%

Mathematics in Engineering, 3(1): 1-50.

e

DOI:10.3934/mine.2021005

M iN€ ‘V’V" Received: 19 March 2020
Accepted: 19 July 2020

http://www.aimspress.com/journal/mine Published: 31 July 2020

Research article

Liouville type theorems and regularity of solutions to degenerate or singular
problems part II: odd solutions’

Yannick Sire', Susanna Terracini>* and Stefano Vita®

! Department of Mathematics, Johns Hopkins University, 3400 N. Charles Street, Baltimore, MD

21218, U.S.A

Dipartimento di Matematica G. Peano, Universita degli Studi di Torino, Via Carlo Alberto 10,
20123 Torino, Italy

Dipartimento di Matematica, Universita degli Studi di Milano Bicocca, Piazza dell’ Ateneo Nuovo
1, 20126, Milano, Italy

 This contribution is part of the Special Issue: Contemporary PDEs between theory and
modeling—Dedicated to Sandro Salsa, on the occasion of his 70th birthday
Guest Editor: Gianmaria Verzini
Link: www.aimspress.com/mine/article/5753/special-articles

* Correspondence: Email: susanna.terracini @unito.it.

Abstract: We consider a class of equations in divergence form with a singular/degenerate weight

—div(lyl*ACx, y)Vu) = " f(x, y) + div(yl*F(x, ) .

Under suitable regularity assumptions for the matrix A, the forcing term f and the field F, we prove
Holder continuity of solutions which are odd in y € R, and possibly of their derivatives. In addition,
we show stability of the C%* and C!® a priori bounds for approximating problems in the form

—div(e? +y)PAC V) = (7 + )P f(x,) + div((e® + y)PF(x,y)
as € — 0. Our method is based upon blow-up and appropriate Liouville type theorems.
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1. Introduction and main results

Letz = (x,y) € R withx € R"andy € R, n > 1, a € R. Our aim is to study the boundary
behaviour of solutions to a class of problems involving singular/degenerate operators in divergence
form including

Lau = div(]y|"A(x, y)Vu),

and their regularizations. The boundary here coincides with £ := {y = 0} the characteristic manifold,
where the weight becomes degenerate or singular, and this happens respectively when a > 0 and a < 0.
Accordingly, this class of operators is called degenerate elliptic.

The first motivation for this work is to complete the study started in [21] on local regularity for
solutions to degenerate/singular problems including the following

—div (|y|"Vu) = [y|"f + div (]y|"F) in B;. (1.1)

In [21], we treated the regularity of even-in-y solutions (corresponding to Neumann boundary
conditions), including the case of variable coefficients. We provided local C*® and C'® estimates,
which are uniform as the parameter € — 07, for even solutions of regularized uniformly elliptic
problems of the form

— div (0 (A(x, y)Vue) = pe(N fe + div (Z(0F:)  in By, (1.2)

where the regularized family of weights p¢ is defined as:

& +y)Y?min{e¢, 1} ifa>0,

13
(& +y)? max{e™?, 1} ifa<0. (1.3)

Pey) = {

A further motivation comes from a remarkable link between our operators and fractional powers
of the Laplacian, from a Dirichlet-to-Neumann point of view, as highlighted in [4], when our weights
belong to the A,-class; i.e.,a € (-1, 1).

Goal of this paper is to deal with odd-in-y solutions to (1.1) (corresponding to Dirichlet boundary
conditions), providing local regularity, when possible in the e-stable sense, by proving uniform bounds
for solutions to (1.2). Odd solutions make sense as energy solutions in the natural weighted Sobolev
spaces whenever a € (—oo, 1) (in the sense of §2). At first, we notice that can not expect, for the
odd solutions, the same estimates as for the even ones, where the regularity results from the combined
effect of the ellipticity and the boundary condition. In fact, the function y[y|™ is £,-harmonic with
finite energy when a < 1 (in case of A = I), and for a € (0, 1) is no more than Holder continuous. We
will refer to this special solution as the characteristic odd comparison solution. Similar, yet smoother,
characteristic odd comparison solutions exist for the full regularized family of e-problems (in a rather
general setting). Nonetheless, one major obstruction in the study of regularity is the fact that our
weights need not to be locally integrable when a < —1, preventing the application of classical regularity
theory such as that developed for degenerate weights of the A,-Muckenhoupt class, starting from the
seminal papers [8—10]. We point out that our singular/degenerate operators fall within the class of
edge operators whose calculus was developed by Mazzeo and his collaborators (see in particular [7,
15,16] and references therein). We shall adopt here a different perspective, exploiting suitably tailored
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Liouville type theorems as main tools (similarly to [20]). To this aim, a major hindrance is that the
measure |y|“dz is not absolutely continuous with respect to the Lebesgue measure. In order to overcome
this difficulty, one can be guided by the following insight:

Proposition 1.1. Let a € (—o0,1) and u € H“(B,) be an odd energy solution to (1.1) in B, (for
simplicity with F = 0). Then for any r < 1 the ratiow = u/y|y|™* € H“>~%(B,) and it is an even energy
solution to
— div (y7*Vw) = [y f = pPe-L— s, (1.4)
yivl=

Proposition 1.1 allows the application of the results for even solutions already proved in [21],
providing regularity up to the multiplicative factor y[y|™. Thanks to this observation it is natural to
shift the study of regularity for odd solutions to that of even solutions of the auxiliary problem above.
A similar perspective has been adopted in [19] for the obstacle problem in the same
singular/degenerate setting.

As an example, by the Schauder estimates in [21], when the forcing f =: f/yly|™ in (1.4) is C*,
then the ratio w = u/yly|™ is locally C**>®. Thus, we understand that the correct way to face the
regularity of odd solutions consists in seeking C*®* and C'® bounds for the ratio between the solution
and the characteristic odd one, depending on the regularity of the same ratio of the right hand side.
This point of view corresponds to (possibly higher order and/or non homogeneous) boundary Harnack
principle at X in the sense of [3,6,10,13,14]. It is worthwhile noticing that, when a € (—oo, 1), then the
exponent 2 —a belongs to (1, +00), placing Eq (1.4) in the so called super degenerate case, again outside
the land of A,-Muckenhoupt weights theory, and which has been treated in [21] when associated with
Neumann boundary conditions. Furthermore, looking at the right hand side of (1.4), we realize that the
transition from the odd to the even case requires to pay a cost in terms of more stringent conditions on
the forcing term f, in the sense that the ratio y|>{|c*“ must possess some regularity (integrability at least);
in other words, when a < 0, it means that the forcing term is vanishing with a certain rate at Z. In this
regard, our results are connected with the recent paper [1], where a boundary Harnack principle with
right hand side is established in the uniformly elliptic case.

As already pointed out, our results are not limited to the A,-Muckenhoupt class of weights, which
restricts a in the interval (—1, 1). Nonetheless, we wish to state the following corollary, which joins
the results contained in this paper with the Schauder theory for even solutions developed in [21],
concerning full regularity for energy solutions of degenerate or singular problems when the weight is
A,-Muckenhoupt and A = 1.

Corollary 1.2. Leta € (-1,1), k e NU {0}, @ € (0, 1) and consider u € H**(B,) an energy solution to
=div(Iy*Vw) = [yIf  in By.
Let us consider the even and odd parts™ (with respect to y) of the forcing term f. Let

f=f+f=f+0"f%  with £, f, € C*(B)).

“Even and odd parts (in y) of a function are defined as usual as

f(x’y) +f(x’ —}’)
) s

f(x,)’) - f(xv —Y)

Je(x,y) = 5

Jo(x,y) =
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Then
u=u,+u, =u,+ylyl ‘i, with u,, i, € C{:;z’a(Bl).

As a next step, we aim at deepening the e-stability of these estimates with respect to the family of
regularized weights (1.3) (also including the variable coefficient case). In other words, we deal with
odd-in-y solutions to the family of Eq (1.2). We will provide local uniform-in-& regularity estimates,
enlightening their delicate link with curvature issues related with the matrix A. As we shall see, also
the notion of characteristic solution must be suitably adjusted in order to deal with the variable
coefficient cases. Finally, we will apply our results to a family of degenerate/singular equations
naturally associated with the euclidean Laplacian expressed in Fermi coordinates in the
neighbourhood of an embedded hypersurface.

Below we set the minimal assumptions on the matrix A that we need throughout the paper:

Assumption 1.3 (HA). The matrix A = (a;;) is (n + 1,n + 1)-dimensional and symmetric A = AT has
the following symmetry with respect to X: we have

A(x,y) = JA(x, —y)J, with J= ( % _O )

Moreover, A is continuous and satisfies the uniform ellipticity condition A;£> < A(x, y)é - € < €2,
for all £ € R™!, for every (x, y) and some ellipticity constants 0 < A; < A,. Therefore, the characteristic
manifold X is assumed to be invariant with respect to A when y = 0; that is, there exists a suitable scalar
function u such that

A(x,0) - ey = u(x,0)e,y.

Whenever the hypothesis on A are not specified, we always imply Assumption (HA). From now on,
through out the paper, whenever not otherwise specified, in order to simplify the notations, we will
work with A = T every time this condition is not playing a role in the proofs. In the perspective of
Proposition 1.1, but considering odd solutions for the family of regularized problems in (1.2), it will
be convenient to adopt the following notation on the matrix A.

Notation 1.4 (HA+). The matrix A is written as:

A(x,y) = u(x,y)B(x, y),

with |
C < ulx,y) <C, (1.5)
[ Bxy) | T(x,y)
B(-x’y) - ( T(X,y) ‘ 1 )’

where B is a (n, n)-dimensional matrix and T : R**' — R” (we denote by A = uB). We remark here
that under our hypothesis on the symmetries of coefficients; one has, for y < 0

B(x,=y) | -T(x,—y) )

A(x,y) = p(x, —y)( Ty 0
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The structural assumption on the matrix A is consistent with [S]. Moreover, it fits also with the
metric induced by Fermi’s coordinates, which allow to study phenomena of singularity or
degeneration on a characteristic manifold £ which is a generic (regular enough) n-dimensional
hypersurface embedded in R™*!. Hence, the objective will be to consider the ratio w, between odd
solutions u, to (1.2) and functions of the form

y
ﬂmw:aﬂqﬂx%wLWﬂs (1.6)

which play now the role of the characteristic odd solution for the regularized family of weights in the
variable coefficients case. It is worthwhile stressing that the characteristic solutions v¢ do not longer
solve the homogenous problem, as a dependence on the curvature appears.

As said, we wish to obtain uniform local regularity estimates for w, which will be even solutions to
an auxiliary weighted problems having the following structure

— div (29’ AVW, ) = LD £, + div (P29 F) + pe(ve) D, - Vv, (1.7)
The new weights appearing in the auxiliary equation are equivalent, though not equal, (using (1.5)) to
wi(¥) = P01 = D’ (i) (1.8)

where we have defined .
Xo(y) = f P (s)ds . (1.9)
0

We remark that, as a € (—oo, 1), such a class of weights is always super degenerate; indeed, at Z, they
behave like
2 .
y ife>0
wi(y) ~
o {lylz‘“ ife=0,
with 2 —a € (1, +0).
Our first main result concerns in fact the even solutions to the auxiliary family of Eq (1.7). It
essentially consists in extending (in a non trivial way) the analogous result already obtained in [21] to
the new family of weights p?(v9)2.

Theorem 1.5. Leta € (—o0, 1) and, as € — 0, let {w,} be a family of solutions in B{ of (1.7) which are
even-in-y, that is, satisfying the boundary condition

P09 w, = 0 on 6"B;.
D Letre(0,1), 8> 1, py > "% py py > n+3+(-a)t, and a € (0,2-"22E0 0 (0, 1 - 230 )y

0,1 - %]. Let’s moreover take A with continuous coefficients and ||b,||1r (B wi(dz) < b. There is

a positive constant ¢ depending on a, b, n, B, p1, pa, p3, @ and r only such that functions w, satisfy
Iwellcoasry < ¢ (llwgllzﬁ(B;,wg(y)dz) + Ifeller r wiian + IIF, a”LPZ(Bl*,w‘;(y)dz))-

D Letre (0,1, 8>1 p,pr>n+3+(-a)*, and @ € (0,1 — %1 N (0,1 —'“3;+“>*]. Let
F, = (FL, ..., F'*") with the y-component vanishing on X: F'*'(x,0) = Fi(x,0) = 0 in °B}. Let’s
moreover take A with a-Holder continuous coefficients and ||b,|| L2P2(BF wf()de) S b. There is a positive
constant ¢ depending on a, b, n, 3, p1, p», @ and r only such that functions w, satisfy

Welleressy < € (IWellusis wroo + ILfellur st wrns + 1 Fellcoaar)) -
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We would like to remark here that local C*® uniform estimates (up to X) with respect to the
regularization can not be proven (for a counterexample we refer to [21, Remark 5.4]).
When applying Theorem 1.5 to the quotient

W, = & (1.10)

of a solution of (1.2) and the characteristic solution (1.6), we realise that the actual terms appearing
in right hand side of (1.7) depend on the original forcings f, F' jointly with the parameters u, T, B of
the matrix A written as in Notation (HA+). In particular, as shown in (2.8), we see the appearance of
a drift term involving the x-derivatives of x4 which, consequently, need to satisfy a C*® condition. Our
main result is Theorem 4.4. We give here below a simplified statement, suitable to be applied to the
case of Laplacians in Fermi coordinates treated in subsection §1.1.

Theorem 1.6. Let a € (—o0, 1), the matrix A written as in Notation (HA+) with T = 0. As € — 0 let
{uz} be a family of solutions in B} of

—div (p¢AVu,) = pif, + div (0°F,) in Bt
u, =0 on 8"B;}.

Let also {v{} be the family of solutions defined in (1.6) in B]. Denote

u&
W = — .

a

vé‘

—1\t
M%, p> > n+ 3+ (—a)t, and
—_— + —_— + . . . .
a€(0,2- ’ﬁ#] N@O,1- @]. Let’s moreover take A with continuous coefficients. There is a
positive constant ¢ depending on a, n, 8, p1, p2, @ and r only such that the w, satisfy

1) Assume u be Lipschitz continuous, r € (0,1), g > 1, p; >

[wellcoegry < C(llwsllzﬁ(B;,wg(y)dz)+||fs/V§||LP1(Bl+,wg(y)dz)

HIFY GV lr 5t wioe) + IFe/VellLrs st wion) -

2) Assume u € Cl’“(BIr), andletr € (0,1), 8> 1, py >n+3+ (—a)", and @ € (0,1 — '”3;#]. Let
F. = (FL, ..., F""YY with the a-Hélder continuous ratio between the y-component and v* vanishing on X.:
F g” (x,0)/v* = F3(x,0)/v* =0 in 80B;'. Let’s moreover take A with a-Hélder continuous coefficients.
There is a positive constant ¢ depending on a, n, B, p1, @ and r only such that

Wellerory < ¢ (Iwelloses wsoas + e/ Villr st wtona
HIUF VOl 57 ate) + I1Fe/Villcosar) -
It is worthwhile noticing here that any energy odd solution to (1.2) for € = 0 (under suitable
conditions on the matrix and the right hand side) can be approximated by a &-sequence of solutions to

(1.2) satistying the hypothesis in our regularity results. The same happens for the auxiliary weighed
problems solved by the even functions w = u/y[y|™. This is done in details in [21, Section 2 and 6].
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Remark 1.7. A special, yet fundamental, case is when we take A = I, so that u = 1 and the family of
fundamental comparison odd solutions v¢’s are in fact the y4’s. Nevertheless, it has to be noticed that,
in the presence of non trivial curvature, the ratio v¢/y% may not be uniformly (in &) bounded in
Cl’“(B;“). Furthermore, in the variable coeflicient case, the y%’s are not in the kernel of the
corresponding operators, as a (possibly weird) right hand side appears.

Theorem 1.6 finds a natural application to the study of the boundary behaviour of solutions of
operators degenerate/singular at embedded manifolds, as shown by the following result.

Corollary 1.8. Let X be an n-dimensional hypersurface embedded in R™", of class C*>* and let ds(X)
denote the signed distance of X to Z. Let a € (—o0, 1), R > 0 sufficiently small, and consider, as € — 0,
a family of solutions to

—div (p¢ 0 dsVu,) = p? o dsf, + div (p? o dsF.) in Bg N {ds(X) > 0}
u. =0 on BpNZX.

Let also {x2} be the family of functions defined in (1.9) in Bg. Denote
Ug

:Xf'éodz’

We

1) The same conclusion of point 1) of Theorem 1.6 holds with v replaced by %, y by ds(X) and ey,
by the normal v at X.

2) The same conclusion of point 2) of Theorem 1.6 holds in C**(B,N{y > +/€}) where c is independent
of g, and, again, vi replaced by x¢, y by dx(X) and e,., by the normal v at X.

Remark 1.9. In particular, letting & — 0 we find C'“*(B}") estimates in the degenerate/singular case,
though not in the full e-stable sense. The reason is the possible lack of uniform-in-& smoothness of the
ratio v /ye.

1.1. Proof of Corollary 1.8

As already mentioned, the structural assumption on the matrix A done in Assumption (HA) with
Notation (HA+) fits also with the metric induced by Fermi’s coordinates around the characteristic
manifold T (see [18]). Let X be an oriented regular enough hypersurface embedded in R"*!. We are
concerned with operators associated with Dirichlet energies of the form

f (% 0 ds)(X)|Vul,
(ds(X)>0)

with a € R, X € R"! and ds(-) the signed distance function to X. Let g, be the Euclidean metric
on R™! and denote by v the unit normal vector field on £. We define Fermi coordinates in a tubular
neighborhood of X as follows: let z € £ and y € R, and define

Z2(z,y) =2+ yv(2).
Points z and y v(z) belong to R**!. Given y € R, we define

Y, = 1{Z(z,y) eR™ 1 ze X}

Mathematics in Engineering Volume 3, Issue 1, 1-50.



Following Lemma 6.1 in [18], one has that the induced metric on X, is given by
gy — g() _ 2yh0 + yzho ® I’lO,

where g° is the induced metric on X, 4° is the second fundamental form on X and 4° ® K its square;
namely we have

ho(fl, ) = —gO(Vn Vv, 1)

for all #;,#, on the tangent bundle of £. Notice in particular that, in local coordinates, the terms
g% h°, h° ® h° depend only on z. Therefore, invoking Lemma 6.3 in [18], one finally has

Z'g, = g +dy’

where g is considered as a family of metrics on the tangent bundle of X, depending smoothly on y in
a neighborhood of 0 in R.
In other words, we are obtaining a quadratic form for v(z,y) = u(Z(z, y)) of the form

Y0
f P20 f (IVevl? + 10,v?) Vdetg”.
0 5,

Recall that the variation with respect to y of of the volume form of the parallel hypersurfaces X,
satisfy the equation:

1 d
Hy=- = Jdetg. (1.11)

\Jdetgy dy
Hence, by considering a parametrization of X of the form z = ¥/(x) with x € R”, then one obtains for

w(x,y) = v((x),y)

fpi(y)AVw - Vw,

where
Ax,y) |0
Alx,y) = ( 0 4 1 ) - y/det gv.

We remark that the matrix A satisfies Assumption (HA), and can be expressed as in Notation (HA+)
with u(x,y) = +/detg’. As X € C*?, we have u € C 1’“(B;ro) for ry small enough. Hence we are in the
position to apply Theorem 1.6. Next we have to compare the two families v¢ and y¢. At first, in order to
prove point 1) we remark that Proposition A.3 ensures uniform-in-g C*® estimates for the ratio v*/y?.
Using (1.11), we infer that d,u(-,0) € C“’(B;ro) and finally, by virtue of Proposition A.4, we obtain that
also the ratio v*/y¢ satisfies the desired uniform bounds in C*(B, N {y > +/&}), for r < r,.

1.2. Notations

Below is the list of symbols we shall use throughout this paper.

Mathematics in Engineering Volume 3, Issue 1, 1-50.



R = R" X (0, +00) z=(x,y)withxeR",y>0
X={y=0} characteristic manifold
Bf =B, N{y>0} half ball
J0"Bf = S "(r)=0B,N{y >0} upper boundary of the half ball
6OB+ =B, N{y=0 flat boundary of the half ball
Py = (s +y? "2 regularized weight
wi(y) = ply)mi(y) regularized auxiliary weight
Lyau = div (p2(0)A(x, y)Vu) regularized operator B
H'(Q, p%(y)dz) weighted Sobolev space given by the completion of C*(Q2)
I:I(‘) (Q, pi(y)dz) weighted Sobolev space given by the completion of Cﬁ"(g)
HY(Q, p(y)dz) weighted Sobolev space given by the completion of C.°(Q2 \ X)
H"(Q) = H'Y(Q, [y]“dz) weighted Sobolev space for € = 0
du = |yl*Oyu “weighted” derivative
yly| ™ characteristic odd solution
Ve characteristic odd solution in presence of A and & > 0

a* = max{a, 0}
2. Functional setting and preliminary results

In this section we collect the natural notions of Sobolev spaces, and their main properties, needed
to work in our degenerate or singular context (for further details see [21, Section 2]). Let Q c R"*! be
non empty, open and bounded. Denoting by C®(Q) the set of real functions u defined on Q such that
the derivatives D“u can be continuously extended to Q for all multiindices a, thenforanya e R, e >0
we define the weighted Sobolev space H'(Q, pa(y)dz) as the closure of C o<’(ﬁ) with respect to the norm

12
2 2
lleell 11 @ p)a0) = (fpgu +fp§IVul )
Q Q

To simplify the notation we will denote
H"(Q) = H'(QIy"dz) = H'(Q, p(»)d2).

In the same way, we define H, 1(Q p4(y)dz) as the closure of C°(€2) with respect to the norm

1/2
2
el @ pa02) = ( fg PelVul ) :

We will denote by HY(Q, p4(y)dz) the closure of Cf(ﬁ \ £) with respect to the norm || - || 51 pe(y)dy- In
particular, when a < 1, there is a natural isometry (on balls B centered in a point on X of any radius)

T¢: H'(B,p*(y)dz) — H'(B) : u = v = /ptu,

where H'(B) is endowed with the equivalent norm with squared expression

0,08 0yps
"\ 2p8 9B 20%
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(this 1is detailed in the appendix B.5). We remark that both in the super singular and super degenerate
cases, that is when a € (—oco,—1] U [1, +00) and € = 0, when the weight is taken outside the A,-
Muckenhoupt class, one has

H"(Q) = H*(Q). 2.1)

This happens for very opposite reasons: roughly speaking, when a < —1 then the singularity is so
strong to force the function to annihiliate on £ (we will call this case the super singular case). Instead,
when a > 1, then the strong degeneracy leaves enough freedom to the function to allow it to be very
irregular through X (we will call this case the super degenerate case). In the latter case, X has vanishing
capacity with respect to the energy f Iy Vul.

The Sobolev embedding theorems are stated in details in [21] as inequalities which are uniform in
&. This point is fundamental in order to develop a local regularity theory which is stable with respect
to the regularization parameter €. Hence, following some results contained in [12], the critical Sobolev
exponents do depend on how the weighted measures du = p&(y)dz scale on balls of small radius r > 0:
one can check that there exists b, d > 0 independent from £ > O (in the locally integrable case a > —1)
such that for small radii

u(B,(2)) = br.

So, we can define the effective dimension
d=n+1+a =n*(a),

and the Sobolev optimal exponent is

_2d  2(n+1+a)
S d-2  n+a -1
For details one can refer to Theorems 2.4 and 2.5 in [21].

In the very same way one can define weighted Sobolev spaces for the class of weights w; that is,
the spaces H'(Q, w%(y)dz) = H'(Q, w’(y)dz) (the equality is due to the fact that w? is always a super
degenerate weight as a < 1) and Hé (Q, wi(y)dz).

In this case one can check that there exist two positive constants b, d > 0 independent on & > 0 such
that du = wf(y)dz has the following growth condition on small balls of radius r > 0

2%(a)

7i(B,(2)) > br,

and the effective dimension is given by d=n+1+2+ (—a)* =n+3+(-a)* =n'(a). Hence one can
state the following

Theorem 2.1. Leta € (—o0,1), n > 1, € > 0 and u € C(Q). Then there exists a constant which does
not depend on & > 0 such that

L@
( f W’ lul? <”>) < c(d, b, Q) f W’ Vul?,
Q Q

where the optimal embedding exponent is

T(a) _ _2d _ 2(m+3 + (—a)*)‘
d-2 n+(—a)* +1
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2.1. Energy solutions

Throughout the paper, we are going to consider different elliptic equations depending on different
families of weights. Nevertheless, we will deal with right hand sides having forcing terms, terms
expressed by the divergence of a given field and drift terms (we will see that any other possible term
that will appear can be translated in one of these). In order to give an unified definition of energy
solutions to weighted problems, we will consider a generic measurable weight function w, and define
an energy solution « in B to

—div(wAVu) = wf +div(wF) + wb - Vu in B;. (2.2)

We say that u € H'(B,, wdz) is an energy solution to (2.2) if

fwA(x,y)Vu-V¢:f wfz/)—f wF-V¢+f w(b-Vu)e, V(/)ECZ?"(B])OH](B],wdz), (2.3)
B B B B

any time the terms in the right hand side give sense to the previous integrals. We remark that we are not
assuming local integrability of the weight, and this is the reason why we must consider test functions
in the suitable weighted Sobolev space.

Now, we recall the consequent definition of energy solutions in case the weight term is given by
pi(y), witha € R and € > 0 (the following definition is contained in [21]). Let us consider the following
problem

— div (0°AVu) = p*f + div (0“F)  in B,. (2.4)

We say that u € H'(B;, p%4(y)dz) is an energy solution to (2.4) if

[ acywu-vo= [ piro- [ pr-ve.  weecrminH BN, @9
By By By

We remark that the condition in (2.5) can be equivalently expressed testing with any ¢ € C°(B; \ X)
if a € (—oo,—1] U [1,+00) and € = 0. In order to give a sense to energy solutions to (2.4) we need the
following minimal hypothesis on the right hand side.

Assumption 2.2 (Hfp%). Leta € (-=1,4c0). Thenif n > 2 orn =1 and a* > 0, the forcing term f in
(2.4) belongs to LP(By, p4(y)dz) with p > (2%(a))’ the conjugate exponent of 2*(a); that is,

2(n+1+a")
n+at+3

(2(a)) =

Ifn=1anda* = 0 then f € LP(Bi, p(y)dz) with p > 1.
Let a € (—oco,—1]. Then if n > 2, the condition on the forcing term is (0%)!/*f € LP(B;) with

p = 2%a) = 2. If n=1, then any p > 1 is allowed.

Assumption 2.3 (HFp%). Let a € (-1, +0). The condition on the field F = (F', ..., F"*!) in (2.4) is
F € LP(By, p’(y)dz) with p > 2. Let a € (—o0, —1]. Then the condition is (0%)'/*F € L’(B,) with p > 2.
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2.2. Some preliminary results on the auxiliary equation

We are concerned with local regularity of energy odd solutions to (2.4) with a € (—co, 1) and &€ > 0.
Our analysis relies in the validity of suitable Liouville type theorems which hold true whenever a > —1;
that is, when the weight |y|* is locally integrable. In order to ensure regularity results also in the super
singular case a < —1, we will consider the ratio w between the odd solution u and the function v{
defined in (1.6) which is odd and satisfies

div (oA - Vv2) = div, (pfuB - V.02) + div(T)  in By, (2.6)

whenever the right hand side in the equation satisfies suitable integrability assumptions and the matrix

A is written as in Notation (HA+). As we have already remarked in the introduction, such a function

v¢ plays the role of the characteristic odd solution y[y|™ in presence of a matrix and of regularization.
The following Lemma is a formal computation

Lemma 2.4. Leta € R, € > 0 and let u, v be solutions to
—div (02AVu) = pif, —div (0iAVV) = plg in By,
with v > 0 and A satisfying Assumption (HA). Then the function w = u/v is solution to
—div (pzvaVw) = pvf — plug in By.

Proof. Letrecall p = pf. Then

\Y \Y
avfpram) = oo (-7
\% 1%

= —div(ovAVu — puAVv)
= —vdiv(pAVu) — pVv - (AVu) + udiv (0AVv) + pVu - (AVv)
= —vdiv(pAVu) — pVv - (AVu) + udiv (pAVv) + pVv - (AT Vi)
= pvf —pug.
O
The new class of weights appearing in the auxiliary equation for the ratio w = u/v% is given by

p2(v9)? and it will be equivalent (using (1.5)) to

y 2
Wi ) = pLOITAY) = pLO)(L — @’ = pi(y) ((1 - a) fo p;“(s)ds) :

We remark that, considering a € (—oo, 1), such a class of weights is always super degenerate; that is, at
>
“y) y? ife>0
w ~
© > ife=0,

with 2 — a € (1, +o0).
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Formal computations show that the auxiliary equation for w (which corresponds to Eq (1.4) in
Proposition 1.1 for e = 0 and A =1I) in B, for any r < 1 is given by

_ F-W _
— div (p2(vi)’AVW) = pl(ve)? [ f+Vw- Va] +div(pf2’F)  inB,, 2.7)
Y4

&

with
z._f
vd

fi=

— F
, F:=—
va

and >
_ div, (uB : vag) . div(T)

a ay,d
V8 p8v€

V.

Actually we can rewrite the 0-order term, obtaining that the auxiliary equation for w in B, is given by

iV (pEOEPATE) = pl (ﬁ%]mw(pz(vg)za

&

+div, (pZ(vZ)ZbAw) —p4()? (bA bw+ bt wa)

+div, (pg(vgffw) - /()Z(vg)2 (T b'w+T- wa) , (2.8)
where for a (n, n)-dimensional matrix M
bM:M-vaZ, and T = d .
Ve PeVe
Thus we can write the equation the following form:
—div (pL00PAVW) = plvf + div (pL() F)
+div, (020D Faw) + pe(vey Vi + (v - V,w. (2.9)

We would like to prove that w is an even energy solution to (2.9) in B, in the sense that
w € H'(B,, w(y)dz) and satisfies

f Pl AV -V = f PLV fp — f PLVOPF - Vo
B, B, B,
- f PV Faw - V.4
B,

v f PO Ve + f PO - Vo),
B, B,

for any ¢ € C°(B, \ ) (as we have already remarked, super degeneracy allows us to take test functions
compactly supported away from X). In order to give a sense to energy solutions to (2.9) we need the
following minimal hypothesis on the right hand side.

Assumpti(ln 2.5 (Hfw?). Leta € (=00, 1). 'llhen the forcing term f in (2.9) belongs to L”(B), wi(y)dz)
with p > (2 (a))’ the conjugate exponent of 2 (a); that is,
2(n+ 3+ (—a)*)

n+(—a)r+5 -

Q2 (@) =
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Assumption 2.6 (HF,w?). Let a € (—oo, 1). Then the field term F; in (2.9) belongs to L?(B;, wi(y)dz)
with p > 2.

Assumpti_on 2.7 (HFw?). Leta € (oo, 1). Then the field term F, in (2.9) belongs to L”(B), wi(y)dz)
withp>d=n+3+(-a)".

Assumption 2.8 (HVw?). Let a € (—o0, 1). Then the 0-order term V in (2.9) belongs to L”(B;, wi(y)dz)
with

d n+3+((—a)?*
pP25=—FH -
2 2
Assumption 2.9 (Hbw;). Let a € (—oo,1). Then the field b the drift term in (2.9) belongs to

LP(B),wi(y)dz) withp>d =n+3+ (-a)".

We will need the following important result, which contains also Proposition 1.1 when £ = 0 and
A=1

Proposition 2.10. Let a € (—co0, 1), &€ > 0 and let u, € H'(By,p%(y)dz) be an odd energy solution to
(2.4) in By. Then, fixed 0 < r < 1, the function w, = u./v" is an even energy solution in H'(B,, w’(y)dz)
to (2.8), provided that the right hand side satisfies the suitable integrability assumptions stated above.

Proof. First, we want to show that w, € H'(B,, p%(y)(v*)*(x,y)dz). We remark that since
and since the weight is super degenerate, we have that at

1
cspusC

u ; ¢ ife=0
pE(V8)2 ~ w:‘: ~ 2 .
[yl if e >0,

with 2 —a € (1, +00), then the (H=W)-property does not necessarily hold (due to the lack of a Poincaré
inequality, see [21]). Nevertheless, we can argue as follows: let € C°(B;) be a radial decreasing cut
off function such that0 <np <1 andn = 1in B,. Let also for 6 > 0

0 in B; N {ly| < ¢}
Js(») = {log3 in By N {6 < |y| < e}
1 in B, N {de < |yl}.

Let @5 = nf;s, then |ps| < 1 and [Vps| < ¢/y uniformly in § > 0. We remark that one can replace f; with
a function with the same properties which is C*(B;). So,

f PL pswel? < f plul < c. (2.10)
B B

Obviously in B; \ X Eq (2.8) holds. It is an easy consequence of Lemma 2.4, using that v¢ is an odd
energy solution to (2.6) in B; and that v¢ > 0 in B; \ . Then, testing the equation with ¢2w,, we obtain

f PLVE AV (pswe) - V(gpswe) f Pov) (£3AVW, - Vs + 20w, AV, - Vs + w2AV g5 - Vigs)
B B

f (RHS 2w, + f PV W2AV s - Vs
Bl Bl
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< | ®HS)Gw,+c | e <, @.11)
B] B]

and this is true by the weighted Hardy inequality in (B.12), weighted Sobolev embeddings (Theorem
2.1) and Assumptions (H fw?), (HF w?), (HF>w?), (HVw?) and (Hbw?) which give a bound on the
term with (RHS) of Eq (2.8). We remark that, fixed 6 > 0, the boundedness in norm
H'(B,, pg(y)(vg)z(x, y)dz) is enough to ensure that ¢sw, belongs to the same space. In fact, they have
compact support away from X, and hence these norms are equivalent to the usual H'-norm. Since the
bounds in (2.10) and (2.11) are uniform in 6 > 0, this is enough to have weak convergence for the
sequence @sw, in H'(B,, p%(y)(v*)*(x,y)dz) as 6 — 0 and of course the limit is w, (it is almost
everywhere pointwise limit).

We have already remarked that in B, \ X Eq (2.8) holds. Then, one can conclude since the weighted
Sobolev space H 1(B,,pg(y)(v‘g‘)z(x, y)dz) is super degenerate, and consequently test functions can be
taken in C°(B, \ X). O

3. Liouville type theorems

In this section we present two important results which will be our main tool in order to prove
regularity local estimates which are uniform with respect to € > 0.

Theorem 3.1. Leta € (—1,1), £ > 0 and w be a solution to

—div(p*(y)Vw) =0 in R
w(x,0) =0,

and let us suppose that for some y € [0,1 — a), C > 0 it holds
W)l < C( +[2”) (3.1)
for every z. Then w is identically zero.

Proof. 1t is enough to prove the result only for € € {0, 1}. In fact for any other value of £ > 0 we can
normalize the problem falling in the case € = 1.

Casel: ¢=0.

Let us consider w € H'*

i (R’fl) satisfying the conditions of the statement, that is, solution in the
following sense

f V'Vw-Vop=0  V¢eCOR"™).
RT—]

Let us define

1 a 2 1 a, 2
E() = iy fB IR ) = fa L

Note that, as the weight y“ is locally integrable, (3.1) implies

Hr)<CA+r) ,¥r>0. (3.2)
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Now, defining w"(x) = w(rx), we have
= [ P and HO) = [ 07
Bt sn
and hence

2
H'(r) = —E(r).
r
We are looking for the best constant in the following trace Poincaré inequality
f YIVul* > A(a) f yu?, V ue H"“(B}). (3.3)
Bt st

Actually we are able to provide the best constant A(a) in (3.3), since it is given by the homogeneity of
the unique (up to multiplicative constants) solution in A 1"‘(BT) to

—Lu=0 in By
u>0 in By
u(x,0)=0

Vu-v=Aa)u inS7,

which is u(x, y) = y'~* with A(a) = 1 — a. However A(a) is the same as (B.9). Hence H'(r) > @H(r),
and integrating, then we infer

H(r)
- > H(1).

We obtain that if w is not trivial, the growth of H at infinity is at least ¥*!~9, in contradiction with (3.2)
taking r large.

Case2: ¢=1.

Let us define

1 1
E(r)= — lf(l + )PP, H(r) = — f (1+ Y.
yhra- + yhra + g+
B} O+ B

Note that, as a > —1, the p&’s are uniformly locally integrable and thus (3.1) implies again

H(r) <C(1+r),¥r>0,withy <1-a. (3.4)
Hence,
2
H'(r) = ZE(r) - f (1 + Y)W, (3.5)
r rn+a+1 o B

Moreover, defining w"(x) = w(rx) one has

1 al2 1 al2
E(r) = f (—2+y2) IVw'*  and  H(r) = f (—2+y2) (W)
B\l spA\Tl
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By Lemma B.4 and Remark B.5, one can find for any radius r > 0O the best constant A,(a) such that
1 2 " 2 1 2 " 2
—+y [Vul” > A,.(a) <ty u. 3.6)
B} r

al2
Defining pi(y) = (é + yz) with r, — +o00 as k — 400, one can see

and A(a) = min M

. \%
A(a) = min 0uv) } .
vl BOVO) [, v

vel! (BH\(0) fs V2

By Lemma B.4, 4;(a) = A(a) =1 —a as k — +oo.

Now we want to prove that the correction term in (3.5) is of lower order as r — +oco. By (B.13), we

have that in C°(B})
f PVl > co f e,
Bt i y

1
Hence

lal N/2-1/2

= rn+a+1 (1 + y ) w

a a/2-1
— (1 + yz) w?
rn+a+l 9B

0*B}
al 1 aj2-1/2 )
= 2 2t Y W)’
lal 1 2 " —10 2
s 2 S +y |y )
s
1 al2
< ML +y*| VWP
cor? Jpe \1r?
= |L|2E(r).
Cor
Hence for r large enough
24,
1) > 22D i,
r

and since A,(a) — A(a) = 1 — a, by integrating the above expression we deduce that, for all small 9,
there exists ry > 0 such that, for every r > ry

H(r)
r2(1—a—§) 2 H(r0)9

which says that if w is not trivial, the growth of H at infinity is at least 71~ Taking § > 0 so small
that 1 —a — ¢ > y we find a contradiction with (3.4). O

Theorem 3.2. Let a € (—o0, 1), € > 0 and w be a solution to

—div((w(y)'Vw) =0 in R
w=0 in R" x {0},
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and let us suppose that for some vy € [0, 1), C > 0 it holds
w(2)l < Cwg(y)(d + [2") (3.7

for every z = (x,y). Then w is identically zero.

Proof. By a simple normalization argument, it is enough to prove the result only for € € {0, 1}. We
start with

Casel: £=0.

The case falls into the proof of Case 1 in [21, Theorem 3.4] replacing a € (—oo, 1) with (a — 2) €
(—c0, —1).

Case2: = 1.

Let us now define
1 ar N1 2 1 av)) " 1yy,2
E(r) = @21 (Wi Vw7, and H(r) = T2 (i) W
r B} r d* By
Note that, defining w’(x) = w(rx) one has
E(r) = f (@], VW', and  H(r) = f (@, W)
B} sn

First we remark that the growth condition (3.7) implies the following upper bound
H(r) < Cr“ 1 +r7) ,¥r >0, (3.8)

(due to the local integrability of y*~%) and heence

[ atm=e
S

n
+

uniformly in r > 0. Therefore,

2 d
H'(i’)=;E(i’)+f E[(w?/r(y))_l](wr)z- (3.9)

st

By Lemma B.7 and Lemma B.8, one can find for any radius r > 0 the best constant y,(a) such that

n
S+

f (@], 7'Vul? 2 p@) | (), ul. (3.10)
B

Defining (wf(y))™" = (a)‘l‘/rk(y))‘1 and p = p, with rp, > +oo as k - +oo, by Lemma B.8, u;(a) —
uay=1-(@—-2)=3-aask — +oo.
Now we want to prove that the correction term in (3.9) is of lower order as r — +co. By (B.27), we

have that .
Wi, )"
wamwﬂwWZ%j JL——ﬁ
B} sn y
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Using

a

d_ .
jS\'j_ E[(wl/r(y)) 1](W )2 = r3 S+( oy )( 1/,()’)) (W)

a/2 1

fn fo = a/2 (i, (")" Lw")?,

we can estimate the first term of the rest as follows

a Lt (oo jal 1
r_3£1 (riz+y2)(w1/r(y)) 1(W )2 < ﬁ 5t m(wl/r(y)) (W )2
1
< |Cl|f ( 1/r(y)) r) S%E(;ﬂ)
F

Moreover, when a < 0 the second term of the rest can be estimated as

a/2 1 ry 5 —a/2—-1 a _1
L+ 2l (1 (@, ()
f° a2< potory| < 24 [ 2T ChO7
st / re Jsn f 1+ ) y
1
< Ul (OO € g,
r

7"2 sn
and this is due to the fact that, calling z = ry € [0, +0), by the fact that

zfoz (1 + sz)_m_l
sy ?

f@) =

is continuous and such that f(0) = 0 and

Q

cz* ifae(-1,0]

f(Z) ~z—o+00 10% lf a = —1

1 ifa<-1
Z

and hence f(z) < cin [0, +00). Instead, when a € (0, 1) the second term of the rest can be estimated as

a/21 g [T a2l ~
ffo L+ ot o] < 2a [ (L) ™ o0
) a/2 Wiy = j2-a 5 J(‘)ry(l+s2)_a/2 yl—a
1 W -1
< 2lal Wi, ()" ) < 2lal (W, (y) oY
2—a 1-a 2—a
r sn y r sn y
<
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using the fact that 0 < y < 1 and by the fact that

A fes)
- INCE s2) 7/

f@)

is continuous and such that f(0) = 0 and

f(z) ~zo+00 c

and hence f(z) < cin [0, +0). Hence for r large enough

2u.(a)
r

H'(r) > H(r),

and since u,(a) — u(a) = 1—-(a—2), we can choose a small 6 > O such that 1 —(a—2)—6 > y—(a—2).
Hence, by integrating the above expression we deduce that there exists r, > 0 such that, for every
r>ry,wehavepy,(a)>1-(a-2)—6>vy—-(a—-2)and

H(r)
Sy = Hro), (3.11)
which is in contradiction with (3.8) for r large if w is not trivial. O

Corollary 3.3. Leta € (—o0, 1), € > 0 and w be a solution to
—div(w(y)Vw) =0 in R™!
wioyw =0 in R" x {0},
and let us suppose that for some y € [0, 1), C > 0 it holds

w(z)l < C(1 +[2]”) (3.12)

for every z. Then w is constant.

Proof. Again, it is enough to treat the cases € € {0, 1}. Let us assume & = 1, the case £ = 0 coincides
with the case € = 0in [21, Corollary 3.5], by replacing in the proof a € (—1, +o0) by (2 — a) € (1, +00).
Then we have (by an even reflection across X) an even solution w to

—div (w{()Vw) =0 in R™!,

Such a solution is w € HZ(R™!") = H! (R™!,|yl’dz), with the growth condition (3.12). Now we
observe that, as w is not constant with a sublinear growth at infinity, v = w{(y)d,w can not be trivial,
otherwise w would be globally harmonic and sublinear, in contradiction with the Liouville theorem

in [17]. Hence, if w is not constant, v must be an odd and nontrivial solution to

—div (($())'Vv) =0 in R2*!
v=0 in {y = 0}.
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By (3.11), we know that the weighted average of v* must satisfy a minimal growth rate as

1 B —(g=2)—
H(r) = g 6+B+(w‘f(y)) W2 > eppi-a=2-9) 1-6>vy,

for r > ry depending on 6 > 0 chosen. Therefore, by integrating, we obtain
f wi{()@w)* = f dr (@) > o@D
By 0 d*Bf

On the other hand, we have, by (3.12)

f Wi @w)* < f WiVl
Bt B

r

<c [ wlOmP < et
B+

2r

in contradiction with the previous inequality when r is large, since 1 — ¢ > v. O
4. Local uniform bounds in Holder spaces for the auxiliary problem

As a first step in our regularity theory for odd solutions, we state some results on local uniform
estimates for solutions to (1.7); that is,

—div (pg(vz)zAVug) = pg(vg)ng + div (pZ(vg)ng) + ,og(vg)zb8 -Vu, in By.

Using a Moser iteration argument (see also [11, Section 8.4]), one can prove the following nowadays
standard result.

Proposition 4.1. Let a € (=00, 1) and & > 0. Let u € H'(By, w(y)dz) be an energy solution to (1.7).
Letf3 > 1,
) >El_ n+3+(-a)*
g T S
Let moreover ||b||1r3 8, weydz) < b. Then, for any 0 < r < 1 there exists a positive constant independent
of € (depending on n, a, pi, p», p3, B, b, r and a) such that

P2, p3 > d.

||M||L°°(B,) <c (||M||1ﬁ(31,wg(y)dz) + ”f”L”l(Bl,wg(y)dz) + ”FHLPZ(Bl,wg(y)dz))-

Proof. The proof follows the same steps as in [21, Proposition 2.17], but iterating the Sobolev
embedding in Theorem 2.1. O

4.1. Local uniform bounds in C*® spaces

Now we show how the uniform local boundedness of solutions to (1.7) yields also local uniform
bounds in Holder spaces.
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Theorem 4.2. Let a € (—o0,1). As &€ — 0, let {u.} be a family of solutions in By of (1.7) satisfying
boundary conditions (evenness)

P4 (V)0 u, = 0 on 0"B;.

Letr e (0,1), 8> 1, py > ¢ = B2 5 py > d, and @ € (0,1) N (0,2 - B0 (0,1 -
"+3J;+“)+] N(@O,1 - "+3;+a)+]. Let |bll1r3 (8, windzy < b. Let moreover A satisfy assumption (HA) with
continuous coefficients. Then, there is a positive constant depending on a, n, 3, p1, p2, p3, b, « and r
only such that

letellcon sy < € (ltsllp: e + 1 fellr ar was + IF el @, wios) -

Proof. The proof follows the very same steps as in the proof of [21, Theorem 4.1]. First, one has to
remark that the suitable Holder continuity for & > 0 fixed is given by the theory developed for even
solutions to degenerate problems in [21]. Then, one can argue by contradiction with the usual blow up
argument considering two blow up sequences

(mu)(zx + rez) — (qug)(z) _ (2 u(ze + rez) — w(2e)
T ; wi(z) = - ,
krk Lkl"k

(z) =

(with the same asymptotic behaviour on compact sets) defined in the rescaled domains B(k) = B;—:"
(where B=B L and {z;} is one of the two sequences of points where Holder seminorms blow up), the
first possessing some uniform Holder continuity, and the second one satisfying suitable problems on
rescaled domains which blow up. In order to complete the proof we prove some steps.

Step 1: blow-ups. The first thing to do is to characterize the possible asymptotic behaviours of the

weights p?(v*)? in the rescaled points: that is,
@) = pEk + ) (Vi + 1i2))

2 N2 ([T gya -1 ’
= (sk + (yr + 1Y) ) (f (gk + 5 ) U(xg + 1, s) ds) .
0

To this end, let us define by I'y = (&, y«, x) and denote v, = [I';|. The latter is a bounded sequence and,
up to subsequences, has finite limit v = |(0, y, 0)] > 0 (where we have assumed z; — Zoo = (Xco, Voo))-
Taking possibly another subsequence, we may assume that the normalized sequence

~ Fk - o~ E Yk Tk
rk=v—:(8k,yk,rk)=(
k

v v v
has a limit
I >T=¢E97es?,

and moreover that

Thus we can consider £ = lim X;; that is,

$_ {(x,y) eR™ : y=—]} ifl< +co,
o if [ = +oo.
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After rescaling the independent variables, we find new weights having the form:

2 2 a2 ([P I 1 ’
pi(z) =vi (gk + (Jx + 71y) ) (f (ék +1 ) U(X + 1, Vit)” dt) ,
0

and, in order to study their asymptotics, we have to distinguish between different cases:

Case 1. v > 0. Then, 7 = &€ = 0 and y = 1. Moreover, it is easy to see, using that 1/u is continuous,
that pi(z) = ¢ + o(1).

Case2.v=0and & = 0 (5 # 0V 7 # 0). Using the continuity of 1/, up to a vertical translation of —/,
one obtains

pi(@) = v py)(L + o(1))

s < ¢ if =0,
PO = eppe it 20,

where

Case 3. v = 0 and & € (0, 1). Using again the continuity of 1/u, , up to a vertical translation of —1I, we
obtain

pi@) = v pO)(L + o(1))

where
s = 1€ if 7 = 0,
P\ et ifF=o.

in the second case up to a dilation of f
Case4.v=0and & =1 (J = O0AF7 = 0). As usual, by the continuity of 1/, , up to a vertical translation
of —/, one obtains, if 7 = o(¥;)
@) = vi “Fee(1 + o(1)),
and otherwise
Pe@) = v FelyP(1 + o(1).

Let us define
vl in Cases 1,2, 3,

he = v “y;  in Case 4, and 7 = o(§)

vi“F7 in Case 4, otherwise,

and p; = ‘;Z’—’k‘. We have shown that, up to the suitable normalization, the rescaled weights p; do converge
uniformly to p on compact sets of R™*!' \ £ (or the whole R"*! whenever £ = 0). Note that this latter
case is equivalent to the limiting weight p be constant.

Step 2: the limiting equation and uniform-in-k energy estimates. The equation for the rescaled

variable w; becomes:
U(Zk) )~

—div(prA(zi + 1) Vw)(z) = L r P2 filzi + 1i2)
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U(Zk) l—a ~

+div ry PO F iz + 1) | (2)

k
+1ePr(2)bi(zk + 112) - Ywi(2). 4.1)

By a Caccioppoli type inequality, easily obtained by multiplying (4.1) by 7w, being 77 a cut-off
function, taking into account that the wy are uniformly bounded and that

e the first term in the right hand side of (4.1) is bounded in L} ;

loc?
e the field %Z;‘)rli‘“F «(zx + ry-) in the second term in the right hand side of (4.1) is bounded in

L} (p(2)dz);

loc

o ribi(zi + 1) is bounded in L2 (pr(2)dz);

loc

then we obtain uniform-in-k energy bounds holding on compact subsets of R"*!:

VR >0, dc > 0, Vk, f ﬁkA(Zk + rkz)Vwk -Vwiy <c.
Bg

The computations are very similar to the ones done in the following step.

Step 3: the right hand side vanishes as k — +oco. Next we wixh to check that the right hand sides in

the rescaled equations vanish in L} (R"*!\ £) (or L (R"*!) whenever £ = 0), and that consequently

the limit w is an energy solution of

—div(pA(ze)VW) =0  inR"™M\ X, (4.2)

even with respect to £ (when not empty). We use the continuity of the matrix A in order to obtain a
constant coefficients matrix in the limit Eq (4.2) together with the fact that £ is invariant with respect
to the limit matrix to have evenness across the characteristic hyperplane.

Let us show that the right hand sides vanish in LllOC at least for one of the cases (the other cases are
very similar), for instance when A, = vi‘“yi; that is, Case 4, when 7 = o(J;). Indeed, let ¢ € C° (R™1):
using the fact that for k large enough supp(¢) C Bg C B(k), using Holder inequality, we have

f Pi(2) fo, (i + r2)p(z)dz

Br

1/p1 1/p]
1 1
2 ~
< Pl (sgy (nT f P (Cne DV, ()| [, (DI AL ) ( f pk(Z)dZ)
L TINIEN B
_ml _2-a _2
Pl Pl ~ Pl
< cr v [
and hence the first term in the right hand side converges to zero since @ < 2 — ’”3;#, T = :—’;, the fact

that 0 < r; < v and having

n+3+(—a)* (_a)+ ]/pl ~ \2/
n(zx) 2-a===5m0 (1 AN
T ~£1 o
Yk

—a
Lk Vk

With analogous computations one can check that also the second term in the right hand side vanishes.
Concerning the third term, one can estimate the integral as follows

4.3)
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Tk

f DPi(2)bi(zi + 1e2) - Vwi(2)p(2)
Br

N R (L . o »
WWWJIPWMO(IM) —jjw P8 Lo OV b O
Br Br b I,z
—ay N\ 1/p3
_m3tcat (D = \2/p3 1/2
Cb%”k " % (?) (f f?k|VWk|2)
Vi Yk B
1/2
fk(f f’k|VWk|2) :
Bg

The sequence #; converges to zero, having p; > n + 3 + (—a)". Moreover, the full term vanishes using
the uniform energy bound obtained in the previous step.

Step 4: the limit belongs to H, (R"*!, pdz). At this point, always up to subsequences, we know that
the (pointwise) convergence to w holds also in the weak H IIOC(R”Jrl \ ) topology. Now we wish to infer
that the limit w belongs to the space H, (R"*', pdz) as the closure of C* with respect to the weighted
norm (as defined in §2). Let us start with the easiest case when ¥ = 0 and the limiting weight j is
constant. Moreover, we know tha p; converge uniformly to p on compact sets. Thus the sequence wy
converges weakly H' to w on each compact subset. The convergence to the case when £ # 0 requires a
more thorough analysis. In order to ensure that w € H. (R"*!, p(y)dz) also when T # 0, one can argue
as follows: using the fact that u is continuous with é < u < C, then fixed a compact set of R"*!, we can
find positive constants ¢y, C; (which are uniformly bounded from above and below by two constants

respectively 0 < ¢; < ¢; < 4+00) such that

IA

IA

~ - . C
ke, (Y + 1Y) < Pr(x,y) < Crlog, (Vi + 11y) and C—k — 1.
&
where we have denoted "
D=t (4.4)
Iy

Now, reabsorbing the weights as in (B.30) and using the family of isometries given by

Tiwp) = @Ok + r))' > wi = Wy,

one obtains uniform boundedness of the W’s in H. (R"*!), and hence they weakly converge in the
same space to W. Coming back with the inverse isometry associated with the limit weight

Tw) = pO)'"*w =W,

we obtain w € H, (R™!, p(y)dz).

Step 5: end of the proof. Next we wish to show that w solves the equation in (4.2) also across the
limiting characteristic hyperplane . Indeed, using w € Hlloc(R’“rl , p(y)dz) jointly with Eq (4.2) holding
in R"*! \ X, using that CE"(ER \ ) is actually dense in H'(Bg, p(y)dz) (all the weights here, including
the limit one, are super degenerate), as we have already remarked in (2.1). Eventually, one can reach

a contradiction by applying the suitable Liouville theorems in [17,21] and Corollary 3.3 for the case
p(y) = wi(y). 0
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4.2. Local uniform bounds in C'* spaces

As a further step we now provide C!* uniform estimates.
Theorem 4.3. Let a € (—oo,1). As & — 0, let {u,} be a family of solutions in B} of (1.7) satisfying
boundary conditions (evenness)

P4 (V)0 u; = 0 on 0"B;.

Letre (0,1),8>1, p;,p2 > d=n+3+ (—a)*.‘ Let ||bll;2r2(5, wiyyaz < b- Let F = (F;, - FZ”) with
the y-component vanishing on X: F"(x,0) = Fi(x,0) = 0 in 8OBT. Let moreover A satisfy assumption
(HA) with a-Holder continuous coefficients and a € (0, 1 — '”3;#] NO,1- ”+3J;+”)+]. Then, there is
a positive constant depending on a, n, B, p1, p2, b, @ and r only such that

||Ms||cl~fr(3;) <c (”us”lﬁ(BI’,wg(y)dz) + ||fs||Ll’1(B,+,w§(y)dz) + ||Fs||COﬂ(B]+))~

Proof. We wish to follow the same steps of proof of [21, Theorems 5.1 and 5.2]. Among others,
we have to deal with an additional difficulty; that is, our weights here do depend on the full variable
z = (x,y) and not on y only. For our purposes, we can take advantage of the fact that the ratio

ve(x,y) I oz (x, s)ds
Xg(y) - j(‘)yp;a(s)ds

Ye(x,y) = (4.5)

is uniformly bounded in C%® with respect to £ (just apply Lemma A.3, using the fact that u~! € C%
since the matrix A possesses a-Holder continuous coefficients). Hence, one can rewrite our operator as

div(pi (Ve 1))’ AX, y)Vir,) = div(wi(AL(x, y) Vi), (4.6)

where, up to constants, the new family of matrices is defined as

Ac(x,y) = (Yo%, y)?Alx, y), 4.7

with coeflicients which are uniformly bounded in C%® with respect to &.
With these premises, we are now able to follow the construction made in [21, Theorems 5.1 and
5.2]. Just to give the idea, the contradiction argument uses two blow-up sequences

n(Zx)

1+a
Lkrk

v = LD (o)~ G, wio) =

Lkrk

(e Gr + 1i2) — w(Zr))

for z € B(k) := Br;:‘ Hence, one has to work with
Vi(2) = vi(z) — Vi (0) - z, wi(z) = wi(z) = Vwi(0) - 2,

or
Vi(2) = wi(2) = Vv (0) - x, Wi(z) = wi(z) = Vowr(0) - x,

respectively when ‘K%Z) — 400 (in this case we choose Z; = zx), or d(%(z) < c uniformly in k (in this

case we choose Z; = (xi, 0) to be the projection on Z of z;, where z; = (X, yi))-
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Hence, reasoning as in the previous Theorem 4.2, one can characterize all possible rescalings of the
weights (in facts the possible scalings of weights p, and w; are the same), and prove that the limit w is
an energy entire solution to the suitable limiting problem.

We remark that in order to show that the limit equation has a constant coefficient matrix one has to
reason as in [21, Remark 5.3], using the a-Holder continuity of coefficients of the matrix (in this case
we will invoke the uniform bounds with respect to & in C%® for the coefficients of A,,).

Nevertheless, we need also to deal with drift terms in the rescaled equations, and we wish to show
that they vanish once testing with the suitable test function ¢ supported in Bg. We assume here that
hy = v,f‘“ (one of the possible cases). Hence, also in this case we use the fact that we know a priori
that the sequence {u} is uniformly locally bounded in C%# spaces, for any choice of 3 € (0, 1) (follows

from Theorem 4.2). Reasoning as in [21, Remark 5.3], this gives the following energy estimate

f PV < =i fB e (4.8)

B,

Hence, we can estimate

f Pi(@D)bi(Zk + 1) - Vwi(2)p(2)

Tk
Br
() . ) A
< L—||¢||L°°(BR) Db Cx + ri2)| - [Vur Gy + 1i2)l
k Bx
- 12 12
CTy ~ N 2 ~ A 2
< 7 Pr@Nbi(Zk + 112)] Pr(@)IVur(Zi + rie2)|
k Br Bx
l-a 1/2p) 1/2p>
Cry ~ 1 a a 2 2p>
< Pe(2) — P (Lnr1) Ve, () 1bi(O)
Ly \Us, re b JBrco
. 12
: 1-8 (f ﬁk(z))
r, 2Bg
1/p> l,(—a)+ 12p2 |— g m3tCa’t o
< L(z) (k_ ) e
L \ v, vk“

—a)t .
’”3;% and choosing 8 > 112, m|

since Ly = +oco, vy <ri,pp>n+3+(-a)",a <1 - >

4.3. Local regularity for the auxiliary equation

The following is the main result of the paper (we have already stated it in a simplified version in
Theorem 1.6 in the introduction). Let a € (-0, 1), the matrix A written as in Notation (HA+) and let
u; be an odd energy solution to (1.2) in BY; that is,

{_div (piAVu,) = pifs + div (o¢Fe) in B} (4.9)

us =0 on &°B.

Let also v¢ be defined as in (1.6) in B}. Then, we have already showed (in Proposition 2.10) that under
suitable integrability assumptions on the terms in the right hand side and on coefficients of the matrix
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A, then functions
Ug
We = —
Ve
are even energy solutions (for any R < 1) to Eq (2.8); that is,
Vv

—div (pZ(vZ)ZAng) = P9’ (?8 - Ev—) + div (pg(vg)zfg)
+div, (02D (BE + Tow,) - peve)? (b} + T,) - bows + (b2 + T) - Vow,),

with boundary condition

PLVYOwe = 0 on 0°B},
and where we denote by
- o - F; Vv — T
fg:L, F£:_7 bﬁ,‘w:M. ) and Tg: ’
e e e peve

(M 1is a general (n, n)-dimensional matrix).

Theorem 4.4. Let a € (—o0, 1), the matrix A written as in Notation (HA+) and as € — 0 let {u,} be a
family of solutions in By of (4.9).

D Letre0,1),8>1, pi,ps > "9 popy > n+3+(-a), and a € (0,2 — 2011 (0,2 -

p1
n+3+(-a) 10,1 - n+3+(-a) 1n(,1 - M]_ Let also
D P3 pa

A, T I A, T
(b + T2 - Dllira st wiian < b1, Wby + Tellrssr wicya < Do

Let us moreover take A with continuous coefficients. There is a positive constant depending on a, n, f3,
P1, P2 P3» P4, b1, ba, @ and r only such that functions

We = v—g
satisfy
~ F.-V —
wellcoagsy < ¢ ||Wa||Lﬁ(Bl+,wg(y)dz) +|fe — BV + ||Fs||LPs(B,+,wg(y)dz) .
e Bt

D Letre (0,1, 8>1 p,p»>n+3+(-a)*, and @ € (0,1 — %1 N (0,1 —%1 Let
F. = (ﬁ;, s fZH) with the y-component vanishing on X.: fzﬂ(x, 0) = fi(x, 0)=0in (90B1+. Let also
B2 +T2) - Billinsrawsos < b 162 + Tolleoar < ba.

Let’s moreover take A with a-Holder continuous coefficients. There is a positive constant depending
ona, n, B, p1, p2, b1, by, @ and r only such that functions

We = v—g
satisfy
- F.-WW _
”Ws”Clv"(B;') < c ||Wa||Lﬁ(Bl+,wg(y>dz) +\fe — —ag + ||Fs||C0«t(B;) .
Ve llLm By wodo)
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We remark that uniform estimates with respect to the regularization are optimal in C'*-spaces
(in [21, Remark 5.4] we provided a counterexample which show that C* estimates could not be
uniform up to X as € — 0).

In order to prove our main result we have the following useful preliminary result on equations of
the form

—div (pg(vg)zAVug) = pg(vg)ZVug + div (pg(vz)zF ug) in By. (4.10)

Lemma4.5. Leta € (—o0, 1) anfls >0. Letu € H(B;, wi(y)dz) be an energy solution to (4.10), where
V € LP/(B), wl(y)dz) with p > ¢ = "2 qnd F e LP2(By, wl(y)dz) with p, > d = n+3+(=a)*. Let

Vo1 (B, wiodz) < b1, 1F 1o (B, wiydz) < ba.

1) Then, for any O < r < 1 and > 1 there exists a positive constant independent of € (depending on
n, a, r, 3, pi, p2, by, by), my > % and m, > d such that

IVullpm B, wandz + 1Fullpm s, weoyd < cllillzps, wipdz)-
2) If moreover p, > d=n+3+ (—a)* and F € C*¥(B)) for some « € (0, 1),

IVl 8 wsnan < b1s IIFllcoas,) < by,

then for any 0 < r < 1 and B > 1 there exists a positive constant independent of & (depending on n, a,
r, B, p1, @, by, by), and m; > d such that

IVullpm B, wiaz + 1Fullcoes,y < cllulliss, widz)-

Proof. The proof is done applying Moser iterations on a finite number of small enough balls which
cover B,. The radius of such balls is chosen in order to ensure coercivity of the quadratic forms.
Hence, using the fact that the weighted integrability of V and F is suitably large, by a finite number of
Moser iterations one can promote the integrability of u itself, up to guarantee that the products Vu and
Fu have the desired integrability (this type of argument is classic, see for instance [11, Section 8.4]).
Since the number of iterations is finite, one can control uniformly the constants in the iterative process,
proving point 1). At to point 2), thanks to point 1) we can apply Theorem 4.2 in order to obtain that
the solution is C%® with a bound which is independent from . Hence, we obtain the second inequality
taking into account the Holder continuity of F. O

A relevant consequence of this result is that, under suitable conditions on the 0-order terms and
divergence terms with the solution itself inside (the conditions stated in Theorem 4.4), we can treat
Vw and div(pv? Fw) respectively as a fixed forcing term and a divergence term with a given field. As a
consequence, we obtain uniform local regularity estimates in Theorem 4.4 for solutions w, to (2.7) by
simply applying Theorems 4.2 and 4.3.

4.3.1. A criterion for local C' estimates

We would like to show an example of a set of hypothesis for which part 2) of our main Theorem 4.4
holds true; that is, local uniform C! estimates for the ratio of odd solutions and the fundamental ones.
We remark that, as a — —oo, the decay of the data on X becomes stronger and stronger.
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Assumption 4.6 (C'%). Let f, := y"{l1=dlg_with g, uniformly bounded in LF(B}, w!(y)dz) as € — 0
and

p>n+3+(-a)'.
Let F, := y™L1=4G_ with G, uniformly bounded in C**(B}) as ¢ — 0 and

1 + min{2,2 —a}

1_
@= n+3+(—a)

Nevertheless, the matrix A, which satisfies Assumption (HA+), must also satisfy some regularity
assumptions: A € C**(Bf) with V,u € C®(B}) and T = yT with T € C*(BY).
4.4. Local uniform bounds in Holder spaces for odd solutions in the A, case

Moreover, when the weight is locally integrable; that is, a € (-1, 1), we obtain local estimates for
odd solutions working directly on the equation.

Theorem 4.7. Let a € (-1,1) and as € — 0 let {u,} be a family of solutions in B} of either
—div (02AVu,) = ptf. + div (02F,) (4.11)
satisfying the Dirichlet boundary condition

u; =0 ond B}

Letr e (0,1), > 1, p1 > ™% p) > n+l+a* and a € (0, 1)N(O, 1—a)n(o,2—"+[g—l+f]m(o, 1—’”}7—;“*].
Let moreover A satisfy assumption (HA) with continuous coefficients. There are constants depending

ona, n, B, p1, p2, @ and r only such that

llullcoapry < € (lluslllﬁ(B;,pg(y)dz) + |Ifeller @t peya + IF a||LPz(B]+,pg(y)dz))-

Proof. The proof is obtained by contradiction following the very same passages of [21, Theorem 4.1],
observing that in presence of the zero Dirichlet boundary condition at £ we obtain a contradiction by
applying the Liouville Theorem 3.1. The blow-up sequences invoked are centered in points Z;, € B =
B% N {y > 0}; that is,

(nui)Cx + 1i2) — (qua)(Z) ~ ) + nz) — wi(Z)
T ; wi(z) = - ,
krk Lkl"k

(z) =

with )

B_Zk
1% '

Z € B(k) :=

Moreover, if y;/ry — +o0o (where z; = (xt, yr)), then we choose Z; = zx, while if y;/r; < ¢ uniformly,
then we choose Z; = (x,0). In this second case, we remark that v, and w; are antisymmetric with
respect to {y = 0} so that the limit w will be odd in y. O
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A. Some special functions

In this appendix we are going to state and prove some technical results which will allow us to
compare, from the regularity point of view, the variable coefficient case with the constant one.

Remark A.1. Leta € (-0, 1), € > 0. Then the family of functions

Yo ()

(A.1)
7 pee(s)ds

Ye(y) =
are monotone in y and uniformly bounded in L*(B}) by a constant which does not depend on &. In

fact, denoting ¢ = y/&, we have

(1 + 12)~/?
[+ s2)erds

vio) =i (2) =i =

The latter function is continuous and monotone nondecreasing if @ < 0 and nonincreasing if a € (0, 1).
Since ¥ has limit 1 as # — 0 and limit 1 — a as t — +oo, then

sup /() = max{1,1 —a} and ing~ () = min{l, 1 — a}.
>

>0

Finally, note that the family ¢¢ can not be equicontinuous, nor uniformly bounded in C**(B}), while
it enjoys the following property:

dc >0 : Ve e[0,&0) , IWallLipsnys vap < € > (A.2)

due to the fact that ¢{ is bounded, has a finite limit as # — +oco and its derivative vanishes as 1/ 1.

Lemma A.2. Leta € (—00,1), € 2 0, @ € (0,1) and let g(x,y, s) € CS:;Y(BT) uniformly in s € [0,y],
such that |g(x,y, s)| < clyl* for (x,y) € By uniformly in s € [0,y]. Then the family of functions

_ foy 0:4(s)g(x, y, s)ds
5 pze(s)ds

G.(x,y)

is uniformly bounded in C**(B}) by a constant which does not depend on «.

Mathematics in Engineering Volume 3, Issue 1, 1-50.



33

Proof. We remark that the proof follows some ideas of the proof in [21, Lemma 7.5], where the case
£ = 0 is done. The uniform Holder continuity in the x-variable is trivial. Hence, fixed 0 < ¢ < 1, let us
consider the following two sets

L ={(yi,y2) : 0<y1 <y <1, yr—y1 26y}

and
L={0,y) : 0<y; <y <1, y,—y <l

If we consider (y;,y,) € I, using that for i = 1,2, in the interval (0, y;) it holds |g(x, y;, s)| < ¢y{ and
thanks to the inequalities (y, — y;)* = 6*y5 = 6°y7, then

1G:(x, y1) — Ge(x, y2)l 1 2 |
2 = 1) : (2 =y Z‘ G(x. )

¢ Ve 2c

< . = —.
0 Sy [y ey O
If we consider (v, y;) € I, then
V2 g
Gl y) = Gl o)l _ 1 pss)lg(x, y2, 8) — 8(x, y1, 9))
(2 = y1)” IR Oyz 074(5)

1 e )lete s 9)l
+
(2 =ynD* Oyz 079(5)
L (5 e lge i ) (L7 p5s))

T (o) ([ e )
Ji+ I+ J5.

Hence, J; can be bounded using the fact that |g(x, y,, ) — g(x, y1, $)| < c(y, —y1)®. Working on J, there
exists y; < & <y, such that

g P1EYY
17 pze(s)
(yz - )1_“ y20,4(é)
C S
% WA
y20.%(y2)
I pzecs)

IA

Jr c(y2 —y1)

IA

IA

c6™ max{1, (1 — 6)™%}

using the fact that y, — y; < 0y, the inequalities

v _ €

l-0<=—=< =<1,
Y2
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and the fact that p_“(¢) < max{1, (1 —6)™“}p.“(y2) (easy to check). Eventually, recalling y,/e =t €
[0, +o0), we have already remarked that the function defined in (A.1) is bounded uniformly in &

Yop () 11+ 7))
[7oze(s) o1+ s2yar

= y(t) < max{l, 1 — a}.

With analogous computations we can bound also J;. O

Proposition A.3. Leta € (—o0,1), e >0, 2 € (0,1) and let y € CO’“(B;"). Then the family of functions

1 p34(5) (y(x, ) = ¥(x, 0)) ds

G:(x,y) =
foy pA(s)ds

is uniformly bounded in C**(B}) by a constant which does not depend on «.

Proof. Just notice that, since g(x,y, s) := y(x, s)—y(x, 0) for s < y, g satisfies conditions of the previous
Lemma A.2. Indeed is a-Holder continuous in (x, y) uniformly in s < y and

lg(x, y, 9 = [y(x, ) = ¥(x,0)] < clsl* < c]yl*.
m]
Proposition Ad4. Let a € (-c0,1), € > 0, @ € (0,1) and let y € C*(B}) with 8,y(x,0) € C"*(B}).
Consider the family of functions
I p74(s) (r(x, 8) = ¥(x,0)) ds
Jy Pes)ds '

Then there exists ¢ > 0 such that, for every € € [0, &), G is uniformly bounded in C**(B, N {y > v&})
by c.

Ge(x,y) =

Proof. One can rewrite our function as

foy p4(s) (y(x, §) —v(x,0) — d,y(x, O)S) ds foy pA(s)sds
f Y p-4(s)ds +0y(x0) f ! p-4s)ds
0 e o Me
4 p4(s) ( f S(ﬁy)/(x, T) = dyy(x, O))dT) ds f 4 0.4(s)sds
- O [ pe(s)d R
p:(s)ds peA(s)ds
0 foy pl(s)sds 0
I peetsras

First we show that the second term has the desired property uniformly in €. At first we remark that
dyy(x,0) € C'*(B7). Now consider that the family of functions

Ge(x,y)

He(x,y) + 0yy(x,0)

o) o B PSS
¢ foyp;“(s)ds
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is uniformly bounded in L*(B7). In fact, denoting t = y/&,

fot(l + §2) 25 ds _ £(1)

[ - a l -
&0) =i =e fot(l + s2)-al2ds Y t

is bounded in B} (uniformly with respect to & > 0). In fact, the first factor y is obviously bounded in
[0, 1] and the second one is bounded for ¢ € [0, +00). Now, let us consider the derivative in y,

1+ 57 2sds
t(+ s2yalds )

0,&(y) = (&) (1) = ¥ [1 -

We claim that 9,&2 enjoys the property stated in (A.2), being the product of two functions, both
bounded, having a finite limit as # — +oo and derivatives vanishing as 1/#>. .
Eventually we consider H,. Computing the gradient V,H,, we obtain

V) = Jy P(5) (x, 5) = ¥(x, 0) ds
x /7 te\As foypga(S)dS

where
y(x, 5) = Vy(x, s) — V. 8,y(x,0)s € C*(BY}),

and satisfies the assumptions in Proposition A.3.

It remains to consider the partial derivative in y of H,; that is,

W) ) (2 [ @(x, 1) - 8,y(x,0)dr) ds
foy pz(s)ds fo Y pa(s)ds
Ve(y) - L(y).

By Remark A.1, the family of functions y¢ enjoy the desired propery (A.2). Now we wish to conclude
that 7, is uniformly bounded in C**(B}). To this aim, it is enough to prove that the function

ayq_{s(x’ y)

1 Y
g(X, Y, S) = ; f (aﬂ’(x, T) - ayY(x’ O))dT

satisfies conditions in Lemma A.2. Using the Holder continuity of d,y, obviously

1 clyl®(y — s
s(y. 9= S f 18,7(x. 7) — 8,y(x, O)ldr < W < b

The Holder continuity of g in the x-variable is trivial. Nevertheless, following the reasonings in the

proof of Lemma A.2, fixed 0 < 6 < 1, let us consider the following two sets

11 = {()’1,)’2) : 05)’1 §y2 < l, Y2 — )1 ZéyZ}

and
L={(y) : 05y <y <L, y2 =y <y}
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If we consider (y;, y») € I, using that for i = 1, 2 it holds |g(x, y;, s)| < cy? and thanks to the inequalities

(2 = yD)* 2 6%y5 2 6%y¢, then

lg(x, y1, 8) — g(x,y2, 5)|

(2 =y

1 2
o |g(x’)’i’ S)l
(2 —y1) ;

c < yf-’_2c
5 2.5 " 5

i=1

If we consider (yy, y,) € I, then, using the fact that y, — y; < 9y,

|g(x’yl7 S) - g(x, Y2, S)l 1 fy2
< —— | 10,¥(x,7) = dyy(x,0)|dr
(2 —y1)“ 2 =y Jy, Y vy
o X, T) — O0yY\X, T

2=y ly2 yilJs Y Y

l-a

< 6 +c .

1-96

B. Quadratic formes, stability and isometries

In this appendix we are going to prove some useful inequalities, needed when working in weighted
Sobolev spaces, specially whenever the weight does not belong to the A, class. These results will be
the key of the validity of Liouville type theorems in Section 3.

B.1. Hardy type inequalities

At first, we deal with the validity of Hardy (trace) type inequalities and their spectral stability. These
results will be the key tools in order to establish a class of Liouville theorems contained in this section.
LetR™! =R™!n{y >0}, Bf = ByN{y > 0}and " = S" N {y > 0}. We define the space H'(B}) as

the closure of C;?"(ET \ 2) with respect to the norm

o]

Then, we remark that the following trace Poincaré inequality holds

cf vzsf Vv
sn BY

We first state the following Hardy inequality.

(B.1)

Lemma B.1 (Hardy inequality). Let v € H'(B}). Then

1 2
- f =< f V.
4 By B}
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Proof. The proof is an easy exercise based on the well known Hardy inequality on the half space

1 V?
—f = < f IV,
4 R:t_+l y2 R'rrl

and using the Kelvin transform. O

Next, we will need a boundary version of the Hardy inequality

Lemma B.2 (Boundary Hardy inequality). There exists ¢y > O such that, for every v € H 1(B;r), there

holds
2
o f — < f Vv (B.3)
sny B}

Proof. By taking the harmonic replacement of v on B}, we may assume without loss of generality that
Av = 0 in B}. Now we consider the following inversion (stereographic projection) ® : Bf c R™*! —
R"*! such that

Q:z=(x0y)= X100 Xpy) P Z=(X,3) = (X1, ey X0, §),
with —

Z+e e - 2

O rarT2 M POy
This map is conformal and such that ®(B]) = {%; > 0} N {§ > 0} and D(S}) = {X; = 0} N {§ > O}
Hence, the Kelvin transform

—€].

1
W) = Kv(Q) 1= g v(@7 Q)
2

is harmonic in {X; > 0} N {y > 0} and such that

f [Vv|*dz = f |Vw|?d3.
Bt {x1>0}n{y>0}

1

Using a fractional Hardy inequality (see [2]) on the n-dimensional half space {¥; = 0} N {y > 0}, up to
extending the function w = 0 in {X; = 0} N {y < 0}, we have

Py
f VwPdz > ¢ f f (&) ~W(§f)l dZ,d%
(#1>0)n(7>0) (m=ong>op 141 — &l
2 ~
> ¢ f WEZ)dZ.
(xi=0ngF>0; Y
Finally we compute
v(z
f LGP
sny
Wi(3 1 [2=D+2
= f ( ) Pt — 0L () A D @) A ADL(E) A D) (R)NdZ
(z1=0inF>0; Y 2

IA

2 ~

w(2) ..

f ~( )dz.
(F1=0n{F>0} Y
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B.2. A stability result

The following Lemma is a stability result for quadratic forms which is usueful for our Liouville
theorems.

Lemma B.3. Let {Q;}ven be a family of quadratic forms Qy : H' (B}) — [0, +00) defined by

Qk(V):f IVVI2+f Vkv2+f W2,
Bt Bt s

Assume that the family {Q,} satisfies the following conditions:

i) Wil <conS'’ and |Vy| < )% in B uniformly on k € N;

ii) there exists a constant C > 0 which does not depend on k € N such that for any v € H 1(B;r)

1
Gy < Q) < CIVIE (B.4)

iii) Vi — Vin B] and Wy — W on S’} pointwisely as k — +oo, where

Q(v):f |Vv|2+f Vv2+f W2,
B B sn

with Q : I:II(BT) — [0, +o0) satisfying |[W| < con S, |V| < y‘—z in B and

2

2
—|II% < < -
C”v”Hl(BT) — Q(V) — C”v”H](BT)'
Let 0 oo
. 1% Y
A = _min L x A= I o
veH ! (BH\(0} L’i % veH' (BH)\(0) I?i v
Then, ; — A.

Proof. Let (v} c H 1(BT) \ {0} be a sequence of minimizers for A;; that is, such that

/lk:Qk(Vk):f |VVk|2+f Vk"'}%"‘f Wivs,
B B s

and fsn vi = 1. Since by compact embedding H Y(B}) — L*(S™) the minimum

2 2
o My Ml
min = =v>0
Vel BV, V2 w2
+ S

is achieved by u € H 1(Bf) \ {0} and it is strictly positive by the trace Poincaré inequality, then there
exists a positive constant C independent from k such that

<A <Cv.

Al <
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Moreover, we have that

2
EHVkHHI(BIr) S /lk S CV

and so there exists v € A’ (BY) such that vy — v in H' (B}) and, up to passing to a subsequence, vy — v
in L*(S ). Moreover, the limit is non trivial by the condition fs V=1,

+

We want to prove that the convergence is strong in A !(B}). Testing the eigenvalue equation solved
by v with v, — v, we have

f Vv - V(v =v) + f Vivilvy = v) + f Wi (v —v) = /lkf vi(vp = V).
Bt Bt s st

1 1

Using the fact that |W;], |;| < ¢ uniformly in k, the strong convergence and the normalization in L*(S ),
by the Holder inequality the terms over the half sphere S’} go to O in the limit. So

f Vv - V(v =v) + f V(v =v) — 0. (B.5)
B+

+
1 Bl

Hence,

Qv —v)

f IV =W + f
B} B}

1

= f Vi - V(v =v) + f Vivive = v) — f VWV —v)
B} B} B}

1 1

—f Vv(ve = v) + f V=V —v) + Wi (v = v)> — 0. (B.6)
By By

n
S+

Vi(vi — ) + f Wi(v — v)*
NI

In fact, the sum of the first two terms goes to O by (B.5), the sum of the second two by weak convergence

in A'(BY). The third term is such that
12
( f (V- V@#) ( f (V = Vi) - vf]
Bf By

1/2
c[f (V- Vk)V2) = 0.
B}

We used that V, — V, the fact that |V, — V| < y% and the Hardy inequality to ensure the dominated
convergence theorem. Eventually the last term in (B.6) goes to 0 by the strong convergence in L*(S").
Hence we obtain the strong convergence by (B.4).

It is easy to see that Q;(vy) — Q(v). This is enough to conclude because if we consider ¥ the
normalized in L*(S ') minimizer of A, since it is competitor for the minimization of any Oy, then

1/2

IA

f (V= Vv = v)
By

IA

Ak = Oc(v) < Ok(9),

and since Qi(vy) — Q) and Qy(V) — Q(P), then by Q(v) < Q(¥), and by the minimality of v, we
finally obtain that v = ¥ with 4, — A. O
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B.3. Quadratic forms for the odd case

Leta € (-0, 1), & > 0 and consider a function u € C*(B, \ £) and define v = (p%)!/>u € C*(B; \ %).
Let us define the quadratic form

f pu* = Qu(v) = f IVv? + f V,av? + f W,av?, (B.7)
A

where ,
Vo= B (@R _ ala=2)y* + 257
& 200\ 2p0 A& +y?)?
and ,
02y ay
W a = — = — .
) T T @ )
Let

Qa(v):f |Vv|2+f Vav2+f Wavz,
B! Bt st

with V,(y) = “(" 2=V «(y) and W,(y) = =5 = W,(y). Eventually consider a sequence & — 0 as
k — +o00 and deﬁne pr = p,- Letusrecall Or = O, and Q = Q,.

Lemma B.4. Under the previous hypothesis, the family {Qi} = {Q,, } defined in (B.7) and its limit Q
satisfy the conditions in Lemma B.3.

Proof. Condition i) is trivially satisfied. Moreover, combining i), the trace Poincaré and the Hardy
inequalities, we easily obtain the upper bound in i7) for any k € N with a constant independent on &;;
that is,

2
Qk(v) S C”V”FII(B-I*-)'

Let us consider Q = Q, and let us define u = y™*/?v € Cf."(ﬁ;r \ ).

e 5s L
[t -3 (gl o

First of all we notice that if a < 0 the lower bound follows trivially. So we can suppose that a € (0, 1).
Since for a # 1, (— -3 >3 hence by the Hardy inequality in (B.2), the quantity

at a Vv?
Ga(v):f |Vv|2+(———)f =
B} 4 2 Bf »?

defines an equivalent norm in A '(B}). Hence by the compact embedding H Y(Bf) < L*(S") we have
that the minimum in
o Gav)
é(a@)= min

Vel BONO) [, V2

Qa(v)
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is achieved. In fact, considering a minimizing sequence, we can take it such that f . vi = 1 and
also such that v, € C;"’(ET \ X). So it is uniformly bounded in A'(B}) and vy — v € H'(B) with
G.(vi) — &(a). Moreover the convergence is strong in L*(S") by compact embedding. Since fS vi =1,

we also obtain convergence of the I:Ié -norms of the v; to that of the limit, yielding strong convergence
in H (B}). In fact, by the lower semicontinuity of the norm

&@a) < Ga(l_}g < liminf Gavi)

k—+o00 f 2
Vv 1%
A sn Tk

= &(a).

Obviously by the condition fS v = 1 the limit ¥ is not trivial. This proves that ¥ achieves the minimum.
Moreover, defining

. \%
Al@)= min Q)
vel ' BOVO) [, V2

=&a)—- =z 20, (B.9)

a

2

we want to prove that actually A(a) > 0. First of all, such a minimum is nonnegative since the

minimizing sequence can be taken in C;"’(E;r \ ) and so the equalities in (B.8) give this condition. By

contradiction let A(a) = 0. Hence the minimizing sequence is such that Q,(vy) — 0. Defining

u, = y~“?vy, one has f . Y[Vu|> — 0. Moreover, the strong convergence in H 1(Bf) gives the almost
1

everywhere convergence of Vv, — Vv which of course implies that Vi, — V(y~%%v) almost
everywhere in B;. Hence, since V(y™/?) = 0 almost everywhere, v = cy*/?, but Vv does not belong to

LZ(BI'). This is a contradiction. So A(a) > 0. So we have the inequality

0,() = Aa) | V7,
st

A 2 a_z_zfv_z
Q“(V)Z§+A(a)(‘£l+lvvl +(4 2) )

1

which says that

and by the equivalence of the norms we obtain the result for a constant which depends on a and A(a).
Eventually, we have proved that also Q,, is an equivalent norm on A Y(B).

In order to find a lower bound for Q, which is uniform in %, it is enough to remark that if a > 0,
then Q, > Q,. If a < 0, then one can check that

a V2

Q= | V- f >
N 5 Aa—4)y
1

with 4(a“_ 5 <3 and hence by the Hardy inequality in (B.2) we have also in this case an equivalent

norm. O

Let us recall the definition of H I(BT, p4(y)dz) as the closure of C;X’(E; \ ) with respect to the norm
f PVl
By
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Lemma B.5. Leta € (—,1), e > 0andu € H 1(B;“, pi(y)dz). Then the following inequalities hold

true for a positive constant c independent of € € [0, 1]

a. 2 a 2

6f Peu Sf PelVul7,
Bt Bt
1 1

a 2 a 2

Cf PeU Sfpgqul,
N BY

2/2*
2%/2 2% 2
(fu@/m|) sifxwm,
B B

1

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

which are respectively the Poincaré inequality, the trace Poincaré inequality, the Hardy inequality, the

trace Hardy inequality and a Sobolev type inequality.

Proof. The proof is performed for functions u € C§°(§; \ 2) and then extending the inqualities to
ue (BT, p(y)dz) by a density argument. By Lemma B.4 there exists a positive constant uniform in

£ such that

f PiVUl = Qu((pD)'?u) 2 Cf V(o) 2P,
BY B}
then all the inequalities are obtained by the validity of them in H' (B)).

B.4. Quadratic forms for the auxiliary weights

Consider now a € (—oo, 1) and define

y 2
ﬂw=@—mﬁpﬂmﬂ,

and
we(y) = p(me(y)-

We observe that this weight is super degenerate; that is, at X

“(y) ¢ ife=0
w ~
¢ [ ife>0,

with 2 — a € (1, +00).
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B.4.1. Super singular weights (w?)™!

Let us consider u € C;"’(E;r \ £) and define v = (0w "?u € Ci"(EIr \ ). Then we consider the

quadratic form

f (W) \Vul® = Que(v) = f IVv* + f Vav? + f W2,
B} ' B B st

with
Var = Slogofty P - 2(log ty’
o 4 & 2 & 4
and 1
Wz = 5(logw'y.
Hence

2-a)d-a) 2—a

Vs ) = e ; and - W) = —

(B.16)

Eventually consider a sequence gy — 0 as k — +oo and define w; = wy,. Let us name @, = Q,,, and
Q = Q. In what follows it would be useful to consider for 7 > 0, the continuous function defined in

(A.1); that is,

2\-a/2
() = [t(l + 1) ’
Jo (1 + s?)-2ds

which is monotone nondecreasing if a < 0 and nonincreasing if a € (0, 1). Since ¢ has limit 1 as ¢ — 0

and limit 1 — a as t — +oo, then

sup ¥ (t) = max{l, 1 —a} and 1t1>1g Y(t) = min{l, 1 — a}.

>0

Let us finally define for any k € N

00 = 0 +(-5) fs 2

First we need the following technical result.

Lemma B.6. Let us define for a € (—oo, 1) and t € [0, +00) the function

V21(1 + £2)4/2 . at® a*[(2 — a)? = 2]

D, (1) = J(;t(l L N+ 4(1 + 12
Hence there exists a positive constant c,(a) > —}L such that
inf @,(1) = c1(a).
Proof. Step 1: a € (-3, 1).
Whenever 0 < a < 1, there holds
) Catt[2-ay* -2 1 a 1
g Jal) = i [51(1 ¥ 32)2 - f“( m) Tda-4 4

(B.17)

(B.18)

(B.19)
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Moreover, if a < 0,
a2 —a)

4

Hence, whenever 1 — V2<a< 0, then, the infimum remains strictly larger that —1/4.

itr>1gfa(t) = t1_1>f+rgo Ja(1) =

Moreover, for a < 0, then f,(¢) > 0 in [0 ,/ ] From now on we will consider a < 0 and ¢ > ﬁ
Now, let us compute the square in (B.18), and add 1/4; that is
1 2£2(1 + 7)™ 2ar’(1 + t?)~1-a/2 2t 1
d)a(t)+é—1 = t( ) s+ at( ) +21a 22+fa(z‘)+4—1
(fo(l + Sz)—a/z) fo(l + s2)-a2 (I +17)
26831 + 2)~1-? 0+ tHa®+2a+ D) +(-2a+2)+1
= 2 8 22
(j(‘)t(l_i_sz)_a/z) 4(1+t )
= L(1) + J,(1),
with N iea .
1+) ™
ga(t) = (# + af(l + S2)—a/2) )
t 0
It is easy to see that
>0 if -1
inf J,(¢) ha#
>0 =0 ifa=-1.
Nevertheless, since
( 2) al2
g,(1) = t—(t2 - 1),
then g, has its global minimum in ¢ = 1, and hence it is easy to see that
2+ 2
gu(1) = 2" “/2+af(1+s) 2 301" “/2+af(1+s)_“/2 ez 225,
2—a 2-a

surely if a > —3. Hence, when a € (-3,-1) U (-1,0), we have the result since inf,.( 1,(¥) > 0 and
inf,.o J,(f) > 0. In the case a = —1 one can see that

inf I_;(#) = min I_;(¢) > O,
>0 >0

using the explicit form

3 2\—1-a/2 2N\1-a/2
IO 20 +1) 2((1”) —l(t\/t2+1+log(\/t2+1+t))).
(t\/t2+1+log(\/t2+1+t)) ! 2

Step 2: a < -3.
We can express

2
1 t 1+ q a2-a) a 1(1+7)7?
®ult) + 7 = (1+t2)2[2[tf0’(1+s2)g+§ TTa 2wy A

FN-
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Hence
(1I+ %)?

- 1
Du(t) = —3 (CDa(t) + Z)’

and y,() = ®,(1/ V=a) - 20 CEEE that s,

1+ £y-5+1 : _ 2 22
(1+5) 1)+a(2 a) @ 099 (-a+r) .20)

() = 2P| —— + Ly
7 (s 2yt 2 4 T Ta A

First need to highlight some fundamental properties of the functions

(1+L)5+

a2y

As a — —oo one has the pointwise convergence w,(t) — v(t) in (0, +00) (which is however uniform on

compact subsets) with

7

t 2
t €7

v(t) =

We wish to prove the following
Claim: w,/v > 11in [0, +00). At first, elementary computations show that, in a neighbourhood of = 0,
the expansion

I 1 1 I 1
wu(t) = l‘_2 + 5 + _—a + o(1) and v(t) = l‘_z + 5 +o(1),

holds, while in a neighbourhood of ¢ = +co we have
l-a
wu(t) = —— + o(1) and v(t) =1+ o(1),
—-a
implying that w,/v > 1 near zero and at infinity. Thus, the claim is false if and only if there exists
to > 0 such that

{Wa(tO) = vu(to) (B 21)

(%) (20) < 0.

Remark that, w, and v solve respectively the following differential equations

W) = —— (1 L l)wa(t) L. 7%
1+ =)\ —a 1+
and
’ lz -1 2
V() = - v(t) — tve(e).

Using these equations we obtain

a\ a t t
(W_):W_( (2—;2)_ tzwa+l‘V],

v v |—a+1r 1+L
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and (B.21) holds if and only if

2
V(t()) <l1- >
tO

Now we are going to show that, on the contrary,
2
v(t) >z(t) =1- 2 (B.22)

In (O, \5) we have v > 0 and z < 0. Moreove the inequality (B.22) can be checked numerically (with
error estimate) on [ V2, V6], and is also valid in a neighbourhood of = +co, by the exapnsion

vi)=1- %2 + 0(;2) > z7(1).

This was proved with the aid of the computing system Mathematica, by numerical computations with
error estimates. So, the function v — z is positive near 0 and at +co, and hence denying (B.22) yields
the existence of 7; > V6 such that

v(t1) = z(t1)
(v=2) () <0.

It is easy to see that at such a point #; one has (v—z)'(¢;) > 0if #; > V6 (using the fact that v(#,) = z()).
Finally, we observe that the function v changes monotonicity only once on (0, +00) and its absolute
minimum value 0, 77836 + 107 is larger than 1/2.

Now we can turn back to (B.20), obtaining that

1Y a2- 20999 (—a + 1)
’ya(t)22a2(v(t)—§) +“(4a)+%+ 4 (“ﬁ > (B.23)

In order to complete the proof, we need to prove positivity of the right hand side. To this end
we take advantage once more of numerical computations with error estimates. At first, as v(5.1) =
0.95774 + 107> and v/(5.1) = 0.001860 + 10~ > 0, since v changes monotonicity only once, we infer
positivity of the right hand side for all ¢ € [5.1, +00), for all a < —2.96767. The remaining values (a, t)
lay in the compact rectangle [-43.3272,-2.96767] x [1,5.1] and can be easily dealt numerically with
error controlled minimization.

]

Lemma B.7. Let a € (—c0,1). The family {Qy} = {ngk} defined in (B.17) and its limit Q satisfy the
conditions in Lemma B.3.

Proof. First, we want to prove property i); that is, there exists a positive constant ¢ > 0 uniform in
& — 0 such that c
VeI < 7 and  [Wu(l<ec.

We remark that there exists a positive constant ¢ > 0 uniform in & — 0 such that

‘@zy
Pe

|(log p2)'| =
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Moreover )
" (p“ D] |0 ¢
(logp?)”| < vt Rl e s
Pe Yy
It remains to prove the following uniform bounds
Q < E, nd @ < E
ey 9

Then the result follows since we are considering the logarithm of a product by linearity of the
derivative.

()| _ P ()
ogrty| = |==| = 2Fe 2
e fo p(s)ds
)’(1 +( ) ) al2
y fo (1 + s2)-a/2ds
2 (1 + 272 2max{1,1 -a}
< —sup — < .
Y o (1 + s7)2ds y
Moreover,
)" . Pe0) g max{l,1-a}+ldl
(m)y fo ~9(s)ds g+y " y
Eventually
o < | @ | @] @ e
(og7)"| < | 2| - | =| + <<
e [0 e y

Obviously, point i) implies the uniform upper bound in (B.4) by trace Poincaré and the Hardy
inequalities. In order to prove the uniform lower bound and eventually proving ii), we only have to
prove that there exists a positive constant ¢; > —‘—11 uniform in & — 0 such that

C1
V() 2 )7

In fact,

Wos () + (—g) > 0.

Lett =y/e > 0. Then

Vie() = a(f )

with @, as in definition (B.18). We can conclude by applying Lemma B.6.
Eventually we remark that also condition iii) holds true. m|

Let us define H'(B?, (w(y))~'dz) as the closure of C?(E;) with respect to the norm

f (W™ |Vul*.
By
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Lemma B.8. Leta € (-, 1) and u € H'(B?, (wg(y))‘ldz). Then the following inequalities hold true
for a positive constant c independent of € € [0, 1]

c [ @) < | (@) Vul, (B.24)
B;f B;r
¢ | @)’ < f (W™ |Vul, (B.25)
sn B}
a\—1
¢ f %uzs f (@)™ Vul, (B.26)
By Bf
a\—1
¢ f &uzs f ()™ VuP, (B.27)
sty B}
2/2%
c( f ((wZ)“)z*/zluF*) < f (W) |Vul, (B.28)
BY Bt

which are respectively the Poincaré inequality, the trace Poincaré inequality, the Hardy inequality, the
trace Hardy inequality and a Sobolev type inequality.

Proof. First, we prove (B.25). Thanks to Lemma B.7 we can define for a sequence g, — 0

_ e Q) Qk(v)+( a)+:#k+(_g)+
5) -

fi = min = 2
veA! (BM)\{0) fS V2 veH'BH\O) fs v? 2
and ~
_ 0 0 ay’ a\’
fl= min = min t\73) THt T3 -

Vel (BO\(0} p el B\O) W

Actually, we are able to provide the value of u since u(x,y) = y'=“=? is the unique function in
H"72(B7) \ {0} which solves

—L,ou=0 1inBy

u>0 in By

u(x,0)=0

Vu-v=pu inS7,
with u = 1 — (a — 2) = 3 — a. Hence, by Lemma B.3, since iy — f, then gy - u =3 —-a > 0 and
one can find gy > 0 such that for 0 < &, < & = &y one has y; > uz > 0. Hence one has (B.25) with a
constant gz > 0 uniform in 0 < & < &y. For the other inequalities, the proof is done taking functions

ue C?(ET \ 2) and then passing to functions u € H'(B, (w%(y))"'dz) by density. By Lemma B.7 there
exists a positive constant uniform in € such that

f Wy ul + (-2) f @1 = Gor(@ ) > ¢ f R (B.29)
By 2 st -

B

then all the inequalities are obtained by the validity of them in H'(B?) and using the trace Poincaré
inequality (B.25). O
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B.4.2. Super degenerate weights w$

Let a € (—co,1) and let us consider u € C*(B}) and define v = (w®)'?u € C‘C’"(E;r \ ). Then we
consider the quadratic form

f Wl (1Vul +u?) = Que(v) = f (IVvP +?) + f Vo? + | W2, (B.30)
B : B B sn
with ) )
— 1 1 ala—2)y" +2¢
Vwa:—l a/2+_1 ayr _ ,
¢ =7 [(log wg)'] 2( 0g W) 1 (@
and

— 1
W = —E(log wy)'y.

We remark that ‘_/wg = Ve in (B.7). It is easy to check that the family of quadratic forms Q
equivalent norms in H! (B}) with constants which are uniform in &; i.e., the following holds

Lemma B.9. Let a € (=, 1). The family {Qy} = {Q,,, } defined in (B.30) and its limit Q satisfy the
conditions in Lemma B.3.

o Are

B.5. Isometries

In this last section, we express a fundamental consequence of the previous estimate on uniform-in-&
equivalence of norms. Indeed, for all exponents a # 0, the nature of the weighted Sobolev spaces
changes drastically when switching between € > 0 and & = 0. For this reason, we need to embed them
isometrically in the common space H' uniformly as & — 0. To this aim, we can take advantage of
some fundamental isometries between weighted spaces to H', which allow, by reabsorbing the weight,
to obtain uniform estimates in a common space to any element in the approximating sequence. Fixed
a € (—oo, 1) and € > 0, then the map

Ty : H'(BY,pi(»dz) —» H'(BY) 1uv="Tiw) = (p))'u

is an isometry when we endow the space H '(B}) with the squared norm Q,¢. Indeed we have:

f PEVUP = Qpe(v).
B+

1

Is is worthwhile noticing that the family of quadratic forms Q. is uniformly bounded (above and
below) with respect to € € [0, 1].
Eventually, we remark that, similarily, fixed a € (—o0, 1) and & > 0, then the map

T.:H' (B, w'(y)dz) » H'(B}) :urv=T.(u) = ()" u (B.31)

is also an isometry when the latter space is endowed with the squared norm @wg(v) as we have

a 2, .2\ _ ]
L+ w; (qul +u ) = Qua(v).
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Again, ng is uniformly bounded (above and below) with respect to € € [0, 1]. Once again, we remark
that for these super degenerate weights Poincaré type inequalities do not hold true (see [21]) and hence
we can not consider only the weighted L>-norm of the gradient in the equation above.
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