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1. Introduction

In this paper we are interested in a fourth order nonlinear eigenvalue problem

(1.1)

A(AUP2Au) = =AYV - (\Vul’>Vu) in Q,
u=0u=0 on 0Q,

with the adhesive constraint
|0O(uw)| = w, (1.2)

where p > 1,0 < wy < |Q] and O(u) := {x € Q | u(x) # 0}. Here Q, v and |QQ| denote a smooth
bounded domain in R", the unit outer normal of AQ and the Lebesgue measure of Q, respectively. The
eigenvalue problem (1.1) is regarded as a generalization of the buckling eigenvalue problem with the
clamped boundary condition

(1.3)

A’u=-1Au in Q,
u=0u=0 on 0Q.
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The first eigenvalue of (1.3) with N = 2 is called the buckling load of a clamped plate and characterized

by
f |Aul? dx
(@) = inf St E
Ho(sz)\{mflvulzdx
Q

In 1951, Polya and Szeg6 [9] conjectured that the disk minimizes the buckling load u; among
domains of given measure. The conjecture has been attracted a great interest and studied by many
researchers (e.g., see [2, 10], [6, Section 3.2] and references therein). In particular, recently
Stollenwerk [10] considered problem (1.3) with constraint (1.2) to study the Polya-Szego conjecture
for N = 2, 3. Although nonlinear eigenvalue problems for the p-biharmonic operator of the type

AJAuP?Au) = AufP>u in Q

have been well studied in the mathematical literature (e.g., see [3,5, 7] and references therein), to the
best of our knowledge, there is few result on the eigenvalue problem of the type (1.1).
The purpose of this paper is to study the first eigenvalue of (1.1) with constraint (1.2) for N = 1:

u// p—2u// ” =2 u/ p—2u/ ’ in I,
{<| P2y = —au' 1) 14

u=u = 0 on 81,
with
IOW)| = w, (L.5)
where
O(u) :={x € I|u(x)+0}.

Here I C R denotes a bounded open interval and 0 < wy < |I| is a given constant.
One of our motivations is to prove the existence of the first eigenvalue and corresponding
eigenfunctions of problem (1.4) with (1.5). To this end, we consider the minimization problem

min E(v), (P)

VeAy,

where

[V'|Pdx
Ay 1= (v € W) | IOW)| = wp).

As we prove in Lemma 3.2, solutions to problem (P) satisfy problem (1.4) with (1.5) in a weak sense.
Thus problem (P) gives us the first p-buckling eigenvalue and corresponding eigenfunctions.

The second motivation is to show a property of the eigenfunction corresponding to the first p-
buckling eigenvalue. In 2014, Watanabe [12] studied the p-elastic curves which are critical points of

the p-elastic energy
f k|” ds,
Y
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where v, k and s respectively denote a planar curve, the curvature of y and the arc length parameter of
v, and proved the existence of solutions with ‘flat core’. Here, we say that u : I — R has ‘flat core’ if
the graph (x, u(x)) contains a part where the graph is parallel to the x-axis (more precisely, see [11,12]).
In order to state our second motivation precisely, we define

TV = {x € 00(u) | u'(x) = 0}, T = {x€d0Ww) | | (x)| > 0},

and

T(u):=0w)u g

We say that u : I — R has flat core of adhesion type if the set Z(u) is not connected. Our second
motivation is to ask whether constraint (1.5) can induce the eigenfunction corresponding to the first
p-buckling eigenvalue to have flat core of adhesion type or not.

The main result of this paper is stated as follows:

Theorem 1.1. Let I C R be an open interval. Let p > 1 and 0 < wqy < |I|. Then problem (P) possesses
a solution u € A,,,. Moreover, 1(u) is connected.

We deduce from Theorem 1.1 that the eigenfunction corresponding to the first p-buckling
eigenvalue does not have flat core of adhesion type. Due to adhesive constraint (1.5), it is difficult to
solve problem (P) by the direct method of calculus of variations. To overcome the difficulty, we
employ an idea by Alt and Caffarelli [1] as in [10]. More precisely, considering a penalized problem,
once we remove adhesive constraint (1.5) from (P). Studying the regularity of the penalized solution
u,, we prove the relation |O(u,)| = wy for sufficiently small £ > 0. Then we obtain a minimizer of
problem (P). We note that, if we employ the same strategy to find the first p-buckling eigenvalue for
N > 2, then one of the arising difficulties is the lack of regularity of the penalized solution u,.

This paper is organized as follows: In Section 2, we collect notations and inequalities which are used
in this paper; In Section 3, we define a penalized problem and prove the existence and the regularity of
the penalized solutions; In Section 4, we prove Theorem 1.1.

2. Preliminary

In this section, we collect function spaces and inequalities used in this paper.

The space Wé’p (1) is the closure of C(I) in W*P(I). In this paper, we employ IVll2,p == [V’ llrqry as
the norm in Wé’p (I). Here we note that the norm || - ||, is equivalent to the standard W?? norm. Indeed,
by the Poincare inequality we find a positive constant C such that

2,
Wl + IV iy + IV gy < Clvil,,  for all v e Wy (D).

This clearly implies that the norm || - ||, , is equivalent to the standard W?2P norm.
In order to treat L” norms, we employ the following inequality (see [8]):

IbIP > |al” + p{al’2a,b—a) forall a,beRY and p>1, 2.1)
which expresses the convexity of the function x — |x|” for p > 1.
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3. Penalized problem

In this section we consider a penalized problem. We define the function f; and the functional E, by

) if s> wo,
fls):=1 & | 3.
0 otherwise,
E (u) := E(u) + f:(I0w))), (3.2)

for € > 0. Then the penalized problem corresponding to (P) is written as follows:

min E.(v). P,)
veW (1)

To begin with, we prove the existence of solutions of penalized problem (P,).
Lemma 3.1. Problem (P,) possesses a nontrivial solution for each € > 0.

Proof. Let {u;}ren C Wé”’ (1) be a minimizing sequence for E,, i.e.,

lim E (u;) = inf E.(v).
k—o00 VGWSVP(I)

We note that E, is nonnegative. Extracting a subsequence, we find a constant C > 0 such that

E.(u) <C forall keN, (3.3)

where we denote by {u,} this subsequence, for short. Since E, is homogeneous of degree 0, we are able
to normalize the minimizing sequence {u;}ren as follows:

flu,’((x)lp dx=1 forall keN. (3.4)
1

Then problem (P,) is reduced into
miyf{l E(v),

where
A= e WD) [ VI, =1}
By (3.1), (3.2), (3.3) and (3.4) we have
||uk||§’p = E(u) < E,(u) <C forall u e A.
Thus we find a function u, € Wg’p (1) such that
w, — u, weakly in W,'(I) as k— oo, (3.5)

up to a subsequence. Since the embedding Wé’p (I) ¢ C'(I) is compact for each a € (0,1 — 1/p), it
follows from (3.5) that
w — u, in C™*(I) as k— oo. (3.6)
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This together with {u;} C A implies that

flu'g(x)l”dx =1,
I

and then u, € A. Moreover, this clearly implies that u, is nontrivial.
Next we show that u, € A is the desired minimizer of E.. First it follows from (3.5) that

E(u) = |}, < Tim inf [}y, = lim inf E(ue). (3.7)
We can prove the relation
f(l0@)D) < lim inf £.(O))) (3.8)

along the same line as in [10, Theorem 2.1]. Indeed, since f, is non-decreasing, it suffices to prove the
relation

|0O(u.)| < liin inf |O(uy). (3.9)

By the Banach—Alaoglu theorem we find a function p € L*(I) with 0 < p(x) < 1 for a.e. x € I such
that

]}im Xowyp dx = fpgo dx (3.10)

for all ¢ € L'(I) up to a subsequence, where

1 if xe€O0(uy),

Xotu(X) := {o if xel\Ouy.

Then we observe from (3.6) and (3.10) that

0= I}im[fu,f[l — Xowy] dx + f“/?[l — Xowy] dx]
—ool J; 1

:ﬁu;[l—p]dx+f1ug[l—p]dX,

where g* := max{g,0} and g~ := max{—g,0}. This together with 0 < p < 1 implies that p = 1 a.e.
in O(u,). Thus we obtain (3.8) as follows:

O(u,)| = f ldx < fp dx = liminf f)(o(uk) dx = liminf |O(uy)).
O(u,) i koo Jp k=00
Combining (3.7) with (3.8), we obtain

Eo(us) = E(us) + £o(10u)]) < lim inf Eu) + lim inf £,(10Ga)])
< iminf[E(uy) + f:(10()D] = lim inf E, ().

Therefore Lemma 3.1 follows. O

Mathematics in Engineering Volume 3, Issue 4, 1-15.



From now on, we set

= f|u;’|pdx. (3.11)
1

J0:={x€d0u,) | u.(x) =0},  J!:={x€dO(u.)|u.(x) > 0},

Moreover, we define

and

I(u,) := O(u,) U jgl.

Lemma 3.2. Let u, be a solution of (P.). Then (u., A,) satisfies the following eigenvalue problem in
the weak sense :

(lu;,lp_2u;’),, — _Ag(lu‘rglp—Zu;)/ in I(ug)’
U = u, =0 on 071 (u,).

Proof. It suffices to prove that (u., A;) € Wé”’ (I) X R satisfies
ﬁ|u"|1’ Ul " — Al PPul'  dx =0 forall @ € Wy (Z(u)). (3.12)
I
Fix ¢ € Wg "P(I(u,)) arbitrarily. Since u, + d¢, € Wg "P(I(u,)), we deduce from the minimality of u, that

d
d_éEa(ua + 6(108) 5=0 -
Moreover, it follows from |O(u, + 6¢.)| = |O(u,)| that

fe(10(us + 6¢,)) = fo(10(us)])

for sufficiently small ¢, and then

d d
d_6E(u8 + 6‘708) 5=0 - %Ea(us + 6‘708) 5=0 - (313)
By a direct calculation we have
4 flu"lp ul " a’xflu P dx — pflu"lpdxflu IP2ul¢’ dx
—E(u, +0¢,)| =
f |u.|P dx
Recalling that ||u]|.»,;, = 1 and ||u;’||p,(1) = A,, we obtain
iE(u +00.)  =p [P ul ¢’ — pAJul P uly |dx
d5 & &€ 5=0 ; & & El%e & :
This together with (3.13) implies (3.12). Therefore Lemma 3.2 follows. |

We prove the regularity of the minimizer u.. To begin with, we show some properties of the support
of u,.
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Lemma 3.3. Let u, be a solution of (P.). Then
O(u.)| = wy  forall &> 0.
Proof. Assume that (3.14) does not hold. Then we find &, > 0 such that
O(uz,)| < wo.
Then there exist xy € I and 0 < r < 1 such that

B(xy,r) C I,
B(xo,r) N O(u,,) = 0,
|O(u,,) U B(xo, r)| < w,

(3.14)

(3.15)

(3.16)

where B(y,p) == {x € I | |[x —y| < p}. Fixv € CZ(B(0, 1)) arbitrarily. We define v, : B(xp,r) — R

by v,(x) := v(xp + rx). Since
U, + v, € Wy (B(xo, 1) U I(ug,)) € WoP(I)

and
|O(u8* + Vr)| < Wy,

we observe from (3.15) and (3.17) that

ﬁ:‘*(lo(us*)l) = fs*(lo(us* + Vr)|) =0.

This together with the minimality of ., implies that
E(uy,) = E; (us,) < Ep (U, +v,) = E(ug, +v,).

Recalling the definition of A, we deduce from (3.18) that

A, f (e, +v,)' [P dx < f (e, +v,.)"|P dx.
B(x0,r)UO0(ug,, ) B(x0,r)UO0(ug, )

Thanks to (3.16), we reduce (3.19) into

A f W, |” dx + f viIP dx| < f ! |” dx + f VP dx.
O(ug,) B(xo,r) O(us, ) B(xo,r)

Since
f V1P dx = 177! f V'IP dx, f VP dx = r?r! f VI dx,
B(xg,r) B(0,1) B(xg,r) B(0,1)
recalling that ||u’||,,,. = 1 and ||u”||?,,,. = A, for all € > 0, we observe from (3.20) that
g ellLr(n e "WLpr(I)
ana
Ilv ”Lp(B(O’l))rp
ST vy
LP(B(0,1))

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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On the other hand, combining ||u, ||L,,(I) = 1 and ||u
constant C > 0 being independent of r such that

1
O<ESA€ forall £>0,

i way = Ne with Poincaré’s inequality, we find a

This together with (3.21) implies that

1(|1P
1 ”v,”LPBOl
O<E<—((’))V‘D

”V ||Lp(B(O]))

Taking 0 < r < 1 small enough, we lead a contradiction. Thus Lemma 3.3 follows. O

Lemma 3.3 implies that the ‘size’ of the support of minimizer u, is uniformly bounded from below
with respect to £ > 0. Next we prove that the support of u, is connected.

Lemma 3.4. Let u, be a solution of (P,). Then I(u,) is connected for all € > 0.

Proof. Suppose not, we find €, > 0 such that 7(u,,) is not connected. Then there exist an open
interval I; and an open set I; such that I; NI, = () and

I(l/tg) = 11 U 12. (322)
We define U, by
/ug in Il',
U; = 1uglleray for i=1,2. (3.23)
0 in [ \ Ii’

Then it holds that U; € WOZ”’ (I) fori = 1,2. If |I;] = wy, then we deduce from (3.22) that
Ec(u:) = Ag + fo(O(uz)) = E(Uy) + E(Us) + f:(O(uz)) > E(U)).
This clearly contradicts to the minimality of u,. If |I;| < wy, then Lemma 3.3 implies that
E (u,) < E,(Uy). (3.24)

Since it follows from |/;| < wy that f.(U;) = 0, we observe from (3.24) that A, < E(U,), and then

As f U} P dx < f U dx. (3.25)
I I

On the other hand, it follows from (3.23) that

f \UY|P dx = flu;'lp dx — f \U{1P dx = A, — f |UTIP dx. (3.26)
L 1 I I

Plugging (3.25) into (3.26), we have

fIU Pdx < A, — A, fIUI”dx
L
= A, l—flUlpdx flu [P dx — fIUlpdx fIUI”dx

Mathematics in Engineering Volume 3, Issue 4, 1-15.
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where we used (3.22) again in the last equality of (3.27). Then (3.27) implies that
E(U,) < As = E(u,). (3.28)
Since f,(|0O(U,)|) < f:(|0(u,)|), we deduce form (3.28) that
E(U2) < Eg(ue).
This contradicts to the minimality of u.. Therefore Lemma 3.4 follows. O

Lemma 3.5. There exists a constant A, such that
Ae < Apax forall &> 0.

Proof. Let ry := wy/4 and set xy € I such that B(xy, ry) C I, where B(y,p) :={x eI ||x -yl < p}. We
consider the problem
min E®). (3.29)

veW,? (B(x0.r0))

Along the same line as in the proof of Lemma 3.1, we find a solution ¢, € Wé’p (B(xg,19)) of
problem (3.29) satisfying the following:

f lpl? dx = 1. (3.30)
B(x0,r0)

Since ¢, € Wé”’ (B(xo, r9)), we can extend ¢, as a function in Wg’p (I). Recalling that
|0(@o)| < |B(x0, 1o)| < wo/2,

we deduce from Lemma 3.3 that
Ea(us) < E:—:(QOO) = E(QDO)
This together with (3.30) that

A< [t A
B(x0,r0)
Therefore Lemma 3.5 follows. O

Here we employ the idea in [4, Proof of Theorem 3.9]:

Lemma 3.6. Let a,,a, € I with a, < a,. Fixn € CZ((a, ay)) and set

@1(x) 1= fx fy n(s)dsdy + a(x — a)* + B(x — ar)’, (3.31)
11 “ A 3 2 "y
aim—— [Taar-—— [ [Cuwasas (3:32)
a — a aj (az - al) ap ap
o 1 2y
Bi=- - 3 f f n(s)dsdy. (3.33)
a—a; (ay—a) a Ja

Then ¢, € Wg’p((al, a,)) and there exist Cy, C,, C3 > 0 depending only on a, and a, such that

lotllwiearay < CillnllLianays @ < CallnllLiay.ay> 1Bl < C3llnllaya)-
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Proof. By (3.31), (3.32) and (3.33) we have ¢,(a;) = ¢i(az) = 0. Since
e1(x) = f n(s)ds + 2a(x — a)) + 38(x — a))?,

it follows from (3.32) and (3.33) that ¢}(a;) = ¢j(a;) = 0. Thus we see that ¢, € Wg’p((al,az)).

Moreover, we have
||77||L1((a1 a2)) + —a ) f f [n(s)|dsdy =

- f I
< dsd
1Bl < 0 —a + (a2 Za) In(s)|ldsdy < @ )2||77||L (a1,a2))*

Similarly we obtain

|| <

||77||L'((a1 a))s

llo1llzo(aran < (@2 — al)f 2 ()l ds + |al(a, — ar) + |Bl(ar — a))* < 10(a; - a)lnllerara)»
a
Itz arany < Ml ap.any + 2lel(@ = ar) + 3|Bl(az — a1)* < 240l (ayan)-
Thus Lemma 3.6 follows. O
Theorem 3.7. Let u, € Wg’p (I) be a solution to (P,). Then there exists a constant M > 0 such that
N>y <M forall &> 0.

Proof. Fix & > 0 arbitrarily. Since u, € Wé’p (1) is a solution to (P,), by Lemma 3.2 we have
f 172U " — A2’ | dx = 0 forall o € WoP(Z(u,)), (3.34)
I (ug)

where the constant A, is defined by (3.11). By Lemmas 3.3 and 3.4 we find af, a5 € I such that
I(u,) = (aj,a5), wo<la;—ajl<|ll, forall &>0. (3.35)

Fix n € C°(1 (u,)) arbitrarily. Taking (af, a5) as (a;, a;) in Lemma 3.6, we observe from (3.35) that the
constants Cy, C, and C3 in Lemma 3.6 depends only on wy and I. Taking ¢ = ¢, in (3.34), where ¢, is
the function defined in Lemma 3.6, we have

& a8 &

) ) 2 ) a; 5
f [u|P"undx = f [u|P~u[-2a — 6B8(x — a;)] dx + Agf lu "~ u.¢)| dx.

1 i i
This together with Lemma 3.6 implies that

: % :
f /P2l da = f /" (2l + OlBIIT dx + A, f AP
al aS a(‘:

1 1

£

a;
< 2CIMlL zyy) + 6C3|I|”77||L'(I(ug))]f /1P~ dx (3.36)

1

5
—1
+ Ol f W dx.
aj
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By Holder’s inequality we have
> 2 el | ol
f /[P~ dx < (f |ul/|P dx) " (a5 —ad)r < AS . (3.37)
ay ay
Similarly we obtain

2 el el
fﬂ P~ dx < ( f Ll dx) "7 < CA 7. (3.38)
aj I

Plugging (3.37) and (3.38) into (3.36) we see that

p-1

as
_2 -
f |M;/|p u;’ndX‘ < CA/’ ”n”Ll(I(uE)),
a

&

where the constant C > 0 depends only on w, and /. This together with Lemma 3.5 implies that

5
f |“.,s’|p_2”;’77 a’x‘ < Cllmllz () (3.39)
aj

where C > 0 depends only on wy and I. Using the fact that (L'(7(u,)))* = L®(I(u,)) and Riesz’s
representation theorem, we deduce from (3.39) that

-1
et 1P~ e (ruyyy < C.

Therefore Theorem 3.7 follows. O
4. Proof of Theorem 1.1

In order to prove Theorem 1.1, it suffices to show the following:

Theorem 4.1. Let u, be a solution to (P,) obtained by Lemma 3.1. Then there exists a constant &y > 0
such that

O(u,)| = wy  forall 0< e < g. 4.1)

Proof. Assume that (4.1) does not hold. Then, by Lemma 3.3 we find a sequence {g;} v such that

g;— 0as j— ooand

|2 (ug))| = 10(u,))l > wy forall jeN. 4.2)

Fix j € N arbitrarily, and set ¢; = & for short. By (4.2) we find x, € 7 (u,) such that
|2 (ue)l = |B(xe, 7e)| > wo,

where
1
Te 1= Edist(xs, 01 (u)).
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Letn € C(B(xg,2r,)) be a cut-off function with

0<n<1 i I,
n=1 in B(xg,r,),

C C
17 ey < — I sy < =,
v r

&

where C is a positive constant. Let v, := u, — nqu.. Then we see that v, € Wg’p (I) and

U, in I\ B(x,,2r.),
Ve =
0 in  B(xg,ry).

Recalling that
10l = 11 (1)l = |B(xs, 7)| > wo,

by the minimality of u, we have E.(u,) < E.(v,), i.e.,

flv"l” dx
flv |” dx

2r,
Je(l0e)D) = f(I0(e)I) = ?r

Ag + f:(I0uy))) £ =—— + f(I0(,))).

Since it follows from (3.1) that

plugging (4.6) into (4.5), we obtain

2r,
A, f WP dx + 2= f WP dx < f WP dx.
I € Jr I
From (4.4) we see that

flv I dx = f (1 = pug)'|” dx + f || dx
B(xg,2re) I\B(xg,2re)

f (1L = ) P = ] dx + 1.
B(xg,2re)

Similarly we have
f|V;'|p dx = f (L = pu)”|P = uIP]dx + A,
I B(x¢,2re)
Combining (4.7) with (4.8) and (4.9), we find

4.3)

4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

’ ’ 2r8 ’ ’7” ’7”
As f 11 = mu) 1P = ] dx + == f vIP dx < f (1 = u)” I = |/ IP] dx. (4.10)
B(xe,2re) € Jr B(xe,2r%)
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Since it follows from (2.1) that
f [T = pus)' 1P = |u /"] dx > —p f P20 (qu)’ dx
B(xg,2re) B(xg,2re)
and
f (1 = )P — [u]|’]dx < p f (A = )P ((A = puy)” (qu)” dx,
B(x.,2rs) B(xz,2rs)
we reduce (4.10) into

2r
“[hrar<pa, [ wr oy ds
€ Jr B(xg,2r¢)

i f (1 = ) P21 = ) o) dx (4.11)
B(xg,2r,)
= K1 + Kg.
By Theorem 3.7 we have
()] = Jup(x) — u()| < Clx =yl < 2Cr,  forall x € B(x,,2r,), (4.12)

where y € 01 (u.), and the constant C is independent of &. Moreover, we deduce from (4.12) that
jus(0) = | f u,(©) de| < 2Crlx -yl < 4Cr2, 4.13)
y

where y € 01 (u,). It follows from (4.3), (4.12) and (4.13) that
Ki < CArP|B(x.,2r:)| < CAET, (4.14)
where C > 0 is independent of . Similarly, we infer from (4.3), (4.12), (4.13) and Theorem 3.7 that
K, < C|B(xg,2r,)| < Cr,, (4.15)

where C > 0 is independent of . Plugging (4.14) and (4.15) into (4.11), we obtain

27,

~ flvélp dx < Cre(1 +7rD), (4.16)
I

where C > 0 is independent of . Since ||u||.»;) = 1, by (2.1) we have

flvélp dx=1+ f[lvélp —|u Pldx > 1 - pf |u;|p_21/l;(7]u€)’ dx>1- Cré’”.
1 1 B(x:,2rs)

Taking x,. € I (u,) sufficiently close to 07 (u,), we see that
1
f VP dx > —.

I 2

1
—<C+rD).
E

This together with (4.16) implies that

Letting € — 0, we lead a contradiction. Therefore Theorem 4.1 follows. O
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We are in a position to prove Theorem 1.1:

proof of Theorem 1.1. By Lemma 3.1 we see that there exists a solution u, of (P,) for each € > 0.
Thanks to Theorem 4.1, we find g9 > O such that

O(u,)| = wy forall 0<eé&<eg.

This implies that u, is a solution of problem (P), providing that £ > 0 is small enough. Moreover, it
follows from Lemma 3.2 that (u,, A.) satisfies problem (1.4) in a weak sense. Finally, we deduce from
Lemma 3.4 that 7 (u,) is connected. Therefore Theorem 1.1 follows. O
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