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Abstract: We consider the sharp Sobolev-Poincaré constant for the embedding of WOI’Z(Q) into LI(Q).
We show that such a constant exhibits an unexpected dual variational formulation, in the range 1 < g <
2. Namely, this can be written as a convex minimization problem, under a divergence—type constraint.
This is particularly useful in order to prove lower bounds. The result generalizes what happens for
the torsional rigidity (corresponding to ¢ = 1) and extends up to the case of the first eigenvalue of the
Dirichlet-Laplacian (i.e., to g = 2).
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1. Introduction

1.1. Overview

Let Q c RY be an open set, we denote by Wé’z(Q) the completion of C7(€2) with respect to the
Sobolev norm

llellwrz) = llellz@) + Vel @ry)- for every ¢ € C5’(Q).

In what follows, we will always consider for simplicity sets with finite measure. This guarantees that
we have at our disposal the Poincaré inequality

Cqo f Igol2 dx < f IVgol2 dx, for every ¢ € WS’Z(Q).
Q Q
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Consequently, the space Wé’z (€2) can be equivalently endowed with the norm

||‘70||W(;~2(Q) = IVl @)

For 1 < g <2, we consider the generalized principal frequency

[ wepax
A1(Q;¢9) ;== min ~e

PeW,*(Q\{0}
[ tetrax
Q

already considered in [26] and more recently in [4, 13,35], among others. The fact that the minimum
above is attained in WS’Z(Q) follows from the compactness of the embedding Wé’z(Q) — L1(Q). The
latter holds true since we are assuming that Q has finite measure, see [5, Theorem 2.8].

Two important cases deserve to be singled-out from the very beginning: ¢ = 1 and ¢ = 2. In the
first case, this quantity actually coincides with the reciprocal of the so-called forsional rigidity of Q2

| )

=7TQ):= max —————.
(1) ¢eW3f2(Q)\{0}f|V‘p|zdx
Q

b

YN

For g = 2, on the other hand, the quantity 4;(£2;2) is nothing but the first eigenvalue of the Dirichlet-
Laplacian or principal frequency of Q. This is the smallest real number A such that the Helmholtz
equation

—Au=Au, in Q,

admits a nontrivial weak solution in Wé’Z(Q). For simplicity, we will simply denote this quantity by
Q).

In general, the quantity 4,(€2; g) can not be explicitly computed. It is then quite useful to seek for
(possibly sharp) estimates in terms of geometric quantities of the set Q. Some particular instances of
results in this direction are given by:

e the Faber-Krahn inequality (see for example [26, Theorem 2])

A1(Q:q) 2 (fl(B;qZ) Q"%

Bll_%_q

which is valid for every open set Q C R with finite measure. Here B is any N—dimensional open
ball;

o the Hersch-Makai—type inequality (see [8, Theorem 1.1])

q-2

19w
R

Mg = (2

9

2
Q
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which is valid for every open bounded convex set Q c RY. Here Rq is the inradius, i.e., the radius
of a largest ball contained in Q and 7, , is the one-dimensional constant defined by

. ||‘1£I||L2 0,1
i f (( s )) .

This inequality is the extension to the range 1 < g < 2 of [28, equation (3’)] by Makai (case
g = 1) and of [22, Théoreme 8.1] by Hersch (case g = 2);

e the Polya—type inequality (see [6, Main Theorem])

2 (P Y
o < (5 (23]

which is again valid for open bounded convex sets. Here P(€2) stands for the perimeter of €. This
inequality generalizes the original result by Pdlya [31] for the cases ¢ = 1 and g = 2.

We point out that all the previous estimates are sharp. All the exponents appearing above are of course
dictated by scale invariance.

As a general rule, we can assert that lower bounds on 4;(€; g) are harder to obtain with respect to
upper bounds, since every generalized principal frequency is defined as an infimum. It would then be
interesting to investigate whether 4,(Q; ¢) admits a sort of “dual” equivalent formulation, in terms of a
supremum. This is the main goal of the present paper.

1.2. Towards duality

At this aim, it is interesting to have a closer look at the case g = 1. It is well-known that the torsional
rigidity can be equivalently rewritten as an unconstrained concave maximization problem, i.e.,

max {2f¢dx—f|Vgo|2dx}:T(Q). (1.1)
PeW Q) Q Q

As such, it admits in a natural way a dual convex minimization problem

min {f lpI*dx : —divg = 1in Q}
peL2(QRN) Q

= max {2 f odx — f |Vgo|2dx}:T(Q),
PeW,*(Q) Q Q

which gives yet another equivalent definition of torsional rigidity. Here the divergence constraint has
to be intended in distributional sense, i.€.,

(1.2)

f (¢, V)dx = f @dx, for every ¢ € Cy(Q). (1.3)
Q Q

By means of a standard density argument, it is easily seen that we can enlarge the class of competitors
in (1.3) to the whole W, (), since ¢ € L*(Q; RY).
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For a better understanding of the contents of this paper, it may be useful to recall the proof of (1.2).
At first, one observes that for every admissible vector field and every ¢ € WS’Z(Q), we have

2 [(pax- [1wofar=2 [ @Vordr- [ WP ax
Q Q Q Q

by virtue of (1.3). We can now use Young’s inequality

2(¢, V) — [Vel* < IgI*.

By integrating this inequality, from the identity above we get

2f<pdx—f|V<p|2dx§f|¢|2dx.
Q Q Q

The arbitrariness of both ¢ and ¢ automatically gives

max {2f<,odx—f|ch|2dx}£ min {flqﬁlzdx : —div¢:1inQ}.
PeW,2(Q) Q Q ¢eL2QRY) | Jo

On the other hand, by taking ¢ = w to be the optimal function for the problem on the left-hand side,
this satisfies the relevant Euler-Lagrange equation. The latter is given by

-Aw =1, in Q.

Thus ¢y = Vw is an admissible vector field and we have

f|¢o|2dx:2f(Vw,¢0>dx—f|vW|2:2fwdx—f|vW|2dx.
Q Q Q Q Q
This proves that

min {f|¢|2dx : —div¢:linQ}s max {2fgodx—f|Vgol2dx},
pel2(QRY) | Ja PeW,*(Q) Q Q

as well. Thus (1.2) holds true and we also have obtained that the unique (by strict convexity) minimal
vector field ¢y € L*>(Q;RY) must be of the form

o = Vw,

with w being the unique WOI’Z(Q) solution of —Aw = 1. In conclusion, getting back to the notation
A41(Q; 1), we obtain the following dual characterization of the relevant generalized principal frequency

1 2
= i dx : —di =1inQ 5. 1.4
L 1) ¢efz‘<%‘3w>{fg'¢' *:-divg=lin } 14
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1.3. Main results

The main result of the present paper asserts that the dual characterization (1.4) is not an isolated
exception. Actually, it is possible to prove that

1
(Q;9)°

coincides with the minimum of a constrained convex minimization problem, for the whole range 1 <
q < 2. The deep reason behind this result is a hidden convex structure of the problem which defines
A1(€; g), see Remark 4.2 below. Such a convex structure, which apparently is still not very popular,
fails for g > 2 and this explains why our result has 1 < g < 2 as the natural range of validity.

In order to precisely state the result, we need at first to introduce the following convex lower
semicontinuous function G, : R X RY — [0, +o0], defined for 1 < g < 2 by:

117

- N
|sla—1” feeR™ s <0,
Gy(s,8) = 0, ifs=0,&=0, (15
+00, otherwise,

see [30, Lemma 5.17]. We then distinguish between the cases g < 2 and g = 2.

Theorem 1.1 (Sub-homogeneous case). Let 1 < g < 2 and let Q@ C RN be an open set, with finite
measure. If we set

AQ) = {(f.9) € L, (Q) X Ly (U RY) : ~divg + £ 2 1in Q.

loc

then we have

2
q
2

L7

=(g- D inf |G,(f,
41(Q; q) (¢=1 q(f,d))eﬂ(Q)H o(f>¢)

(1.6)

where G, is defined in (1.5). Moreover, if w € Wé’z(Q) denotes the unique positive solution of

2
max {— f lo|? dx — f |v¢|2dx},
eewy @ \ 9 Ja Q

we get that the pair (fy, ¢o) defined by

[Vwl?

_Vw
b= —= o

- Wq_l and fO = _(q - 1)

is a minimizer for the problem in (1.6).

Remark 1.2. Observe that the previous result is perfectly consistent with the case ¢ = 1. Indeed, by
formally taking the limit as g goes to 1 in the statement above, the role of the dual variable f becomes
immaterial and we get back (1.2), together with the optimality condition ¢y = Vw.

For the limit case g = 2, corresponding to the first eigenvalue of the Dirichlet-Laplacian, we have
the following dual characterization.
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Theorem 1.3 (Homogeneous case). Let Q C RN be an open set, with finite measure. If we set

loc loc

AQ) = {(f.9) € L (@) X L, (:RY) : —dive+ f 2 1in Q},

then we have

(1.7)

nf [Gar.9)

= i ,
1(Q)  (fpeAaQ) L2(Q)

where G, is defined in (1.5). Moreover, if we denote by U € WS’Z(Q) any positive first eigenfunction of
Q, we get that the pair (fy, ¢o) defined by

1 VU . 1 |VUP
= JEE— an = — _,
1Q) U °T Q) U2

bo

is a minimizer for the problem in (1.7).

Remark 1.4. It may be worth recalling that the existence of a (sort of) dual formulation for 4, is not a
complete novelty. A related result can be traced back in the literature and attributed to the fundamental
contributions of Protter and Hersch. This is called maximum principle for 1, and reads as follows

A(Q) = max inf |divg(x) - 19(F ]

under suitable regularity assumptions on 2 and on the admissible vector fields. It is not difficult to see

that
VU
$o(x) = U
is a maximizer for the previous problem, at least formally. Here U is again any positive first
eigenfunction of Q. We refer to the paper [21] by Hersch for a presentation of this result and for a

detailed discussion about its physical interpretation.

Remark 1.5. As a last observation, we wish to point out the interesting papers [18] and [19], where yet
another equivalent characterization for the torsional rigidity 7'(Q) is obtained, when Q C R? is a simply
connected open set. Such a characterization is in terms of a minimization problem among holomorphic
functions (see [18, Theorem 1.2]) and thus it is suitable for giving upper bounds on 7'(€2) (see [19]).

1.4. Plan of the paper

We start by exposing some preliminary facts in Section 2. In Section 3 we consider a certain convex
function and show that its Legendre-Fenchel transform is related to the function G, above. The core of
the paper is Section 4, where Proposition 4.1 permits to rewrite the value 4,(€2; ¢) as an unconstrained
concave maximization problem, exactly as in the case of the torsional rigidity. We can then prove our
main results in Section 5. Finally, in the last section we briefly show some applications of our results
to geometric estimates for principal frequencies.

2. Preliminaries
We first recall that it is possible to rewrite the minimization problem which defines 4;(Q; g) as an
unconstrained optimization problem, in the regime 1 < g < 2. This generalizes formula (1.1). The

proof is standard, we include it for completeness.
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Proposition 2.1. Let 1 < g <2 and let Q C RY be an open set, with finite measure. Then we have

2 2- 1\
max {— f lo|? dx — f IV(,DI2 dx} = el ( ) .
gewi2@ \ g Jo o g \(€;q)

Moreover, the maximization problem on the left-hand side admits a unique non-negative solution w,
which has the following properties

loc

1
w e L7(Q) and — e Ly (D).
w

Proof. Existence of a maximizer follows by a standard application of the Direct Method in the Calculus
of Variations. The fact that a non-negative maximizer exists is a consequence of the fact that the
functional is even, thus we can always replace ¢ by |¢| without decreasing the energy.

We also observe that for ¢ € Wé’z(Q) \ {0} and ¢ > 0, the quantity

2
= f gl dx — 7 f IVel* dx,
q Q Q

is strictly positive for ¢ sufficiently small. This shows that

2
max {— f lol? dx — f |Vgo|2dx}>0,
eewy @ \ 9 Ja Q

and thus ¢ = 0 can not be a maximizer. Observe that the same argument, together with the locality of
the functional, imply that for any maximizer w we must have w # 0 on every connected component of
Q. By coupling this information with the optimality condition, we get that any non-negative maximizer
w must be a nontrivial weak solution of the Euler-Lagrange equation

—Aw = wi !, in Q.

In particular, w is a weakly superharmonic function and by the strong minimum principle, we get that
I/w € Ly, (€2). The fact that w € L*(Q) follows from standard Ellipic Regularity.

Finally, uniqueness of the positive maximizer can be found in [7, Lemma 2.2], where the uniqueness
result of [9, Theorem 1] is extended to the case of open sets, not necessarily smooth.

In order to prove the claimed equality between the extremum values, it is sufficient to exploit the
different homogeneities of the two integrals and the fact that the maximum problem is equivalently
settled on W,*(Q) \ {0}. We then have

2 2
max {— Iz |w|2dx}: max {—ﬂ [orax-e [ |V¢|2dx}.
gewy2@ |4 Ja o gewp?@\0r>0 LG Jo Q

It is easily seen that, for every ¢ € WS’Z(Q) \ {0} the function

2
t|—>—t‘1f|go|‘1dx—t2f|Vgo|2dx,
q Q Q
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is maximal for

L
f ol dx
~a
f IVol? dx
Q

th =

With such a choice of 7, we get

4
2\ 74

, ( f de) ,
L f Il dx — 13 f Vel dx = | =2 .
Q Q flv(p|2dx q
Q

By recalling the definition of 1,(€2; g¢), we get the desired conclusion. O

We also record the following technical result: this will be useful somewhere in the paper. More
sophisticated results about the dependence on ¢ of the quantity 1,(€2; ¢) can be found in [1, Theorem
1] and [17].

Lemma 2.2. Let Q C RY be an open set, with finite measure. Then we have

lim 4,(Q:¢) = (&4 1) and lim 4,(€; 9) = 4.
g—1t q—2-

Proof. For 1 < g <2 and for every ¢ € Wé’z(Q) \ {0}, we have by Holder’s inequality

f Vel dx f Vel dx
Q 1—5 Q

7 2

[ [ 1ot ax) J e

By taking the infimum over ¢, this leads to

> 19177 4,(Q).

1(Q ) > 197 4,(Q).

On the other hand, if U € WS’Z(Q) is any minimizer for 1,(Q2), then we have

IVU? dx f |U|? dx
_ Q

A(Q;q9) <

- Q).

([ore] {[ore]

The last two displays eventually prove the desired result for ¢ converging to 2. The other result can be
proved in exactly the same way. O

Remark 2.3. The assumption on the finiteness of the measure is sufficient, but in general not necessary,
for the previous result to hold. However, as observed in [6, Remark 2.2], for a general open set Q ¢ RY
it may happen that

lim sup 4,(Q2; q) < 4;(€).

q—2-

Mathematics in Engineering Volume 4, Issue 4, 1-28.



3. A convex function

In order to prove the main result of this paper, we will need to study a particular convex function
F,:Rx RN — [0, +o0] and its Legendre-Fenchel transform

F;(s, &)= sup [st +(&, x) — F(t, x)].

(t,x)ERXRN
We refer to the classical monograph [32] for the basic properties of this transform.

Lemma 3.1. Let 1 < g < 2, we consider the convex lower semicontinuous function F : R x RV —
R U {+o0} defined by
X272, ifxeRY, >0,
F,(t,x) = 0, ift=0,x=0,
+o00, otherwise.

Then its Legendre-Fenchel transform is given by the convex lower semicontinuous function

2(1-¢)

a, 75 15105, iféeRY, 5 <0,
F(s,6) = 0, ifs=0,&=0,
+o0, otherwise,

where the constant a, is given by

2(¢-1 a4
2—-q (qg—1\* [1\**
;= —— |—— N
1 2q q 2
Proof. We divide the proof in various parts, according to the claim that we are going to prove.

Lower semicontinuity. In order to verify the semicontinuity of F,, we need to prove that the epigraph
epi (F,) = {((t,x):0) e RV xR : F(t,x) < ¢},
is a closed set. We take {((#,, x,); €x)}nen C €pi (Fy) such that

limz, =1, lim x, = x, lim ¢, = <.

By using the definition of F, and that of epigraph, the fact that
Fy(t,, x,) < €, for every n € N, (3.1
automatically entails that
{(ta ) hert € ((0, +00) x RY) U {(0,0)).

This in particular implies that the limit point 7 is such that # > 0. The same can be said for ¢, since F,
always takes positive values.

We now observe that if ¢ > 0, we would have 7, > 0 for n large enough. In this case, we can simply
pass to the limit in (3.1) and get

2,22 . 2 %—2 .
Fyt,x)=|x|"ts7" = lim |x,]"t;, <lim¢, =¢,
n—oo

n—oo
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thus proving that ((, x); £) € epi (F).
Let us now suppose that # = 0 and assume by contradiction that ((0, x); £) ¢ epi (F,). This means
that

Fy(0,x) > ¢.

By recalling that £ > 0 and that F',(0, 0) = 0, this would automatically gives that x # 0. On the other
hand, by (3.1), we get that

, 2-2
either t,=0and x, =0 or t, > 0and |x,)> < €,1, °.
This entails that

x = lim x, = 0,

n—oo

which gives a contradiction. This finally proves that the epigraph is closed.

Convexity. We need to prove that for every fy, 1, € R, xo, x; € RV and A € [0, 1], we have
Fq(/ll() +(1-Dt1,Axg+(1=-Dx) < /qu(l'(),xO) +(1-=-24) Fq(l],xl). (3.2)

We observe that for 1,1, < 0, every xp, x; € RY \ {0} and every A € [0, 1], we trivially have (3.2), since
both terms on the right-hand side are equal to +oco. We are thus confined to prove (3.2) for

(0, X0), (11, x1) € (0, +00) X R¥) U {(0,0)}.

Moreover, if at least one between (fy, xy) and (¢, x;) coincides with (0,0), then again the desired
inequality follows by a straighforward computation. Finally, we can assume that

(to, Xo), (t1, x1) € (0, +00) X RY.

We introduce the function
Fy(t,x) =[x 7, ifxeRY, t>0,

and we observe that for every 1 < g <2 we have
Fyt.x) = F,(#79,x),  for (t,x) € (0, +00) X R"

By using that t — F,(t, x) is decreasing, that t — 7 is concave (since 1 < g < 2) and that (¢, x) —
F>(t, x) is convex (see for example [30, Lemma 5.17]), we get

Fyto+ (1= D)1, Ax0+ (1= D)) = Fy (Ao + (1= ) 1)>74, Axg + (1 = D) xy )
_2 _2
<P (U T+ =08 Ax (- D)

-2 2-2
< /1F2(l‘0 q,xo)+(1 —/l)Fz(fl ",xl)
= AFy(to, x0) + (1 = ) Fy(t1, x1),

as desired.
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Computation of F;. We now come to the computation of the Legendre-Fenchel transform. This is
lengthy but elementary. We first observe that F, is positively 2/g—homogeneous, that is for every 7 > 0
we have

Fyrt,tx) = T4 F, (1, x), for every (¢, x) € R X RN,

Correspondingly, F, will be positively 2/(2—g)—homogeneous, by standard properties of the Legendre-
Fenchel transform. Thanks to this remark, it is sufficient to compute for & € RY

Fi(-1,6),  F)0,6€) and  Fi(1,8.

By definition, we have

Fi(s.6)= sup [ts+(x.&)—F,(t, %)

(t,x)ERXRN

sup [ts + |x[ ] = F(t, x)]

>0, xeRN

2,22
sup |ts+m|é| —m~ta 7|,
(t,m)e&E

where we set*
&= {(t,m) ERXR :t>0,m> o}u{(o,())}.

We thus easily get for & € RY

F,(1,€) = sup [t +m ¢ — m? z%‘z] = +o0,
(t,m)e&

and

F;(0,0)= sup [-m*ri?] =0.
(t,m)eE

Moreover, for & # 0 we have

Fi(0.8) = sup [mg] —m? 17| = +oo,
(t,m)e&

as can be seen by taking
2

1
t=neN and mzilflnz_q,

and letting n go to +oco. We are left with computing for & € RY

Fi(=1,6) = sup [~t+mlgl—m?1i7?].
(t,m)eE

We observe at first that we easily have

Fi(=1,0)= sup [-1-m*1i7?] = 0.
(t,m)e&

2_
“For notational simplicity, we use the convention that m? r4~> = 0 when both # = 0 and m = 0.
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We thus take &€ € RV \ {0} and we make a preliminary observation: if (z,m) € & are such that

_ 1€l
==m

>0 d t ,
m an 2

we get

2_p
Fi(-1,¢) > l%'m - (%) mi,

and the last quantity can be made strictly positive, for m > 0 small enough, thanks to the fact that
2/g > 1. On the contrary, every point (t,0) € & can not be a maximizer for the problem which defines
F ;(—1, &), since on these points

2_
—t+m|-mPti? =1 <0.

This simple observation implies that we can rewrite the maximization problem for F(-1,¢&) as

Fi(-1.6) = sup [-t+md—m?ri™?].

>0,m>0

Moreover, this quantity is strictly positive. In order to explicitly compute it, we will exploit the
2

homogeneity of the function (z,m) +— m2ta 2, Indeed, we first observe that by taking 4 > 0 and

replacing (¢, m) by (1t, Am) we get

* 2 9 29
F(-1.,&)= sup [-Ar+Amlgl—aim’ 12|
>0, m>0, >0

Now we observe that the derivative of the function
W) = =t + Amlé| — A mP 1072,
is given by
’ 2 2 52,
WA)=—t+m|é]|——Aa mta~,
q

We now distinguish two cases: if m |£] —t < 0, the previous computation shows that 4 is decreasing on
(0, +00) and thus
h() < }ir& h(1) = 0.

On the other hand, if m €] — ¢t > 0, then we get that 4 has a unique maximum point at

2m2tf,—2
thus
| — 1\ mlel - \5 o
hws(g §22) (- |f|)—(g 3 ) i
m? ta 2m2tq2
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This discussion entails that

g 2
) g\= 2—¢q mé| — t\*
F(-1, :(—) o : >t
q( &) ) ) t>?)}lm{o {( il 111 m|é|

We are left with computing such a supremum. We may notice that the objective function only depends
on the ratio t/m, indeed we have

- e1)

md tl-q

Thus, if we set 7 = t/m, we finally arrive at the problem

22— =
F;(—l,.f):(g) Tqi‘iﬁ){(Tq(lér'_l)) :|§|>r}.

It is easily seen that the function

ﬂﬂmﬁﬁ—q
T
is maximal in the interval (0, |£|) for
qg-1
70 = —— [4l.
q

Thus we obtain

1 (qg-1\""
wp%ﬂﬂﬂ—l):M>f}:—(i——) 1,
™0 T q q
which eventually leads to

L2 g (1 (g— 1\ 2
reo () () ]

Thanks to the positive homogeneity of F; already discussed, we get the desired conclusion. O

Remark 3.2 (Relation between F; and G,). From the previous result, we get more generally that for
every C > 0, we have

s & R

C’ E) =C = F (5,9).

This easily follows from the properties of the Legendre-Fenchel transform, together with the fact that
F; is 2/(2 — q)—positively homogeneous. In particular, by taking C = 1/(2 g), we have

(CF,)(5,6) = CF: (
PLQYma:e@ﬂﬁma.
2q 1
By recalling the definition (1.5) of G,, we easily see that
= 1
(%mm“=@@m&
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and thus

2
2-q

1 " . 4
(Z Fq) (5,6) = @)1 Fi(5,8) = 29)7 a, (G(5,6))™".

Finally, by using that

2(g=1) 9
2 (a1
1 2q q 2 ’

1 : 2 - 2 b
(E Fq) (5,6) = Tq (g - 1= (Gy(s,6) ™. (33)

We are going to use this identity in the proof of the main result.

we get the relation

4. A concave maximization problem

By combining Proposition 2.1 and the convexity of the function F, above, we can rewrite the
variational problem which defines 1,(€2;g) as a concave optimization problem. This property is
crucial for the proof of Theorem 1.1.

Proposition 4.1. Let 1 < g < 2 and let Q C RN be an open set, with finite measure. We define the
following subset of WS’Z(Q)

X,(Q) = {w e WAQ) NLVQ) : f F (¥, V) dx < +oo}.
Q

Then X,(Q) is convex and we have

2-¢ ( 1 )2 {2 f )
= max {— lol?dx — | V|~ dx
g \4%q) e @ g Ja 0

= sup {%fwdx—iszq(w,Vt//)dx}.
vex, @ 94 Ja q- Ja

Finally, the last supremum is attained by a function v € X,(Q) of the form

4.1)

v=wi
where w is the same as in Proposition 2.1.

Proof. Convexity of X,(€2) immediately follows from the convexity of the function ;. We now come
to the proof of (4.1). The first identity is already contained in Proposition 2.1. Let us take w €
W,2(Q) N L™(Q) to be the positive maximizer of

2
max {— f lo|? dx — f |V<p|2dx}.
eew, 2@ (4 Ja Q

We now set v = w? and observe that v € WS’Z(Q) N L>(€), since v is the composition of a function
in W&’z(Q) N L*(€) with a locally Lipschitz function, vanishing at the origin. From the chain rule in
Sobolev spaces, we get

Vv =gw! ' Vw = qv% Vw,

Mathematics in Engineering Volume 4, Issue 4, 1-28.
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where we also used the relation between w and v, to replace w?™'. Since w > 0 in Q, we have the same
property for v, as well. Thus we can infer

1
Vw = —vi~' Wy, a.e. in Q.

q

By raising to the power 2 and integrating, we get

1 1
f Vwldx = > f Vo vi2dx = — f F,(v, Vv)dx,
Q q°- Ja q Ja

which shows that v € X,(€). By recalling that w is optimal, this also shows that

2 2 1
max {— flgol"dx—flVgolzdx}s sup {— ft//dx— fF(w Vt//)dx}
eewy @ 4 Ja Q vex, (@ 4 Ja q*

On the other hand, let ¢ € X,(€2). Thanks to the form of the function F, this in particular implies that
w(x) =0, fora.e. x € Q.
For every € > 0, we introduce the C ! function
(1) = (&7 + T)i -, for every 7 > 0.

Then we set ¢, = g. o ¢ and observe that ¢, € Wé’z(Q), thanks to the fact that g, is C' with bounded
derivative and g.(0) = 0. Again by the chain rule, we have

1 |
= &) Vy = 5(s’f +y)i V.

By raising to the power 2 and integrating, we get

1 2 1
f Vol dx = — f (e +9) 12 VYR dx < f F 0. Vi) dx.
Q q- Jo q Jo

In the last inequality, we used the well-known fact that Vi vanishes almost everywhere on the zero set
of the Sobolev function ¢ (see for example [27, Theorem 6.19]). This in turn implies that

max { f ol? dx - f Vel dx}>— f ol dx — f Voo dx
eeWy (@) g

>5fga(lﬂ)qu——f Ey(, V) dax.

It is only left to pass to the limit as & goes to 0 in the integral containing g.(¢). This can be done by a
standard application of the Lebesgue Dominated Convergence Theorem. This finally leads to

max { flcplqu flVgoI dx}>— flﬂdx—— fF(w Vi) dx.
eeW, (@ \ 4

By arbitrariness of ¢ € X,(£2), we eventually get the desired conclusion (4.1).
The above discussion also prove the last statement, about a maximizer of the problem settled over
X, (Q). O
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Remark 4.2. The previous result is crucially based on the fact that the Dirichlet integral, apart from
being convex in the usual sense, enjoys a suitable form of “hidden” convexity. In other words, for ¢

positive we have that
o> [ 1wobax
Q

remains convex also with respect to the new variable ¢ = ¢9, for the whole range 1 < ¢ < 2. In
the limit case g = 2, this remarkable fact has been proved by Benguria, see [2, Theorem 4.3] and [3,
Lemma 4]. For 1 < g < 2 this property seems to have been first detected in [25, Proposition 4], see
also [29, Proposition 1.1] and [34, Example 5.2].

Actually, we can restrict the maximization to smooth compactly supported functions, without
affecting the value of the supremum. This is the content of the following result.

Lemma 4.3. With the notation of Proposition 4.1, we have

2 1 2 1
sup {— fwdx——z qu(w,Vw)dx} = sup {— f!ﬂdx——z qu(lﬂ,VL//)dx}-
vex,@ 4 Ja q9° Ja vex,@nci@ \4 Jo q° Jo

Proof. We just need to prove that

2 1 2 1
sup {— fl//dx— — qu(l//, Vi) dx} < sup {— fl//dx— = qu(l//, Vlﬂ)dx}-
vex,@ \ 4 Ja q- Ja vex,@nche (4 Ja 9 Ja

We take ¢ € C7(Q) not identically zero and set = |¢|? € C(I)(Q). As above, we have

g-1
VYl = qlel" Vgl = gy 7 |V,

which holds everywhere on Q. This in particular implies that Vi vanishes on every point where ¢
vanishes. Thus we have
VYR yi™, ify 20,

0, ify=0.

By integrating and recalling the relation above between Vi, ¥ and Ve, we then obtain

Fq(w’ le) = {

f F, (0, Vi) dx < ¢ f Vol dx.
Q Q

This in turn implies

2 1 2
- fl//dx——z qu(z//,Vw)dxz— flgolqu—flVgolzdx.
q Jo q Ja q Jo Q

By arbitrariness of ¢ € C;'(€2), we get

2 1
sup {— f Yydx— — f F,(y, V) dx}
vex,@nci@ \4 Ja q- Ja

2
> sup {— fl(plqu—f|V<p|2dx}.
pec(@ 4 Ja Q

Mathematics in Engineering Volume 4, Issue 4, 1-28.
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On the other hand, by density of C7(Q) in Wé’z(Q), it is easily seen that

2 2
sup {— f|90|qu—f|V90|2dx}= max {— flcpl"dx—flVgolzdx}.
eece@ 4 Jo Q w2 @ |4 Ja Q

The desired conclusion now follows by combining Proposition 4.1 and (4.2). O
5. Proof of the main results

5.1. Proof of Theorem 1.1

We recall the definition

AQ) = {(f:¢) € L, (Q) X Ly (4 RY) : —~divg + £ 2 1in Q},

loc loc

where the condition —div ¢ + f > 1 has to be intended in distributional sense, i.e.,

f [((;5, Vy) + fw] dx > fwdx, for every y € Co(Q) such that ¢ > 0.
Q Q

In particular, for every (f, ¢) € A(Q) and every ¢ € X,(2) N Cé(Q), we can write

2 1 2 1
q Jo q- Jo q Ja q- Jo

_2f
q Jo

By Lemma 3.1 and Eq (3.3) from Remark 3.2, the following inequality holds almost everywhere

1
P+ @90 = 5= Fyu, w)] dx.

1 2- 12 b
S0+ @.V0) = 5 Fy. ) < -0 (G 0)

This simply follows from the definition of Legendre-Fenchel transform. By integrating this inequality
and taking the supremum over ¢, we obtain

2 1 2 — 2 7=
sup {— fwdx - qu(l/l, Vi) dx} < q (g— 1P f(Gq(f, ¢)) “dx.
q Ja q- Ja q Q

YEX(QNCH(Q)

By combining Proposition 4.1 and Lemma 4.3 and taking the infimum over admissible pairs (f, ¢), we
get

2-q

— ((1—1)% : ﬁ q
4182 9) =@ <f,¢1>Ielyf{(g)( fQ(Gq(f"f’)) dx) :

In order to prove the reverse inequality and identify a minimizing pair, we take

Vw Vw?
—_— and f():—(q—l)l |

¢o =

wa-1 wa

Mathematics in Engineering Volume 4, Issue 4, 1-28.
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where w is the function of Proposition 2.1. In light of the properties of w, both ¢, and f, have the
required integrability properties. Moreover, it is not difficult to see that these are admissible, since it
holds

—divegy + fo =1, in Q,

in distributional sense. It is sufficient to use the equation solved by w. By recalling the definition (1.5)
of G4, when Vw # 0 we have

Gy(fo- $0) = Il 1ol ™ = (g = D'~ Vw7

On the other hand, since both f; and ¢, vanish when Vw = 0, in this case we have that G,(fo, ¢9) would
vanish, as well. In conclusion, we get

[ (@) dx =g =1 [ wufax

2-¢
< (f |Vw|2dx) .
Q

Thus we obtain

2—q
q

_1\eb; ZL
- k([ (o)

We can now use that by Proposition 2.1

2
flelzdxzzi (— flwlqu—flelzdx)
o _
q 24 1 Z
max lo|? dx — fIVI } ( ) .
T2- anerz(Q){ f(p i 4(Q; q)

The first identity above follows by testing the Euler-Lagrange equation for w, i.e.,

f(Vw, Vo)dx = qu‘l @dx, for every ¢ € W,*(Q),
Q Q

with ¢ = w itself. This finally proves that the reverse inequality holds

X 2\ 1
— DD inf f G,(f. )" d ) < :
(@=1 (f,¢1)relﬂ<9>( Q( ol ¢)) g 1(Q;q)

as well. The second part of the proof also proves that (fy, ¢o) is an optimal pair.

5.2. Proof of Theorem 1.3

In order to prove the inequality

(5.1)

6>,

A (Q) (s ¢)6ﬂ(ﬂ) Q)

we will go through an approximation argument, for simplicity. Let (f, ¢) € A() be an admissible
pair, we can suppose that

M = Ga(f9)

L= (Q)

Mathematics in Engineering Volume 4, Issue 4, 1-28.
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Thanks to the definition of G,, this implies in particular that the pair (f, ¢) has the following properties:
|f(x)) =0 implies that |¢(x)| =0, fora.e. x € Q,

and
o> < M |f(x)l, fora.e. x € Q.

We thus obtain for every 1 < g < 2

|17
[fle=t

< MHAF e L5,

loc

and thus
(G- 0)7 < M5 Ifl € LL(@)

This estimate guarantees that for every open set Q" compactly contained in €2, we have

[ (G0 x)quM( I IfIdX)qq:HGz(f,@ ol |f|dx)qq. 52)

By Theorem 1.1 applied to €', we have for every 1 < g <2

=

)—((] q(f¢) %

1
(€Y @)

By using (5.2) on the right-hand side and taking the limit as g goes to 2, we get

(5.3)

<||Ga(f 9

Q)

1
()
by virtue of Lemma 2.2. We can now take an increasing sequence of open sets {€2,},cy compactly
contained in Q and invading it, i.e., such that

Q:UQn.

neN

By using that'
lim 4;(€2,) = 4;(€),

and applying (5.3) to each Q,,, we get

<||Ga(r. 9

L@

Q)

"This simply follows from the properties of the sequence {€,},en and the fact that

f Vel dx f Vel dx
1(Q) = rmn
pe

sc <9)\<O) '
W@ f e dx f (o dx
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By arbitrariness of (f, ¢) € A(LQ), we get (5.1) as desired.
In order to prove the reverse inequality, we take

1 VU 1 |VUP
= —  and  fy=-———
L(Q) U L(Q) U

bo

where U is any positive first eigenfunction of €. It is easily seen that this pair is admissible for the
variational problem

nf ‘
(f,¢1)25‘1(9) ”G2 (> ¢)HL°° ©
Moreover, we have
G ) S NEPPNE) .C. | Q’
2(fo, ¢0) Q) a.e. in

where we also used that f; vanishes if and only if ¢, vanishes and in this case G,(fy, ¢9) = 0. This
gives

inf HGz(f, ‘/’)H @ ﬁ’

(f:)eAQ)

< |62 40

L=(Q)

thus concluding the proof.
6. Applications to geometric estimates

In this section, we briefly sketch some geometric estimates for the generalized principal frequencies,
that can be inferred from our main result.

6.1. Diaz-Weinstein—type estimates

We start by recalling the Diaz-Weinstein inequality for the torsional rigidity. This is given by the
following estimate*

1
T(Q) < mIz(Q), where  7,(Q) = min f lx = xo| dx, 6.1)
Q

xg€RN

see [16, formula (11)], which is valid for open sets Q ¢ R such that

f Ix* dx < +o0.
Q

The quantity 7,(€2) is sometimes called polar moment of inertia of €. It is easily seen that the minimum
in its definition is uniquely attained at the centroid of €, i.e., at the point

5 ).
Xo = — xdx.
7 Jg

*In [16] the case N = 2 is considered and a slightly different proof is given. The definition of torsional rigidity in [16] coincides with
ours for simply connected sets, up to a multiplicative factor 4.
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The Diaz-Weinstein inequality can be proved by appealing to the dual formulation for the torsional
rigidity. Indeed, for every x, € €, it is sufficient to use the admissible vector field

Xo— X
o = ON ,

in the dual problem (1.2). This automatically gives
1
T(Q) < <5 L |x = xol” dx,

and thus (6.1) follows by arbitrariness of x, € R"Y. We observe that this estimate is sharp, as equality is
attained for a ball. Indeed, recall that the unique WS’Z(Q) solution of —Au = 1 in a ball of radius R and
center X is given by

R? — |x — xo|?

w(x) = —N for every x € RY such that |x — x| < R.

Thus, by observing that ¢y = Vw and recalling the discussion in Subsection 1.2, we get the claimed
optimality.

We now show how the previous argument can be extended to the case 1 < g < 2. We fix again a
point x, € R" and take a constant @ > 1/N, then we choose the pair

$o(x) = a (xg — x) and fox)=1-aN.

Observe that this solves
—div do + f() =1, in RN.

Thus the pair (fy, ¢o) is admissible for the dual problem (1.6), for every 1 < g < 2. By Theorem 1.1
we immediately get

< (q _ 1)(11—1)%

G,(fo, ¢0)

2
q

2
LT4(Q)

2
=(q- DOV — | -l dx
(@N -1 \Ja

We now observe that the quantity

4(Q;q)

2-q

q

a,2

(@N - 1)(11—1)5 ’
is minimal for @ = ¢/N. By making such a choice for @ and using the arbitrariness of x,, we then get
the following

Corollary 6.1 (Diaz-Weinstein—type estimate). Let 1 < g < 2 and let Q C R be an open set such that

2g
f |x|=7 dx < +00.
Q

2 _24 2q
/ll(Q;q)z(%) (F2@) ",  where I2(®) = min f K- xolfdxe.  (62)
2 2 Q

—q —-q X0 RN

Then we have
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Remark 6.2. We notice that for 1 < g < 2 the estimate (6.2) does not appear to be sharp. In order to
get the sharp constant, it seems unavoidable the use of more sophisticated arguments, based on radially
symmetric decreasing rearrangements. These permit to show that both quantities

1(€;q) and T 24 (),
-9
are minimal for a ball, among sets with given measure. By combining these two facts, then we get that

the sharp constant in (6.2) is given by

2-q

iBia) (T2 B))

where B; = {x e RN : |x| < 1.

Nevertheless, we believe that the duality-based proof exposed above is interesting anyway: this
gives a cheap way to get a scale invariant geometric estimate with a simple explicit constant, by means
of an elementary argument.

6.2. Cheeger—type estimates

We recall that the Cheeger constant for an open set Q C RY is given by

P(E)
|E|

Here P(E) is the distributional perimeter of a set E. The Cheeger constant has the following dual
characterization

h(Q) = mf{ : E c Q bounded with |E| > O} .

hl(Q) ¢€L°°(Q RN){”¢||L°°(Q) : —divg =1in Q}. (6.3)

This characterization seems to have first appeared in [33, Section 4]. The fact that the minimum in
(6.3) is attained easily follows from the Direct Method in the Calculus of Variations.
We take an optimal vector field ¢q in (6.3) and then for every € > 0 we make the choice

$o = (1 +&) g and fo = —e.

By observing that (fy, ¢o) € A(), from Theorem 1.1 we get

1 2
< -1 (q—l) g
T@g =47V Pl
, (1+ &) 0
( )(q ]) ( _1)2 (f |¢Q|2 4 dx)
12 (1 + 8) 2-q
<(q= D = fallfeq 1217
Fo q
We now notice that the quantity
(1+¢e)?
gD’
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is minimal with the choice € = (¢ — 1). Then such a choice leads to the estimate

1(€;9) hy ()

2
1.

Thus, we proved the following

Corollary 6.3. Let 1 < g < 2 and let Q C RY be an open set, with finite measure. Then we have the
Cheeger-type inequality

h(Q)\ -
( 1t )) <1917 A4(Q; g). (6.4)

Remark 6.4. By taking the limits as g goes to 1 and as g goes to 2 in (6.4), we recover

10
T(Q)

h(Q
h(Q)? < ( 1(2 )

2
) < 41(Q),
respectively. The first estimate has been proved in [11, Theorem 2], while the second one is the classical
Cheeger inequality for the Laplacian, see [14]. Both inequalities are sharp in the following sense: by
taking the N—dimensional unit ball B;(0), one may prove that

1B, (0)] 1 . AB1(0) 1

WOy mBOr M GOy "

The first fact can be easily seen, by recalling that

T(B(0)) = % and hi(B1(0)) = N.
The second fact has been recently observed in [20, Theorem 1.3] and is based on asymptotics for zeros
of Bessel functions.
This somehow suggests that the general estimate (6.4) should be sharp, as well, by using a similar
argument. However, the task of computing the exact asymptotics for A,(B;(0); g), as the dimension N
goes to oo, does not seem easy.

6.3. Hersch-Makai—type estimates

We now take Q C R" to be an open bounded convex set. We will employ in a dual way a trick by
Kajikiya (see [23,24] and also [8]), in conjunction with our duality result. This will give us a sharp
lower bound on 4,(€2; ¢) in terms on the inradius and the perimeter of the set.

We indicate by do : Q — R the distance function from the boundary dQ, while R will be the
inradius of €. We recall that this coincides with the supremum of the distance function, that is

Rg = supdo(x).
x€Q

We take g to be the unique positive solution of

2 1 1
max {— f ll? dt — f |cp’|2dt}.
peW A (-1 \ g J-1 -1
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This satisfies the equation
g’ =g"", in(-1,1), with g(-1) = g(1) = 0.

This is a concave even function, which is increasing on (—1,0) and decreasing on (0, 1). We then
“transplant” this function to Q, by setting

2 (d
u(x) =Ry’ g( o) _ l) , for x € Q.
Rq
By using the equation solved by g, the fact that |[Vdg| = 1 almost everywhere and the weak

superharmonicity® of d, we get that
—Au > ui™, in Q,
in weak sense. This entails that the pair

Vul*

ud -’

Vu

ud-!

and Jfo=—-(@-1)

$o =

is admissible for the dual problem (1.6). By Theorem 1.1, we then get

2—q
2 s
q 2
N :( f IVul dx) .
L>1(Q) Q

By using the explicit form of # and again the fact that |[Vdg| = 1 almost everywhere in €, the previous

estimate can be rewritten as
1 d,
<R} f g (—Q - 1)
1(Q;9) Q Rqo

We observe that this is already a geometric estimate in nuce, since the right-hand side only depends on
elementary geometric quantities of € (i.e., the distance function and the inradius) and on the universal
one-dimensional function g. Moreover, it is not difficult to see that (6.5) is sharp (see Remark 6.6
below).

Let us try to derive from (6.5) a more explicit estimate. At this aim, we can use the Coarea Formula
with respect to the distance function, so to get

()
Rq

Ro
f g’(d—g—l) dx:f
ol \Ra 0

where Q, = {x € Q : do(x) > t}. We now recall that  — P(£),) is monotone decreasing, in a convex
set (see [10, Lemma 2.2.2]). Thus we automatically get
t
"— -1
§ (RQ )

dq
Q RQ
Mathematics in Engineering Volume 4, Issue 4, 1-28.

< ( _ 1)(4—1)%
L@

G,(fo, $o)

2-q

2 q
dx] . (6.5)

2 2
P(Q) dt,

2
dt.

2 R

dx < P(Q)
0

$This follows from the convexity of Q.
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A simple change of variable then leads to

()
gl=—-1
ol \Ra

We can insert this estimate in (6.5) to obtain

2

2-q

<RS PO ( f g <r>|2dr)q .

1
(s q)

By using that g is even and the identity

1 1
f 1 g’ (D dr = f 1 lg(0)I* d,

we have

0 1 1
f|g'|2dr:5f|g'|2dr———[ flglqdf f|g|2dr]
1 -1
q

=

1
(/11((—1, 1);61))

0
dx < P(Q)Ro f g’ () dr.
-1

In the last equality we used the optimality of g and Proposition 2.1, for the one-dimensional set QQ =

(=1, 1). This gives

1 2 = (1) ¢ 1
<R{ P(Q) _
L(Qq) 2 A((=1,1);9)
If we now recall the definition
nf ||90'||L2((o 1)

7T2,q - 12
Wy ((0,)\{0 ||90||Lq((o1))

and use the scaling properties of Sobolev-Poincaré constants, we get

L((=1,1)1q) = (mg 220"

Thus, we finally obtain the following

Corollary 6.5. Let 1 < g < 2 and let Q C RN be an open bounded convex set. Then we have

n@gz () o
RS

Remark 6.6. When compared with the Hersch-Makai—type inequality

e (2 2

Q
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already recalled in the Introduction, we see that the estimate (6.6) is slightly weaker. Indeed, the former
implies the latter, by recalling that for a open bounded convex set we have

Q| < Rq P(Q).

Nevertheless, inequality (6.6) is still sharp: it is sufficient to take the “slab—type” sequence

L L N-1

Qr=|—-=,= x (0, 1),

- ( 2 2) ©.1)
with L diverging to +co. For this family of sets we have (see [8, Lemma A.2])
2
T
QL q) ~ A and P(Qp) ~2LM", as L — +oo,
L(N—I)J

and R, = 1/2,for L > 1.
We also observe that this slight discrepancy between (6.6) and (6.7) is lost in the limit as g converges
to 2: in both cases the estimates boil down to

m\2 1
ez (1) L
1(Q2) > Ré

which is the original Hersch sharp inequality from [22, Théoreme 8.1]. We also refer to [12, Theorem
5.5], [15, Theorem 5.1] and [23, Theorem 2.1] for other proofs and extensions of this result.
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