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Abstract: For a vectorial Bernoulli-type free boundary problem, with no sign assumption on the
components, we prove that flatness of the free boundary implies C'* regularity, as well-known in
the scalar case [1,4]. While in [15] the same result is obtained for minimizing solutions by using a
reduction to the scalar problem, and the NTA structure of the regular part of the free boundary, our
result uses directly a viscosity approach on the vectorial problem, in the spirit of [8]. We plan to use
the approach developed here in vectorial free boundary problems involving a fractional Laplacian, as
those treated in the scalar case in [10, 11].
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1. Introduction

This note is concerned with the vector valued one-phase free boundary problem,

AU =0 in QU) := Qn{|U| > 0}; (L.1)
IVIU|l=1 on F(U) := Qn o). '
Here U(x) := (u'(x),...,u"(x)),x € Q, with Q a bounded domain in R”. In the scalar case, m = 1,

(1.1) is the Euler-Lagrange equation associated to the classical one-phase Bernoulli energy functional
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(u = 0),
J(u, Q) := fg (VP + xpso) dx. (1.2)

Minimizers of J were first investigated systematically by Alt and Caffarelli. Two fundamental
questions are answered in the pioneer article [1], that is the Lipschitz regularity of minimizers and the
regularity of “flat” free boundaries, which in turns gives the almost-everywhere regularity of
minimizing free boundaries. The viscosity approach to the associated free boundary problem was
later developed by Caffarelli in [2—4]. In particular in [4] the regularity of flat free boundaries is
obtained. There is a wide literature on this problem and the corresponding two-phase problem, and
we refer the reader to the paper [9] for a comprehensive survey.

The system (1.1) can also be seen as the Euler-Lagrange equations associated to a vectorial

Alt-Caffarelli type functional. Namely, given a regular open set Q <C R" and
D = (¢',...,¢") € H'/2(6Q,R™), one can consider the vectorial free boundary problem
min {f |VU|2 dx+ Q)| : U € HI(Q, R™), U = ® on 89}. (1.3)
Q

In [6, 14], the authors initiated the study of this problem where several flows are involved, and
interact whenever there is a phase transition. In particular, they applied a reduction method to reduce
the problem to its scalar counterpart by assuming nonnegativity of the components of U. More
precisely, under this assumption, the components are weak solutions of

Al = wWHTL QN AUl >0}, fori=1,...,m,

with i
wi(x) = lim “Q) .
yellU>0)y—x |U| (y)

Recently in [15], a different group of authors removed the sign assumption on the components.
As expected, in this case the structure of the singular set changes and the set of branching points
Sing,(F(U)) arises, as natural in two-phase problems (see also the recent work [7]). More precisely,
the following theorem holds.

Theorem 1.1 ( [15]). The problem (1.3) admits a solution U € H'(Q;R™). Moreover, any solution is
Lipschitz continuous in Q C R" and the set Q(U) has a locally finite perimeter in Q. More precisely,
the free boundary F(U) is a disjoint union of a regular part Reg(F(U)), a (one-phase) singular set
Sing,(F(U)) and a set of branching points Sing,(F(U)):

(1). Reg(F(U)) is an open subset of F(U) and is locally the graph of a smooth function.
(2). Sing,(F(U)) consists only of points in which the Lebesgue density of Q(U) is strictly between 1/2
and 1. Moreover, there is n* € {5, 6,7} such that:
e ifn < n* then Sing,(F(U)) is empty;
e ifn = n’, then Sing,(F(U)) contains at most a finite number of isolated points;

e ifn > n’, then the (n — n*)-dimensional Hausdorff measure of Sing,(F(U)) is locally finite in
Q.

(3). Sing,(F(U)) is a closed set of locally finite (n — 1)-Hausdorff measure in Q and consists of points
in which the Lebesgue density of Q(U) is 1 and the blow-up limits are linear functions.
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As pointed out in [14], problem (1.3) is also related to a class of shape optimization problems
involving the eigenvalues of the Dirichlet Laplacian. Precisely, if U. is the vector whose components
are the Dirichlet eigenfunctions on the set Q.. which solves the shape optimization problem

min {Z A(Q): Q c R” open, |Q] = 1} : (1.4)

i=1

then U, can be seen as quasi-minimizers of (1.3). Indeed, [15] follows some of the main ideas
developed in [14]. In [12, 13], a different set of authors considered an even more general class of
spectral functionals than (1.4) and used a viscosity approach based on an Harnack inequality and a
linearization, in the same spirit of the method developed in [8] by the first author.

In this note, we are also inspired by [8], and we use a vectorial viscosity approach which does not
reduce the problem to the scalar one-phase problem, as done in [15]. Since we work directly on the
problem (1.1), our proof (in particular the choice of barriers, e.g., Theorem 2.1) is more straightforward
then the one in [12, 13] as it takes advantage of the fact that the norm |U]| is a viscosity subsolution to
the scalar one-phase problem.

As in [8], the approach carries on in other settings, for example in the presence of a right hand side
or even when all components satisfy a uniformly elliptic equation Lu; = f; in the positivity set (for the
same operator £). One can also allow a more general free boundary condition as in [8].

One of the objectives of this note is indeed to develop a method suitable for other vectorial problems,
for example Bernoulli-type problems involving nonlocal diffusion. In particular, in [5, 10, 11] the
authors studied the regularity of a one-phase scalar free boundary problem for the fractional Laplacian.
While in [5] general properties like optimal regularity, nondegeneracy and classification of global
solutions were proved, in [10, 11] the authors developed a viscosity approach in order to prove that
flat free boundaries are actually C!®. In a forthcoming paper, we plan to extend these results to the
vectorial case, following the approach developed in this paper.

We now state our main theorem. From now on, we denote by {e;}i=1.._n.{f'}i=1... canonical basis
in R" and R™ respectively. Unit directions in R" and R will be typically denoted by e and f. The
Euclidean norm in either space is denoted by | - |, while the dot product is denoted by (-, -).

Definition 1.2. We say that U € C(€2,R™) is a viscosity solution to (1.1) in Q if
Aul=0 inQU), Vi=1,...,m;

and the free boundary condition is satisfied in the following sense. Given x, € F(U), and a test function
¢ € C? in a neighborhood of x,, with |V¢|(xy) # 0, then

(1) If [Vp|(xo) > 1, then for all unit directions f in R™, (U, f) cannot be touched by below by ¢ at x,.
(1) If [Vg|(xp) < 1, then |U| cannot be touched by above by ¢ at xy.

Our main theorem reads as follows.

Theorem 1.3. Let U be a viscosity solution to (1.1) in By. There exists a universal constant & > 0 such
that if U is & flat in By, i.e., for some unit directions e € R", f € R"

|U(x) — f{x,e)"| <& inB, (1.5)
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and
U =0 inB;N{xe)<—&} (1.6)

then F(U) € C" in By .

We remark that condition (1.6) is satisfied by flat minimizing solutions in view of non-degeneracy
[15, Section 2.1].

Notice that in [15] the authors used a smaller class of viscosity solutions in which property (i) is
replaced by the following:

(1”) If |Vy|(xo) > 1, then |U| cannot be touched by below by ¢ at xj.

Indeed, in [15, Lemma 3.2.] they proved that if U is a minimizing free boundary, then for every
xo € Reg(F(U)) U Sing,(F(U)) there exists a small radius r > 0 such that U is a viscosity solution of

{AU =0 inQU) N B(x); (1.7)

IVIUII =1 on F(U) N B,(xo),

in the sense of (i’)—(ii). The larger class in Definition 1.2 is better suited for the strategy of our proof,
which relies on a vectorial Harnack inequality and improvement of flatness technique. Details of the
Harnack inequality are carried on in Section 2, while the improvement of flatness argument is presented
in Section 3.

2. Harnack type inequality

In this Section we will prove a Harnack type inequality for solutions to problem (1.1). Precisely,
the following is our main theorem. Notice that our strategy consists in tracking the improvement of
|U|, rather than working component-wise as in [12, 13]. By working with |U|, we avoid some of the
difficulties related to the no-sign assumption.

Theorem 2.1. There exists a universal constant € > 0 such that, if U solves (1.1) in By, and for some
point xo € B{(U)U F(U),

X, +ag<u' <|U|I<(x,+bo)" inB.(x)C By, 2.1)
with
bo — Ao < z‘;‘l",
and ”
. by —
|u’|§r( 0 ao) in Bijp(xo), i=2,...,m,
r
then
X, +ay <u' <|UI < (x, +b)*  in Bro(xo), (2.2)
with

ap<ay <by <by, by —a =(1-c)by—ap),

for 0 < ¢ < 1 universal.
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We briefly postpone the proof of Theorem 2.1, and obtain the key corollary which will be used
in the improvement of flatness argument. First, the following lemma allows to translate the flatness
assumption on the vector-valued function U into the property that one of its components is trapped
between nearby translation of a one-plane solution, while the remaining ones are small.

Lemma 2.2. Let U be a solution to (1.1) in By such that for € > 0

U~ f'x'|<e, inB, (2.3)
and
|lU=0 inB;N{x, <-—&} 2.4
Then
i. Fori=2,...,m,
lu'| < Ce(x, +&)" in By (2.5)
il.
(x, —&) <u' <|U|I< (x,+28)" inB,. (2.6)

Proof. The bounds in (if) are an immediate consequence of the assumptions. For (i), let v be the
harmonic function in B; N {x, > —¢&} with smooth boundary data ¥, 0 < ¥ < 1 such that

$=0 onB_,Ni{x, =—-¢h
1 ondB;N{x, > —¢&}.

Since |u'| is subharmonic and by (2.3)—(2.4)
l'|<e, u' =0 onlix,=-¢
by comparison and boundary regularity we get

lu'| < ev < Ce(x, +€) in By N {x, > —¢}.

m]
Now denote by,
1
— An (771 Ul- n
B =0 g Y ey FW).
& g
The following corollary is a consequence of the results above.
Corollary 2.3. Let U be a solution to (1.1) in By such that for € > 0
\U-f'xlI<e, inB, .7)
and
[lU =0 inBinNni{x, <-&gh (2.8)

There exists & > 0 small universal, such that if € < &, then it' and |U| have a universal Holder modulus
of continuity at xy € By, outside a ball of radius r., with r. — 0 as € — 0.
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Proof. In view of Lemma 2.2, u!, U satisfy the assumptions of Theorem 2.1 (for & possibly smaller
than the one in Theorem 2.1), with

apo=-¢, by=2e r=1/4, xy€ Bp.
Hence, by applying repeatedly Theorem 2.1,
Xt ap <u' <|UI< (%, +b)" in By (x0), pr =207, (2.9)

with
by — ar = (1 = c)(by — ay),

for 0 < ¢ < 1 universal as long as,

(1 =R\
20(1 - o)fe < &, SSC(( C)),

with C universal. This implies that for such cases, in (Q(U) U F(U)) N B,,,
functions &' and |U| are less or equal than (1 — ¢)* = 207* = p?, as we claimed. o

(x0) the oscillation of the

The next lemma is the main ingredient in the proof of Theorem 2.1. It uses the observation that |U|
is subharmonic in Q(U), as it can be easily verified with a straightforward computation.

Lemma 2.4. Let U be a solution to (1.1) in By such that for € > 0
p(x) <u' <|UI < (p(x)+e)" inBy, px):=x,+0,o]<1/10, (2.10)
and
| <&* inBip, i=2,...,m, 2.11)

with C > 0 universal. There exists € > 0, such that if 0 < &€ < g, then at least one of the following holds
true:
px)+ce<u' <|U| in By, (2.12)

or
u' <|UI < (p(x) + (1 =c)e)t, in By,

for 0 < ¢ < 0 small universal.

Proof. We distinguish two cases. If at ¥ = e,

W' (%) < p(F) + g 2.13)
then we will show that
Ul < (p(x)+ (1 —c)e)" in By . (2.14)
Similarly, if
u' (%) > p(¥) + g (2.15)
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we will show that
u' > p(x)+ce in By).

In either case, we let A = B3;4(X) \ Bj/20(%) and

1 in By 20(X);
x=Xx"-@/D" . 4.

w (17207 —(3/ay n A; (2.16)
0 on 633/4()_6).

with y < 0 be such that Aw > 0 in A.

Case 1. If u'(x) > p(%) + £, the argument in [8, Lemma 3.3] carries on, even if #' may change sign.
For completeness, we provide the details.

Since |o| < 1/10 and by the flatness assumption

u'—p>0 inB, (2.17)
we immediately deduce that B;,10(X) C B;(U). Notice that, by definition of X, we have
By/» CC B3jy(x) CC B;. (2.18)
Hence, in view of (2.17), by Harnack inequality applied to u' — p we get for ¢y > 0 universal
u'(x) = p(x) 2 c('(X) = p()) = cog  in By a(3), (2.19)

where in the second inequality we used assumption (2.15).
Now, let us set _
Vi(X) = p(x) + coe(w(x) = 1)+t 1in B3(X) (2.20)

for t > 0. Thus, we deduce that Av;, = Ap + coeAw > 0 on A and, by (2.17), we get
V< p< Ml in §3/4(}).

Thus, let 7 > 0 be the largest > 0 such that v, < u' in B, ,4(X). We want to show that 7 > coe. Indeed,
by the definition of v,, we will get

u' > Vi > p+coew in §3/4(E).
In particular, by (2.18), since w > ¢; on By ,, we get
ul > p+ce inEl/g,

as we claimed.
Suppose by contradiction that 7 < cpe. Let X € B34(X) be the touching point between v; and u, i.e.,

u(x) = ve(x),
we want to prove that it can only occur on B, 120(X). Since w = 0 on dB3,4(x) and 7 < coe we get

Vi=p—CoE +i <u Oon 833/4()_6),
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thus it is left to exclude that X belongs to the annulus A. By the definition (2.20), we get
Vvl = [val 2 [1 + cogwy,|  in A. (2.21)

Since w is radially symmetric w, = |[Vw|v, -e, in A, where v, is the unit direction of x —x. On one side,
from the definition of w, we get that [Vw| > ¢ on A and on the other v, - e, is bounded by below in the
region {v; < 0} N A, since X, = 1/5 and for € small,

vi<ONAC{p—-—coe<O0INA={x, < -0 +coe}NA C{x, <3/20}.
Hence, we infer that [Vv;| > 1 + ¢c2(y)e in {v; < 0} N A and consequently
Vvl > 1 on F(v;) NA. (2.22)

Finally, since we observed that Av; > & in A, and v; < u!, we deduce that the touching cannot occur in

AN By (U) where u' is harmonic. In view of (2.22) and Definition 1.2, we conclude that the touching
cannot occur on A N F(U) as well. Therefore X € By 5(x) and

u' (%) = vi(X) = p(X) +1 < p(%) + o,

in contradiction with (2.19).
Case 2. If u!(X) < p(¥) + £, by the lower bound in (2.10), |u!| = u' in By;10(X) € B;(U). Thus by
Harnack inequality and assumption (2.13)

p+e—|u'|>2coe in By(X). (2.23)

Since the desired bound clearly holds in {p < —&}, where all the u’ = 0, it is enough to restrict to the
region {p > —&}. Below, the superscript € denotes such restriction.
Now, let us consider for ¢t > 0

vi(x) = p(x) + & — coe(w(x) — 1) =t in B3 4(X). (2.24)
Thus, we have Av, = —coeAw < 0 on A¢ and
V()ZP+8Z|U| in§3/4(}).

Now, let > 0 be the largest r > 0 such that |U| < v, in B, 14(X). We want to show that 7 > coe. Indeed,
by the definition of v;, this would give

Ul <vi< p+&—coew in§3/4()_c).
In particular, by (2.18), since w > ¢; on Fl/z, we get
|U|Sp+(1—C)8 il’lﬁ]/z,

as we claimed.
We are left with the proof that 7 > cye. Suppose by contradiction that 7 < coe. Let X € B?34(X) be
the first touching point between v; and |U| in B?3/4(X), 1.e.,

|UI(%) = vi(X).
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We prove that such touching point can only occur on B, 120(X). Since w
{p=—¢&}and 1 < cpe we get
vi>|U| on 6B‘§/4(E),

thus we need to exclude that X belongs to A®. By the definition (2.24), we get
IVvil? = 1 — 2coew, + O(g?)  in A®.

On the other hand, it easily follows from the definition (2.24) that

{v,—:O}C{p+(1—co)8<0}C{xn<1—10—(1—60)8}7

thus we can estimate that
w, = c3(y) >0 onA®N{v;=0}.

Hence, we infer that for &£ small,

0#|Vvi <1 onF(vy)NA®

0 on 0B3/4(X), |U| = 0 on

(2.25)

(2.26)

Finally, since we observed that Av; < 0 in A%, and v; > |U|, we deduce that X ¢ A° N B;(U). Moreover,

by (2.26) and Deﬁgition 1.2, we also conclude that X ¢ A* N F(U).
Therefore, X € B (%) and

|UI(%) = vi(¥) = p(X) + £ =1 > p(X) + & = o8,

that is
p(X) + & — |U|(X) < cpe.

This implies, using (2.11) and the fact that |u!| is bounded,
p(X) + &= u'|(¥) - Ce¥* < cpe,

and we contradict (2.23), for £ small and C universal constant.
We are now ready to prove Theorem 2.1.

Proof. Let us rescale,

. 1 .
u,(x) = —u'(rx+ x0), x€ By, i=1,...,m.
r
Then,
p(x) <ul <|U,| < (p(x)+&)" inBy,
with
£ = r_l(bo —ap) <& px)=x,+0, o= rag
and
lul| <& in By).

(2.27)

(2.28)
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If
laol <
UEETS
then we can apply Lemma 2.4 and reach the desired conclusion. If ay < —r/10 then for £ small,
U,/ =0 in By,

and again we obtain the claim. We are left with the case ap > r/10. Then B,y € B;(U,) and ul >0
and harmonic in By,;9. Hence by standard Harnack inequality, either

I/li > p()C) +cg 1n BI/ZO’

and we are done, or
M,l, < p()C) +(l-c)e in B]/Qo.

Finally, by (2.28), for ¢ sufficiently small

\U,| < ul +Ce¥* < p(x) + (1 - 5)8 in By,
with C, ¢ > 0 universal. O
3. The Improvement of flatness

In this section we prove our main result, an improvement of flatness lemma, from which the desired
Theorem 1.3 follows by standard techniques.

First, we recall some known facts. Consider the following boundary value problem, which is the
linearized problem arising from our improvement of flatness technique:

AU =0 in By, N {x, > 0}, G
Z@@')=0, #=0 i=2,...,m onBpNix,=0} '
with U = (@',...,@") € C(Bi;, N {x, > 0},R™). The Neumann problem for &' is satisfied in the

following viscosity sense.
Definition 3.1. If P(x) is a quadratic polynomial touching iz' by below (resp. above) at ¥ € B, N{x, >
0}, then

(1) if x € By N {x, > 0} then AP <0, (resp. AP > 0) i.e ii! is harmonic in the viscosity sense;

(1) if X € By, N {x, = 0} then P,(X) < 0 (resp. P,(x) > 0.)

As usual, in the definition above we can choose polynomials P that touch @' strictly by below/above.
Also, it suffices to verify that (ii) holds for polynomials P with AP > 0.

Since the linearized problem (3.1) is a system completely decoupled, the regularity of solutions
follows immediately by standard theory (see also [8, Lemma 2.6].)

Eemma 32. Let U be a viscosity solution to (3.1) in Q. Then U is a classical solution to (3.1) and
U e Coo(Bl/z N{x, > 0},Rm)
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We are now ready to state and prove our key lemma.

Lemma 3.3 (Improvement of Flatness). Let U be a viscosity solution to (1.1) in B, satisfying the
e-flatness assumption in B;

U~ f'x'|<e inB, (3.2)
and
|lU=0 inB;N{x, <—¢}, (3.3)
with 0 € F(U). If 0 < r < rg for a universal ry > 0, and 0 < € < g for some & depending on r, then
U = flx, vy < s% in B, (3.4)
and -
UI=0 inB,N {<x, V) < _85}’ (3.5)

with |v — e,| < Ce,|f — f!| < Ce, for a universal constant C > 0.

Proof. Following the strategy of [8], we divide the proof in three different steps.

Step 1 - Compactness. Fix r < ry with ry universal (the value of ry will be given in Step 3), suppose
by contradiction that there exists €, — 0 and a sequence of solutions (Uy); of (1.1) such that 0 € F(Uy)
and (3.2) and (3.3) are satisfied for every £, i.e.,

Uy — f'x'| <&, inB, (3.6)
and
|Ul =0 in By N {x, < —&}, 3.7
but the conclusions (3.4) and (3.5) of the Lemma do not hold.
Let us set
7 Ui - ! n Uil - n .
U, =—+ 2™ S x , V= W =2 Q(Uy) := Bi(Up) U F(Uy) C {x, > =&} (3.8)
Ek Ek

By the flatness assumptions (3.6)—(3.7), (Uy)r and (Vj), are uniformly bounded in B;. Moreover,
F(Uy) converges to B; N {x, = 0} in the Hausdorff distance. Now, by Corollary 2.3 and Ascoli-
Arzela, it follows that, up to a subsequence, the graphs of the components u, of U, and of V; over
Bi,N (B (Ux) U F(Uy)) converge in the Hausdorft distance to the graph of Holder continuous functions
i, Vo on By N{x, >0}, forevery i = 1,...,m. Moreover, by Corollary 2.3,

Ve = iil, in By N {x, > 0}, (3.9

Step 2 - Linearized problem. We show that U.. satisfies the following problem in the viscosity sense:

AU, =0 in By, N {x, > 0},
8 (~1 i . (3.10)
E(um):& i,=0 i=2,...,m onB,nNix, =0}
In view of Lemma 2.2, part (i), the conclusion for i = 2,...,m is immediate. We are left with the case

i=1.
First, let us consider the case a polynomial P touches ii' at X € B, 12 N {x, > 0} strictly by below.
Then the arguments of [8] apply. Indeed, we need to show that
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i. if P touches i
ii. if P touches it

atx € B]/2 N {xn > 0}, then AP()_C) <0,
on {x,, = 0}, then P,(x) <0,

g—8~

Since i1, — i}, uniformly on compacts, there exists (xi)r C Bij2 N (B1(Uy) U F(Uy)), with x, — X, and
¢ — 0 such that
it (xi) = P(xp) + ¢y,

and @i, > P+cy in a neighborhood of x;. From the definition of the sequence ii;, we infer u; (x;) = Q(xy)
and u' > Q in a neighborhood of x;, with

0O(x) = x, + g,(P(x) + ) 3.11)

If x € By, N {x, > 0}, then x; € B;,x(Uy), for k sufficiently large, and hence since Q touches u,ﬁ by
below at x;
AQ(xp) = AP(x;) < 0,

which leads to AP(x) < 0 as k — oo.

Instead, if x € B> N {x, = 0}, then we can assume AP > 0. It is not restrictive to suppose that, for
k sufficiently large, x; € F(Uy). Otherwise x;, € By ,2(Uy,) for a subsequence k, — oo and in that case
AP(x;,) < 0, in contradiction with the strict subharmonicity of P.

Thus, for k large, x; € F(Uy). Then noticed that VQ = ¢, + eVP and |VQ| > 0 for k sufficiently
large, since Q touches u}( by below, by Definition 1.2 we deduce that IVOP (x) < 1, ie.,

e [VPP (x) + 2P, (x;) < 0.

Passing to the limit as k — co we obtain the desired conclusion.

Consider now the case when P touches i, at X € By, N {x, > 0} strictly by above. Since the
case x € By, N{x, > 0} follows the same reasoning of the previous part, we move on to the case
X € By» N {x, = 0} and assume that AP < 0. We claim that

P,(x) > 0.

Since iil, = V., for k sufficiently large we get |Uy| (x;) = Q(x;) and |U;| < Q in a neighborhood of
X, — X, with
Ox)=x,+&(P—cr), cx— 0.
As before, since |Uy| is subharmonic, we can assume that x; € F(U;). By the definition of viscosity
solution, we deduce that [VOJ* (x;) > 1, i.e.

& VPP (xi) + 2P, (xz) = 0,

which leads to the claimed result as k — oo.

Step 3 - Improvement of flatness. Since (l~]k)k is uniformly bounded in B;, we get a uniform bound
on |iil |, for every i = 1,...,m. Furthermore, since 0 € F (Us), by the regularity result in Lemma 3.2
we deduce that

|, (x) = (Vi ,(0),x)| < Cor” inB,N{x, >0}, i=1,....m
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for a universal constant Cy > 0. On one side, since 8xn(ﬁ}>o) = 0 on By, N {x, = 0}, we infer

(X, 7y = Cor? <l (x) < (X, 7Y+ Cor* in B, N{x, >0},

where #!' = Vii! (0) is a vector in the variables x, ..., x,_;, with |f/1| < M, for some M universal
constant. Thus, fixed the notation x” = (xy,-- -, x,_1), for k sufficiently large there exists C; such that

(x, 7'y — Cir? < iip(x) < (¥, 7Y+ Ci* in QU) N B,
and exploiting the definition of it}c we read
Xy + &, 7Y = £, 117 < up(x) < x, + X, V'Y + &,C17 in QU N B,.

Thus, called

2
1+£i|v‘|

since for k sufficiently large 1 < /1 + |7 |2 &l < 1+ M?¢}/2, we deduce that

r )
(x,v) — EMZg,% —5Cr? < u,lc(x) <{x,v)+ %Mzgi +&Cr* inQU,) N B,.

It follows that, for ry < 1/(8Cy) and k large,

4

and since |U| = 0in {x, < —&;} and |U;| > 0 in {x,, > &}, we conclude that

F(U)N B, C {|<x, Wl < skf}

U =0 in B, N {(x, V) < _Ski},

and .
|Ul >0 in B, N {(x, V) > skz}.

Also, for ry < 1/(8C)) and k large,
(x,v) — gak < u}((x) <{x,v) + gak in Q(Uy) N B,.
On the other, since @i, = 0 on Bip,Nnix, =0}, fori=2,...,mwe get
(x, 7y = Cor* < i’ (x) < {x,7)+ Cor* in B, N {x, > 0},
where # = M'e,,|M'| < M, for M universal constant, and for k sufficiently large
Ul (x) — Mixeq] < gsk in QUY N B,.

Finally, set

1 M

and f; = &

7=
V1 + e S M Y1+ S M

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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fori=2,...,m. Thus, by (3.16) we get for k large,

(m—-1)M?* ,

|u,]( - fkl (x, v)| < |u,]( —{x, v)| + > gr< z_};gk’ in Q(Uy) N B,, (3.18)

and similarly, by (3.17), we obtain for the other components

|ujC —f,f(x, v)| < |”11< —&M'x,| + e.Mrle, —fk1v| 5.19)
< ésk + %giM3r < Z’;ek, in Q(U;) N B,. '

Summing (3.18) and (3.19) for all i = 2,--- , m we finally get
U= fix vl < s inQUON B,
In view of (3.14), we only need to show that we can replace (x, v) with its positive part, in the region
e < (x,v) <0
15 < (% .

Since in this region,

_ — r
Ukl < Ui = filxe, v)| + | fikx, v)| < 2

we obtain, .
Uy — fidx, v)*| < giz i QUY N B,

In view of (3.15), this inequality holds in B,, which combined with (3.14) leads us to a contradiction.
m]

Theorem 1.3 now follows from a standard iterative argument, which we briefly sketch below.
Choose & = ¢y, then by rescaling and iterating Lemma 3.3 we conclude that (say 0 € F(U))

U = fAx vy < 827, in B,

with
Vi = Vi < Ceo27%,  |f* = A < Cep27

From this we deduce the existence of limiting vy, fo such that for y = y(ry),
\U - folx, viy*| < Ceor'™, inB,, r<l.
By repeating the same argument at all xy € F(U) N By ,, we conclude that
U = fofx,vi )| < Ceor'™®, in B.(xo), r<1/2.

Moreover,

|UI'=0, inB.(x0)N{{x,v},) < —ceor' ™).
Now a standard argument gives that |v; — V;OI < Cégolxp — yol*, with xo,y9 € F(U) N By ; and the claim
follows.
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