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Abstract: We give three different proofs of the log-epiperimetric inequality at singular points for the
obstacle problem. In the first, direct proof, we write the competitor explicitly; the second proof is
also constructive, but this time the competitor is given through the solution of an evolution problem
on the sphere. We compare the competitors obtained in the different proofs and their relation to other
similar results that appeared recently. Finally, in the appendix, we give a general theorem, which can
be applied also in other contexts and in which the construction of the competitor is reduced to finding
a flow satisfying two differential inequalities.
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1. Introduction

For any u € H'(B,), we define the functionals (Weiss’ boundary adjusted energies)

Wou) := f IVul* dx -2 f w? dH! and W) = Wou) + f udx.
Bl ()Bl

B

We denote by S the following class of 2-homogeneous polynomials :

S := {QA: RY >R : Qu(x) = x-Ax, where A = (a;;)ij is a symmetric
. . % 1 (1.1)
non-negative matrix such that trA = ; a; = 1 }


http://www.aimspress.com/journal/mine
http://dx.doi.org/10.3934/mine.2021004
www.aimspress.com/mine/article/5753/special-articles

Notice that the functional W is constant on S. We will use the notation
W(S) := W(Q,) forany Q4 €S. (1.2)

This paper is dedicated to the so-called logarithmic epiperimetric inequality, which was first introduced
in [3], for the functional W and the set S, and already found several applications to different variational
free boundary problems (see for instance [4,6,7,15]).

Theorem 1 (Log-epiperimetric inequality for W). There are dimensional constants 6 > 0, & > 0 and
y € [0,1) such that the following claim holds. For every non-negative function ¢ € H'(dB,), with
2-homogeneous extension z on By, satisfying

dist; (¢,S8) <6 and W) - W(S) <1,
there is a non-negative function h € H'(B,) with h = ¢ on B, satisfying the inequality

W(h) - W(S) < (W(z) - W(S)(1 - &|W(z) - WS)|"). (1.3)

1.1. Epiperimetric and log-epiperimetric inequalities - overview of the known results

The epiperimetric inequalities are powerful tools in the regularity theory of free boundary problems
and minimal surfaces. The concept of an epiperimetric inequality (which is (1.3) with y = 0) was
first introduced by Reifenberg in [14] in the context of minimal surfaces in the 60s. In the late 90s,
Weiss [17] used an epiperimetric inequality approach to study the free boundaries of the obstacle
problem.

The Weiss’ epiperimetric inequality was still of the form (1.3), with v = 0 and for the same energy
W, but the set S defined in (1.1) was replaced by the set of the ‘flat’ blow-up limits

R = {Q(x) = i(x -v):  where ve (?Bl}.

In [17] Weiss used the epiperimetric inequality to prove the C'* regularity of the ‘flat’ free boundaries.
It is now known that the epiperimetric inequality ((1.3) with y = 0) cannot hold in a neighborhood of
the set S; this follows from the counterexample to the C'*® regularity of the singular free boundaries
given in [10].

There are several other epiperimetric inequalities for free boundary problems in the literature. By
using the technique of Weiss, Focardi-Spadaro [12] and Garofalo-Petrosyan-Smit Vega Garcia [13]
proved an epiperimetric inequality at the regular points of the thin-obstacle free boundaries. Then,
in [16], by using a different (direct) approach, we proved an epiperimetric inequality for the Bernoulli
free boundary problems in dimension two.

The log-epiperimetric inequality ((1.3) with ¥ € [0,1)) was introduced in our work [3], in
collaboration with M. Colombo, where we first proved Theorem 1. The initial idea in [3] was to attack
the epiperimetric inequality for S (left open in the work of Weiss [17]) by the direct approach
from [16]. As we already mentioned above, this cannot be actually done, but it led to the formulation
of the log-epiperimetric inequality (1.3), from which we obtained the C'!°¢ regularity of the singular
part of the free boundary (from where the name logarithmic).
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Following the original spirit of [16], our approach in [3] was still direct in the sense that we built
the competitor explicitly. We later used this idea to prove a log-epiperimetric inequality at the singular
points of the thin-obstacle free boundaries [4]. Constructing explicit competitors has the advantage to
provide proofs that use only elementary tools and essentially boils down to constructing sub and
supersolutions starting from a trace, which is close to the set S. This requires the set S to be known
explicitly. On the other hand, one is mainly interested in the case when S is a set of global
homogeneous solutions to some free boundary variational problem and the classifications of these
solutions is known only for some specific problems.

In [6] and [7], in collaboration with Max Engelstein, we elaborated a different approach to the
log-epiperimetric inequality and we constructed the competitor by reparametrizing the solution of an
evolution problem on the sphere. Finally, in [5], we exploited some of the ideas from [6] and [7] to
give new proofs of the log-epiperimetric inequalities (for the obstacle and the thin-obstacle problems)
from [3] and [4], and we showed its relation to a class of parabolic variational inequalities.

1.2. Aim and organization of the paper

This paper has several objectives. Our first aim is to provide a different (and hopefully easier) direct
proof of Theorem 1. Our new proof (see Section 4) is based on a specific decomposition of the trace
inspired by the competitor that we used to prove the constrained Lojasiewicz inequality in [5]. Then,
we notice that the competitor built this way in fact simulates the behavior the gradient flow from [5]
and so, we give a second proof of Theorem 1 (see Section 5) by using a construction in the spirit of [5].

We explain the ideas behind the two different constructions in Section 7, which can be read
independently. Moreover, in order to give our second proof of Theorem 1, we give a new general
result in which the construction of the competitor is reduced to finding a flow on the sphere that
satisfies two specific inequalities (see Theorem A.1). This general result applies both to the gradient
flow from [5] and to the flow from Section 5. It is also intended to facilitate the construction of
competitors for other variational problems, for instance, non-local obstacle problems.

1.2.1. A direct proof of Theorem 1

In the first three sections we give a direct proof of Theorem 1 in the spirit of [3], but using a different
competitor. Section 2 contains the notations and some basic facts about the functional W. Section 3 is
dedicated to the main estimate that we need in the proof of Theorem 1. In Section 4 we give the proof
of the theorem by putting together the estimates from Section 2 and Section 3.

1.2.2. The constructive approach to Theorem 1

In Section 5 and Section 6 we give a proof of Theorem 1 based on the definition of a flow on the
sphere. Then, we use the estimates from Section 2 and Section 3 to prove that these flows satisfy the
condition of Theorem A.1.

1.2.3. Comparison of the direct and the constructive approach

In Section 7, we explain the main ideas behind the direct proofs from Section 4 and [3], and the
constructive, gradient flow approach from Sections 5 and 6. This section can be read independently;
we only use some of the notations and preliminary results from Section 2.
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1.2.4. The general Theorem A.1

In Theorem A.1 we show how to construct a competitor out of a flow defined in H'(8B,); we
prove that competitor satisfies a log-epiperimetric inequality provided that the flow satisfies two main
conditions:

an energy dissipation inequality (A.3), and FLojasiewicz inequality (A.5).

This result applies to both the flow from Section 5 and the gradient flow from Section 6; in the first
case, the exponent 7y in the log-epiperimetric inequality (1.3) appears as a consequence of the energy
dissipation inequality (A.3), while in the case of the gradient flow (Section 6), the exponent is due
to the Lojasiewicz inequality (A.5). In both cases, Theorem A.1 allows to reduce the proof of the
log-epiperimetric inequality to verifying that (A.3) and (A.5) hold along the flow.

1.3. Log-epiperimetric inequality and structure of the singular free boundaries

A consequence of Theorem 1 is the following result on the structure of the singular free boundaries
of solutions to the obstacle problem, which we give here for the sake of completeness. We recall that
u : B; — Ris a solution to the obstacle problem (in the unit ball B; ¢ R?) if u > 0 and

f (IVul* + u)dx < f (IVv* +v)dx forevery ve H'(B))
B By
suchthat v>0 in B, and u-ve HyB)). (1.4)

We define Q, := {u# > 0} and the set of singular points

B.(x0) N €,
Sing(0Q,) := {xo €0Q, : lrl_)né |OB—r| = }

Let u be a solution to the obstacle problem. We say that Q : By — R is a blow-up limit of u at
Xo € 0Q, N By (and we write Q € BU(u, X)), if there is a sequence r,, — 0 such that

. 1
lim ”ur,,,xo - Q”Lz(éBl) where ur,,,xo(-x) = _ZM(XO + 7 X) .
n—oo rn

It is well-known that x, € Sing(d<Q,) if and only if BU(u, xo) C S (see, for instance, [2] and [9]).
Finally, we define the strata Sing,(0€,), for every k € {0, 1,...,d — 1}, as

Sing, (0Q,) := {xo € Sing(0Q,) : thereis Q4 € BU(u, xy) such that dim(KerA) = k}.

As an immediate consequence of Theorem 1, we obtain Theorem 2, proved in [3]. A finer result on
the structure of the singular set (in any dimension) was obtained by Figalli and Serra [10], and more
recently, by Figalli, Serra and Ros-Oton [11].

Theorem 2 (Structure of the singular free boundaries). Let u : By — R be a solution to the obstacle
problem (1.4). Then, the following holds.

(i) Uniqueness of the blow-up limit. Az every x; € Sing(0Q,), the blow-up limit is unique, that is,
there is Q4 € S such that

lim [y, v, — Qa, ll208,) = 0.
r—0
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(ii) Rate of convergence of the blow-up sequence. For every x € By, there is a ball B = B,(x) and
R > 0 such that

2ty 5, — QAxolle(aBl) <C(=Inr)° forevery xe€ Sing(0Q,) N B and every r <R.

(iii) Distance between the blow-up limits at different points. For every x € By, there is a ball B,(x)
such that

104, = Qa,lliz@m,) < C(—1Inlxo - Yol) ™ forevery xo,yo € Sing(8Q,) N B,(x).

(iv) Structure of the strata. The set Sing,(0€,) is discrete. For every 1 < k < d — 1, there is 6,
depending on d and eventually on k such that the following holds.

For every x € Sing (02, there is a ball B,(x) C By such that Sing (0€,) N B,(x) is contained
in a C"'°¢-regular k-dimensional manifold. Precisely, up to a rotation of the coordinate system,
there is a C' regular function ¢ : R* — RY7* such that

Sing (0€,) N B,(x) C Graph(p) N B,(x),
and Vo(0) = 0 and
Vip(xp) = Vool < C(—Inlxg —yg) ™ forevery x),yh € R 0 By(x).

Proof. The claims (i) and (ii) follow by the log-epiperimetric inequality (1.3) and a standard general
procedure, which we explain in the appendix (Proposition B.1) for the sake of completeness. The claim
(iii) follows directly from (ii), while (iv) is a consequence of (iii) and a Whitney extension theorem (see,
for instance, [8]). O

2. Preliminaries

In this section we prove some preliminary results about the energy W (Section 2.1) and we recall
some a basic facts about the decomposition in spherical harmonics (Section 2.2) that we use in the
construction of the competitors for the log-epiperimetric inequality.

2.1. Properties of the Weiss’ boundary adjusted energy

In the direct proof of Theorem 1 (see Section 4) we will use only Lemma 2.1, Lemma 2.2 and
Corollary 2.3. Lemma 2.4 will be used in the second proof, given in Section 5.

Lemma 2.1 (W and Wy). Let u € H'(B,) and Q € S. Then
Wo(u — Q) = W(u) - W(Q).

Proof. We compute

Wo(u— Q) = f Vu-QF -2 | (u-Qy dH"'
B

0By
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= Wo(u) + Wy(Q) — 2(f Vu-VQdx - 2f qu?-{d_l)
B| aB]
= Wo(u) + Wy(0) + 2f uAQ dx
B
= Wo(u) + Wo(Q) + f udx =Wwu) - W(Q), (2.1)
B

where we integrated by parts and, in the last line, we used the identity

Wo(Q)=f IVOP* dx -2 deﬂd_l=—f QAde=—lf Qdx,
By 0B B 2 B

so that W(Q) = Wy(Q) +f Qdx = %f Qdx =-Wy(Q). i
B B

The following simple lemma will be fundamental in both proofs so we collect it here.

Lemma 2.2 (Slicing Lemma). Let u = u(r,0) € H'(B,). Then, computing the energy Wy(r*u) of the
function written in polar coordinates as (r,0) — r*u(r, ), we obtain

1 1
Wo(rPu) = f I f (|V9u|2—2du2) dodr + f pa+3 f 10,ul*déb . (2.2)
0 0B 0 0B

In particular, if we set

F@)i= [ (Vf - 2007+ 0) ape 23)
0B
we have the equality
1 1
W(rtu) = f F(u(r, )r** dr + f e f 0,ul* dH*" dr. (2.4)
0 0 0B
Finally, if u(r,0) = r°c(6), then
1 (= 2)?

() = ————r Vocl* — 2dc*)do —f % de 2.5
Wolr™*c(6) d+2a—2LBl(| oef? = 2d)d0 + 05 = o @)

where @ =2 + g and € > 0.

Proof. Setting 6 € 9By, df = dH", we calculate for a function u = u(r, 6)

1
Wo(rzu):ff
0 Jo,

(|2 ru+ r2oul? + r2|Vgu|2) dori dr -2 f w2 do
1
= f f (2r2u2 +r0u)? + 2170, + r2|V9u|2) dor'dr-2 f u* do
0 OB

0B

0B

1
= f f 47 + 110l — 2d +2) Pu’ + PVul®) do " dr
0 0B

1 1
= f s f (|V9u|2—2du2) dodr + f rit3 f 0, ul*> dO dr,
0 aB| 0 631
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which is precisely (2.2). The identity (2.4) follows from (2.2) by the formula

1
fua’x:ff udH"" dr.
B o Jos,

Finally, Eq (2.5) directly follows from (2.2) by integrating in r. m|

Corollary 2.3 (Decomposition of the energy). Suppose that z1,z, € H'(By) are of the form z;(r,6) =
r’g i(r)ci@), for j = 1,2, where the traces c,c; € H Y(0B,) are orthogonal on the sphere in the
following sense:

f C1C do = f VgCl . V9C2 do = 0. (26)
0B, 0B,
Then, we have

Wo(z1 + 22) = Wo(z1) + Wo(z2) and W(z1 + 22) = W(z1) + W(z2). (2.7)
Proof. 1t is sufficient to apply the formulas (2.2) and (2.4), and then use (2.6). O

The next lemma is essentially the identity (2.4) from the Slicing Lemma for competitors defined by
reparametrization of the radial coordinate. We will use the following notation:

VF(p) = —2Asp ¢ —4dp+1  for ¢ € H*(OB)), (2.8)

Y- VF () = (= 20sp,¢ — 4dp + 1)dH*"  for ¢ € HXOB)) and € L*(OB)).

0B

Lemma 2.4 (The slicing lemma reparametrized). Suppose that s : [0, +c0) — H?*(8B,) is a function
such that

Y € C'((0, +00); L*(8B1)) N C°([0, +00); H'(3B1)) N C*((0, +00); H*(0BY)),
and let T € (0, +oo]. We define ¢ : [0, +00) — H*(0B,) as
o) :=y@ if 1€[0,T), o) =y(T) if t=>T.

and the function u : By —» R as
u(r,0) = ¢(—«lInr,0),

where k > 0 is fixed. Then, we have

W(ru) = - f Fle) e = di +« f e (DI g5, €%, (2.9)
and also
0 1 1d+2)
wy = D f (—V?‘(w(t» WO+ K O )) P @a0)
0

In particular, if ¢ is constant in t, then

F (¢(0))
d+2

W(ru) = (2.11)
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Proof. Using the identity (2.4) and the change of variables ¢ = —«In r, we compute
1 1
W(rtu) = f F(u(r)r™ dr + f i3 f |0,ul* dH*" dr
0 0 OB
1 1
:‘I‘TKMEKMF»fH%ﬁ+:f‘E%MHMX—KMFméw&ﬁﬁ
0 0

1> ) L n
= Flem)ye ~ di+x | g Ol €
0 0

Now, by the definition of ¢, we get

_ Hd+2)

dt

1(d+2)

T —+00 T
W(rtu) = ! FW@)e ~ dt+ 1 FW(T)) e "% dt + & 1 (D122 55 e dt
K 0 K T 0 (0B1)

F(W(T)) .
d+?2

1 T _d+2) _T@d+2) T , 2 _ Hd+2)
=< | TWm)e wdr+ Tk | WOl gpe ¢ dt
0 0

Now, an integration by parts gives

1 [T I r _1d+2) FW0)  _rua FW(T))
; jo‘ ?"(lﬁ(t))e “ dt = m jo‘ W (t) : Vf(w(t))e < dt + ) —-e W,
which concludes the proof. O

2.2. Spectrum of the spherical Laplacian

LetO <43 £ 4, £--- < 4; < ... be the eigenvalues (counted with multiplicity) of the spherical
Laplace-Beltrami operator and {¢;};>; be the corresponding family of eigenfunctions, that is the
solutions of

—As1¢pj = A;¢; on ST, ¢3(0)do = 1. (2.12)
§d-1°
Then, for any fixed i, j € N, we have

f ¢i¢j d = 5ij and f V@(bi . V9¢j d = /l,'d,’j.
0B, 0B

It is well known that the eigenfunctions of the Spherical Laplacian on S?! are in fact the traces of
homogeneous harmonic polynomials in R¢. In fact, for a given a > 0, it is immediate to check that a
function ¢ : dB; — R is an eigenfunction corresponding to the eigenvalue

Ala) =a(a+d-2),

if and only if, its a-homogeneous extension ¢(r, ) = r*¢() is harmonic in B;. We will denote by «;
the homogeneity corresponding to the eigenvalue A, that is, we have

A= Aa)) = aja;+d-2). (2.13)

Notice that, since the homogeneous harmonic functions in R? are polynomials, we have that «; €
N. Thus, we can easily identify the eigenvalues and the eigenfunctions of the spherical Laplacian
corresponding to the first few elements of the spectrum. Precisely, we have that :
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e ; = A; = 0 and the corresponding eigenfunction is the constant ¢; = [0B;|™" = (dw,)™".

o, = - = Agy1 = d— 1, the corresponding homogeneity is @, = -+ = a4+ = 1, while the
eigenspace coincides with the (d-dimensional) space of linear functions in R?.

® dgp = -+ = Adws, = 2d, the corresponding homogeneity 1S @z = -+ = Quy, = 2; the
corresponding eigenspace E», is generated by the (restrictions to S?~! of the) 2-homogeneous harmonic
polynomials:

Ery ={04:RY >R : OQu(x) =x-Ax, A symmetric with trA = 0}.

In particular, if Q € S is an admissible singular blow-up limit, then Q is of the form
I ) )
Ox) = ﬁlxl + Qa(x) for some harmonic polynomial Q4 € Ey,;.

e Finally, if j > @ (that is A; > 2d), then the corresponding homogeneity is at least 3 and so
Aj>233+d-2)=3(d+1).

2.3. Decomposition of the trace and energy of the 2-homogeneous extension

Let ¢ be as in Theorem 1. Throughout the rest of the paper we will use the same decomposition of
the trace with the same notation. We will denote by Q € S the projection of ¢ on the set of critical
points S given in (1.1). Precisely, Q realizes the minimum

disty(c, S) := min {|lc — Oll;245,) : Q € S}.

We now decompose the function ¢ — Q € H'(0B,) in Fourier series as

c®) = QO) = > ¢;9,(0)

=1

where c; are the Fourier coeflicients

cj = f (c(0) — Q(O)) ¢,(6) db. (2.14)
9B,
Finally, we will write ¢ : dB; — R as

c=Q+n.+mn0+1-, (2.15)

where the functions 7., 1o and 7_ (defined on 0B;) are given by

Jraj<2 Jraj=2 Jra;>2
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2.4. Energy of the 2-homogeneous extension

In terms of the decomposition (2.15), 2-homogeneous extension of ¢(f) can be written as:
2(r,0) = r*c(0) = Q(r0) + r’n_(0) + r’no(0) + r’n.(6), (2.16)
where we recall that Q € § is 2-homogeneous:
Q(r6) = Q) forevery r>0 and 6€dB,.

Notice that the functions 77_, 179 and 7, are orthogonal on the sphere in the sense that

f n:(0)n;(0) do = f Voni(0) - Voni(0)do = 0 whenever i#jef{+, -0}
0B,

0B

Thus, by Lemma 2.1 and Corollary 2.3, we can compute the term in the right-hand side of the log-
epiperimetric inequality in terms of 7., 179 and 77_.

W(2) = W(Q) = Wolz = Q) = Wo(r*1-(8)) + Wo(r’no(9)) + Wo(r’n..(6)). (2.17)
3. The best direction and a f.ojasiewicz-type inequality

Letc = Q + n, + ny + 1 be as in Section 2.4. Let M be the maximum of the negative part of
n- +no + Q, that is,

M := max { - 1_(6) — no(6) — Q(O)}. (3.1)
9€(9Bl
We define the functions s, : dB; —» Rand A, : dB; — R as

1

1
hyi=Q+n_+no+ 8dM(@ - Q) and  hy =1, - 8dM(@ - Q) . (3.2)

1
The role of the correction term 8dM (@ - Q) will be explained in Section 7.1. In the lemma below

we gather the key estimates, which we will use in both proofs of Theorem 1 — the one based on the
direct construction of the competitor (Section 4) and the one based on the definition of a flow and a
Fojasiewicz-type inequality (Section 5).

Lemma 3.1 (Key Estimate). Let ¢, Q, -, no, 1+, M, h, and h, be as above :
c(0) = Q(0) + n-(0) + no(6) + n+(6) = ha(6) + ha(0), 6 € IB;.
Then, there is a dimensional constant 6 > 0 such that the following holds. If
llc = Oll;2@8,) < 6,

then we have:

(i) hy(8) = 0 for every 6 € 0B,.
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(ii) there is a dimensional constant C,; > 0 such that

d+1 2 .
M - < Cd||n+||L2((')Bl) s

(iii) for every t € R, we have the following identities :

ha : V?(hZ + tha) = 2tf (|V977+|2 -2d 77-2+)d9,

0B

Tt th) = 7@+ [ (Var =2 a0+ [ (V. - 2d77) do,
9B, 9B,
where we recall that ¥ and VF are given by (2.3) and (2.8).

Proof. We start by proving (i). Notice that there is a dimensional constant C, such that
P ille=@B,) + IVedlli=@p,) < Cq forevery jeN suchthat «; <2d.

Now, since by definition

(@ +n®) = ). cp;0),

Jra;<2d

we can find another dimensional constant C > 0 such that

-+ molles < > leslligllesny
Jra;<2d
2\
< C( Z Cj ) = Cln- + nollz2@s,) < Cllc = Ollz2oa)) »

Jraj<2d

where we recall that
llc = Oll2@syy = lIn- + 10 + 1:ll2208,)-

We now choose 6 > 0 such that 4C6 < % We next show that 4, > 0 on each of the sets
{0 €0B; : Q) = 2C0} and {6 € 0B, : Q) <2C6}.
Indeed, we have the following two cases.
e Consider the set {Q > 2C8} C dB;. We first notice that
n-+mno+ %Q >0

on this set. Indeed, for any 6 € {Q > 2C6}, we have

1 1
n-(0) + no(6) + EQ(H) > —|In- + nollz=ws,) + EQ(H) > —Cllc = Qllr2@p,) + Co 2 0.

We now decompose A, as follows :

1 1
]’l2:(7]_+7]0+§Q)+2M+Q(5—8dM),

(3.3)

(3.4)

(3.5)
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where the first and the second terms are nonnegative. In order to prove that also the third one is
nonnegative, we notice that since Q > 0, we have

M < |In- + nolli=@s,) < C6,

so, by the choice of ¢,

1 1 1
— - > — — = _— = > 0.
> 8dM > > 8dCo 2d(4d 4C6)_O

This concludes the first part of the proof of (i).
e Consider the set {Q < 2Cd} C dB;. We have that

1 1
= —_ > PR
h, 77_+770+Q+8dM(4d Q)_n_+n0+Q+8dM(4d 2C6)

>n-+n+0+M=>0,
where the last inequality is due to the choice (3.1) of M. This concludes the proof of (i).

Next we prove (ii). We set for simplicity

Pi=n_+mn+0Q

and we notice that P is a polynomial of degree two (a linear combination of eigenfunctions
corresponding to eigenvalues < 2d). We claim that there is a dimensional constant L such that

IVP||.~@5,) < L. Indeed, reasoning as in the proof of (i), we have that there is a dimensional constant
C, such that

s
V- + Venollsasy < ) 1eVebjliisany < Ca( Y, &)

Jra;<2d Jra;<2d
= Cylln- + nollr2@8,) < Calle = Ollr2gp,) < Cad.

On the other hand, by the definition of S (see (1.1)), Q is of the form

. . . . 1
Q(x) = x- Ax for a nonnegative symmetric matrix A with trA = T

Thus, for the gradient of Q, we have
2|Ax|

1
[IVO|[z~ = sup <2trA = 7

x#0
In particular,

1
IVoPllr=o8,) < Ca 6 + 3

Now, since Q is non-negative and 77_ + 170 is small, we have that the negative part inf{P, 0} is also small.
Precisely,
M = ||inf{P, O}l|z~@m,) < lIn- + noll~@5,) < C6.

Mathematics in Engineering Volume 3, Issue 1, 1-42.



13

Since the function inf{P,0} : dB; — R is L-Lipschitz and is small (in L*(0B;)), we can deduce that
there is a dimensional constant C; > O such that
d-1

M
Ci———

linf(P, 0} o

2 2 = —d+1) 5 d+l  _ —d+1 y gd+1
L2(dBy) 2 M = CdL || lnf{P’ O}”L"“(()Bl) = CdL M s

where the first inequality follows from Lemma 3.2. Indeed, let F : R¢"! — R be the function inf{P, 0}
written in local coordiantes around the point, where its maximum is achieved on the sphere. In this
local chart, we can use Lemma 3.2 to estimate the integral of F? over Bg, where R := %ll inf{P, O}|| .
On the other hand, the trace ¢ : dB; — R is non-negative :

c(0) := PO)+n.(0)=>0 for every 6 € 0B;.
Thus, necessarily,
—inf{P,0} < |n,| on JB,
and so,

—d+1 § gd+1 : 2 2
CdL M < ||1nf{R O}”LZ(aBI) < ||)7+||L2((981)’

which (since L is a dimensional constant) gives (3.3).

Finally we prove (iii). We start with computing V¥ (h,). First, we notice that, since Q € S, itis a
solution to the PDE
VF(Q) = =2A55,0 —4dQ + 1 = 0. (3.6)

1
As a consequence of (3.6) and the definition of 79, we have that both 1y and (ZZ — Q) are eigenfunctions

of the spherical Laplacian, corresponding to the eigenvalue 2d, that is,

0) - 2d($ -Q)=0. (3.7)

1
— App,mo — 2dno = —AaBl(@ -

Thus, we have
VF (hy) = =2Asp,hy —4dhy + 1 = =2Asp,m_ — 4dn_ .

Analogously, we compute VF (h,). Indeed, we have

VF (hy) = =2Ah, —4d h,

= —2A (m - 8dM($ - Q)) —4d (m - SdM(ﬁ - Q))

= —-2An, —4dn.

where in the last equality we used again (3.7).
In order to compute A, - VF (hy + t h,), we first write h, in the form

> ~ 1
I’l(x =N+ +10 where Ny = —8dM(@ — Q)’

and we notice that by (3.7), 770 is a (2d)-eigenfunction of the spherical Laplacian. Using the definition
of VF (2.8) and the fact that VF (Q) = 0 (3.6), we compute

ho - VF (hy + the) = (11+ +70) - VF(Q + 11— + 10 =70 + 117+ + 170)
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= (1 +10) - VF (- + 1m0 =100 + t 0 +170)
= (. +70) - [(— 28 = 4d)(n_ +no = o + thy + 1770) + 1.

Now, since faBl (7 +70) = 0 and since both n and 779 are (2d)-eigenfunctions, we get
ho - VF (hy + thy) = (ny +70) - (= 2A = 4d)(n- + tn4).
Next, notice that by the definition of 1_, 1, and 7, they are orthogonal in L*(dB;) and H'(dB,):

f 7. (O(0) dezf n-(O0(0) dezf 0. (O)(6)d6 = 0,
0B, 0B,

0By

f Von, - Voo do = f Von_ - Vo do = f Von. - Ven_do = 0.
531 aBl

B,
Thus, integrating by parts on dB;, we obtain

he - VF (hy + thy) =2t f (|v9n+|2 —2dni)d9,
0B,

as required. It remains to prove (3.5). Using (3.6), we compute
F(ha+1he) = F(Q) = F(Q +n-+m0 + 1. + (£ = Do) = F(Q)

— (]2
= f |V9(77_ +1no+iny + (l' - 1)770)| do
0B

Y f (n_+ 10 + 1, + (1 — Do)’ o
dB,

= [ (vonp-2ait)do [ (19an.F - 2m) .

0B

where the last equality follows from the orthogonality (in L?(dB;) and H'(0B))) of 1., n_ and 1y + (t —
1)1y, and from the fact that iy + (r — 1)1, is an eigenfunction of the spherical Laplacian corresponding
precisely to the eigenvalue 2d. O

Lemma 3.2. Suppose that n > 1 and that F : R" — R is a function which is nonnegative a and

L-Lipschitz continuous for some constant L > 0. Let xy € R" and let M := F(xy) > 0. Then,

2w Mn+2
F*(x)dx > n 18
j;R(xo) () dx 2 m+Dn+2) L’ (3.8)

where w, is the volume of the unit ball in R" and R = M/L.

Proof. First notice that the L-Lipschit continuity of F' implies that
F(x)>M - L|x—x9| 20 forevery x € Bgr(xp).

Thus, integrating over Bg(xy), we get that

f F?(x)dx > f (M- Llx - x0|)2 dx.
Br(x0) Br(xo)
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Integrating the right-hand side in polar coordiantes and using the definition of R, we obtain

R
2
f FX(x)dx > nw, f (M2 —2LMr + Ler) dr
Bgr(xp) 0

1 1
= nw, (—R”M2 - LMR™" + —ZLZR"”),
n

n+1 n+

which is precisely (3.8). O
4. A direct proof of Theorem 1

In this section we prove Theorem 1 by giving the competitor explicitly, as in Subsection 7.1.

Proof of Theorem 1. We decompose the trace ¢ : 0B — R as

c=Q+n.+n+1n-,
as in Subsection 2.4 and we recall that the 2-homogeneous extension z is given by (2.17).

Definition of the competitor. We define the competitor 4 : B; — R as
h(r, 0) := r*hy(0) + r"h,(0), 4.1)

where a := (2 + &) > 2, the functions &, and h,, are given by (3.2) as in Section 3.

Positivity of the competitor. 'We first notice that the competitor /4 defined in (4.1) is non-negative.
Indeed, we can write the competitor 4 as

h(r,0) = r*hy(0) + r*h,(0) = (r* — rhy(0) + rc(0).

Now, the first term (% — r*)h,(6) is non-negative by Lemma 3.1 and the fact that r < 1; the second term
r*c(6) is non-negative since the trace ¢ is non-negative by hypothesis.

Decomposition of the energy. We first decompose the energy of z. We recall (2.17) and we set
z_(r,0) := r’n_(0), 20(r,0) := r’no(d) and  z,.(r,60) := r’n.(6).
Since 1_, iy and 7, are orthogonal, we have
W(z) = W(Q) = Wo(z — Q) = Wo(z-) + Wo(20) + Wo(z.).

We now estimate Wy(z-), Wy(zo) and Wy(z,). By (2.7) and (2.5), we have

1

Wo(zo) =0  and  Wy(z-) = Z Wo(r’¢;(0)) = ) Z 34— 2d) < 0.

Jraj<2 Jra;<2

On the other hand, for the higher modes, we have

1
Wo(zy) = Z GWo(r’(6)) = ) Z c3(A; = 2d)

Jrap>2 Jrai>2
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1 2 1 2
> E 1 +1) = —— >0, 4.2
T 3(d+2) j,wch( it h 3(d + 2)”77+”H1(331> - (4.2)

where we used that, if @; > 2, then @; > 3 and 4; > 3(d + 1).
We now study W(h), where h is the competitor from (4.1). On the other hand, setting

0 = 8d(;; - 0).

we get

W(h) = W(Q) = Wo(h — Q) = Wo(z-) + Wo(zo + (* = r")M Q) + Wo(r*n.(9))
= Wo(z-) + Wo(zo) + M*Wo((* — r)Qo) + Wo(r"n.(6)),

where in the last equality we used that z, is harmonic in B, and (> — r*)Qy(6) vanishes on dB;. Using
the fact that Qy is a 2d-eigenfunction and ||Qoll;25,) < Ca, We calculate

1
W()((r2 —r"Qy) = f rt a’rf ((2r - ar"‘l)zQ(z) +(r— r“_l)zlngolz) do
0 9B,

1
= ||Q0||22(631) f rd+l((2 —ar*?? +2d(1 - r“_2)2) dr
0

—2)?
@2 _Ccia-2?=C,é

_ 2
- ”QO”LZ(@B])d f o0 —2 "

Putting together this estimate, (2.5) and (4.2), we get

Wo(h — Q) — Wo(z — Q) = Wo(r'n.(0)) — Wo(r’n.(0)) + CaM’&’

€ 211, 112 2.2
< —mWO(A) + &Nl 25, + CaM"E™. (4.3)

Conclusion of the proof. We are finally in position to prove (1.3). We first notice that by (4.3) and
Lemma 3.1 (ii), we have

& 2
Wolh = Q) = Wo(z = Q) < =——= Wo(zs) + &1, + Callllsiyp 2

Recall that |[17.]/;295,) < 6. Choosing ¢ < 1, we have

2

€ - 2 € 2.2
Wo(h — Q) = Wo(z - Q) < —mWO(A) +2Callnsl 55,8 < —mWO(ZJ + CaWo(z4) @77,

where in the last inequality we used (4.2). Finally, setting € = CdWo(er)%, for some dimensional
constant C,, and using the inequality Wy(z — Q) < W,(z,), we get

Wolh — Q) — Wo(z — Q) < —~Ca(Wo(z — Q)71

which is precisely (1.3) (see Lemma 2.1). O
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5. Constructive approach. A second proof of Theorem 1

Let ¢ be given by Theorem 1. We will use the general construction from Theorem A.1. In our case
the homogeneity « is 2, the functional G is the Weiss’ boundary adjusted energy W, F is given by
(2.3), and the set Sis (1.1). Thus, it only remains to define a flow y that satisfies the energy dissipation
inequality (A.3) and the L.ojasiewicz inequality (A.5).

5.1. Choice of the flow

We write the trace ¢ : dB; — R as
c(0) = h2(6) + ho(6),
where h, and h, are given by (3.2). We define the flow ¢ as
W(t) = hy + e”'h, for every t>0.
Below we verify that ¢ satisfies the hypotheses of Proposition A.1.

5.2. Lojasiewicz inequality

We first prove that the L.ojasiewicz inequality (A.5) holds along the flow. Indeed, by (3.4), we have
—WO%VTWQD=€%MV?UQ+€%@=2€”l;OWmf—Zdﬁﬁm-
i
On the other hand, (3.5) implies that
F(hy+e"'hy) = F(S) = f

0B

(IVen-I* - 2dn*)do + e f (IVen.* —2dn%)do.

4B,
Finally, since

f (IVen-I* = 2d %) d6 < 0,
0B

we obtain the L.ojasiewicz inequality (A.5) with constant C; = 1 and exponent 5 = 0.

5.3. Energy dissipation

In order to prove that (A.3) holds, we compute

2
1
L)

(4d L2(0B))

where we used the fact that ﬁ — Q is an eigenfunction of the Spherical Laplacian corresponding to the
eigenvalue 2d and so it is orthogonal to 1, in L?>(B,). In conclusion, since Q € S and all the functions
in § are bounded, we get that there is a dimensional constant C, such that

2 -2 2 -2 2 2
||Wl(t)||Lz(531) =e t”h(ZHLZ(aBI) =e t[||n+”L2(631) + (SdM)

2 -2 2 2
1 Ol 255, < € (121720, + CaM?)
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& (Il + Calel )

where the second inequality follows from (3.3). Now, since the Fourier decomposition of r, contains
only eigenfunctions corresponding to eigenvalues A; > 3(d + 1) > 2d, we get

-y < [ (9o = 2d72) do,
0B

Thus, we consider the following two cases :

° If||ﬂ+||L2(331) > 1, then

OBz, < € (102 B, + Callna )
< (1 + CI oo,
<o Cp) [ (el - 2d) do
1 + Cd -

(—¢'(®) - VFY©)). (5.1)

e Conversely, if [|7.]l;295,) < 1, then

_2 d+
19/ O, < € (1020, + Callne )

2
< 1+ Co) (Il )

<(1+C)) (e‘z’ [ (i - 2dni)d9)
0B
1 + Cd

2
d+1

( W) VF W)™ (5.2)

Combining (5.1) and (5.2), we obtain (A.3) with a dimensional constant C, and an exponent p = d + 1.
This concludes our second proof of Theorem 1.

6. Constructive approach via gradient flow. A third proof of Theorem 1
In this section we review the proof of the log-epiperimetric inequality from [5] in terms of Theorem
A.l. Let ¢ : dB; — R be as Theorem 1. As in the previous section, we will apply Theorem A.1 with

a=2,G=W,F asin (2.3), and S given by (1.1).

6.1. Definition of the flow
As in [5], we define

€ H'(10, +oo[ ; L*(B)) N L*(]0, +oo[ ; H*(By) N K)
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to be the strong solution of the following parabolic variational inequality (for the existence we refer

to [1])

gwm+V¢wm»4v—mmzo, forevery veX and >0, 6.

¥(0) =c,

where K is the convex set
K={velL*@dB) : v>0 on 4B}

6.2. Energy dissipation inequality

The energy dissipation inequality (A.3) is automaticaly satisfied along the flow with p = 2.
Precisely, we have

”W(t)”;(agl) =—y/'(t) - VF (Y(r)) for almostevery ¢> 0. (6.2)
Indeed, by taking the test function  := u(t + h), for some ¢ > 0 and 1 € R, we get
0< W +h)—y®) W®+VFWO),

Dividing by & and taking the limits as 7 — 0 and 4 — 0, we obtain the inequalities
. 1 ’ ’ ’
0 < lim ];(lﬁ(t +h) =) - ('O + VF WD) = W Ol g5, + ¥ @ - VF @ (0),

1
0> lim ;l(w(t + 1) =) - (' (1) + VF@0)) = I Ol + ¥ @ - VF@(0)),

which give precisely (6.2).

6.3. Lojasiewicz inequality

Now, in order to conclude the proof of the log-epiperimetric inequality (Theorem 1), it is sufficient
to check that (A.5) holds along the flow. We fix r > 0 and we reason precisely as in [5]. We decompose
the function y(t) as

YO =Q+n.+nm0+1-,
exactly as in (2.15) with (¢) in place of c¢; moreover, we define h, and A, as in (3.2), so we have
w(t) =hy + h, .

Now, by Lemma 3.1, we have that 4, € K. Thus, using (6.1), we can compute

(o = w(D) - WD) —(ha — w(0) - VT (0(0))
o T S T

in order to estimate the right-hand side from below, we use Lemma 3.1.

b

—(hy = Y(1)) - VF (Y (1) —h, -VF(hy + h, 2
2 =Y ('// ) — ( 2 ) — f (|V977+|2 _ ZdUE) do
lho = Y (Dllr268)) halli208,) rellz208,) Jos,
YA
> 2(IIn: 13295, + CaM?) f (IVom.* = 2d 7)o
0B,
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2 NG 2 2

> 2 (10, + Callr ) [ (W - 2d2) o

0B,

_2

2 Cd||)7+||L2d(-:9]Bl) f (|V977+|2 - 2d )73—) de )

OB,
where in the last inequality we used that
In:llz@m,) < dist(¥(8),S) < 1,

which holds for every ¢ € [0, Th], by choosing Ty,.x small enough and ¢/(0) close enough to S, as in
Lemma 6.1 below. As a consequence, we get that

2
/(1) VE W) = W Ol = Callnll 2, ( ﬁ (an.F - 2dor2) d@)

2d

d+1
> Cy (f (|Véﬂ7+|2 - 2d 773) d@)
B,

> CyF W) - F(S),

d-1
where in the last inequality we used again Lemma 3.1. Finally, this implies (A.5) withy = Tl This

concludes our third proof of Theorem 1. O

We notice that the estimates from Lemma 3.1 were crucial in the three proofs (section 4, 5 and 6).
In the first two proofs it was immediate to notice that the trace satisfies the hypotheses of Lemma 3.1.
In the case of the proof that we presented in this section, we can apply Lemma 3.1 because the flow
remains close to the critical set S. This follows by a standard argument that we sketch in the lemma
below.

Lemma 6.1. For every € > 0, there are constants 6 > 0 and T > 0 such that the following holds. If
is a solution to (6.1) and is such that dist,(¢/(0), S) < 6, then

dist,(Y(1),S) <&  forevery t€[0,T].

Proof. Let Q € S be the projection of (0) on S, with respect to the distance L?>(B,). By definition Q
is a critical point for # and Q > 0. Thus, using (6.1), we get

d ,

20 = Ol g, = =20/ (1) (Q = (1) < 2(Q = (1) - VF (1))
==2(Q - y(®) - VF(Q - (1)
<8d | (Q-w®)’do-2 [ (Q-w(t)do

631 aBl

<@®d+1) | (0-v@®) do+H"9B)).

0B

Now, setting a = 8d + 1 and b = H*"1(0B,) and applying the Gronwall inequality, we get that

b
Y (0) = Ol g, < a(e”’ = 1) + eI (0) = Qll2 55,

which gives the claim. O
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7. On the construction of the competitor — an outline of the main ideas

In this section we sketch the main ideas behind the proof of the log-epiperimetric inequality for
the obstacle problem (Theorem 1) and that led us to the two constructions from [3-5], Section 4 and
Section 5.

The log-epiperimetric inequality. We recall that given a 2-homogeneous function z : By — R, in
polar coordinates z(r, #) = r*c(#), our aim is to construct a competitor 4 : B; — R such that 4 = z on
OB, and

1+y

W(h) - W(S) < W(z) - W(S) — e|W(z) - W(S)| 7, (7.1)
which can also be written as
1+y

W(h) - W) < —e|W@) - W(S)| 7, (7.2)

where € > 0, y € [0, 1), S is the set of singular 2-homogeneous solutions to the obstacle problem and
where we use the notation (recall that W is constant on S) :

W(S) := W(Q) forevery Qe€S.

7.1. The direct approach in a nutshell

In this subsection we present the main ideas that led to the construction of the competitors in [3]
and in Section 4, and also in [4], the latter in the context of the thin-obstacle problem.

7.1.1. The energy of z

We notice that if the function 4 is such that the log-epiperimetric inequality (7.1) holds, then it must
have a lower energy than the 2-homogeneous function z, so we start by analyzing the energy W(z). We
decompose the trace ¢ as

¢c=Q+n +1mo+1.,
where Q € S, iy contains only lower modes, 7 is a (2d)-eigenfunction of the spherical Laplacian and
the Fourier expansion of 77, contains only eigenfunctions corresponding to eigenvalues higher than 2d.
Then, we recall that

W(2) — W(Q) = Wo(r’n_(8)) + Wo(r*n0(6)) + Wo(r*1-(6)).

We next examine the different terms in the right-hand side of the above identity. By Lemma (2.2), we
have :

e 77_ gives a negative contribution to the energy :
Wo(r*n_(0)) < 0, the inequality being strictif 7_ #0;

e the energy of 1 is zero: Wo(r*ny(6)) = 0 ;
e the energy of 7, is positive:

Wo(r*n.(8)) > 0, the inequality being strict if 7, # 0.

In particular, this means that, in order to build a competitor /& with lower energy than z, we have to act
on the term containing the higher modes

Wo(r*n.(0)) = f IV(r*n.(0)| dx — 2 f > do.
B 9B
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7.1.2. First attempt — the harmonic extension of the higher modes

Since we are looking for a competitor that coincides with z on dB;, we cannot expect a contribution
from the second (boundary) term of Wy(r*1.(6)). Thus, in order to decrease the energy, one has to
act on the first term, which is the Dirichlet energy of *1.(6). Of course, the best way to decrease the
Dirichlet energy is to replace 7277, by the harmonic extension of 77, in B;. Since the harmonic extension
can be explicitly written in Fourier series, we get that the competitor has the form

£(,60) = Q) + PnO) + (@) + > e I6,(0), (7.3)

Jiaj>2

where the coeflicients c; are given by (2.14) and «; are the corresponding homogeneities, related too
the eigenvalues A; of ¢; through the formula (2.13). We also notice that £; > 0, for every j. In fact,

since we take
Z er2+s_/¢j(0)

j:aj>2

to be precisely the harmonic extension of 7., we have thatg; = a; =2 > 1.

7.1.3. The energy of the competitor f
We can compute the energy W(f) by using Lemma 2.1 and Corollary 2.3

W) = W(Q) = Wof = Q) = Wo(r’n-(0)) + Wo(rPno(®)) + ) ¢ Wo(r**/;(6)).

ja;>2
Now, using the Fourier expansion of 7, and Corollary 2.3, we have
Wo(rPn.(0)) = > EWo(r¢,(0), (7.4)
ja;>2
s0, the energy gain is given by:
W) - W@ = ) S(Wo(r?*,(0)) — Wo(r?,(6)))- (7.5)

j:aj>2

7.1.4. Computation of the energy gain W(z) — W(f)

In order to estimate W(f) — W(z), we compute each of the terms in the right-hand side of (7.5). We
use the fact that ¢; is an eigenfunction :

f Voo, d6 = 4; (/)5 do = a;,
0B, 0B,

and we apply the identity (2.5) from the Slicing Lemma 2.2

A —2d & A;—2d
2+&j 1 _ 25 — J J _
Wo(r9,0)) = Wol(r¢5(6) d+2+28j+d+2+28j d+2

201, - 2d) g

=—g; + .
CTd+2)d+2+2e)  d+2+2e,
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Now, a direct computation gives that if we replace &; = aj —2 and 4; = aj(e; + d — 2), we get

& 2d+2+¢)) &
W 2+8/‘ . 9 _W 2 . 9 — J _ J 1 = — J
o(r ¢ (0))=Wo(r~¢ () d+2+28j( d+2 * d+2

~ & 4-2d _ 1 A-2d 1
 Q+ég)d+e) d+2 T 3d+1) d+2  3d+1

)Wo(r2¢ (6)).

7.1.5. Epiperimetric inequality for the competitor f

We now notice that the above estimate implies (7.2) in its strongest form (with y = 0): this inequality
is known as epiperimetric inequality. Indeed, as a consequence of the above estimate, (7.4) and (7.5),

we have
1

2 2 _ 1 )
+ 1) j;Z cj W()(l" ¢](9)) - 3(d+ 1)W()(l" 7]+(9))

W(f)—W(z)s—3(d

Now, since the energy of z is given by
W(z) = W(Q) = Wo(r’n-(0)) + Wo(r’1.(8)) < Wo(r’1.(6)). (7.6)

we get the following estimate (called epiperimetric inequality)

W) -W) < - (W(z2) - W(Q)), (7.7)

3(d+1)

which is precisely (7.2) with y = 0, which is also the best possible exponent that we can expect.

7.1.6. Why we do not use f as a competitor

Unfortunately, the function f cannot be used as a competitor in Theorem 1 as it might not fulfill the
requirement that

the competitor should be non-negative.

In fact, by taking the harmonic extension of 7, (which might change sign on 0B;) we lose any
information on the sign of f as each of the terms c;¢;(6) of the Fourier expansion of 7, is multiplied
by a different homogeneity r/.

Thus, the challenge is to find a competitor that at the same time
remains positive and decreases the energy.

7.1.7. The new competitor f

We now try to modify the function f from (7.3) in order to have some more control on its sign, but
we also try to keep the energy gain provided by the ‘harmonic’ competitor f. The starting point is the
following observation.

Claim. In (7.3) we can take all exponents &; to be the same
and still have the epiperimetric inequality (7.7).

Precisely, taking in (7.3) €; = ¢, for every j, we consider the new competitor

(r,0) = O(r0) + r1n_(6) + r’ny(®) + r**°n.(0). (7.8)
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7.1.8. Estimating the energy gain (fis as good as f)

By using the computations that we already performed in the estimate of W(f) — W(z), we can
compute

W= W@y = > H(Wol(r**¢,0) — Wo(r*¢,(6))

Jiaj>2

_ Z ) 28(/7./—261) + 82
- L\ T W )dr2+20) Td+2+28)

Jiaj>2

Now, for & small enough the first (negative) term of the right-hand side wins against the second
(positive) one. Thus, choosing & small enough and isolating a dimensional constant C,, we get

A;-2d

W) =W < ~eCa ) &2 = =eCa Wolr1.(6)).

Jai>2
which implies (after (7.6)) that the epiperimetric inequality holds for ]7:
W(F) ~ W) < ~Ca(W(2) - W(0)).

7.1.9. What can go wrong with ]T

Unfortunately, we still cannot prove that j?is non-negative. For instance, what can go wrong is that,
for some 0 € 9B;, we have

QO) +n-(0) +10(0) <0 and  7.(0) > —(Q(O) + n-(6) + 10(0)).

In this way the trace
c(0) = Q(O) + 1-(6) + 10(0) + 1.(6)

is non-negative, but the competitor f(r, 0) becomes negative when r is small enough.

7.1.10. Construction of a positive competitor

In this section, we finally discuss the idea behind the direct constructions from [3,4], and Section 4.
Precisely, in order to build a nonnegative competitor, we add a correction term H : dB; — R such that

QO)+n_(0)+ny0) +HO) >0 for every 6 € 0By, (7.9)
and we consider the competitor
h(r,6) = r*(Q(8) + n-(6) + no(6) + H(B)) + r***(17..(6) — H(6)).
Since, by hypothesis the trace ¢ = Q + n_ + 1y + 1, 1s non-negative, we get that
(Q+n-+no+H)+ (. -H) 20,
but (together with (7.9)) this implies that A(r, 8) > O for every r > 0.
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7.1.11. The challenge behind the choice of H

Notice that, if we want the condition (7.9) to be fulfilled, we need H to be large enough in order to
compensate the negative part of Q + n_ + 1. On the other hand, H increases the energy. In fact, we
can re-write the competitor / as

h(r,0) = f(r,0) + (r* = P**)H(0).

Since fis qualitatively the best possible choice for the energy (recall that fis as good as the harmonic
extension f), the function /4 will have bigger energy, which, of course, depends on the error introduced
by the correction term (r?> — r>*¢)H(6); finally, this means that in order to keep the energy of 4 as small
as possible, we need H to be small.

This competition between the constraint and the energy is precisely what
makes appear the exponent vy in the log-epiperimetric inequality.

Following the construction presented here, one can build many different competitors. For instance,
in [3], we use a function H that depends on all the lower modes (including the linear ones) of the trace
c. In Section 4 we propose a different function H, which is (2d)-eigenfunction on the sphere; this leads
to a shorter proof, but the exponent y we get is not optimal.

7.2. Constructive approach via a gradient flow

This section is dedicated to the constructive approach from [5] and Section 5. It is based on the
idea that any function 2 : B; — R can be seen as a family of functions (a flow) A(r,-) : dB; — R
parametrized over the radial coordinate r € (0, 1]. This way to see the competitor was first used in
the context of the one-phase Bernoulli problem, in [16] and later in [6], where the competitor is not
explicit, but is constructed starting from a solution of an evolution problem. Recently, in [5] we applied
this idea to the case of the obstacle and the thin-obstacle problems. In Section 5, we used a general
result (that we prove in the Appendix) and we construct a new flow, which simulates the behavior of
the gradient flow from [5], but is also closely related to the explicit competitor from Section 5. As
in the previous Section 7.1, we proceed by dividing the exposition in several paragraphs, each one
representing a different step of the construction.

7.2.1. Slicing Lemma

The starting point is the slicing lemma (Lemma 2.2) which allows to write down the energy of the
competitor h(r, 6) as an integral over the different spheres (slices) dB,, r € (0, 1]. Precisely, one can
compute that (see Lemma 2.2) if 4 is of the form

h(r,0) = r*u(r, ),
then its energy W(h) is given by
1 1
W(h) = W(ru) = f F (u(r, ))r' dr + f i f |0,ul* dH " dr, (7.10)
0 0 0B,
where ¥ is a functional acting on H'(6B,).
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Thus, we will search for a competitor of the form h(r,6) = r*u(r,6), where u can be read as a
one-parameter family of functions

u(r,”) : 0By > R, re(,1].

7.2.2. Energy of the 2-homogeneous extension z

In this framework, the 2-homogeneous extension z, given in polar coordinates by
2(r,60) = r’c(9),

corresponds to the case in which the flow r — u(r,-) € H'(B,) is constant in r. In this case, the second
term in the right-hand side of (7.10) is zero and so we get

1
_ d+1 _ 1
W(z) = I} Fc)yr™ dr = ) 27:(6).

7.2.3. The log-epiperimetric inequality in terms of 7

As a consequence, the log-epiperimetric inequality (7.1), for A(r,6) = r*u(r,6) and the
2-homogeneous extension z(r, #) = r*c(#), can be written in terms of the new functional F as:

1 1
f (Futr,) - F () dr + f r f 0,ul dH dr < —e(F(c) - F(S)'™,  (7.11)
0 0 0B

where F(S) := (d + 2)W(S). Thus, in order to find a function u for which (7.11) holds, we have to
search for a function u : (0, 1] X 0By — R, which in particular satisfies

u(l1,0) = c(0) for 6 € dB and F(u(r,-)) <F(c) for r<l,

but we also have to take into account the cost of modifying # from one scale to another, which is given

by the error term
1
f r f 10,ul* dH" dr.
0 0B

7.2.4. Reparametrization of the flow

Now, since we will work with flows, it is convenient to consider functions of the form ¢ : [0, +00) —
H'(0B,) and to define the competitor u as

u(r,0) = o(—kInr,0) for re(0,1] and 6¢€IB;.

Thus, we have that
¢(0,)=c(-) on 0By,

and the energy of the competitor
h(r,8) = r*o(-«Inr, ),
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can be written as (see Lemma 2.4)

 Fe(0) f*“’ 1 . e
Wiy = =75+ | ( 25 PO IF @) + kg Dl g, | € .
or, alternatively, as
7:«0(0)) 1(d+2)

1 OO o td+2
W(h) = e fo (F () — F(p0)) e dr + fo e (DR g, €5 .

d+2

7.2.5. The best flow is the gradient flow

The last expression of the energy W(h) suggests that, in order to construct a competitor with lower
energy, we have to act on the term ¥ (¢(7)). A natural way to do so, is to choose ¢ = ¥, where y is the
gradient flow of ¥

{¢/(r>=—VT(w(t)) for 1€ (0, +c0), (7.12)

w(0) = c.

7.2.6. The role of the stopping time

The basic idea behind any of the constructions we propose is, given a homogeneous function z :
By — R, to build a competitor that simulates the behavior of the solution (in our case, the solution of the
obstacle problem) with the same values as z on dB;. Now, for the obstacle problem, it is well known
that if a(r,0) = r*u(r, ) is precisely the solution of the obstacle problem, then the energy F (u(r, -))
remains positive for every r > 0 (this is a consequence of the Weiss’ monotonicity formula [17]).
Thus, we do not expect to find a good competitor with negative energy. So, instead of taking ¢ to
be precisely the gradient flow i, we stop ¢ at a certain time 7. The choice of the stopping time is
fundamental step in the epiperimetric inequality and will be chosen in function of the energy F (Y/(T)).

7.2.7. Definition of the flow and the competitor
We define the flow ¢(z, ) as

o) =y if te[0,T], @@ :=w(T) if t>T,

and teh competitor 4 as
h(r,0) = r*o(—kInr,0),

where k and T will be chosen below.

7.2.8. The energy of the competitor /1

Again, the energy of the competitor u can be expressed in two different ways (we refer to Lemma
2.4 for the computation):

_ Hd+2)

T
1
W(h) - W(z) = j; (m W () VF W) + KIVF WO, | € dt, (7.13)
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where we recall that W(z) = 5 +27" (¥(0)), and

T(d+2)

1
W(h) = W) = - fo (F®) - Fwoy)e™ dz+d—2(¢<w<T>) F(W(0))) e

O 726
+k | W Olpgs, e« dt (7.14)
0

Moreover, we notice that, by summing up (7.13) and (7.14), we obtain

W(h) - W(2) =

2+ 2)f W (1) VF W) e

_1d+2)
+ o fo (F (@) - FO))e

+ 3y T W) - F o)) e

P
+K “lﬁ (t)”Lz(aB])e « dt
0

7.2.9. Estimating the energy gain W(h) — W(z)

First, notice that the second term in the right-hand side of the above identity is negative. This is due
to the fact that the energy ¥ is decreasing along the flow ¥(#). Thus, we get

W) = W) < 5 713 fo ' W (1) - VE (@) e dt (7.15)
+ 5 (PO = FOn)e (7.16)
+x fo ' I/ DIz, € d. (7.17)
Now since for the gradient flow ¢ we have the identities
%ﬂmm = 0/ (0) - VF W) = ~IVF @O, = 10 O, (7.18)

the terms (7.15) and (7.16) are negative. Thus, we start by estimating the third term (7.17).

7.2.10. Eliminating the error term (7.17) — the choice of «

Using again (7.18), we get that (7.17) can be absorbed in (7.15). Indeed, by choosing « small
enough, for instance,

1
S 4d+2)
we obtain
W) = W) < 2o — ) f WD) VF @) e (7.19)
_ I
+ 3aa W) - FwO)e (7.20)

Now, both terms (7.19) and (7.20) are negative.
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7.2.11. Choice of the stopping time T
Let T, be defined as

Ty, =sup{r : F@) - F(S) 2 %(T(w(O)) ~ F(S)) forevery te0,7]).

We consider two cases.
Case 1. The energy decreases rapidly along the flow: T\, < 1. In this case, we choose T = T, and we
compute

W() - W(2) < ;(d”) (FT) -7 woy)
<5 (d_fz) (Fary) - F o)
= 2&_1) (FW() - F(8) - (Fw) - F(S))
e T - F(®)

which concludes the proof of the log-epiperimetric inequality (7.1) (equivalently (7.11)) in this first
case, in which we get (7.1) with the best possible exponent y = 0.

Case 2. The energy decreases slowly along the flow: T, > 1. In this case, we choose T = 1 and the
energy gain comes from the term (7.19). Indeed,

Hd+2)

T T
W(h) = W(z) < fo '@ VFEW@)e © dr=- fo IVF WO g €+ .

In this second case, the proof of (7.11) is more involved and is based on the so-called f.ojasiewicz
inequality.

7.2.12. Lojasiewicz inequality for the functional

In order to conclude the proof of (7.11) also in the second case, we need to estimate ||VF (¥ (1))||
from below in terms of the energy (¥ (¥(1)) — ¥ (S)). Precisely, we need an inequality of the form

C(F (@) - F(S)'™* < IVF(p)I?  forevery ¢ suchthat F(¢)> F(S), (7.21)

where C;; > 0 and 0 < 8 < 1. The above estimate is called Lojasiewicz inequality and is well-known
in the case when ¥ is an analytic function on a finite dimensional space; we refer to [5] for a more
detailed discussion on the Lojasiewicz inequality and its different versions and applications. Now,
using this estimate and the choice of the stopping time 7 = 1 < T, and k = we can estimate
(7.19) as follows:

1
X(d+2)’

T T
_f IVF WOz, e dr < —CLsf (Fe(t) — F(S) e ar
0 0
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_ Hd+2)
K

dt

CLS ’ 1+8
<- fo (Fe(0) — F(S) ™ e

- Dlyy

C.k
< -
T (d+2)21
= ~C,Co(F((0) — F(S)',

(1= %) o) - 7)™

where C, is a dimensional constant. This concludes the proof of the log-epiperimetric inequality (7.11)
in the second case; the exponent y = 5 is precisely the one from the Lojasiewicz inequality.

7.2.13. What can go wrong with the gradient flow

Up to this point, we have proved that the competitor 2 from Section 7.2.7 satisfies the
log-epiperimetric inequality provided that the f.ojasiewicz inequality (7.25) holds along the flow. For
what concerns the functional # the Lojasiewicz inequality holds and is relatively easy to prove (see
for instance the Introduction of [5]). On the other hand, in order to conclude that % is an admissible
competitor in Theorem 1, we must have that % is non-negative, or in terms of the flow ¢, that y(¢) is
non-negative on 0B, for every ¢t € [0, T]. Unfortunately, we cannot assure that, for any (0) = c, the
flow remains positive. Thus, in [5], we propose a different construction.

7.2.14. Constrained gradient flow

In [5], we construct the competitor 4 from Subsection 7.2.7 starting from a flow ¢, which is the
gradient flow of # constrained to remain in the (convex) space K of nonnegative functions defined on
0B;. This constrained flow, is of course different with respect to the original gradient flow as the decay
of the energy ¥ may become much slower when the flow hits the boundary of the constraint K, but
still, this flow has several properties, that make it very similar to the (unconstrained) gradient flow of
¥ . In particular, we can repeat precisely the same construction presented above: the equalities (7.13)
and (7.14) are general and hold for any function ¢ : [0, +c0) — H'(dB;), while the identities (7.18)
should be replaced by

W) - V(1) = =IVF @)l = =IOl 5, - (7.22)

Thus, the proof of the epiperimetric inequality is precisely the same, with the only difference that the
norm of V¥ is replaced by

—(v=0¢)-V
IIV¢(¢)II7<=SUP{0, sup { w9 7:(@}}, (7.23)

vervioy U IV = @ll2am,)

for any nonnegative ¢ € H*(0B,). Now, the positivity constraint for this flow is automatically satisfied,
so the main challenge is to prove an estimate that can replace the Lojasiewicz inequality (7.25). Indeed,
in order to complete the proof, in [5], we prove the following stronger version of (7.25), that we called
constrained Lojasiewicz inequality :

Cas(F (@) = F ()"’ < IVF @)% . (7.24)

The proof is based on the choice of a suitable test direction ¢ in (7.23), that turns out to be precisely
the function A, from (7.9).
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7.2.15. The log-epiperimetric inequality - a general construction

In Theorem A.1 of the Appendix, we make a more general construction of a competitor /4 starting
from a flow ¢ : [0, +c0) — H'(0B,) that satisfies the following conditions :

(i) for any ¢t > 0, the function ¥(#) remains nonnegative along the flow; this assures that the final
competitor is admissible;

(i1) the following inequality holds :

—' (1) - VFW(0) 2 I/ Ol}255, forevery 1>0;

this guarantees that the energy ¥ (¥(¢)) is decreasing in ¢ and that the error term (7.17) can be
absorbed by the energy gain (7.15);

(ii1) the following Lojasiewicz-type inequality (which replaces (7.25)) hold
Con FW@) = F(S)™ < /() - VF (1) , (7.25)

for every ¢ > 0 such that ¥/(¢) # 0.

This abstract result can be used also in other contexts (for instance, in can be applied to the thin-
obstacle problem). In Section 4 we apply Theorem A.1 to a specific flow, for which the derivative ' (¢)
does not depend on ¢ and we choose the direction ¢’ to be precisely the one from (7.9); thus, recovering
the competitor from Section 4.
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Evolution approach to the log-epiperimetric inequality

In this section we give a general procedure that reduces the construction of a competitor for the

log-epiperimetric inequality to the construction of a flow that satisfies two key hypotheses: an energy
dissipation estimate and a Lojasiewicz inequality. Our construction applies not only to the specific
case of the obstacle problem, but can be used to prove log-epiperimetric inequalities for any functional
that satisfies suitable homogeneity properties. In particular, it can be used in the context of to the thin-
obstacle problem and, more generally, to the obstacle problem for the s-Laplacian. Our main result is
Theorem A.1. Before stating it, we introduce some notation and we list the main assumptions that we
make.

Homogeneity. We fix a positive real constant @ > 0; in the case of the obstacle problem (that is, in
Theorem 1) « is equal to 2.

Energy. We consider two functionals

G:H'(B) >R and F : H'(0B)) » R,
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with the following properties.
e ¥ is differentiable. Precisely, there is a functional VF : H*(0B,) — L*(0B;) such that
F(u+v)=Fw)+v-VFw) +o(IMimos,)

for every u € H*(0B,) and every v € H'(0B)).

e G and ¥ are related through a slicing identity. Precisely, we assume that there is a constant C,, > 0
such that, for any function u = u(r, 6) € H'([0, 1] X dB;), we have

1 1
G(r* u(r,0)) < f F(u(r, ) P dr + C,, f f 10,ul® P2+ dH dr, (A.1)
0 0 JoB,
with equality if u is constant in the r variable. In this case, we have
1
1
G(r"u(9) = fo F ) r 2 dr = s———F (). (A2)

Critical set. We suppose that there is a compact set S ¢ H*(9B,) such that:

e Sis a set of critical points for 7, that is :
VF(Q)=0 forevery Qe€S.
e ¥ is constant on S; and we denote this constant by ¥ (S):

F(Q)=F(S) forevery Q€S.

Flow. We suppose to be given a constant T, > 0 and a function ¢ : [0, Trax] — H?(8B;) such that
'7” € Lz([o’ Tmax]; Hz(aBl)) N Hl ((O’ Tmax); Lz(aBl)),

or € LX([0, Tmax]; H'(8B1) N H'((0, Tiwx); H' (0B))).
In both cases the energy 7 ((¢)) is well-defined and (weakly) differentiable in ¢. Precisely,

CFWO) =0/ (0 VFGW) forevery 1€ (0, T

and the map

0, Tmax) 31> ¥/ (1) - VF (Y1) €R

is integrable, where the dot indicates the scalar product in L2(dB,), or the pairing between H'(0B,) and
its dual space. Moreover, we assume that the flow and the energy ¥ satisfy the following properties.

e Energy dissipation inequality. There are constants C,, > 0 and p > 2 such that the following
inequality holds

Con i {10/ Ol 5, 0/ Ol | < =0/ (@0) - VFW0)), (A3)

for almost every ¢ > 0. In particular, the energy is non-increasing along the flow :

F () —FW(s) = f W'(t) - VFW(1)dr <0 for every 0<s<t (A4)
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e Lojasiewicz inequality. There are constants C,;, > 0 and 8 € [0, 1) such that ¥ satisfies the
following inequality along the flow

C(FW() - F(S)"™ <= #)- VFW(r) foralmostevery > 0. (A.5)

Theorem A.1. Suppose that the functionals G and F, and the flow  satisfy the hypotheses above.
Moreover, we assume that the exponents 3 € [0, 1) and p > 2, from (A.3) and (A.S) respectively, are
such that

U+ﬁ%1—l)<L
p

Then, there are constants 6y > 0, E > 0, y € [0,1) and € > 0, depending on d, «, p, B, Tmax, Cs, Cis
and Cyy, such that the following holds. If c € H'(B)) satisfies

c =y(0) and Fl)—-F(S) <E,

then there exists a function h = h(r,6) € H'(B,) satisfying h(1,-) = c(-) on dB,, and

G(h) - 6(S) < (1 - el6(2) - GSNG) - G(S)) (A6)
wherey = (1 +B)(2 — % — 1, and where we used the notations
(07 . 1
2(r,0) :=r%(0) and G(S):= Yatrd—2 2T(S).

Remark A.2 (The two extremal cases). When p = 2 and 8 > 0, Theorem A.l corresponds precisely
to [5, Proposition 3.1]. On the other hand, in Section 5, we apply Theorem A.l to a flow for which
p>2andp=0.

Remark A.3 (About a missing hypothesis). In the proposition above there is one hypothesis less with
respect to [5, Proposition 3.1] and Theorem 1, where it is also required that the trace c is L*(0B)-
close to the set S of critical points. This closeness condition is hidden in the hypotheses that the energy
dissipation and the Lojasiewicz inequalities (A.3) and (A.5) hold for every t along the flow . In fact,
in Section 5, in order to prove (A.3) and (A.5) are satisfied for our specific choice of the flow, we use
the closeness condition, which was essential in the proof of the key estimates in Section 3; similarly,
in [5, Proposition 3.1], we used that the trace c lies close to S in the proof of the Lojasiewicz inequality.

Remark A.4 (About G(S)). Let Q € S. Then, G(S) is precisely the energy G(r*Q(0)) of the a-
homogeneous extension r* Q(6) of Q.

Proof of Theorem A.1. First, notice that if G(z) — G(S) < 0, then choosing & = z we immediately get
(A.6). Throughout the rest of the proof we will assume that

1
0<6()-G(S) = m(T(C) - F(S).

We define the competitor / as
h(r,0) = ru(r, 9),
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where, as in Section 7.2,
u(r,0) = o(—«kInr,0) for re(0,1] and 6¢€dB,
for some x > 0, and ¢ is the stopped flow
e@) =y it re][0,T], o) =y(T) if t>T,

where the stopping time 7" will be chosen later.

We will divide the rest of the proof in several steps. Before we proceed, we notice that the log-
epiperimetric inequality for G (A.6) is equivalent to:

G(h) - G) < -&(GR) - G(S)", (A.7)
where the right-hand side of the above inequality can also be written as

&G - G(S)'" = (F(c) - F(S)'™.

&
Qa+d-2)!+
We start with estimating from above the energy gap G(h) — G(z) in terms of the flow .

Estimating the energy gap. We first give the energy G(h) in terms of the flow i and the variable r.
Using (A.1) and reasoning as in Lemma 2.4, we have

1 1
G(ru(r,0)) < f F(u(r,)) P dr+ C,, f f 10l P dH dr
0 0 JoB

1
= f F(p(—kInr) P*** 3 dr + C, f 2PN (= In I g, A
0 0

1 oo 2
= - f F o) e
K Jo

In particular, this implies that

+oo , 2 _ Qa+d-2)t
SL ”QD (t)”LZ(aBl)e “ dt' (AS)
0

_ (2 +d 2)t

1
G u(r,0)) = G(re®)) < — f (F(w(@0) - F (@) e di
1 (20+d Dt
+ W(T(lﬂ(n) F(W(0))) e

Qa+d-2)t

e f WOy, 52 dr (A9)
0

Moreover, integrating by parts the first term on the right-hand side, we get

Qa+d-2)t 2)/

G u(r,0)) - G c(0)) < f VO VF o) e

_d2

(2ar+d 2t

+ KCSLf ”'7[’ (t)”Lz((')B]) t (AIO)
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Recall that by (A.4), the energy is decreasing along the flow. Thus, the first term in the right-hand side
of (A.9) is negative (thus we simply estimate it from above by zero). Finally, multiplying (A.9) and
(A.10) by 1/2 and summing them, we obtain the following estimate

1 (2(1+d )T (
2d+2a-2)°

! L _ Qard=2n
+mfo W) VW) e d

Qa+d-2)t

T
+«C, f W Oz €~ . (A.11)
0

G(ru(r,0) - G(r"c(0)) < F(W(T)) - F((0)))

We notice that, up to this point, we used only (A.1) and (A.2), and an integration by parts.

Estimating the error term. We now estimate the last term in the right-hand side of (A.11), which is
also the only positive one. We notice that the energy dissipation condition (A.3) is equivalent to the
following :

W/ Ol a5, < C1[ = /@) - VF@@)] + G - w' ) - V)] (A.12)

for some positive constant C; and C,. As a consequence, we can estimate

d -2)t

T T
€Co [ WOy dr<xCuC) f (- v VF@)) e = ar
0

(Za+d 2)t

T
+kCy C f (-vo- V?(w(r))) dt.
0

Now, the first term on the right hand side can be absorbed into the first term of (A.11) by choosing «
small enough, in function of the constants involved. In order to estimate the second term, we use the
Holder inequality :

_@ a+d )t

fo (- OVFEW)" e di

T Qa+d-2)t 2/]7 T Qa+d-2)t I_Z/P
< f —Y'(t) - VF (Y1) e * dt) ( f e dt)
0

2

f SACRAUC Ea z)/p(ﬁ(l—e-%i‘”))w

2
p

Qa+d-2)t I K 1=2/p
< L ' (@t) - VF () e * dt) (—) .

IA

2+d -2

In conclusion, we obtain

d 2Dt

T 2/p
CCo [ IO 5 dr < /"( f ) VF W) e t)

Qa +d )t

+Cx f () VFW@®) e« dt, (A.13)
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where C is a constant depending on d, @, p, Cy;, and Cy,,.

Stopping time. Recall that, by hypothesis, the flow ¢ is defined on the interval [0, T.x]. We define
Yﬂl/2 as

1
Ty, =sup(s € [0, Tuu] = FWD) = F(S) 2 5(FWO) = F(S)) forevery 1€ [0,s1,
and we consider two cases. Below, we will choose the stopping time 7 such that

OSTSTI/Z.

Choice of k. We choose

p-2

T Qa+d-2)1 2p=2
K=& (f —¢'(@)-VF (@) e  « dt , (A.14)
0
where g, > 0 is a small constant, depending on d, @, p, C. and Cy,, such that

1 1

KSl, KCS_—
& &= 102Qa+d-2)

and &k < Thax - (A.15)

We notice that by the choice T < T'),, we have that:

Qa+

T
r < f —' (1) - VF((t)) dt
0
=F W) - FW(T)) <FW(0)-F(S) <E,

T
fo ' (1) - VF (1) e~

which gives that
k< ¢gkE U < &,
where the last inequality holds when E < 1.
Now, notice that the last term of the right-hand side of (A.11) can be estimated as follows :

_ Qa+d-2) Qa+d-2)t

T T
«Cy, f W Oy, € 5 di < 2Ce, f () VFWO) e dt
0 0

Qa+d-2)t

1 T ’ —
= 10a+d-2) fo =0 - VFW®)e + dt, (A.16)

where the first inequality follows by the first inequality for &; in (A.15) and the second one is a
consequence of the second bound for &; in (A.15). This is the estimate in which we use the first two
inequalities in the choice of the constant g,. The last inequality of (A.15) is only needed for the bound

K S Tmax,

which we will use in the two possible choices of T that we discuss below. Before we proceed with
the choice of T, we notice that by combining the inequalities (A.16) and (A.11), we can eliminate the

Mathematics in Engineering Volume 3, Issue 1, 1-42.



38

last term in the right-hand side of (A.11). Precisely, the energy gap G(r“u) — G(z) can be estimated as
follows:

1 (2ry+d 2T (

G(r'u(r,0)) = G(rc(0)) < 2d+20-2)°

F(W(T)) - F(¥(0)))

Qa+d-2)t

Z@:E__BJﬁWU)V?W@)_L (A.17)

Choice of the stopping time. We now proceed with the choice of 7', which is the last point of the
construction of the competitor. As in Subsection 7.2, we consider two cases.

Case 1. The energy decreases rapidly along the flow: T, < k.

In this case, we choose T = T, and we estimate the first term in the right-hand side of (A.17). Indeed,
since % < 1 and since the function x — —e™" is increasing in x, we have :

TQa+d-2) —Qa+d-2)

(FW(0) - FW(T))) < m@’(lﬂ(o)) - FW(T))

1 e—(2(x+d—2)

= —Em(?-(l//(o)) - F(S),

€ <
2Qa +d -2)

which concludes the proof of (A.6) in this case.

Case 2. The energy decreases slowly along the flow: k < T\,
In this case, we choose T' = k and we estimate the second term in the right-hand side of (A.17). By the
Lojasiewicz inequality (A.5), we have

1Qa+d-2)
1+8 e

T T
- fo — (1) - VF WD) e 5 dt < —Cyy f (FW®) - F(Q)) dr

21+),f (T(w(o)) T(Q))H—'B r(20+d 2) dt
_ CLSK (1 T(Z(Hd 2)
 Qa+d-2)21

CLS (1 _ e—(2(t+d—2))

=~ Gard—zF <FUO)- 7)™,

| (Fwoy -7

where the second inequality follows from the fact that

F o) -F(Q) = %(7"(90(0)) —F(Q)) forevery t<T =«x<Ty.

Now, setting
£:C.. (1 _ e—(2(t+d—2))

Qa +d - 2)21%

and using the definition of , we get that

1QRa+d-2) 2)

f (@) - VF W) e =
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p-2

o dr) Ty - F)',

Qa

T
<-c([ v vrume
which implies

1Qa+d-2)

T 7
—( fo —Y' (1) - VF W) e = dt) < —C(F (W) - F(Q)'™,

and finally,

12a+d-2)

' 2
_f V(0 VF@@) e dr < ~CHNF W) - F (@),
0

which concludes the proof of Theorem A.1, since 1 +y = (1 + B)(2 — ¥/»).

B. Rate of convergence of the blow-up sequences

In this section, we show how to deduce the rate of convergence of the blow-up sequence starting
from the log-epiperimetric inequality. The argument holds for a general energy & and can be used in
several different contests: for the obstacle and the thin-obstacle problems, as well as for Bernoulli-type

free boundary problems and minimal surfaces (see, for instance [6] and [7]).

Proposition B.1. Let @ > 0 be fixed. Let the function u € H'(B,) and the energy & : H'(B)) — R be

given and, for every 0 < r < 1, let u, € H'(B,) be defined as

1
u,(x) := —u(rx) forevery xe€ Bj.
rCY
(a) The function r — &E(u,) is differentiable on (0, 1] and
0 C,
a—c‘)(ur) > —D(u,) for every O<r<l,
r r

where C, > 0 is a given constant and

D(u) := f Ix - Vu — aul* dH (x).
0By

(b) There is a constant C, > 0 such that
0 C
0—8(14,) > —h(8(zr) - &u,)) for every 0<r<l,
r r
where z, : By — R is the a-homogeneous extension of u,|sp,, that is,

7(x) = |x|°u,(*f) forevery x € By.

(B.1)

(c) There are constants C. > 0 and y € [0, 1) such that, for every r €]0, 1], there exists a function

h, € H'(B)) for which the following log-epiperimetric inequality holds :
&Ehy) < (1= CAE@P) &),
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(d) Forevery 0 <r <1, we have

0<8@u,) <8(z) and 0 < &u,) < &hy).

Then, for every u € H'(B)) satisfying hypotheses (a), (b), (c) and (d), and such that E(u) < E, for some
constant E, there exists uy € H'(B,) such that

N
e, — uollz208,) < C(=Inr)" > for every O<r<i,

where the constant C depends on C,, Cp, C,, the dimension d, the exponent vy, and on E.

Proof. First, notice that by (b), (c) and (d), we have

aﬁg(ur) > g(S(Zr) - &(u,))
r r

CyC,
r

Eu,)'™. (B.2)

> () + C 8~ 8w 2
Consider the change of coordinates #(r) = —log r (thus, r(f) = e™" and r'(t) = —r(¢)), and let
e(t) := Euyy) and f(@) = D(uy),
for every ¢t > 0. Then, we have
e't) = r'(t)gﬁ(urm) = —r(t)ﬁcﬁ(urm)-
or or
In particular, using (B.1) and (B.2)
) <-C,f(r)y and  €(t)<—-CyC.e()'™.
The second inequality implies the decay of e(¢). Indeed,
% [e()™ = ytC,C.] = y(—e(t) 7€' (1) = C,C,) > 0,
which implies that, for every ¢t > 0,
e(t)”” —=ytC,C. = e(0)7,
which after rearranging the terms gives
e(t) < (e(0)™” + tbeCC)_l/’ forevery > 0.
In particular, there is a constant C, depending on C,, C,, e(0) and vy, such that
e(t)y <Ct " forevery t> 1. (B.3)

LetnowO<r<R<1,t=-InRand T = —Inr be fixed; in particular, 0 <t < T < +oco0.
For every x € 0B; we compute

0 3 2 u(tx) |  x- Vu(ix) _ gu(tx) _ l ‘ B
8—tu;(x)— ﬁt[ - ]— t“ i t(x Vu,(x) — aus(x)).
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Integrating over 0B, we get

R 2
1
f lug — u, > dH' < f (f - |x - Vu, — up| dp) dH*!
4B, 0B \Jr P
T 2
= f (f |x . Vl/tp(-,-) - Ltp(-,-)| dT) d7-{d_l,
331 t

where we used the change of variables 7 = —In p. By the Cauchy-Schwartz inequality, we get

T
f |MR - I/t,fl2 d?‘{d_l < f ((T - t)f |_x . Vbtp(.r) — Up(r)
0B, 0By t

T T
=(T - t)f f |x Vg — Uy zdﬂd_l dr = (T - t)f f(n)dr.
t 0B, t

1
Now, using the inequality f(7) < —C—e’(T), and integrating in 7, we obtain

a

: d‘r) dH*!

f lug — u,|* dH" < r- Le(t) = e(T)) < r- Leo).
9B Ca Cq
Applying the above inequality to
T =ty =2"", t=1,=2", r=ru = R=r,=¢7%,
and using (B.3), we get
2 R C ([ 12\™"
fa i = < -0 < (2 ; ) .

Let now o = 2_12;77. Thus, o < 1 and

15
urn+| - urn Lz(aBl) < (C/Ca) & O-n’

which implies that, for every N € N and for every m > n > N, we have

/e, '
< (“/fc.) o
L*(0B1) 1-0

U, — U,

which proves that u,, is a Cauchy sequence in L*(0B)) and so, it converges to some u, € L*(0B)), for
which we have

- ”0||L2(331) =~ 1_a

(“fe)” "

U,
In order to conclude the proof, it only remains to notice that if r € (7,1, 1,,), then

2 _ L1 — 1y C o C
.= Uy dH < tn§—2”2/’:—2”,
faBl Uy, — u c e < & o
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which, by the triangular inequality and the fact that 7, < —Inr < ¢,,;, implies that

”ur - uO”L2 ur - ur,, L2(0B1) + ur,, - u0||L2(aBl)
| 1 2= 1y
< o) (14 =)o = ) T2 @) 7
l1-0o
[(C/ SO ] < [(C/ )‘/2 —2 ] (~Inn)¥,
0' a'
which proves that u, converges to ug in L*(0B)). |
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