already fairly
broad in Figure 4 simply due to the generation number N = 8; see Figure 1(b)), timing jitter associated
with a locking oscillator does not blur the various spectral lines, but instead introduces a pedestal upon
which each peak sits. The contribution of the pedestals increases with ω; the peaks themselves remain
sharp on top of the pedestals. That is, the associated timing jitter still leaves a long-term coherence.
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Figure 2. S (ω) for N = 8 for (a) Λ = 0.01 and (b) 0.1 with σ = 0.
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Figure 3. S (ω) for N = 12 for (a) Λ = 0.01 and (b) 0.1 with σ = 0.
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Figure 4. S (ω) for N = 8 for (a) σ = 0.01 and (b) 0.1 with Λ = 0 and τ̃ = 10.
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Figure 5. S (ω) for N = 12 for (a) σ = 0.01 and (b) 0.1 with Λ = 0 and τ̃ = 10.

Now consider reducing the coherence time, so that τ̃ = 5 with σ = 0.1 and Λ = 0 in Figure 6
for N = 12. Still, the sharp peaks at line center persist, though the relative weight in the pedestals
increases and the pedestals broaden. These types of effects were observed in [33,38], which considered
the effects of timing jitter on mode-locked lasers. Easily verified, but not shown, in the τ̃ → 0 limit,
the pedestals merge to form a featureless continuum that rises with ω on which the unbroadened peaks
of S 0(ω) sit.
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Figure 6. S (ω) for N = 12 for σ = 0.1 with Λ = 0 and τ̃ = 5.
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4. Conclusions

In this work, we present a theory of the PSD S (ω) of a Fibonacci signal. In the absence of timing
jitter ξ(t), well known results for the PSD S 0(ω) are obtained. In S 0(ω), the peaks are intrinsically
broadened by the finite generation N of the Fibonacci signal. With increasing N, an increasing number
of weak and closely spaced peaks are visually evident in the PSD. In the N → ∞ limit, the PSD is
known to be singular-continuous, being composed of a dense set of peaks. We next consider when
timing jitter ξ(t) is present to compute S (ω). Two types of jitter are considered. The first involves
a clock that is a self-sustained oscillator, for which the ξ(t) satisfies a one-dimensional diffusion
equation [31]. The clock can thus wander over time. This type of jitter results in a PSD S (ω) in which
the spectral peaks are Lorentzian broadened and tend to merge; increasing Λ thus obscures the peaks,
with the effect increasing in severity withω. Minor peaks in S 0(ω) become entirely indistinct. This type
of timing jitter can be fatal to the PSD S (ω) merging the peaks to the point they are indistinguishable.

The second type of jitter occurs when the clock is subject to a locking oscillator. Here, the jitter is
around the absolute time maintained by the locking oscillator, and the jitter obeys a one-dimensional
diffusion equation in a harmonic potential [33,38]. Because memory of the absolute time is maintained,
the spectral peaks retain a sharp peak at line center, but acquire a pedestal on top of which they sit. The
pedestals become higher with increasing ω. Increasing σ or decreasing τ̃ enhances the relative weight
of the pedestals to the line centers. Thus, a locking oscillator can maintain the integrity of the spectrum
better than in its absence. It is worth noting that [29] computed purely numerically the effects of a
type of disorder in a Fibonacci chain on the spectrum computed based on a tight-binding model similar
to this second case of timing jitter and likewise found that the spectrum is robust against this type
of disorder. Of course, in practice, the locking oscillator may also be a self-sustaining oscillator (but
with very weak diffusion), so both effects may be present. The stochastic model we employ includes
the possibility of both effects simultaneously–and to result in closed-form expressions, rahter than to
numerically average over many realizations of the timing jitter. In fact, the two different types of timing
jitter are temporal analogues of a disorder effect long understood from the theory of x-ray scattering.
Our first type of disorder does not conserve long-range temporal order. It is analogous to type-two
disorder, in the nomenclature of Ref. [39], while our second type of disorder preserves long-range
temporal order and is an example of Guinier’s type-one disorder.
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