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1. Introduction

Mean-field games (MFG) is a tool to study the Nash equilibrium of infinite populations of rational
agents. These agents select their actions based on their state and the statistical information about
the population. Here, we study a price formation model for a commodity traded in a market under
uncertain supply, which is a common noise shared by the agents. These agents are rational and aim to
minimize the average trading cost by selecting their trading rate. The distribution of the agents solves
a stochastic partial differential equation. Finally, a market-clearing condition characterizes the price.

We let (Q,7,(F1)o<s P) be a complete filtered probability space such that (7)o is the standard
filtration induced by ¢ — W;, the common noise, which is a one-dimensional Brownian motion. We
consider a commodity whose supply process is described by a stochastic differential equation; that
is, we are given a drift bS - [0,T]x R? - R and volatility o’ [0,T] x R2 - Rg, which are smooth
functions, and the supply Qj is determined by the stochastic differential equation

dQs = b3 (Qs, @y, s)ds + 0> (Qs, @, 5)dWs  in [0,T] (1.1)

with the initial condition g. We would like to determine the drift b" :[0,T] xR? - R, the volatility
ol [0,T1xR? > Rg , and w such that the price @, solves

dwg = b*(Qs, @y, s)ds + o' (Qy, @y, 5)dWs  in [0,T] (1.2)

with initial condition w and such that it ensures a market clearing condition. It may not be possible
to find »* and o in a feedback form. However, for linear dynamics, as we show here, we can solve
quadratic models, which are of great interest in applications.

Let X be the quantity of the commodity held by an agent at time s for # < s < T. This agent trades
this commodity, controlling its rate of change, v, thus

dXs=v(s)ds in|[t,T]. (1.3)

At time ¢, an agent who holds x and observes g and w chooses a control process v, progressively
measurable with respect to ¥;, to minimize the expected cost functional

T
J(x,q,w,t;v) = E[f L(Xs,v(8)) + wyv(s)ds +¥ (X7, Or, @w7) |, (1.4)
t

subject to the dynamics (1.1), (1.2), and (1.3) with initial condition X; = x, and the expectation is
taken w.r.t. .. The Lagrangian, L, takes into account costs such as market impact or storage, and the
terminal cost ¥ stands for the terminal preferences of the agent.

This control problem determines a Hamilton-Jacobi equation addressed in Section 2.1. In turn, each
agent selects an optimal control and uses it to adjust its holdings. Because the source of noise in Q;
is common to all agents, the evolution of the probability distribution of agents is not deterministic.
Instead, it is given by a stochastic transport equation derived in Section 2.2. Finally, the price is
determined by a market-clearing condition that ensures that supply meets demand. We study this
condition in Section 2.3.

Mathematically, the price model corresponds to the following problem.
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Problem 1. Given a Hamiltonian, H : R* = R, H € C*, a commodity’s supply initial value, g € R,
supply drift, b5 : R?x[0,T] — R, and supply volatility, o5 : R*x[0,T] — R, a terminal cost, ¥ :
RISR Pe C°°(R3), and an initial distribution of agents, in € C.°(R)NP(R), find u : R3x[0,7] = R,
e C(0,T]x Q:P(R3)), w € R, the price at t = 0, the price drift b* R2x[0,T] — R, and the price
volatility ¥ : R x[0,T] — R solving

S )2

—u,+H(x,w+ux):bSuq+bPuw+%(0' Py2

5\2 P2
du; = ((ﬂ (0-2) ) + (HO-S O'P)qw + (:u (0-2) )
qq

fR3 q+DyH(x,w+ux(x,q,w,D))u(dxxXdgxdw) =0, ae weQ, 0<t<T,

S P 1
Ugg+ 07 0 Ugy + 5(07 ) Uy

- diV(,ub)) dt — div(uo)dw, (1.5)

ww

and the terminal-initial conditions

u(x,q,w, T)=Y¥(x,q,w) (1.6)
Mo =mX 5q X 0y,
where b = (-=D,H(x,w + uy),b%,b"), o = (0,05, 0"), and the divergence is taken w.r.t. (x,q,w).
Given a solution to the preceding problem, we construct the supply and price processes
O = f3q,u,(dx><dq><dw)
R
and
w; = f w i (dx X dgxdw),
R3
which also solve
dQ; =b5(0, @, 0dt+ 0% (Qr, @, )dW; in[0,T]
dw; =bP(Qn @, 0dt+0"(Qn@,0)dW, in[0,T]
with initial conditions
{QO -4 (1.7)
woy=Ww

and satisfy the market-clearing condition

0= L—DpH(X’ @+ ux(x, O, @y, 1) (dx).

In [10], the authors presented a model where the supply for the commodity was a given deterministic
function, and the balance condition between supply and demand gave rise to the price as a Lagrange
multiplier. Price formation models were also studied by Markowich et al. [18], Caffarelli et al. [2],
and Burger et al. [1]. The behavior of rational agents that control an electric load was considered
in [16, 17]. For example, turning on or off space heaters controls the electric load as was discussed
in [13-15]. Previous authors addressed price formation when the demand is a given function of the
price [12] or that the price is a function of the demand, see, for example [5-8,11]. An N-player version
of an economic growth model was presented in [9].
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Noise in the supply together with a balance condition is a central issue in price formation that could
not be handled directly with the techniques in previous papers. A probabilistic approach of the common
noise is discussed in Carmona et al. in [4]. Another approach is through the master equation, involving
derivatives with respect to measures, which can be found in [3]. None of these references, however,
addresses problems with integral constraints such as (1.7).

Our model corresponds to the one in [10] for the deterministic setting when we take the volatility
for the supply to be 0. Here, we study the linear-quadratic case, that is, when the cost functional
is quadratic, and the dynamics (1.1) and (1.2) are linear. In Section 3.2, we provide a constructive
approach to get semi-explicit solutions of price models for linear dynamics and quadratic cost. This
approach avoids the use of the master equation. The paper ends with a brief presentation of simulation
results in Section 4.

2. The model

In this section, we derive Problem 1 from the price model. We begin with standard tools of optimal
control theory. Then, we derive the stochastic transport equation, and we end by introducing the
market-clearing (balance) condition.

2.1. Hamilton-Jacobi equation and verification theorem

The value function for an agent who at time ¢ holds an amount x of the commodity, whose
instantaneous supply and price are g and w, is

u(x,q,w,t) =inf J(x,q,w, 1, V) (2.1)
\4

where J is given by (1.4) and the infimum is taken over the set A((¢,7]) of all functions v : [t,T] —
R, progressively measurable w.r.t. (¥)<s<r. Consider the Hamiltonian, H, which is the Legendre
transform of L; that is, for p € R,

H(x,p) = sulg[—pv —L(x,v)]. 2.2)

Then, from standard stochastic optimal control theory, whenever L is strictly convex, if u is C2, it
solves the Hamilton-Jacobi equation in R3%[0,7)

P2 532
—u,+H(x,w+ux)—bPuw—bSuq— (02) Uy — (02) l/qu—O'PO'Sl/lwq =0 2.3)

with the terminal condition
u(x,q,w, T) =Y (x,q,w). 2.4)

Moreover, as the next verification theorem establishes, any C? solution of (2.3) is the value function.

Theorem 2.1 (Verification). Let it : [0,T]xR> — R be a smooth solution of (2.3) with terminal
condition (2.4). Let (X*,Q,w) solve (1.3), (1.1) and (1.2), where X* is driven by the
(Fr)o<s-progressively measurable control

V*(S) = _DpH(X:’ws + ﬁx(Xi, Q. @5, 5)).

Then
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1). v* is an optimal control for (2.1)
2). it = u, the value function.

2.2. Stochastic transport equation

Theorem 2.1 provides an optimal feedback strategy. As usual in MFG, we assume that the agents
are rational and, hence, choose to follow this optimal strategy. This behavior gives rise to a flow that
transports the agents and induces a random measure that encodes their distribution. Here, we derive a
stochastic PDE solved by this random measure. To this end, let u solve (2.3) and consider the random
flow associated with the diffusion

dX; = _DpH(XSa @5+ uy(Xy, Qs, @y, 5))ds
dQy = bS(Qs, @5, $)ds+ o’ (Qs, @5, $)AW; (2.5)
dw = bP(Qs, @5, $)ds+ O-P(QSa @s, $)dW;

with initial conditions

X():x
Qo=9g
wo =W.

That is, for a given realization w € Q of the common noise, the flow maps the initial conditions (x, g, w)
to the solution of (2.5) at time ¢, which we denote by (X?’(x,q,w), 07 (q,w), @ (g, vT/)). Using this map,
we define a measure-valued stochastic process u; as follows:

Definition 2.2. Let w € Q denote a realization of the common noise W on 0 < s < T. Given a measure
i € P(R) and initial conditions g, w € R take fi € P(R>) by i = in x 05X 6y and define a random measure
Uy by the mapping w — uy’ € P(R3), where Uy is characterized as follows:

for any bounded and continuous function ¢ : R3> —» R

f Y(x, g, w)u? (dx x dg x dw)
R3
= fR WX Cxq,w), 07(g,w), @7 (. w) [dx X dg X dw).
Remark 2.3. Because ji = m X 65 X 0, we have
f W XP (. w), 07 (g, w), @ (g, w)) Aldx X dg X dw)
R
- [ w0 a0 @ ot @),
Moreover, due to the structure of (2.5),
He = (X (x, G, W) X 6 g g.m) X Oz (g.)-
Definition 2.4. Let ji € P(R3?) and write

b(x,q,w,s) = (=DpH(x,w + ux(x,q,w,s)), b’ (g,w,s), bP(q, w,s)),
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a(g,w,s) = (0, o (g, w,s), O'P(q, w,s)).

A measure-valued stochastic process u = u(-,t) = p(+) is a weak solution of the stochastic PDE

duy = (— div(ub) + (u@) + (oS Py + (ﬂ@) )a’t — div(ua)dW;, (2.6)
qq9

ww

with initial condition fi if for any bounded smooth test function  : R3 x [0,T] = R

f U(x,q,w,Hu(dxxdgxdw) = f Y(x,q,w,0)a(dx x dg x dw) 2.7)
R3 R3
!
+ f f Oy + Dy -b+ L tr (o o D*y) u(dx x dg x dw)ds (2.8)
0 JR3
73
+f f Dy -oug(dxxdgxdw)dWs, (2.9)
0 JR3

where the arguments for b, o and  are (x,q,w, s) and the differential operators D and D* are taken
w.r.t. the spatial variables x,q,w.

Theorem 2.5. Letm € P(R) and g,w € R. The random measure from Definition 2.2 is a weak solution
of the stochastic partial differential equation (2.6) with initial condition 1 = im X 6z X 0.

Proof. Let ¢ : R x[0,T] — R be a bounded smooth test function. Consider the stochastic process
s &3 Y(x,q,w, s)us(dxxdgxdw). Let

(X;(X, C_]’ W), Qz(C_I, W), wt(c_]’ W))

be the flow induced by (2.5). By the definition of y}’,
fRS w(x,q,w, O (dx x dg x dw) — »}[}@ Y(x,q,w,0)a(dx x dg x dw)
= fR WX (x,q,w), Q) (G, W), @7’ (g, W), 1) — Y(x, 4, W, 0)] in(dx).
Then, applying Ito’s formula to the stochastic process
s [ WOK08.9). 0.0 ). . ). ),
the preceding expression becomes
fo td( fR U(X(x,3, ), 05(q, W), @5(q, W), 5)in(dx))
= fo t fR |Dw + Dy b+ § te(a” D) | m(dx)ds

!
+ f f Dy - oin(dx)dW,
0 JR
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!
:ff [Dttﬁ+Dlﬁ-b+%tI‘(O'TO'Dzlﬁ)]/JS(dXquXdW)dS
0 JR3

!
. f f Dy - oag(dx X dg X dw)dW,,
0 JR3

where arguments of b, o and the partial derivatives of ¢ in the integral with respect to m(dx) are
Xs(x,g,w), Qs(q,w),@4(q,w), s), and in the integral with respect to u,(dx X dg X dw) are (x,q,w,1).
Therefore,

f W(x,q,w, O (dx x dg x dw) — f Y(x,q,w,0)a(dx x dg x dw)
R3 R3
t
= f f [Dtg[/ +Dy-b+ %tr(ngl/ (o, (T))],uf;’(dx X dgxdw)ds
0 JR3

!
+ffD¢/~a'/J§’(dx><dq><dw)dWS.
0 JR3

Hence, (2.7) holds. O

2.3. Balance condition

The balance condition requires the average trading rate to be equal to the supply. Because agents
are rational and, thus, use their optimal strategy, this condition takes the form

0, = f —DpH(x,w + ux(x,q,w, D)’ (dx x dg x dw), (2.10)
R3

where uy’ is given by Definition 2.2. Because Q; satisfies a stochastic differential equation, the previous
can also be read in differential form as

bS(Q,,w,,t)dt+ o’ (O1, @, )dW; = df
R

. —D,H(x,w+uy(x,q,w, N (dxx dgxdw). 2.11)
The former condition determines b” and o*’. In general, b* and o are only progressively measurable
with respect to (;)o<; and not in feedback form. In this case, the Hamilton—Jacobi (2.3) must be
replaced by either a stochastic partial differential equation or the problem must be modeled by the
master equation. However, as we discuss next, in the linear-quadratic case, we can find b and o in

feedback form.
3. Potential-free linear-quadratic price model

Here, we consider a price model for linear dynamics and quadratic cost. The Hamilton-Jacobi
equation admits quadratic solutions. Then, the balance equation determines the dynamics of the price,
and the model is reduced to a first-order system of ODE.

Suppose that L(x,v) = %vz and, thus, H(x,p) = 2% p?. Accordingly, the corresponding MFG model
is
P)Z S )2 P

1 S —

- div(ub)) dt — div(uo)dw, (3.1)

—uy+ 3w+ u)* —bPu, —bSuy— (o
SH2 P2
= ((157), oS (1557
949

0= —%Wt'i' &—%ux(x,q,w, DU (dxx dgxdw).

ww
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Assume further that ¥ is quadratic; that is,

Y(x,q,w)=co+ c}x + c%q + c?w + céx2 + c%xq + c%xw + c‘z‘q2 + cng + cng.

3.1. Balance condition
Let
I, = f oW, Dptdox dg X dw).
R3

The balance condition is Q; = —% (@ +1I1;). Furthermore, Definition 2.2 provides the identity

Hl‘ = fR uX(X;,‘k(x’ EI,W), Qt(q’w)awt(q7 W)’ t)ﬁ’l(dX)

Lemma 3.1. Let (X*,Q,w) solve (1.3), (1.1) and (1.2) with v = v*, the optimal control, and initial
conditions qg,w € R. Let u € C3(R3 x[0,T]) solve the Hamilton-Jacobi equation (2.3). Then

drl, = f (uxan +uxwap)ﬁ1(dx)th, (3.2)
R

where the arguments for the partial derivatives of u are (X7 (x,G,w), Q:(g,w), @w(q, w),?).

Proof. By 1t6’s formula, the process t — uy(X7, Q;, @, 1) solves

d(ui(X}, Qpw1.1)

= (ux, + UV + uxqbs +unbt + quq%(O'S )Y + uquO'S

ol + MXWW%(O'P)Z)dl+
+ (uqu'S + uxwap)dW,, 3.3)
with v*(¢) = —%(wt +u (X7, O, @, 1)). By differentiating the Hamilton-Jacobi equation, we get

1 P S (oF)? (05)? P_S _
=ty + (@ + Uy — bty — D° Ugy — 5 Uypyx — 5 Uggx — O 0 Uygyx = 0.

Substituting the previous expression in (3.3), we have
o [ 05,09, 0,@. ). (g ). ()
R
_ 1 *) = S P\ ~
= f(;(w; + Uy ) Uy + UpxV )m(dx)dt+ f (uxqcr + Uy O )m(dx)th.
R R

The preceding identity simplifies to

f(uqu'S +uxwap) m(dx)dW;. O
R

Using Lemma 3.1, we have
_CdQl‘ = f (uxqo-s + uxWO-P) ﬁ'l(dX)th + dwt,
R
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that is,
—cb® dt —co dW, = (aS jlé Urgm(dx) + o fR uxwm(dx)) dW, +dw,
= bl dt+ (aS fR Ug(dx) + o jl; U (dX) +0'P)th.
Thus,
b = —cb®, (3.4)
P C+J12Ruxqm(dx)
1+ [ unim(dx)

3.2. Quadratic solutions to the Hamilton-Jacobi equation

If u is a second-degree polynomial with time-dependent coefficients, then

fR g (X7 (x, G, W), Q(G, W), @ (g, W), D)in(dx)

and
fR U (XE (1, G, ), Q1@ ), (G, ), D)m(d)

are deterministic functions of time. Accordingly, b and o are given in feedback form by (3.4), thus,
consistent with the original assumption. Here, we investigate the linear-quadratic case that admits
solutions of this form.

Now, we assume that the dynamics are affine; that is,
bP (2,9, w) = B (1) + gbT (1) + whL (1)
bS(t,q,w) = b3 (¢) + gbS (t) + wb3 (¢
P(qW) Of(>) 6115)) wz(P) (3.5)
o (t,q,w) = 0y (1) + qo (D) + wo, (1)
a3, q,w) = O'g () + qO'f (H+ wo"zg (0.

Then, (3.4) gives

c+ | uxom(dx)
bOP = —cbg, O'OP = —a'g fR xq

1+ [ unim(dx)
S c+fRuxqﬁl(dx)
! 1+j]§uxwﬁ1(dx)
S c+fRuxqﬁ1(dx)
21+ [ uerm(dx)

Because all the terms in the Hamilton-Jacobi equation are at most quadratic, we seek for solutions of
the form

bf = —cbf, O'f =—C

P _ S P _
bz__Cbz, 0-2——0-

u(t,x,q,w) =ao(t)+ a} (Hx+ a%(t)q + a? (Hw

Mathematics in Engineering Volume 3, Issue 4, 1-14.
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+ aé (t)x2 + a%(t)xq + a%(t)xw + ag(t)q2 + ag(t)qw + ag(t)wz,

where a! : [0,T] — R. Therefore, the previous identities reduce to

i

P_ S P _
by = —cbj, oy =0

bf = —cb®, O'f = —0"]9

by = —cb5, ob =-o3 (3.6)

Using (3.6) and grouping coefficients in the Hamilton-Jacobi PDE, we obtain the following ODE
system

12
al _2(a2)
27 ¢
az :cza%bf —ca%bf +2u£a%
2 c
él3 _ czagbg —ca%bg +2a£+2aiag
2 c
éll _czagbg—ca%bg+2a:aé
1= c
5( 2, NS 4a8(2+eV (S 2 2\2
4 _ 518 A 418 “z(“z“)(”l) _1 “z(“z“) (‘71) 4( 8 (“z)
ay =cayb| —2a,b] + 5 s——+4a, (o -+
Bl 7 3 2\91 2c
2 (a2+1)
2
4a6(a2+c) Sas 2a5(a2+c)0'5 oS az(a3+1)
-5 _ 615 508 51 S A~ 45 1 2\*2 172 4 S S 2\%2 172 2\*2
a, =2cayb| + cayb; —ayb| —2a,b; 2(—(a3+1)2 +4a,07 05 |+ ) "
2
4a8(2+cV (o5 5 5( 2 52 3.1\
6 _n. 628 5,85 1 d(az+e) (73) 4( S d(az+c)(03)  (a3+1)
a, =2ca>b5 —ayb +4a, (o + -
2 2V —dp0y 77 302 2\92 B+l 2¢
(a2+1) 2
5(2 5\? 205(2+e V(o5 )V 5 1)2
a _Casbs_azbs+“z(%+c)(%) _1 “z(“z“) (=3) +2a4(05) +(“1)
0 =C1Y %1% P 2 3 \2 2\%0 2c
2 (a2+1)
2
2a3(a%+c)oS oS 4a8(a?+c) oS o’ ald?
% =cadb’ +ca’b® —2a5b5 — a’bS + M -4 M+4a4o's0'5 + L2
1 290 191 200 — 419 ) 2 3 2 29097 c
@ (a2+1)
2
4a6<a2+c) aSas Zas(a2+c)0'5 oS al(a3+l)
-3 _ 6.5 3 518 23S 1 2\*"2 072 4 S S 2\%2 0”2 1\%2
ay =2cayby + cayb; —ayby —ayb, 2(—(a3+])2 +4a,0,0; 71 P
2

with terminal conditions
ao(T) =Y(0,0,0) = co
aX(T) = D,¥(0,0,0) = ¢?
a)(T) = $D,'¥(0,0,0) = ¢,

aj(T) = D,¥(0,0,0) = c;
al(T) = D,,'¥(0,0,0) = ¢3
a3(T) = D,'¥(0,0,0) = ¢

a3(T) = D, '¥(0,0,0) = c3
a3(T) = Dy, ¥(0,0,0) = 5

Mathematics in Engineering

ay(T) =
aS(T) =

1Dy,%(0,0,0) = ¢;
1Dy ¥(0,0,0) = 5.
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While this system has a complex structure, it admits some simplifications. For example, the equation
for a; is independent of other terms and has the solution

1
CC2

1o
a,(1) = c+2cl(T-1)

Moreover, we can determine a% and a; from the linear system

d [a%] —bf + %aé cb‘l9 a% N 0 ]
a3~ 1S S 2.1(],3 2 1]
a; b2 cb2 +2a,||a, Za,

Lemma 3.1 takes the form
dI; = (a5(00* (Qr, @1, D) + @y ()" (Qp, @1, 1)) AW,

Therefore,

t
M, = Mo + fo (@3N (Qr.@r.7) + (N (Qr 1)) AW,
where

Iy = a}(0) +2a}(0) f xii(dx) + a5(0)G + a3 (0)w.
R

Replacing the above in the balance condition at the initial time, that is w = —cg —I1p, we obtain the
initial condition for the price

W= 1+;gl(o)(a{(0)+2aé(0) fR xin(dx) + (a3(0) + €))- (3.7)

where a% can be obtained after solving for aé, a% and ag.
Now, we proceed with the price dynamics using the balance condition. Under linear dynamics, we
have

0, = -1 (@, +11y)

t
-1 fo a%(r)(vg 1)+ Q0,0 () + @,05 (r)) + ag(r)(aoP ")+ 0,0t (r) + @0l (r))dWr,

Thus, replacing the price coefficients for (3.6), we obtain

dw; =—c (b (1) + b5 ()0 + b3 (N ) dt
c+a§(l)
1+a3(1)

dQ, =b3dt + > dw,,

(o5 )+ (00, + 73 (V@) dW,,

which determines the dynamics for the price.

Mathematics in Engineering Volume 3, Issue 4, 1-14.
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4. Simulation results

In this section, we consider the running cost corresponding to ¢ = 1; that is,
L(v)= %V2
and terminal cost at time 7 = 1
P(x) = (x—a)*.

We take m to be a normal standard distribution; that is, with zero-mean and unit variance. We assume
the dynamics for the normalized supply is mean-reverting

dQ; = (1-Qndt+ Q,dW,,
with initial condition g = 1. Therefore, the dynamics for the price becomes

1+a?

3 QldWla

3
1+a2

dw,=—(1-0ydr -

with initial condition w given by (3.7), and a% and ag solve

-2 3 2 1

@ =2al(1+ad),

with terminal conditions a%(l) =0 and ag(l) = 0. We observe that the coefficient multiplying Q; in the
volatility of the price is now time-dependent.

For a fixed simulation of the supply, we compute the price for different values of @. Agents begin
with zero energy average. The results are displayed in Figure 1. As expected, the price is negatively
correlated with the supply. Moreover, as the storage target increases, prices increase, which reflects the
competition between agents who, on average, want to increase their storage.

Figure 1. Supply vs. Price for the values @ =0, @ = 0.1, « = 0.25, @ = 0.5.
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