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1. Introduction

The aim of this paper is to study a nonlinear and noncoercive parabolic variational inequality with
constraint and homogeneous Dirichlet boundary condition. The Lewy-Stampacchia inequality
associated with it is addressed. After the first results of H. Lewy and G. Stampacchia [19] concerning
inequalities in the context of superharmonic problems, there is by now a large literature concerning
the theory of elliptic obstacle problems as well as of elliptic variational inequalities. We refer
to [3, 16, 25] for a classical overview. For a more recent treatment related to nonlinear elliptic
operators see also [23]. The obstacle problem for nonlocal and nonlinear operators has been cosidered
in [17,26]. An abstract and general version of the Lewy-Stampacchia inequality is given in [13].
Concerning the parabolic case, first existence results related to problems with time independent
obstacles have been treated in [20] in the linear case and in [5] for the more general parabolic


http://www.aimspress.com/journal/mine
http://dx.doi.org/10.3934/mine.2023071
www.aimspress.com/mine/article/6240/special-articles

2

problems. The case of obstacles functions regular in time has been considered in [2,5]. Existence and
regularity theory for solutions of parabolic inequalities involving degenerate operators in divergence
form have been established in [4, 18]. More recently in [15], the Authors prove Lewy-Stampacchia
inequality for parabolic problems related to pseudomonotone type operators. In this paper we study a
variational parabolic inequality for noncoercive operators that present singularities in the coeffcients
of the lower order terms in the same spirit of [9, 12, 14].

Let us state the functional setting and the assumptions on the data.

Let Q c RY, N > 2, be a bounded open Lipschitz domain and let Q7 := Q x (0, T') be the parabolic
cylinder over Q of height 7 > 0. We shall denote by Vv and 9,v (or v;) the spatial gradient and the time
derivative of a function v respectively. We consider the class

W,(0,T) := {v € LP(0, T, W,"(Q)): v, € L7 (0. T, W-LP'(Q))}, (1.1)
where
<p<N. 1.2
N+2 p (1.2)
and p’ is the conjugate exponent of p, i.e., 117 + # = 1. In (1.1), LP(O,T, Wé’p(Q)) and

L (O, T,w-'r (Q)) denote parabolic Banach spaces defined according to (2.7).
Given a measurable function ¢ : QrUQx{0} — R, we are interested in finding functions u: Qr — R
in the convex subset K, (Qr) of W,(0, T') defined as

Ky (Qr) = {v eW,0,T): vy ae.in QT}

and satisfying the following variational inequality

T T
f (U, v—u)dt + f A(x,t,u,Vu) - V(v — u) dxdt > f (fov—uydt Yve Ky (Qr), (1.3)
0 Qr 0
where
fel’O,.T, W' (Q) (1.4)
and (-, -) denotes the duality between WL (Q) and W(;’p (). The vector field
A=A tu,&): Qr xRxRY - RY

is a Carathéodory function, i.e., A measurable w.r.t. (x,t) € Q7 for all (1, &) € R x RY and continuous
wrt. (u,&) € R xRN for ae. (x,t) € Qr, and such that for a.e. (x,7) € Q7 and for any u € R and
&ne RV,

Alx, tu, &) - & 2 alél’ — (b(x, Dlul)” — H(x, 1) (1.5)
[A(x’t’ u,-f)—A(X»taM,ﬂ)] (5_77) >0 lff?& n (16)
A 1, < B + (B Dlul)” + K(x, 1) (1.7)

hold true. Here «, 8 are positive constants, while H, K, b and b are nonnegative measurable functions
defined on Q7 such that H € L'(Q7), K € L” (Q7) and

b,beL” (o, T, LN""’(Q)), (1.8)
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where LV*(Q) is the Marcinkiewicz space. For definitions of LV*(Q) and L® (0, T, LN""’(Q)) see
Sections 2.2 and 2.3, respectively.
We assume that the obstacle function fulfills

y € C°(10,T1, L2(Q)) N L7 (0,T, W' (Q)) (1.9)
Yy<0 ae indQx(O0,T) (1.10)
W, € L7 (Qr) (1.11)
(-, 0) € W, (Q). (1.12)
For
uy € LX(Q) (1.13)

we impose the following compatibility condition
uy = y(-,0) a.e. in Q. (1.14)

In the following, we will refer to a function u € K,,(Qr) satisfying (1.3) and such that u(-,0) = up as a
solution to the variational inequality in the strong form with initial value u,. Under previous
assumptions the existence of a solution in the weak form can be proved, see [12]. However the
existence of a solution in the sense stated above is not guaranteed even in simpler cases. Then we
assume that the source term and the obstacle function are such that

g:=f -y, +divA(x,t,y, V) = g" —g~ with g%, g~ € LV (0, T, W "' (Q))*. (1.15)

Here L7 (0, T, W17 (Q))* denotes the non-negative elements of L”' (0, T, W='*(Q)). Following the
terminology of [7] or [15], (1.15) is equivalent to say that g is an element of the order dual
LP(0,T, Wé’p (©))* defined as

L0, T, W,"(Q) =={g=g" g, g5 € L” (0, T, W7 (Q)"}.

Then, our main result reads as follows
Theorem 1.1. Let (1.2) and (1.4)—(1.15) be in charge. Assume further that

. ) al/p
D, := distpe 1 180 (b, L7 (Qr)) < T (1.16)
N.p

where Sy, = a)l_\,l/ NNL_p and wy denotes the measure of the unit ball of RY. Then, there exists at least
a solution u € K, (Qr) of the strong form of the variational inequality (1.3) satisfying u(-,0) = uy.

Moreover, the following Lewy-Stampacchia inequality holds
0<ou—-divA(x,t,u,Vu) — f < g =(f -0y +divA(x,t, ¢, Vi)~ . (1.17)

In (1.16), 2, denotes the distance of b from L*(Q7) in the space L*(0, T, LN*(Q)) defined in (2.8)
below.
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Assumptions (1.8) on the coefficients of the lower order terms allow us to consider diffusion models
in which the boundedness of the convective field with respect to the spatial variable is too restrictive
(see [8]). The corresponding bounded case has been treated in [15].

We discuss condition (1.16) through an example. It’s easy to verify that the operator

1 oy
A(x, t,u, &) = |EP72€ + e7'ulPu (l + — arctan le) —
x|y | x|

satisfies (1.5)—(1.8). According to (2.2) and (2.3) below, we get that

AR
@b:(l—]—)) wN/y

and so (1.16) holds true whenever 7y is small enough. On the other hand, we notice that (1.16) does not
imply smallness of the norm of the coefficient b. Indeed

||b||L°°(0,T,LN~°°(Q)) >

=|AQ

for a constant C independent of vy.

Theorem 1.1 also applies in the case b and b lie in a functional subspace of weak—L" in which
bounded functions are dense. For more details see also [10]. For other examples of operators satisfying
conditions above we refer to [12].

We remark that for f,y,,divA(x,t,¥, V) € L” (Qr) condition (1.15) is satisfied. Then,
Theorem 1.1 is comparable with the existence result of Lemma 3.1 in [4]. In order to prove our result,
we consider a sequence of suitable penalization problems for which an existence result holds true
(see [12]). Then we are able to construct a solution u to (1.3) as limit of solutions of such problems
despite the presence of unbounded coefficients in the lower order terms.

2. Preliminary results

In this section we provide the notation and several preliminary results that will be fundamental in
the sequel.

2.1. Notation

The symbol C (or Cy,C,,...) will denote positive constant, possibly varying from line to line.
For the dependence of C upon parameters, we will simply write C = C(-,...,-). The positive and
the negative part of a real number z will be denoted by z* and z~, respectively, and are defined by
z¥ := max{z, 0} and z~ := — min{z, 0}. Given z;,2, € R, we often use the notation z; A z, and z; V 2, In
place of min{z;, z,} and max{z,, 2o} respectively.

2.2. Lorentz spaces

Let Q be a bounded domain in R¥. Forany 1 < p < coand 1 < g < oo, the Lorentz space L”4(Q) is
the set of real measurable functions f on  such that

VAl pf |4,(0)|" k77 die < oo.
0
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Here A¢(k) := [{x € Q : |f(x)| > k}| is the distribution function of f. When p = ¢, the Lorentz space
LPP(Q) coincides with the Lebesgue space L7(Q2). When g = oo, the space L7*(€) is the set of
measurable functions f on Q such that

AP e := sup kP As(k) < oo.
k>0

This set coincides with the Marcinkiewicz space weak-L”(€2). The expressions above do not define
a norm in L7 or L”* respectively, in fact triangle inequality generally fails. Nevertheless, they are
equivalent to a norm, which make L79(Q) and L”* () Banach spaces when endowed with them. An
important role in the potential theory is played by these spaces as pointed out in [22].

For 1 < g < p < r < oo, the following inclusions hold

L'(Q) c L™(Q) c L"(Q) c L7 (Q) c LY(Q).

Forl < p<oo,1<gq< ooandé+l$ = 1,$+$ = 1,if f € LP9(Q), g € L' (Q) we have the
Holder-type inequality

f |f (gl dx < || fllzra llgll e - (2.1)
Q
Since L*(Q) is not dense in L7 (Q), for f € LP*(Q) in [6] the Authors stated the following
distipe@(f. L) = inf_[If ~ glluro)- (2.2)
2EL®(Q)

As already observed in [10, 11], we have

distiro(f, L) = Hm [If xigemlre 23)
and

distye)(f, L@) = Hm |If = Ty fllre
where, for all m > 0, 7, is the truncation operator at levels +m, i.e.,

Ty := min{m, max{—m, y}} foryeR. (2.4)
Another useful estimate is provided by the following sort of triangle inequality

If +egllere < (1 + VO Ifllre + Vel + Ve) llgllzre (2.5

which holds true for f, g € L”*(Q) and € > 0.

For 1 < g < oo, any function in L”9(QQ) has zero distance to L*(€2). Indeed, L*(€) is dense in
L74(Q), the latter being continuously embedded into L7 (€2).

Assuming that 0 € Q, b(x) = y/|x| belongs to L¥*(Q), v > 0. For this function, we have

dist ey (b, L¥(Q) = y w)/™.
The Sobolev embedding theorem in Lorentz spaces [1,24] reads as

Theorem 2.1. Let us assume that 1 < p < N, 1 < g < p, then every function u € Wé’l(Q) verifying
|Vu| € LP9(Q) actually belongs to LP4(Q), where p* := A},v_ pp is the Sobolev conjugate exponent of p
and

Nullrra < Snp IVullrra, (2.6)

where S ., is the Sobolev constant given by Sy, = wy NNL_[J.
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2.3. Parabolic spaces

Let T > 0 and X be a Banach space endowed with a norm || - ||x. Then, the space L” (0, T, X) is
defined as the class of all measurable functions u: [0, 7] — X such that

T 1/p
lleell o o.7.%) = (f llu(O)Il% dt) < oo (2.7)
0

whenever 1 < p < oo, and

|zl 0,7,x) := €ss sup [|u(®)l|x < oo
0<t<T

for p = co. The space C %[0, T1, X) represents the class of all continuous functions u: [0, 7] — X with
the norm

u (= max |[u(?)||x-
lullcoqo.ryx += max (o)l

We essentially consider the case where X is either a Lorentz space or Sobolev space W(;’p (€2). This
space will be equipped with the norm || g||W1.p(Q) = |IVgllr () for g € W(;’p Q).
0
For f € L*(0, T, L”*(£)) we define

distze, 0= (f, L™ (Qr)) = inf  ||f = gllz~©.r.0r~@) (2.8)
8EL™(Qr)
and as in (2.3) we find
diStL“’(O,T,L/’»“’(Q)) f, L™ (Qp)) = ml_igloo Ilf x {|f|>m}||L°°(O,T,L/’v°°(Q)) . (2.9)

In the class W,(0, T') defined in (1.1) and equipped with the norm

”uHWp(O,T) = ”u”LP(O,T,leP(Q)) + ||Mz||Lp'(o,T,w—1,p'(Q)),
the following inclusion holds (see [27, Chapter 111, page 106]).
Lemma 2.2. Let p > 2N/(N + 2). Then W,(0,T) is contained into the space o ([O, T], LZ(Q)) and
any function u € W,(0,T) satisfies
||”||CO([0,T],L2(Q>) < Cllullw, .1
for some constant C > Q.

Moreover, the function t € [0, T] — |lu(-, t)lli2 @ is absolutely continuous and

1d
5Enu(-,t)n;(m = (-, 0, u(, 1)y forae t€[0,T].

The compactness result due to Aubin—-Lions reads as follows.

Lemma 2.3. Let Xy, X, X; be Banach spaces with X, and X, reflexive. Assume that X, is compactly
embedded into X and X is continuously embedded into X,. For 1 < p,q < oo let

W :={uel?0,T,Xy): oueclLi0,T,X,)}.
Then W is compactly embedded into LP(0, T, X).
As an example, we choose g = p’, Xy = Wé’p(Q), X, = W (Q and X = LP(Q)if p > 2 or

X = LX(Q) for 2% < p < 2. Therefore, we deduce

Lemma 2.4. If p > 2N/(N + 2) then W,(0,T) is compactly embedded into LP(Qr) and into L*(Qr).
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3. A penalized problem

Let 6 > 0. We introduce the following initial-boundary value problem

Ous — div [A(x, t, max{us, ¥}, Vus)] = %[(zﬁ —us)" 1+ f in Qr,
us =0 on 0Q x (0,T),

us(-,0) = ug in Q,

where
q := min{2, p}.

Moreover, in this section we assume that
Y <0 ae. inQg.

We introduce the notation
A(x,t,w, &) 1= A(x, t, max{w, ¥}, £).

By the elementary inequality
la Vv d|<|al YaeR Va € (—00,0]
and recalling (1.5), (1.6) and (1.7), we easily deduce
Ax, t,u,€) - € 2 alél? = (b(x, Dlul)” = H(x, 1)
|AGx.t,u.6) - A )| - €-m >0 ife#n
A, 1,u,8)| < BEr™ + (Bee.olul)” + K(x.1)

for a.e. (x,7) € Q7 and for any u € R and &,77 € RY.
For uy € L*(Q) and f € L7 (0, T, W~ (Q)), a solution to problem (3.1) is a function

us € C° ([o, T1, LZ(Q)) N L0, T, Wy(Q)

such that

. 1
—f usp, dxds + f A(x, s,us, Vus) - Vodxds = = f [y — u5)+]‘1_1<,0 dxds
Qr Qr 6 Jo,

T
+fuo<,0(x,0)dx+f (f, o) ds
Q 0

for every ¢ € C*(Qr) such that supp ¢ c [0,T) x Q.
By using the elementary inequality

(a+a) <ad’+a’ Ya,a' € [0, +00) Yo e (0,1)
and Young inequality we see that
p<2 = [W-wT " <yl + " <=1 (ul+ ) +22 - p).

Hence, by Theorem 4.2 and Remark 4.5 in [12] we get the following existence result.
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Proposition 3.1. Let (1.2), (1.4)—(1.16) and (3.2) be in charge. For every fixed 5 > 0, problem (3.1)
admits a solution us € C° ([0, T1, LZ(Q)) N L0, T, Wé’p(Q)).

The arguments of [12] lead to some estimates for the sequence {us}s-o. We propose here a proof
that carefully keeps trace of the constants in the estimates.

Lemma 3.2. Let (1.2), (1.4)—(1.16) and (3.2) be in charge. Any solution us € C° ([O, T],LZ(Q)) N
L0, T, Wé’p (Q)) to problem (3.1) satisfies the following estimate

”ué”iw(o’T’LZ(Q)) + ||Vu6||€p(QT) < C(b’ N, P> a)l:”u()”iZ(Q) + ”f”ip/((),T,W_]*/’/(Q)) + ||H||L1(QT)
p (3.4)
+ (1ol gy + A1) S A

L2(Q) LV (0,T, W~ (Q)) LP(Qr) LP(Qr) |

Proof. We fix t € (0,T) and we set Q, := Q x (0, ). We choose ¢ := T1(us)x 0, as a test function. If
we let D(z) := fOZ T1(0)d( for z € R, we have

fd)(u(;(x, 1) dx + f A(x, s, us, Vug) - VT (us) dx ds
Q

Q

1
=< | 10— "1 Tiws) dxds
Q
+ f D(up)dx + f(f, T1(us)yds.
Q 0

Assumption (3.2) implies that [(Y — us)* 19771 (us) < 0 a.e. in Q, so we have

fCD(u(;(x, 1))dx + f A(x, s, us, Vug) - Vus dxds
Q QN {lusl<1}
!
< [ ot opars [ (T ds,
Q 0

By (1.5) and (1.7) we deduce

fd)(u5(x, 1) dx + af [Vus|” dxds
Q Q,Nflus|<1}

< f (i) dx + f (T (ug)) ds (3.5)
Q 0

+ f (blus Vv )P dxds + f Hdxds.
QN{lusl<1} QN{lus|<1}

> for all z € R, we have

Now, as 0 < ®(z) < 5

1
f Dlutg) dx < Sl g (3.6)
Q
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By Holder and Young inequality we get

t
f (fs T1(us))ds < ||f||Lp’(o,T,w—l,p'(Q))”V(rl(ué)”LP(Q,)
0

1/p

= ”f”LP'(O,T,W"J" Q) (f |V(us)l” dxds
QN{lusl<1)

a
2

Finally, by (3.3)

f (blus v yl)? dxds < f (Dlug)” dxds < [IbII7, g, -
QuNflusl<1) lusl<1)

Gathering (3.6), (3.7), and (3.8) and using Holder inequality, by (3.5) we have

fg D (us(x, 1)) dx < Mo,
where
Mo := CQV. p, ) [llsay + U1y + 10y
It is easily seen that
|2| O(u) for |u| =

and so

CN9 s Wy M
sup [(x € Q: lus(r. 0] > kjj < S22 @B Mo

Vk > 1.
0<t<T k

<32 f [Vusl” dxds + Cla, p)IfIY, ,
QN{lusl<1} )04 0,7, W~ Lp’ Q)

(3.7

(3.8)

(3.9)

(3.10)

We fix t € (0, T) and choose ¢ := usx o, as a test function in (3.1). Again, assumption (3.2) implies

that [(Y — us)"19 'us < 0 a.e. in Qr, then
1 -
2 s Dl + f ACt 5,5, Vi) - Vity dxds

||u0|lL2(Q) f <f u5> ds.
By Young inequality for € > 0

t
e
j(: (f,usyds < sf |Vus|? dx ds + P P||f||L,,,(OTW Q)"
Then, by (1.5) we further have

2
i Dl g + @ f Vusl” dxds
Q
2
< ol + & f Vsl drds
Q

+ CE Py + fg (b lus v 1) dxds + f H dxds.

Q

(3.11)
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For m > 0 to be chosen later, we have from (3.3)

f(blung)p dxds < (b |ug))” dxds:f (D X o<y lusl)” dxds+f (D X psm) lus])” dxds.
Q; Q Q

(3.12)
We estimate separately the two terms in the right—hand side of (3.12). For k > 1 fixed, we obtain

Q

f(b)({b<m} lus|)’ dxds
Q

; ; (3.13)
m”f dsf lusl? dx + k”f ds f b(x, s)’ dx.
0 {lus(-,5)|>k} 0 Q
Now we apply Holder inequality (2.1), estimates (2.6) and (3.10) to get
! !
f dsf |us|” dx = f dsf |M6X{|u5(-,s)|>k}|p dx
0 {lus(-,5)1>k} 0 Q
!
< f I tasCohl o 16117 ) DS (3.14)
SP MP/N
< kP/N f |Vus|” dxds,

where M, is the constant in (3.9). On the other hand, using again Holder inequality (2.1) and
estimate (2.6) we have

o (b)({b>m} |M§|)p dx dS < SII:/[) ||bX{b>m}||Ilj°°(0,T,LNv°°(Q))L |Vl/t§|p dXdS. (315)

Inserting (3.13), (3.14) and (3.15) into (3.12) we obtain

f (b|us vV y|)P dxds
Q

[mps Ry (3.16)

!
Vil + [ a5 [ beoyax
0 Q

< p p
A kp/N + SN,p ||bX{h>m}||L°°(0,T,LN’°°(Q))

Observe that (3.11) and (3.16) imply

. ||u5< DIZ2 0 + @ IVl ) <

P sl
p -P
5 W0l ) + RPNy + 8 P sy * Wi
pQPp pIN
I P Vi Y 16 X ol IVuts?
Kp/N Np WEAB>m o (0,7, N0 () L Z(eh)

Now we choose m > 0 so large to guarantee

p p
SN,p ”b)({b>m}||L°°(0,T,LN~°°(Q)) <a.
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The existence of such a value of m is a direct consequence of (1.16) and the characterization of distance
in (2.9). It is also clear that m is a positive constant depending only on b, N, p and @. So we get

1 2
> ||u(5(" t)”LZ(Q) + aq ”VMIS”iP(Q) <

p gl
||uo||Lz(Q) FRBI g, + =8 U ey *+ 12
m”S][z,pMp/N
+le+ oI ||Vu5||Lp(Q)

for some a = a;(b, N, p,@). We may also choose € = "‘7 Then the latter relation becomes

2
" ”I/té('»t)“LZ(Q) ||VM5||L,,(Q) A

1

5 ol g + K161 g, + C1(5. N, pr @I, +lHl @)

LP' (0,T,W-1"(Q))

M\P/N
+Cab N, ) (Z2] IVl

N N
We choose k = M, ( ) & so that C, (%)p/ = % and therefore

o
4C,

" ||I/l§( t)”LZ(Q) ||Vu5||Lp(Q) X

||uo||Lz(Q) + C3(b, N, p,&)MJIIBIL, i, + C1(b. N, p, IIfIL,

w1 @y T 1E 1l @p)-

LP(Qr)
Taking into account the definition of M, the latter leads to the estimate (3.4). |

Lemma 3.3. Let (1.2), (1.4)—(1.16) and (3.2) be in charge. Assume further that g~ defined in (1.15) is
such that
g € LY(Qy). (3.17)

Then, for every 6 > 0, every solution us of problem (3.1) satisfies

(s =) IILq(QT) < 0llg" llze - (3.18)

Moreover, there exists a positive constant C depending only on the data and independent on 6 such that

10 :uslle o.7:w-10 @) < C. (3.19)

Proof. We use the function ¢ = (¥ — us)* as a test function in the equation of Problem (3.1). Then, we
get

T
f (Ouus, Y —us)"ydt + f A(x, t, max{us, ¥}, Vu) - V(¥ — us)* dxdt
0 Qr
1 T
= gf [ — us)"dxdt + f (fs (@ —us)")dt.
Qr 0
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Recalling (1.15), this implies

1

= | [ —up)""dxdt = f 8 (W —us)" dxdt
Qr

0 Jay
T

- f (8", (¢ — us)") dt
OT

- f (0:( = us), (Y — us)"™) dt
0

- f [A(x, 1,4, V) — A(x, t, ¥, Vus)] - V(¥ — us) dxdt.
Qrnfy>us}

By (1.14) we observe that

T
1
fo 0:Y = us), W — us)") dt = EII(M@ ) (DI},

hence, by (1.6) we get

1
gf [ —us)" ] < f 8 (Y — us)" dxdt.
QT QT

Then, using Holder inequality and dividing both sides of the inequality by [|(¥ — us)")llreq,) We
obtain (3.18). To obtain (3.19) we fix ¢ € L(0, T} Wg’p (€2)) and then we observe that

T
‘ f (Byus, @) dt
0

At this point we observe that the definition of ¢ and Holder inequality imply

< (”A(7 “y maX{I/lg, w}’ Vué)”LP’(QT) + ||f||L1"(QT)) ”"D”LP(O,T;W(;‘]’(Q))

1 -1
+ 5||(¢ = us) Iy 1llocer)-

llellzaary < C(p, 192, T)llellr@p)-

Finally, using (3.18) and Poncaré inequality slicewise, we conclude that

T
f Ortts, @) di
0

where C is a positive constant independent of 6. This immediately leads to (3.19). O

S C(p» |Q|5 T)”SD”LP(O,T;W(;"’(Q))’

4. Proof of main result

We proceed step by step. We first prove the result under regularity assumptions on g and sign
conditon (3.2) on the obstacle function . Then we address the general case.

Proposition 4.1. Let (1.2), (1.4)—(1.16), (3.2) and (3.17) be in charge. There exists at least solution
u € Ky (Qr) to the variational inequality (1.3) such that u(-,0) = uy in Q and satisfying the following
estimate

+1IVul,q,, < Cb. N, p.e)

2 2 P
||u||L°°(O,T,L2(Q)) ”u()”LZ(Q) + “f”L”,(O,T,W’l-”/(Q)) + ”H”LI(QT)

(4.1)

’ 14
2 p P p
(1012 gy + 11 ey * 1By ) 160
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Proof. By  Proposition 3.1, for every o > 0 there exists a solution
us € C° ([0, T, LZ(Q)) N L0, T, Wé’p (Q)) to problem (3.1) satisfying (3.4). Hence we have that, by

Lemma 3.3 and Lemma 2.2, there exists u € C° ([O, T1, LZ(Q)) NLPO,T, W(;’p (Q)) such that
us — u strongly in L (Qr) 4.2)
Vus — Vu  weakly in L” (Q7, R") (4.3)
us — u  weakly* in L¥(0, T; L*(Q))
dus — du  weakly in L' (0, T, W7 (Q))

as 6 — 0*. By semicontinuity, (3.4) implies (4.1)
We claim that the limit function u solves the variational inequality (1.3) in the strong form.
It is immediate to check that

u(-,0) = ug a.e. in Q, “4.4)
u>yae. in Q. 4.5)

Indeed, (4.4) holds since us(-,0) = uy a.e. in Q for every 6 > 0. On the other hand, if we pass to
the limit as 6 — 0% in (3.18) and take into account (4.2) we have ||(u — ¢)||;24q,) = 0 which clearly
implies (4.5).

Our next goal is to prove that
Vus — Vu a.e. in Qr (4.6)

as & — 0*. We test the penalized equation by 77 (us — 1) and since condition (4.5) implies
f [ — us) 1 T (us — u)dxdr < 0
Qr

we get the following inequality

T T
f @pts, Ti(us — w)) dt + f Ax, 1,15V, Vitg) - VT (g — ) dz < f (- Ti(us = w)yde.  (4.7)
0 Qr 0

If we set D(z) := [ 71(£)dZ, by (4.4) we obtain

T T
f Dyit5, T (uts — ) e = f (s — u)(x, T)dx + f (@ue, T (5 — w) di.
0 Q 0

Because of (4.3), the latter term in the last inequality vanishes in the limit as 6 — 0. So, as @ is
nonnegative, we get

T
lim supf (Oius, T1(us — u))ydt > 0.
0

6—0
Again by (4.3), the right hand side of (4.7) vanishes in the limit as 6 — 0, and so (4.7) implies

lim supf A(x,t,us VW, Vus) - V(us — u) dx de < 0. 4.8)
6-0  Jornius—ul<1)

Mathematics in Engineering Volume 5, Issue 4, 1-23.



14

By (1.7), (3.2) and (3.3) we have

A, £, 15 V 4, Vi) X us-u<t) < BIVUP™ + Blus)”™ Y puy-u<ry + K
<BIVulP™ + C(p)b™! + C(p)(Bluly”™ + K

therefore, by the dominated convergence theorem and by (4.2), we get

Lim A(x,t,us VU, Vu) - V(us — u)dxde = 0. 4.9)

020 Jornflus—ul<1}

Combining (4.8) and (4.9) and by (1.6) we get

}Sirréf [A(x,t,us V ¥, Vus) — A(x, t,us V i, Vu)| - VT 1(us — u) dx dt = 0. (4.10)
— Qr
Using again (1.6), relation (4.10) gives
[A(X, tusV I,D, Vu(;) - A(X, t,us VvV l//, VM)] . V(I/t5 - u)X{Iug—uKl} -0 a.e. in QT
and so by (4.2) we get
[A(x, t,us V ¥, Vus) — A(x, t,us V i, Vu)] - V(us —u) — 0 a.e. in Qr

as 0 — 0. By Lemma 3.1 in [21] we deduce that (4.6) holds.
We let v € K, (Qr). It is clear that [(y — u(;)Jf]q_l Ta(us —v) < 0 a.e. in Q7 and for every A > 0. For
this reason, if we use 7,(us — v) as a test function in (3.1) we deduce

T
f (Ous, T1(us — v))dr + f [A(x, t,us V ¥, Vus) — A(x, t,us V i, V)] - VT 1 (us — v) dx dt
0 or @.11)

T
< f (f, Tr(us —v))ydr — f A(x, t,us Vi, Vv) - VT (us — v)dxdt.
0 Qr

We set @,(z) := foz T2(£)dZ and we have

T T T
f (Opus, T )(us — v))dt = f (O, Talus —v)ydr + f (Oius — 0v, T H(us — v))dt
0 0 0

T
= f O, Ta(us —v))de + f D,(us —v)(x, T)dx — f D, (ug — v(x,0)) dx.
0 Q Q
4.12)

We observe that Lemma 2.2 applies because of (3.4) and (3.19), so
us(-,t) = u(-,f) weakly in L*(Q) for all ¢ € [0, T1].

This convergence and the Lipschitz continuity of ®, gives ®,(us —v)(:,T) — @, (u —v)(-, T) weakly in
L*(Q), then

lim f D (us —v)(x, T)dx = f D (u—v)(x,T)dx. 4.13)
6—0 Q Q
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On the other hand, by Fatou lemma, we are able to pass to the limit as 6 — 0 in the third term on the
left-hand side of (4.11). Indeed, for this term we know by the monotonicity condition (1.6) that the
integrand is nonnegative and we have already observed that us; and Vus converge a.e. according to (4.2)
and (4.6) respectively. We only need to handle the term

f A(x,t,us Vi, Vv) - VT (us — v)dx dz.
Qr

This can be done arguing similarly as for the case 4 = 1. By (1.7) we have
A 1,15 V0 V) Xty < BIVVPT + K+ C(p)AP™ (5771 + (Bvly™).

By (4.2) and (4.5) we obtain A(x, t, us vV i, Vv) — A(x, t,u, Vv) a.e. in Qr, Therefore, by the dominated
convergence theorem, A(x, t, us V ¥, Vv) — A(x, t, u, Vv) strongly in L (Qr,RY), and this yields

lim Alx, t,us, Vv) - VT 1 (us — v)dxdr = f Alx,t,u, Vv) - VT (u — v)dx dz.

6—0 QT QT

Taking into account the latter relation and also (4.12) and (4.13), we can now pass to the limitas 6 — 0
in (4.11) and obtain

T
f (@, Talu = v)ydr + f @, (u — v)(x, T) dx — f @, (1 — v(x,0)) dx
0 Q Q

T
+ f Alx, t,u, Vu) - VT (u —v)dx dr < f (f, Ta(u—v))dt.
Qr 0
Since
TrAu—v) > u—v strongly in L”(0, T, Wé’p(Q)) as 1 — oo,

1
O,(u—-v)(,T)—> Eluo —v(-,0)] strongly in L'(Q)as 1 — oo

1
D (g —v(-,0)) — Elu(-, 0) — v(-, 0) strongly in L'(Q) as 1 — oo

and also observing that

T T 1 1
f (O, u —vydr = f O, u—vydt + = f lup — v(-,0)* dx — = f lu(-, T) — v(-, T)* dx
0 0 2 Ja 2 Ja
we conclude that (1.3) holds. O

Next result shows that a Lewy—Stampacchia inequality can be derived under some suitable
assuption, that we are going to remove later.

Proposition 4.2. Let (1.2), (1.4)—(1.16), (3.2) and (3.17) be in charge. If we also assume that

g € L”(Qr) N L0, T, Wy " ()
g =20 a.e. in Qr
0,8~ € LY(Qr)

the solution u of the obstacle problem constructed in Proposition 4.1 satisfies the Lewy—Stampacchia
inequality (1.17).
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Proof. We define
1 -
%=8 =3 [ — up)* 1"

For k > 1 we also define

m(y) = (q - 1)fy min{k, s7"*} ds
0
) _
Yi(x,1,4) == — (g_ - 5771«(/1_))
y
Ai(x, 1, ) = f Yi(x,t,0)do.
0

Thanks to Lemma 4.3 in [15] we are able to test (3.1) by Wi(x, s, us — ¥)x(0.n fort € (0, T), obtaining

- f 0N (x, s,us —)dxds + f Ai(x, t, (us —¥)(x, 1)) dx — f Ai(x,0, (us — ¥)(x,0))dx
Q Q Q

| _
- f [A(x, s,us V ¥, Vus) — A(x, s, ¢, V)] - V (g_ — gnk((u(; - w)_)) dxds
Q
{ _
- f % (g‘ — Sl - m) dxds
Q,

! 1 -
= - f <g+, (g‘ - gﬂk((ué - w‘)) > ds < 0.
0

By (1.14) we have

(4.14)

fAk(x, 0, (us — ¥)(x,0))dx = 0.
Q

We also have

Us—y
—f 0:Ai(x, s,us — ) dxds = —f 8,g_f X (g~ Lnie)<0) drdxds
Q Q 0
—(us—y¥)~
= —f 0.8 f X{g—Ln(z)<0} drdxds
Q 0

> —f 108" [I(us — ¥)"| dxds.
o

So, taking into account (4.14), we have

1
— | 10:g II(us — y)"Idxds + fQAk(x, 1, (us — Y)(x, 1)) dx — fg 2 (g_ ~ 57 ((us - 1,//)‘)) dxds

Q

| i
- fg [AGE 5. 1t5 V 1, Vitg) = ACx, 5,0, V)] -V (g‘ - (s - w—)) dxds < 0.
’ 4.15)
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We remark that

1
- f 2 (g_ ~ 5 ((us - lﬂ)_)) dxds
Q
1 ] | ]
= —L (g_ =5 [ —us)*]? 1) (g_ ~ 57 ((us — W)_)) dxds.

Since we have {g™ = 3mi((; — ¥)7) < 0} C {5 < ¥} then

. N
- f [A(x, s,us V ¥, Vus) — A(x, s, ¢, V)] - V (g_ - gnk((u(; - w)_)) dxds
Q,

1
= f X{ _—%T]k((u(;—lﬁ)_<0} [A()C, s, *ﬁ, VM(;) - A(.X', S, '% V‘ﬁ)] Y (g_ - 5'7/(((”6 - lvl’)_))) dxds.

t

By (1.6) it follows that
1
[A(.X, S, '7[’7 Vué) - A()C, S, lr//, Vl//)] : V (g_ - gnk((ué - w)_)))

1
> 5'7;2((“5 =) [Ax, 5,4, Vus) — A(x, 5,4, V)] - Vius — ¢)

- | [A(.X, s, lﬁ, Vl/t(;) - A(X, s, W’ Vlﬁ)] ||Vg—|
> — |A(.X', s, '7[/’ VM(S) - A()C, S, '7[” V¢)| |Vg_|

Hence, we deduce from (4.15)

- f 10:g"[I(us — ¥)"|dxds + f Ar(x, 1, (us = ¥)(x, 1)) dx
Q Q
— 1 + L]—] — 1 — -
- g —g[ﬁﬂ—u&)] 8 —gﬂk((ua—lﬁ)) dxds
= | A, 8,4, Vug) = A(x, 5,4, Vi)l Vg | dxds < 0.
Q
Now, we pass to the limit as k — oo. In particular, by using the monotone convergence theorem, we

have

k— o0 5

(=) (x1) 1 -

lim | Ag(x,t,(us — ¥)(x, 1)) dx = —f dxf (g_ - = [0'_]‘1_1) do >0
Q Q 0

and also

1 - 1 i
— lim f (g_ — 5 [({// — u5)+]q 1) (g_ - gnk ((ué - "//)_)) dxds = ”Zé_“iz(ﬁt)
Q

k—o0

We gather the previous relations, and (since ¢ € (0, T') is arbitrary) we get

- f 10187 (s = y)7 I dxds + llz5 |17,y < f Xwsup) [ACe 1,4, V) — A(x, 1,4, V)l Vg™ | dx ds.
QT QT

Since it is clear that
mf 10:¢" II(us — ) |dxds = 0
Qr

li
6—0
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we obtain

lim sup ||zg||i2(QT) < lim sup f Xwsus) A, 8,0, Vus) — A(x, t, ¢, V)| [Vg ™| dx ds. (4.16)
-0 0—0 Q

1

Observing that (4.2), (4.5) and (4.6) hold, then
Fé = X{l,b>u5} |A(x, , lr//, Vué) - A(-x’ 1, ¢’ V'vb)l -0 a.e. in QT

as 6 — 0. By (1.7), (3.2) and (3.4), Fs is also bounded in L (Q7), hence Fs — 0 in L7 (Q7). We
deduce

lim f sy JAGE £, Vitg) — ACx, 1,01, V)| Vg | dxds = 0.
Qr

6—0

By (4.16) we obtain
. 2 _
lim iz 1172 g, = 0-

Hence we have
[(us — )71 = Byus — dIVAC, - us V @, Vus) — f

SR

0<

and so
0 < Ou — divA(-, -,u, Vu) — f.

Similarly, rewriting (3.1) as follows
75 + Ous — divA(, - us Vi, Vus) — f =g + 25
then
ou — divA(-, -, u,Vu) — f < g~
and the proof is completed. O

Next result provides the one of Theorem 1.1 under the assumption (3.2) but removing
condition (3.17).

Proposition 4.3. Let (1.2), (1.4)—(1.16) and (3.2) be in charge. There exists at least solution u €
K, (Qr) to the variational inequality (1.3) satisfying u(-,0) = ug in Q, the estimate (4.1) and the Lewy—
Stampacchia inequality (1.17).

Proof. We know that
g =f—-v,+divA(x,t,y, V) =g" — g,

where g* are nonnegative elements of L' (0, T, W='*'(Q)). By using a regularization procedure, due
to [7] Lemma p. 593, and Lemma 4.1 in [15], we find a sequence {g, },en 0of nonnegative functions
such that

g, € L"(Qr) N L0, T, W, (Q))
g >0 ae. inQr
d,g, € LY(Qr)
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and
g, —g inLP0,T,W'7(Q)asn— c.
We define
fo= —divA(x, 6,4, V) + g7 — g,
It is clear that
fo— f inLP(0, T, W7 (Q))

as n — oo. Due to the regularity assumptions on g,, we get the existence of u, € K,(Qr) with
u,(+,0) = up in Q such that for every v € K, (Qr) we have

T T
f (O, v — u,) dt + f A(x,t,u,,Vu,) - V(v — u,) dxdt > f (fr, v — uy,)dt. 4.17)
0 Qr 0
Moreover, the subsequent estimate holds

2 2 !
it Oy + 10y < €Oy N, o) Wl + U1y +

9 , p
# (10120 + W11y + 10y ) 101
and the following Lewy-Stampacchia inequality holds
0 < Oy, — divA(x, t,u,, Vu,) — f, < g, (4.18)

Since the sequence {f,},an 1S strongly converging (and hence bounded) in L7 (0, T, W™ L7 (Q)), we
obtain

sup f lunC, O dx+ | |Vu,|P dxdt < C
Q Qr

0<t<T
for some positive constant C independent of n. Moreover, the Lewy—Stampacchia inequality (4.18)
implies a uniform bound of this kind

10l 0.7: w17 ) < C
again for some positive constant C independent of n. Therefore, there exists u € o ([0, T], LZ(Q)) N
LP(0,T, W(;’p () with u(-,0) = ug in Q such that
u, — u strongly in L(Qr) 4.19)
Vu, — Vu weakly in L (QT, RN )
u, — u  weakly® in L=(0, T; L*(Q))
du, — du  weakly in L' (0, T, W17 (Q))

as n — oco. Obviously (4.19) implies u > ¢ a.e. in Q. If we summarize, we have u € K, (Qr) and then
V= Uy — T1(u, — u) € Ky(Qr). Hence, we use v, as a test function in (4.17) and, arguing as in the
proof of Proposition 4.1, we obtain

Vu, — Vu a.e. in Qr

as n — oo. For fixed 4 > 0 and v € K,,(Qr) we also have v, ; 1= u, — Ta(u, — v) € K,(Qr). Arguing
again as in the proof of Proposition 4.1, we get (1.3) passing to the limit (first as n — oo and then as
A — ) in the inequality obtained by testing (4.17) by v, 4. O
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Finally, we remove condition (3.2), i.e., we are able to prove Theorem 1.1.

Proof of Theorem 1.1. The convex set K, (r) is nonempty and one can find w € K, (Qr) such that
w(-,0) = ¥(-,0) in Q (see for details Remark 2.1 in [15]). Let us define

A(x, t,u,n) =AM, t,u+w,n+Vw)
b=y -w
fto = Uy — W(',O).
Hence f € L7 (0, T, W=7 (Q)) and ¢ and y share the same trace on dQ x (0, T). Therefore, one can
conclude
J <0 ae. inQy
J(-,0)=0 ae. inQ.

Moreover, the vector field A enjoys similar properties as A. This is trivial for conditions (1.6) and (1.7).
As in [12], properties of A and Young inequality, we have for € > 0

A(x,t,u,f)-§> (a—ﬁs”)|§+Vw|p—(b”+8”l~7p) lu +w)’ — H;

with a suitable H, € L'(Q;). Moreover, as an elementary consequence of the convexity of | |7, for
0 <& < 1 we find a constant C = C(:, p) > 0 such that

|+ Vw|P > 97 |€)F — C |Vw|?, lu +wl? <7 ul’ + CwlP.
Hence, we get coercivity condition for A:
ACvu,&)- € > alél - (bluly - A,

where we set _
b+eb

)

and denoted by A a suitable nonnegative function in L'(Q7). Obviously, we can make & arbitrarily
close to a, by choosing & close to 0 and ¢ close to 1. Using inequality (2.5) for b and b in place of
f and g, respectively, we can easily show that also Zj, is arbitrarily close to &, again by choosing &
close to 0 and ¢ close to 1. Indeed, we have

& =(a—Be’)d”, b=

diStL‘”(O,T,LN»“’(Q))(Z;’ L™ (Q7))

1+ e
?

Ve(l + Ve)

B 0 N,c0 .
9 ” ”L (0,7,LN->(Q))

< distze 7,170y (b, L™ (Qr)) +

By (1.16) we can also have
alr

@[,<—

Snp
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We observe that

f=0,+divAGx, t, 0, V0) = f —y, + divA(x, 1,4, V).

We can apply Proposition 4.3 for the operator A. Therefore, we obtain the existence of a function
it € K;(Qr) such that
a(-,0) = i in Q (4.20)

and the following parabolic variational inequality

T T
f(ﬁt,f/—ﬁ)dt+fA(x,t,ﬁ,Vﬁ)~V(ﬁ—ﬁ)dxdt>f(f,f/—ﬁ)dt
0 Qr 0

holds true for every admissible function ¥ € K;(Qr). Since any v € K,(Qr) can be rewritten as
v = b+ w for some ¥ € K;(Qr), by (4.20), by the definitions of A, f and , we see that the variational
inequality (1.3) holds true with u := & + w and for any admissible function v € K, (Qr). The fact that
u € Ky(Qr) and u(-,0) = up in Q is obvious, and this concludes the proof. O
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