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Abstract: In the paper [20], the authors introduced a Gauss curvature flow to study the Aleksandrov
problem and the dual Minkowski problem. The paper [20] treated the cases when one can establish the
uniform estimate for the Gauss curvature flow. In this paper, we study the L, dual Minkowski problem,
an extension of the dual Minkowski problem. We deal with some cases in which there is no uniform
estimate for the Gauss curvature flow. We adopt the topological method from [13] to find a special
initial condition such that the Gauss curvature flow converges to a solution of the L, dual Minkowski
problem.
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1. Introduction

Let M, be a smooth, closed, uniformly convex hypersurface in R"*! enclosing the origin. In [20],
the authors studied the following anisotropic Gauss curvature flow:

{(%X(x, 1) = —fMr*Kx,t)v,

X(x,0) = Xo(x), (1.1)

where K(-, 1) is the Gauss curvature of the hypersurface M,, parametrised by X(-,7) : $" — R"™, v(-, 1)
is the unit outer normal at X(-,¢), f is a given positive smooth function on S", and r = |X(x, 7)| is the
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distance from the origin to the point X(x, 7).

The Gauss curvature flow (1.1) was introduced to study the existence of solutions to the dual
Minkowski problem proposed in [16]. It can be formulated as solving the following Monge-Ampere
equation on the unit sphere S",

det(V2u + ul)(x) = @(wuﬁ +ud)?, xes" (1.2)
u
where u denotes the support function of a hypersurface solution M. By establishing the a priori
estimates and studying the convergence of the normalized flows of (1.1), the following results were

proved in [20].
Theorem 1.1. ( [20]) Let f be a smooth and positive function on the sphere S".
(i) If @ > n + 1, there is a unique smooth, uniformly convex solution to (1.2).

(i1) If @ = n + 1, assume that f satisfies the condition (1.3) below, then there is a smooth, uniformly
convex solution to (1.2). The solution is unique up to dilation.

(iii) If @ < n+ 1 and f is even, there is an origin-symmetric, smooth and uniformly convex solution
to (1.2).

(iv) If f = 1, then the solution must be a sphere when @ > n + 1, and the origin-symmetric solution
must be a sphere when 0 < a <n + 1.

When @ = n + 1, Eq (1.2) is the Aleksandrov problem. It is known that there is a necessary and
sufficient condition for the existence of solutions, namely

f=15",
o (1.3)
/f < |S" - |w*|, VY convex domain w C S",

where w” is the dual set of w.

In this paper, as in [5, 10,20] we employ a Gauss curvature flow to study the existence of solutions
to the L, dual Minkowski problem introduced in [23]

which extends the dual Minkowski problem (1.2). Let f and g be positive functions on S", and
D, q € R. We study the existence of solutions to the following equation,

U (Vul + )"

det(V2u + ul)(x) = , xes" (1.4)

Vu(x)+ux

g( \/IVuITuZ)

Equation (1.4) contains the L, dual Minkowski problem as a special case (namely when g = 1). It
extends the L,-Minkowski problem (when ¢ = n + 1 and ¢ = 1) and the dual Minkowski problem
(whenp=0and g =1).

In particular, when g = 1, p = 1,9 = n+ 1, Eq (1.4) is the classical Minkowski problem, which asks
for the existence of closed convex hypersurfaces with prescribed surface area measure. It is a major
impetus for the development of fully nonlinear PDEs. The L,-Minkowski problem, introduced in [22],
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concerns the existence of closed convex hypersurfaces with prescribed p-area measures. It extends the
classical Minkowski problem and includes the logarithmic Minkowski problem (p = 0), and the centro-
affine Minkowski problem (p = —n — 1) as special cases [2, 11]. In the last two decades, great progress
has been made in the study of the L,-Minkowski problem. There is a rich phenomena on the existence
and multiplicity of solutions, depending on the range of the exponent p (see e.g., [1,9,12,15,18,19]).

For general exponents p and ¢, Eq (1.4) has been studied in [4,6-8, 17]. Suppose that g = 1. The
existence of smooth solutions to (1.4) was proved in [17] for p > ¢, and in [8] for p = g. When p < ¢,
the solution may not be smooth in general. Weak solutions were obtained in [4] when p > 1 and g > 0,
and later on in [8] for all p > 0 and ¢ € R. If only origin-symmetric solutions are concerned, Eq (1.4)
was solved in [6] when pg > 0, and in [7] when g > 0 and —¢* < p < 0 where ¢g* is defined as

q
q—n
g =4 ifl<g<n+1,
q—1
+o0 if 0 < g < 1.

ifg>n+1,

Suppose now g # 1. Equation (1.4) with p = g = 0 characterises the Gauss image problem proposed
by [3], which extends the classical Aleksandrov problem. It was also considered in [21] from the
optimal transportation viewpoint.

The main result of this paper is the following.

Theorem 1.2. Let f,g € C"'(S") be positive functions satisfying c ' < f,g < ¢ for some constant
co > 1. Suppose that ¢ > n and

nq

T ifg>n+1,

p< (1.5)
,ifn<g<n+1.

q—n
Then there is a uniformly convex and C*?*-smooth positive solution to (1.4), where @ € (0, 1).

When g =n + 1 and g = 1, Theorem (1.2) recovers the main result in [13]. The range of p and ¢g in
Theorem 1.2 has no overlap with that in [7], and to the best of our knowledge, has not been studied in
other papers.

To prove Theorem 1.2, we will employ the following Gauss curvature flow,

%lf(x, 1) = —n(t)@o(, WX UK (x, )y + X(x, 1), (1.6)

8(&)

where X(-, 1) : S" — R"! is a parametrisation of the evolving convex hypersurface M,, & = X/|X|, v
and K are respectively the unit outward normal and the Gauss curvature of M,. The multiplier 7(z) is
given by

L

0o = /S feou e nds] | /S g ndg] (L.7)

and as before, u(x,t) and r(&, t) are the support and radial functions of M,.
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Denote by K, the set of convex bodies Q C R™*! containing the origin in its interior. We will show
that (1.6) is a gradient flow to the following functional:

1

T = | /S ,, g@r@ag] +| /S W@ f(odx] (1.8)

where Q € K, u and r are the support function and the radial function of Q, respectively. If Q € K, is
a critical point of the functional (1.8), then the support function of Q satisfies Eq (1.4).
For the Gauss curvature flow (1.6), a main issue is the lack of uniform estimates, namely the control
of the eccentricity of € (i.e., the eccentricity of the minimum ellipsoid of Q). Our strategy is to use a
topological method to find a special initial condition such that the evolving hypersurfaces M, = 9€Q,
satisfy
B,.(0) c Q, c Bg(0), (1.9)

for some positive constants R > r > 0 independent of z. Once the solution satisfies such a C%-estimates,
one can establish higher order a priori estimates for the flow (1.6). Hence by the monotonicity of the
functional (1.8), the flow converges to a solution of (1.4).

To find the special initial hypersurface, we assume that ¢ > n and (1.5) such that the functional
I p.q(L) will become very large if either the volume of Q is sufficiently large or small, or the eccentricity
of Q is sufficiently large. This property enables us to find the special initial hypersurface by using
the topological method and the variational structure of the equation as in [13], where we proved the
existence of solutions to the L,-Minkowski problem in the super-critical case (namely when g = n + 1
and p < —n — 1). Although the approach is similar to that in [13], equation (1.4) and the associated
flow (1.6) are more complicated than the corresponding ones in [13]. Therefore, we need to present
sufficient details of the argument for the approach.

We will consider in Section 2 the a priori estimates for the flow (1.6). In Section 3, we combine
the a priori estimates and the topological method to find a special initial condition such that the flow
converges to a solution of (1.4), and thus prove Theorem 1.2. Section 4 contains further remarks on
some variants of Theorem 1.2.

2. A priori estimates for the Gauss curvature flow (1.6)

For a closed convex hypersurface M c R™*!, the support function of M is given by
u(x) = (x, V() ¥ x €8,

where vy : M — S" is the Gauss map and v/‘\}( is its inverse. It is well known that v/‘vlt(x) = u(x)x +
Vu(x), and the Gauss curvature of M at v/‘\}[ (x) is given by

K=1/ det(uij + l/lél‘j), 2.1

where u;; 1= iju. Assume that CI(M) € K, where CI(M) denotes the convex body enclosed by M.
Recall that the radial function of M, denoted by r, is given by

&) = max{d : A& € CIM)} Y &€ S (2.2)
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Denote #(¢) = r(£)é. We also define the radial Gauss mapping by

Dm(E) = vm(F(&) VY EeS".

It is easy to verify that
— _ 1
ro .yl (x) = vy (0l = @ (x) + [Vu()l)z.

For any convex body Q € K, its polar dual Q* is given by
Q' ={xeR":x-y<1,VyeQ}.

Let M, be a solution to the flow (1.6) and X(-,7) be its parametrisation. Consider the new
parametrisation

X(x,0) = X(3, (1), ).
It is straightforward to compute

X _ 09X 900 ax
o L4o7 o ot

Since the first term on the right hand side is tangential, taking inner product with the unit outer normal
of M, gives that

Ou(x, 1) = (x,8,X(x, 1)) = (x,0,X(V; (X), 1)).

Hence by (2.1), the flow (1.6) can be expressed as

n+l—-q

N0 f(x) uP@ +[Vul) =
g(—Ruux_)  det(VZu + ul)

w2 +|Vul?

Ou(x,t) = — (2.3)

Theorem 2.1. Suppose that both f and g are positive and C'*!-smooth. Let u(-, 7) be a positive, smooth
and uniformly convex solution to (2.3), ¢ € [0, 7). Assume that

1/Cy < u(x,t) < Cy 2.4)
for all (x,¢) € S" x [0,T). Then
C'I < (V*u+ul)(x,f) <CI VY (x,1) € S"x [0, T), (2.5)

where C is a positive constant depending only on n, p, g, Cy, ming. f, ming. g, || fllcr1sny, lIgllcrign), and
the initial condition u(-, 0), but is independent of 7.

Proof. We first observe that, by the convexity

[Vu(x, t)| < max u(-,1) < Cp, ¥V (x,1)€S" x[0,T). (2.6)

Mathematics in Engineering Volume 5, Issue 3, 1-19.



It also yields the bound of () defined by (1.7):
1/Cy <n(t) <Cy, forallte[0,7), 2.7)

where C; depends only on n, p, ¢, ming: f, ming: g, maxg: f, maxg: g and Cy.
Recently in [14], we studied the centro-affine Minkowski problem. We established in [14] the a
priori estimates for a more general equation of the form

du(x, 1) = —n(OD(x, u, Vu)[det(V?u + ul)]™" + u(x, 1), (2.8)

so that when

n+l—-q

W + \Vul?) ">,

J(x)

W

§ Vu?+Vul?

O(x,u, Vu) =

the Eq (2.8) becomes (2.3).
By virtue of Lemma 6.1 and Lemma 6.2 in [14], and using (2.6), (2.7) and (2.8), we conclude (2.5)
as desired and hence complete the proof. O

By the second derivative estimates (2.5), Eq (2.3) becomes uniformly parabolic. Hence, by Krylov’s
regularity theory, we have the following C>“ estimate,

llu(-, Dllczagny < C Y (x,1) € S"x[0,7T), (2.9)
for any given a € (0, 1), where the constant C depends only on n, p, g, Co, ming: f, ming. g, || fllct1(sn),

llgllctism, and the initial condition u(-,0). By the a priori estimates (2.9), we have the longtime
existence of solutions to the flow (1.6), provided that u satisfies (2.4).

Theorem 2.2. Assume the conditions in Theorem 2.1. Let T,,,x be the maximal time such that the
solution u(-, f) exists on [0, Tyax). Then T, = oo and u satisfies the estimates (2.5) and (2.9).

3. Proof of Theorem 1.2

In this section, we use a topological method to select an initial hypersurface Ny, such that the
flow (1.6) deforms N to a solution of (1.4).

3.1. Monotonicity of the functional (1.8)
We first prove the monotonicity of J := 7, under the flow (1.6). Recall that

7@ =[ [ s@rede] +[ [ wereoa]”.
s s
Lemma 3.1. Suppose M,, t € [0, T), is a solution to the flow (1.6) in K,. Then
d
Ej () =0,
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where Q, = CI(M,). Equality holds if and only if the support function of M; satisfies

n+l—q

FuP 1 (\Vul)? + u*)
g( Vu+ux )

u2+|Vu?

det(V?u + ul) =

(), (3.1)

where 77 is given in (1.7).
Proof. The following formulas can be found in [20]:

o.r

r

9,
& 1) = 7”(%%(5), ),

I (1)) G-
ac =—
u(p,(£))
where Jac.oZ is the Jacobian of the radial Gauss mapping.
By virtue of (2.1), (2.3) and (3.2), we obtain
d i1 0 41 0
—J@) = | / gridé]’ / g de - | / u’ fdx|” furSZdx
dt NG N r Sn sn u
SN S
= [/ grqdf] / g Oudx — [/ upfdx] Sful" Oudx
Sn Sn K Sn Sn
1_ g—n—1
= [/ grqdf]q l / gr (u - n(t)ir”+1_qupK)0tudx > 0.
R o uk g
Clearly, equality %j (€2,) = 0 holds if and only if u(-, 7) satisfies (3.1). O

The proof of Lemma 3.1 also verifies that (1.4) is the Euler-Lagrange equation of the functional (1.8)
up to a constant. Note that once we have a solution to (3.1), by a proper rescaling, we can obtain a
solution to (1.4).

In the following, we aim to find an initial condition u(-, 0) such that (2.4) is satisfied.

3.2. An estimate for the functional (1.8)

For any convex body Q in R"*!, let E(Q) denote John’s minimum ellipsoid of Q. We have
1
—E(Q) Cc QC EQ).
n+1

Let a;(Q) < ax(Q) < --- < a,1(Q) be the lengths of semi-axes of E(Q). Denote ey = eq = %g)z) the
eccentricity of M := dQ (or the eccentricity of Q).

In this subsection, we will show Proposition 3.2 by assuming that Lemma 3.3 and Lemma 3.4 hold.
The proofs of Lemma 3.3 and Lemma 3.4 will be presented after the proof of Proposition 3.2.

Proposition 3.2. Suppose that ¢ > n and p satisfies (1.5). Suppose that f, g satisfy ¢;' < f,g < co
for some constant ¢y > 1. For any given constant A > J(B;(0)), if one of the quantities eq, Vol(€2),
[Vol(Q)]™!, and [dist(O, 0Q)]~! is sufficiently large, then J(Q) > A.
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Proof. We divide the proof into three steps.

Step 1: If eq > e for a large constant e > 1, we have J(Q) > A.
By Lemmas 3.3 and 3.4, we have

1 ;'

——/ wdx 2 C——, (3.3)
P Js [1i% a;

1 3 n

- / ridé > Ca’ i | |a;. (3.4)

q Jsn j=1

From (3.3) and (3.4), there exists a constant C > 0 depending only on n, p, g, ¢y such that

TP > ] /Snupdx]-é[ /S e

1

> Cdfﬂ“allf’[ﬁa}']”][ﬁ"?]

j=2 j=1
I L L R LT N ) L A R0 B Lt
R R
That is
ap -t T (e -0
[T > c[j] T ™ (3.5)
=1
Condition (1.5) yields that
L= i
1=t 50, and 1-2"J Joovji=1,.n
Ipl |pl q
To see this, if ¢ > n + 1, then |p| > % and
1_n+1—j_l’>1_(n+1—j)(q—1)_l'
|pl q nq
_g-n-DG-D S 0.
ng

While if n < g < n + 1, then |p| > qﬁ—n and

_n+1—j_l'>1_(n+1—j)(q—n)+j
Pl q q
_n=pnt+l-9 50
q

1

Note that a; > d. If eq is large, there is a j such that a;,,/a; is large. We see from (3.5) that
JEQ) > A.

Step 2: If either Vol(€2) < vg or Vol(Q2) > v, !, for a small constant vy > 0, then J(Q) > A.

We have 1 cd
JQ) > [/ rigdg|" > Cd 2

NG antl

[Vol(Q)]#, (3.6)
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and 1

j(Q)Z[/ u”fdx]‘”‘z d ¢ —.
s An+1 Ans1 [VoOI(Q)] w1
If a,/d is large, then (3.5) implies that J(€2) > A. Therefore we may assume a; < Cd for some C,
and so a;/a,. < Cd/a,,,. Hence if either d/a,., or a;/a,, is sufficiently close to 0, then (3.5) again
shows that J(Q) > A. Hence we assume that d/a, ., or a;/a,,, are away from 0. By (3.6) and (3.7), if
either Vol(Q) or [Vol(Q)]~! is large, then J(Q) > A.

Step 3: If dist(0, 0Q) < d, for a sufficiently small dy > 0, then J(Q) > A.

In this case, we may assume that a; < Cd forall 1 < j < n+ 1 for some C > 1. As discussed in
Step 2, a; < Cd, otherwise we are done. If a;/d is sufficiently large for some j, then eq is also huge as
eq > aj/a; > a;/(Cd). Step 1 shows that J(€2) > A.

Under the above assumption, if d is sufficiently small, then Vol(€2) becomes very small. By Step 2,
we have J(Q) > A. O

v

(3.7)

Lemma 3.3. Let Q € K,. Suppose g > 0. There exists a constant C > 0 depending only on n and g
such that

n

1 -
. /S F@)dE 2 Cayl) [ e

i=1
Here, r is the radial function of Q2, and a; < --- < g, are the lengths of semi-axes of E(Q).
Proof. By a proper rotation of coordinates, we assume that £ = E(Q) is given by
n+1 Z-2
E-fp={zer™: Y <),
i=1 %

where (g = ({1, -+ ,{y+1) 18 the center of E. We can further assume that £,,.; > 0.
Since ﬁE c Q, we have

u(en+l) > §n+] + n Ap41- (38)

+1
Hence, there exists a point py € Q such that

Do €ni1 = U(€yi1) > Ly + . QApyi-

+1
Consider the hyperplane L which is orthogonal to e,,; and passes through g:
L={zeR"" : (2= k) en1 =0}

LetP=LnN n]r—lE be the intersection of L with the ellipsoid n]r—lE , and V be the cone in R"*! with base
P and the vertex py. Clearly V C Q.

Case 1: ¢ > n + 1. Let us consider the following subset of V:
, 1
Vi = {Z €V iz —fn1 2 E(po "€ — §n+1)}-
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This together with (3.8) implies that

2| > “”: Vze V. (3.9)

Using V' € Q, g > n+ 1 and (3.9), we have
1
— / ridé = / lz19"  dz > / 219" 'dz > CaZ;'lH Vol(V"), (3.10)
q Jsn Q %4

where C is a constant depending only on n and q.

It is easy to see that
n

Vol(V') > ¢paye ]_[ a;. (3.11)
=1

Combining (3.10) and (3.11), we conclude that

n

/sn ridé > Ca’ 1—[ a;.

i=1
Case 2: 0 < g < n+ 1. Since Q contains the origin and Q C E, we have
lz| < cpanir, Yz € Q. (3.12)

Using ﬁE cQ,n<qg<n+1and(3.12), we derive that

n

1
p /sn ridé = /Q|Z|‘1‘”‘ldz > CaZ;'f_l Vol(Q) > Ca’| 1—[ a.

i=1
This completes the proof. O

Lemma 3.4. Let Q € K,. Suppose p < 0. There exists a constant C > 0 depending only on n and p
such that

1 ;T2
—— / uwdx > C -
P Jsn [1i5 a;
Here, u is the support function of Q, d = dist(0,0Q) and a; < --- < a, are the lengths of semi-axes
of E(Q).

Proof. By a proper rotation of coordinates, we assume that E = E()) is given by

n+l 2
z:
E—(p=|zeR™: — <1y,
$r { ; @ }
where (g = ({1, -, {u11) 1S the center of E. Let xy € S” be a point such that u(xy) = ming. u = d, where

u is the support function of Q and d = dist(O, 0L2). We choose iy and switch e;, and —e;, if necessary
such that

Xo - €, =max{lxo-el:1<i<n+1}.
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This implies that x, - e;, > ¢,. We use ¢, to denote a constant which depends only on »n but may change
from line to line.
Let w(x) = u(x) + u(—x), x € S", be the width of Q in x. Since ——E(Q) C Q C E(Q), we have

d <minw < c,a;,
Sn

and 5
Y we)<2a, Vi=1,--,n+1.
n+1
By switching e; and —e; if necessary, we assume that u(e;) < c,a; foralli=1,--- ,n+ 1.

Consider the cone V in R"*! with the vertex py = r*(xo)xo and the base

C := convex hull of {0, r*(e;)e;}

k#iu®
Here, r* is the radial function of the polar dual Q* of Q:

Q' ={yeR™" :1y.2<1VzeQ).
Let V'’ be a subset of V:

" (xo)

(V'Z{ZZ(Zl,"',ZnH)E(VIZi#Z

Xo * e,-#}.

Recall that ¥ = 1/u. So r*(xg) = :7 Since x - e;, > ¢,, we see that

1
d S|Z|Sc_z’ forallz e V.

The second inequality above follows by V' C Q" C B, ,4(0) (as B4(0) C Q). Therefore

1 1
__ / uldx _ (r*)lpl
P Jsn Ipl Jsn

= / |Z|Ipl—n—ldZ
Q*

|Z||17|—n—1dZ
(Vl
Cd" 1 PIvol (V). (3.13)

\%

\%

Since r*(ey) = u(ik) > Z—k for all kK > 1, we obtain

n+l
73 C}’l -
Vol(V') > Eai# | |aj1.
J=1

Plugging this into (3.13), we obtain

1 n+l d"_lpl
——/ uPdx > Cd" W, I—[ a;l 2 C—jy
P Jgr j=1 [Tj=2a;

O
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Remark 3.5. Let M;, t € [0, Th.), be a solution to (1.6). By Proposition 3.2, if (M, < A
for a constant A independent of ¢, then there exist positive constants e, vy, dy depending on A, but
independent of ¢, such that

em < e, Vo < Vol(M,) <vj', and B, (0) C Q,, (3.14)

where €, is the convex body enclosed by M,. Note that (3.14) implies (2.4). Hence, the a priori
estimates (2.5) and (2.9) hold, and one has the long-time existence of solution (Theorem 2.2).
Therefore, all we need is to establish the condition J(M,) < A for some constant A.

3.3. A modified flow of (1.6)

We introduce a modified flow (as in [13]) such that for any initial condition, the solution exists for
all time ¢ > 0. It is more convenient to work with a flow which exists for all # > 0.
Let us fix a constant

Ao = 10llgll1en + 101 + DIfllien- (3.15)

If the minimum ellipsoid of Q is B(0), then ﬁBl(O) c Q c B;(0) and hence

1
JQ) < 4. (3.16)

) For a closed, smooth and uniformly convex hypersurface N such that Q, = CI(N) € K,, we define
M (2) as follows:

a): If T(Mn (1)) < Ao for all time 7 > 0, let My (1) = Mp(¢) for all £ > 0, where My (¢) is the solution
to (1.6).

b): If J(N) < Ay, and T (Mu (7)) reaches A at the first time #, > 0, we define

Mp(t), if0 <1<t

My(0) = {MN(to), if 1> 1.

o) If T(N) = Ao, we let My(7) = N forall ¢ > 0.

For convenience, we call My a modified flow of (1.6). By the a priori estimates in Section 2, My()
is smooth for any fixed time ¢, and Lipschitz continuous in time . Moreover, we have the following
properties.

i) My (?) is defined for all time ¢ > 0, and by Lemma 3.1, T (M (#)) is non-decreasing. In particular,
we have J (M (7)) < max{Ao, T(N)} V¢ > 0.

i) If either dist(O, N) is very small, or Vol(€Y) is sufficiently large or small, or eq, is sufficiently
large, by Proposition 3.2, we have My () = N V> 0.
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3.4. Homology of a class of ellipsoids

Here we recall the homology of a class of ellipsoids (A; introduced in [13], such that an ellipsoid E
with J(E) < Ay is contained in A;. By Proposition 3.2, we have

Corollary 3.6. For the constant A, given by (3.15), there exist sufficiently small constants d and v, and
sufficiently large constant e, such that for any Q € K,,,

(i) if dist(0, Q) < d, then J(Q) > Ay;
(i1) if eq > e, then J(Q) > Ap;
(iii) if Vol(Q) < ¥ or Vol(Q) > 1/(n + 1)"*'v7!, then J(Q) > A,.

Let K be the metric space consisting of non-empty, compact and convex sets in R**!, equipped with
the Hausdorft distance. Denote by K, the closure of %, in K.

Fix the constants d, 7, e in Corollary 3.6. Let A; be the set of ellipsoids E € %, such that ¥ <
Vol(E) < 1/v, and eg < e. Denote by A the following subset of A;

A ={E € A;: Vol(E) = w,, and either ez = & or dist(O, 0F) = 0}.

Here, w, = |B(0)| is the volume of B;(0), and e is the eccentricity of E.

We also denote by &, the set of ellipsoids in (A; centred at the origin, and by & the set of ellipsoids
in A centred at the origin. These sets are all metric spaces by equipping the Hausdorft distance.

It was proved in [13] that & is contractible and so the homology H,(&;) = 0 for all k > 1. Moreover,
A, 1s homeomorphic to E; X B1(0). Hence, A, is contractible and the homology

Hi(A) =0 forall k > 1. (3.17)
Denote
P ={E € A, : either VOI(E) = v, or Vol(E) = 1/v, oreg = ¢, or O € OE}. (3.18)
It is the boundary of A, if we regard (A, as a set in the topological space of all ellipsoids. Moreover,

there is a retraction ¥ from A; \ {B;} to £. Namely, ¥ : A, \ {B;} — P is continuous and V|, = id.
The following two theorems were also proved in [13].

Proposition 3.7. We have the following results.
(1) Hi1(P) = H(A) forall k > 1.

(i1) There is a long exact sequence

-+ Hi((A) > H(E X S") = H(E) @ Hi(S") = H(A) — --- .

Proposition 3.8. Let n, = @ The homology group H,+,-1(&E) = Z.
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3.5. Selection of a good initial condition

In this subsection, we use Propositions 3.7 and 3.8 to select a special initial condition in A; such
that the solution to the Gauss curvature flow (1.6) satisfies the uniform estimate. The idea is similar to
that in [13].

For any ellipsoid N such that CI(N) € A, let M (¢) be the solution to the modified flow. We have
the following properties:

1) If CI(N) is close to ? in Hausdorff distance or in P, we have J(N) > A, and so My (7) = N for
all ¢ (see Corollary 3.6).

2) If CI(N) is close to B(0) in Hausdorff distance, then J(N) < Ay.

3) By our definition of the modified flow, J° (Mn (1) < max{Ao, J(N)} for all z. Hence by
Remark 3.5, if Mu(¢) is not identical to M (0) = N, then

ety < & V< Vol(Mu()) < 1/9, and By(0) € CIMp(1) ¥ 1 > 0. (3.19)

With these properties, we can prove the following key lemma.

Lemma 3.9. For every ¢ > 0, there exists N = N, with CI(N) € A, such that the minimum ellipsoid
of M (?) is the unit ball B, (0).

Proof. Suppose by contradiction that there exists ¢ > 0 such that, for any Q € A;, Ex(¢') # B1(0),
where N = 0Q and Ex(¢’) is the minimum ellipsoid of Qu(#') := CI(Mp(1)).
By Corollary 3.6, Ex(t") € A,;. Hence we can define a continuous map 7 : A; — P by

QeA - EN(ZJ) €A \ {B]} = \P(EN(ZJ)) eP,

where W is the retraction after (3.18), and B; = B;(0) for short. Note that when Q € P, we have
J(Q) > Ay and thus En(?') = En(0) = Q. This implies that T'|p = idp. Hence, T is a retraction from
A; to P, and so there is an injection from H.(P) to H.(A;). By (3.17), we then have

H.(®)=0forall k > 1.
It follows from Proposition 3.7 (ii) that
H(EXS") = H(E) ® H(S") forall k > 1.

Computing the left-hand side by the Kiinneth formula and using the fact H(S") = Zif k = 0 or k = n,
and H,;(S™) = 0 otherwise, we further obtain

Hi(E) ® Hi—n(E) = H(E) ® Hi(S").
However, this contradicts Proposition 3.8 by taking k = n* + 2n — 1 in the above. O

In the following we prove the convergence of the flow (1.6) with a specially chosen initial condition.
Take a sequence #; — oo and let Ny = N, be the initial data from Lemma 3.9. By our choice of A,
(see (3.15) and (3.16)), Lemma 3.9 implies that

. 1
T My, (1) < §Ao- (3.20)
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Hence, by the monotonicity of the functional ./, we have
My, () = My, (1) YVt <ty

Since CI(N;) € A; and B;(0) c CI(N,), by Blaschke’s selection theorem, there is a subsequence of N;
which converges in Hausdorft distance to a limit NV, such that CI(N,) € A; and B; ¢ CI(N,).
Next, we show that the flow (1.6) starting from N, satisfying J (M, (1)) < Ap for all ¢.

Lemma 3.10. For any # > 0, we have

- 3
T My, (1) < 7A0-

Hence )
Mu, () = My (1) Y t>0.

Proof. For any given t > 0, since Ny — N, and f, — oo, when k is sufficiently large such that ¢, > 1,
we have

- 1
T My, (1) =T My, (1)) < 740
By the monotonicity of the functional 7,

I Mp, () £ T Mp (1))

Combining above two inequalities with (3.20), we obtain that

JMp, 1) = TMp.(0) = T M (1) + T My, (D)
< TMp. (1)) = T M, (0) + T My, (1))
1 1 3
< ZAO + EAO = ZAO
This completes the proof. O

3.6. Convergence of the flow and existence of solutions to (1.4)

Let Qu. (1) = CI(My, (?)) and u(-, t) be its support function. By Lemma 3.10, M, (¢) satisfies (3.19).
Hence,

d<u(x,t) <C, VY (x,1)€S"x[0, ),

where C = (n + 1)/(bw,_;d"). Hence, condition (2.4) holds, and we obtain the existence of solutions
to (1.4) as follows.

Proof of Theorem 1.2. Denote M(t) = My, (¢) and T (¢) = J(M(t)). By Lemma 3.1 and Lemma 3.10,
J@) <Apand J'(t)>0 Vr>0.

Therefore,

/00 J'(t)dt < limsup J(T) — J(0) < Ay.
0 T—o0
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This implies that there exists a sequence #; — oo such that

1=t

’ q é rq—n—l f n+l-q. . p
J'() = [/s gr dg] /sn g X (u - ’Y(t)g" u K)(?,udx| — 0.

Passing to a subsequence, we obtain by the a priori estimates (2.9) that u(-,#;) — o in C>%(S")-

topology and u,, satisfies

P=LOAVLP + 12 s s
det(Vu +ury = L) T
( u2+|Vu|2)

where A = lim, ., 17(;). As p # g, it can be seen that u!, = /lﬁuoo satisfies (1.4).

4. Further remarks

This section is devoted to some variants of Theorem 1.2. We show that when g is a positive function
defined on R"*! instead of S", our argument still works. We first show Eq (4.1) below admits a solution
u up to some multiplier 4 > 0 when p and ¢ are in the same range as in Theorem 1.2. Since now g is
a function on R"*!, it does not imply that the equation with A = 1 has a solution by a scaling argument

as mentioned in Section 3.6.

Theorem 4.1. Let f € C"!'(S") and g € C"'(R™*") be two positive functions satisfying ¢;' < f, g < co
for some ¢y > 1. Suppose g > n and p satisfies (1.5). Then there is a constant 4 > 0, and a uniformly

convex and C>* function u, a € (0, 1), such that

) _ J@u (VP + )" o \
det(Vu + ul)(x) = 2V + 10) , xeS"
Proof. Similarly to (1.6), we study the flow
‘Z—f(x, 0 = LY (( ))<X WYPIXI K (r, Dy + X (x, 1),

where

r&.n _1
() :[ Fou’(x, t)dx / / g(té)T! ldeg] ‘
Sn

N

The same computation as in Lemma 3.1 implies that the functional

r(§) 1
JO@=q / / g(ré)rt drde|" + | / u?(x) f(x)dx]|”
NG 0 sn

is non-decreasing along (4.2).
Since g is bounded and positive, we have

Q=

| [ el <l [ [ et <o |
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Therefore, Proposition 3.2 is also valid for the functional J O

As aresult, we can define the modified flow for (4.2) as in Section 3.3 with Ay = 10¢y|S"| + 10(n +
DIl fllL1sm- By using the topological argument as in Section 3.5, we can show the existence of an initial
hypersurface M, with CI(M,) € %K, such that the evolving hypersurface M; = 9Q; of the flow (4.2)
satisfies

B,.(0) c ©, c Br(0)

for some constants R > r > 0 which are independent of time 7. Equivalently, the support function of
M,, which satisfies the parabolic equation

n+l—q

nOf(x) ulu? +|Vul?) N
o(Vu+ux) det(Veu+ul)

Ou(x,t) = — 4.3)

enjoys the C-estimates:
Cy' < u(- 1) < Cy.

Since (4.3) is of the form (2.8), Theorem 2.1 is valid for (4.3). Therefore, u(-, ¢) exists for all time r > O
and is of C*?-smooth.

The same argument as in Section 3.6 implies that u(-,#;) converges to a solution of (4.1) with 4 =
lim,, o 1(2;). O

When g > n + 1 and p < —¢q, we can show the existence of solutions to (4.1) with 4 = 1.

Theorem 4.2. Let f € C"!'(S") and g € C""'(R"*") be two positive functions satisfying ¢;' < f, g < co
for some ¢y > 1. Suppose ¢ > n + 1 and p < —q. Then there is a uniformly convex and C** function
to (4.1) with A = 1, where a € (0, 1).

Proof. Consider the functional

IO = /
p

Sn

()
u? (x) f(x)dx + / / g(Tf)Tq_ldT dé,
st Jo

and the flow
FOIK G (X, )

140.9)
Similar calculations as in Lemma 3.1 show that J® is non-decreasing under (4.4).
One can verify that Proposition 3.2 holds for the functional J®.
Step 1: if d = dist(0, Q) is sufficiently small, then J®(Q) is sufficiently large. We adopt the same
notations as in Proposition 3.2. By virtue of (3.3) and (3.4), we obtain

LT2@F = C( /

Sn

0X
E(x, f) = X1y + X(x, 7). (4.4)

u”dx)( /sn rqdf) > CalaZ;’l’_ld”_l”l,
where C > 0 depends only on n, p, g and ¢yp. As ¢ > n+ 1 and a; > d, we have

[j(Z)(Q)]2 > qu—lpl.
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This shows that if d is tiny, then 7®(Q) is huge.

Step 2: if Vol(Q) or [Vol(Q)]™! is sufficiently small, then T@(Q) is sufficiently large. Since Vol(£2)
being small implies that d is tiny, we are done by Step 1 in this case. Suppose that Vol(€2) is huge. The
conclusion then follows from

T2 >C / rid¢ > C[Vol(Q)]#. 4.5)
Sn

Step 3: if eq is sufficiently large, then so is J®(Q). By Step 1, we assume without loss of generality
that d is bounded from below by a constant C > 0 depending on n, p, g and c(. Using (4.5),

n+l

[TP(]7 > CVol(Q) > Ceqd™" > Ceq.

This proves Step 3.

To complete the proof, we introduce a modified flow of (4.4) and use the topological argument as
in Section 3 to find the needed initial hypersurface N, such that the evolving hypersurfaces M, with
My = N satisty B,(0) c Q, C Bg(0) for some constants R > r > (. Since the support function
u(-, 1) of (4.4) satisfies a parabolic equation of the form (2.8), the higher order derivative estimates
follow by Theorem 2.1. The remaining proof follows exactly as that of Theorem 1.2. Since (4.4) does
not contain an integral term like 77(¢) in (4.2), along a sequence of times {#;};°,, u(-, #;) converges to a
solution of (4.1) with A = 1. O
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