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Abstract: We study existence and stability of solutions of

—Au+%u+g(u):vin£2, u =0 on 0Q,
X

. . . . . . —_ 2 .
where Q is a bounded, smooth domain of R¥, N > 2, containing the origin, u > —% 1s a constant,

g is a nondecreasing function satisfying some integral growth assumption and the weak A,-condition,
and v is a Radon measure in (2. We show that the situation differs depending on whether the measure is
diffuse or concentrated at the origin. When g is a power function, we introduce a capacity framework
to find necessary and sufficient conditions for solvability.
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1. Introduction

Schrédinger operators with singular potentials under the form
u Hu) := -Au+V(xu,  xeR’ (1.1)

are at the core of the description of many aspects of nuclear physics. The associated energy, the sum
of the momentum energy and the potential energy, endows the form

1
H(u) = = f (1Vul® + V(x)u?) dx. (1.2)
2 R3
In classical physics V(x) = —k|x|"! (k > 0) is the Coulombian potential and H is not bounded from

below and there is no ground state. In quantum physics there are reasons arising from its mathematical
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formulation which leads, at least in the case of the hydrogen atom, to V(x) = —«|x|™% (x > 0) and H
is bounded from below provided « > —i. Furthermore, a form of the uncertainty principle is Hardy’s
inequality

1 u? .
f VuPdx > 5 | —dx  forall ue CyR). (1.3)
R3 4 R3 |.X|

The meaning of this inequality is that if u is localized close to a point O (i.e., the right side term is
large), then its momentum has to be large (i.e., the left side term is large), and the power |x|2 is the
consequence of a dimensional analysis (see [19, 20]). Such potential is often called a Leray-Hardy
potential. The study of the mathematical properties of generalisations of the operator H in particular
in N-dimensional domains generated hundred of publications in the last thirty years. In this article we

define the Schrodinger operator £ in RY by

u
=-A+ —, 1.4
z, o (1.4)
where p is a real number satisfying
(N -2)°
u=>pi=- R (1.5

_op2 . .
Note that % achieves the value }‘ when N = 3. Let Q c RY (N > 2) be a bounded, smooth domain
containing the origin and g : R — R be a continuous nondecreasing function such that g(0) > 0, we
are interested in the nonlinear Poisson equation

{ Lu+guw=v inQ, 16

u=~0 on 0Q,

where v is a Radon measure in Q2. The reason for a measure framework is that the problem is essentially
trivial if v € L*(Q), more complicated if v € L!(Q) and very rich if v is a measure.
When p = 0, problem (1.6) reduces to

{ —Au+gu)=v in Q, (L7

u=0 on 0Q),

which has been extensively studied by numerous authors in the last 30 years. A fundamental
contribution is due to Brezis [6], Benilan and Brezis [2], where v is bounded and the function
g : R — R is nondecreasing, positive on (0, +o0) and satisfies the subcritical assumption in dimension
N > 3:

f Oo(g(s) — g(=s))s " 72ds < +oo. (1.8)
1

They obtained the existence, uniqueness and stability of weak solutions for the problem. When N = 2,
Vazquez [26] introduced the exponential orders of growth of g defined by

B.(g) = inf {b >0: foog () e dt < oo} ,
‘ (1.9)

-1
B-(g) = sup {b <0: f g () eldt > —oo},

o0
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and proved that if v is any bounded measure in () with Lebesgue decomposition

vV=v,+ Z @0,

JjeN
where v, is part of v with no atom, a; € Q and a; € R satisfies

AT e AT
B-(®) = T Bug)

then (1.7) admits a (unique) weak solution. Later on, Baras and Pierre [1] studied (1.7) when g(u) =
lulP~'u for p > 1 and they discovered that if p > le 5 the problem is well posed if and only if v is
absolutely continuous with respect to the Bessel capacity ¢, ,» with p’ = p%l.

It is a well established fact that, by the improved Hardy inequality in [9] and Lax-Milgram Theorem,

the non-homogeneous problem

(1.10)

Lu=f in Q u=0 on 0Q, (1.11)

with f € L*(Q), has a unique solution in Hy(Q) if u > p, or in a weaker space H(Q) if u = i, see [18].
When f ¢ L*(Q), a natural question is to find sharp conditions on f for the existence or nonexistence of
solutions of (1.11) and the difficulty comes from the fact that the Hardy term |x|~>u may not be locally
integrable in Q. An attempt done by Dupaigne in [18] is to consider problem (1.11) when u € [, 0)
and N > 3 in the sense of distributions

fu ,,gdx:ffgdx, VEeC(Q). (1.12)
Q Q

The corresponding semi-linear problem is studied in [S] with this approach.

We adopt here a different point of view in using a different notion of weak solutions. It is known
that the equation L,u = 0 in RN \ {0} has two distinct radial solutions:

|| -0 if  u> po,

D, (x) = { and [, (x) = |~ ®,

W () if p= o,

N-2 [(N —2)? N-2 [(N —2)?
T_(U) = — >~ ( 1 ) +u and T.(u) =-— 5 + ( 1 ) + U

In the remaining of the paper and when there is no ambiguity, we put 7, = 7,(u), 70 = 7,(uo),
7_ = 7_() and 7° = 7_(up). It is noticeable that identity (1.12) cannot be used to express that @, is a
fundamental solution, i.e., f = &y, since @, is not locally integrable if 4 > 2N. Recently, Chen, Quaas
and Zhou found in [12] that the function ®, is the fundamental solution in the sense that

with

f D, L1 dy,(x) = c,£0) forall £ € Cy'RY), (1.13)
RN

where -
dy,(x) =T (x)dx, L;f =-A¢ - 2@()@ Vé), (1.14)
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and ‘
2yu—=po | SV if > po,

= 1.15
i {|SN“| if u = po. (1

With the power-absorption nonlinearity in Q* = Q\ {0}, the precise behaviour near 0 of any positive
solution of

Lu+u’=0 in D'(Q") (1.16)
is given in [22] when p > 1. In this paper it appears a critical exponent
2
p,=1-— (1.17)
T_

with the following properties: if p > pj any solution of (1.16) can be extended by continuity as a
solution in D'(Q2). If 1 < p < p;, any positive solution of (1.16) either satisfies

1ing|x|ﬁu(x) = ¢, (1.18)

where € =y, > 0, or there exists k > 0 such that

lim 2 _ (1.19)
x=0 (D/l(x)
and in that case u € Lf:)c(Q; dy,). In view of [12], it implies that u satisfies
jl; ) (uLyé + ué) dy,(x) = c,k&0), V&€ Cy'(RY). (1.20)

Note the threshold p;, and its role is put into light by the existence or non-existence of explicit solutions
of (1.16) under the form x +— a|x|’, where necessarily b = —p%l and a = {. Itis also proved in [22] that
when u > yp and g : R — R, is a continuous nondecreasing function satisfying

f (g(5) — g(=9)) s~ Pids < oo, (1.21)
1
then for any k > O there exists a radial solution of

Lu+gw)=0 in D'(B)) (1.22)

satisfying (1.19), where B} := B;(0) \ {0}. When u = o and N > 3 it is proved in [22] that if there
exists b > 0 such that

1
f g(~bs ¥ Ins)ds < oo, (1.23)
0

then there exists a radial solution of (1.22) satisfying (1.19) with y = @. In fact this condition is
independent of b > 0, by contrast to the case N = 2 and u = 0 where the introduction of the exponential
order of growth of g is a necessity. Moreover, it is easy to see that u satisfies

fR ) (uLé + gw)é) dy(x) = c.y&0). V€ € Cy'(RY). (1.24)
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In view of these results and identity (1.13), we introduce a definition of weak solutions adapted to
the operator £, in a measure framework. Since I, is singular at O if 4 < 0, there is need of defining
specific set of measures and we denote by M(Q*; 1), the set of Radon measures v in Q" such that

f [,d|v| ;= sup {f Zdlv| 1 e Coy(QY),0< < Fﬂ} < o0. (1.25)
QF QF

If v € M, (Q7), we define its natural extension, with the same notation since there is no ambiguity, as
a measure in Q by

f{a’v: sup{f ndv :ne€ Co(Q"), 0< nS{} forall £ € Co(QY), ¢ =0, (1.26)
Q o

a definition which is easily extended if v = v, —v_ € M(Q"). Since the idea is to use the weight ',
in the expression of the weak solution, the expression I',v has to be defined properly if 7, < 0. We
denote by M(Q;T,) the set of measures v on Q which coincide with the above natural extension of
Vo€ M (Q5T,). If v € M (Q;T,) we define the measure I',,v in the following way

f{d(l“ﬂv) = sup {f nhudv :neCy(Q), 0<n< {} forall £ € Co(QY), £ > 0. (1.27)
Q o

If v =v, —v_,I',vis defined accordingly. Notice that the Dirac mass at 0 does not belong to M(€2;T,)
although it is a limit of {v,} c M(Q;I’,). We denote by ﬁ(Q; I',) the set of measures which can be
written under the form

V= Vl_Q* +k50, (128)

where v[o-€ M(Q;T',) and k € R. Before stating our main theorem we make precise the notion of weak
solution used in this article. We denote Q := Q \ {0}, p(x) = dist(x, 0€2) and

X,(Q) = {£ € Co@)n C'(Q): NLE € L2(Q)}. (1.29)

Clearly C;'(Q) € X,(Q).

Definition 1.1. We say that u is a weak solution of (1.6) with v € ﬁ(Q; ') such that v = v|q-+kog if
u € LNQ, |xI"'dy,), gw) € L'(Q, pdy,) and

fg L + g@)é| dyu(x) = fg £d(T,) + k&) for all & € X,(Q), (1.30)

where L; is given by (1.13) and c,, is defined in (1.15).

A measure for which problem (1.6) admits a solution is a g-good measure. In the regular case we
prove the following

Theorem A. Let u > 0if N =2, u > po if N > 3 and g : R — R be a Holder continuous nondecreasing
function such that g(r)r > 0 for any r € R. Then for any v € L'(Q,dy,), problem (1.6) has a unique
weak solution u, such that for some c; > 0,

et |21 @n1ay, < VIl @uay,)-
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Furthermore, if u, is the solution of (1.6) with right-hand side v’ € L'(Q, dy,)), there holds

[ Jin = w5+ 1500 ~ st e antor < [ = visgnu—weaneo. a3
and
[ ln = w0 Lig + ot~ st an < [ 0=visen -y, 132
for all € € X,(Q), & > 0.

Definition 1.2. A continuous function g : R — R such that rg(r) > 0 for all r € R satisfies the weak
A,-condition if there exists a positive nondecreasing function t € R — K(t) such that

lg(s + 1) < K@) (Ig(s)| + 1g()]) forall (s, 1) e RXR s.t. st>0. (1.33)

It satisfies the A,-condition if the above function K is constant.

The A,-condition has been intruduced in the study of Birnbaum-Orlicz spaces [4, 23] and it is
satisfied by power function r +— |r|’~'r, p > 0, but not by exponential functions r — e*". It plays a key
role in the study of semilinear equation with a power type reaction term (see eg., [29,30]). The new
weak A,-condition is more general and it is also satisfied by exponential functions.

Theorem B. Let t > Oif N =2o0rpu > uyif N >3 and g : R — R be a nondecreasing continuous
function such that g(r)r > 0 for any r € R. If g satisfies the weak A,-condition and

f (g(s) — g(=s))s~mintPa POl g5 < oo, (1.34)
1

where p;, is given by (1.17), then for any v € M, (Q I',) problem (1.6) admits a unique weak solution
u,.

Note that min{p,, py} = p, for u > 0 and min{p;, py} = p; if u < 0. Furthermore, the mapping:
v — u, is increasing. In the case N > 3 and u = o we have a more precise result.

Theorem C. Assume that N > 3 and g : R — R is a continuous nondecreasing function such that
g(r)r > 0 for any r € R satisfying the weak A,-condition and (1.8). Then for any v = v|o- + ¢,kdy €
M, (Q; I',)) problem (1.6) admits a unique weak solution u,.

Furthermore, if vlo- = 0, condition (1.8) can be replaced by the following weaker one

f ) (2(t) — g(=)) (In H¥2 724t < oo. (1.35)
1

The optimality of these conditions depends whether the measure is concentrated at 0 or not. When
the measure is of the form k¢, the condition proved to be optimal in [22] and when it is of the type
ko, with a # 0 optimality is shown in [28]. Normally, the estimates on the Green kernel plays an
essential role for approximating the solution of elliptic problems with absorption and Radon measure
data. However, we have avoided to use the estimates on the Green kernel for Hardy operators which
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are not easily tractable when O > u > o, and our main idea is to separate the measure v* in M(Q;T',)
and the Dirac mass at the origin, and then to glue the solutions with above measures respectively. This
technique requires this new weak A,-condition.

In the previous result, it is noticeable that if &k = 0 (resp. v[o-= 0) only condition (1.8) (resp.
condition (1.35)) is needed. In the two cases the weak A,-condition is unnecessary. In the power case
where g(u) = |ulP'u := g, (u),

{ Lu+g,w)y=v inQ, (136)

u=0 on 09,

the following result follows from Theorem B and C.
Corollary D. Let pu > po if N 2 3 and p > 0 if N = 2. Any nonzero measure v = v|q- + ¢,kdo €
M (Q;T) is gp-good if one of the following holds:
(i) 1 < p < p;, in the case v|q- = 0;
(ii)) 1 < p < pj in the case k = 0;
(iii) 1 < p < min {p;,pf)} in the case k # 0 and v| o+ # 0.

We remark that P is the sharp exponent for the existence of (1.36) when v|o- = 0, while the critical
exponent becomes p; when k = 0 and v has atom in Q \ {0}.

The supercritical case of equation (1.36) corresponds to the fact that not all measures are g,-good
and the case where k # 0 is already treated.
Theorem E. Assume that N > 3. Then v = v|o- € M(Q; 1)) is g,-good if and only if for any € > 0,

Ve = VX, is absolutely continuous with respect to the ¢, ,-Bessel capacity.
Finally we characterize the compact removable sets in €2.

Theorem F. Assume that N > 3, p > 1 and K is a compact set of Q. Then any weak solution of
Lu+g,(w)=0 in Q\ K (1.37)

can be extended a weak solution of the same equation in whole Q if and only if
(i) e, (K) = 0if 0 ¢ K;
(ii) p 2 pu if K = {0}
(iii) 2y (K) =0 ifu >0, 0 € K and K \ {0} # 0;
(iv) c2y(K) =0and p > p, ifu<0,0¢€ K and K\ {0} # 0.
The case (i) is already proved in [22, Theorem 1.2]. Notice also thatif A # @ necessarily ¢, ,,(A) =0
holds only if p > po. Therefore, if 4 > O there holds p > py > p;,, while if 4 < 0, then po < pj,.

The rest of this paper is organized as follows. In Section 2, we build the framework for weak
solutions of (1.6) involving L' data. Section 3 is devoted to solve existence and uniqueness of weak
solution of (1.6), where the absorption is subcritical and v is a related Radon measure. Finally, we deal
with the super critical case in Section 4 by characterized by Bessel Capacity.
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2. L' data

Throughout this section we assume N > 2 and p > p and in what follows, we denote by ¢; with
i € N a generic positive constant. We first recall some classical comparison results for Hardy operator
L. The next lemma is proved in [12, Lemma 2.1], and in [15, Lemma 2.1] if A(s) = s”.

Lemma 2.1. Let G be a bounded domain in RY such that 0 ¢ G, L : G X [0, +o0) > [0, +0) be a
continuous function satisfying for any x € G,

h(x,s)) > h(x,s,) if s> 8o,
and functions u, v € C"'(G) N C(G) satisfy
Lo+ h(x,u) > L,y + h(x,v) in G,
{ u>v on J0G,

then
u>v in G.

As an immediate consequence we have

Lemma 2.2. Assume that Q is a bounded C* domain containing 0. If L is a continuous function as in
Lemma 2.1 verifying that L(x,0) = 0 for all x € Q, and u € C"'(Q*) N C(Q ) satisfies

Lu+Lx,u)=0 in Q,
u=0 onoQ, 2.1
. _1 _
}Clil(l) u(x)®, (x) = 0.

Thenu = 0.
We recall that if u € L'(Q, |x|"'dy,) is a weak solution of
L,u= in Q,
wit =1 2.2)
u=0 onoQ,
in the sense of Definition 1.1, then it satisfies that
fuLZ(f) dy,(x) = fffdyﬂ(x) forall £ € X,(Q). (2.3)
Q Q
If u is a weak solution of (2.2), there holds
Lu=f inDQ), 2.4)
and v = I;'u verifies
x_ 0 _ 11 . ’ %
Lyv=T_f inD(Q, (2.5)
a fact which is expressed by the commutating formula
L. Ly =L,[,w). (2.6)

The following form of Kato’s inequality, proved in [12, Proposition 2.1], plays an essential role in
the obtention a priori estimates and uniqueness of weak solution of (1.6).
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Proposition 2.1. [f f € L'(Q, pdy,), then there exists a unique weak solution u € L'(Q, |x|"'dy,) of
(2.2). Furthermore, for any ¢ € X,,(Q), ¢ > 0, we have

fg W L,(&) dy,(x) < fg Sign(u)fé dy,(x) @.7)

and

fg u, L&) dy,(x) < fg sign, (u) f€ dy, (x). 2.8)

The proof is done if ¢ € C)''(Q), but it is valid if ¢ € X, (). The next result is proved in [13, Lemma
2.3].

Lemma 2.3. Assume that ;1 > uy and f € C'(Q*) verifies
0 < f(x) < eld™, (2.9)

for some T > 7_. Let uy be the solution of

Lu=f in Q"
( )M =0 on 6Q, (210)
lim 2 — 0
120 @, (x)
Then there holds:
(ifr-<t<1y,
0<up(x)<cs3lx" in QF (2.11)
(ll) l:fT = T+)
0 <up(x) <calx"(1+(=Infx),) in QF (2.12)
(iii) if T > 74,
0 <up(x)<cslx™ in Q. (2.13)

Proof of Theorem A. Let H,ll ’O(Q) be the closure of C°(€2) under the norm of

2
||M||H10(Q) = \/f \Vuldx + p u—dx- (2.14)
" Q

Q |)C|2

Then HL’O(Q) is a Hilbert space with inner product

(U, Vgt ) = f{Vu, Vv)dx+uf u—vzdx (2.15)
w0 Q o Xl

and the embedding HL’O(Q) — LP(Q) is continuous and compact for p € [2,2") with 2* = % when
N >3 and any p € [2,0) if N = 2. Furthermore, if 7 € Cé(ﬁ) has the value 1 in a neighborhood of 0,
then [, € H/i,o(g)' We put

G(v) = f vg(S)ds,
0
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then G is a convex nonnegative function. If pv € L*(Q) we define the functional J, in the space H}l ,o(Q)

by
Lo ) X
1) = EHVHHL,O(@ + LG(V)dx - vavdx it G(v) € L'(Q,dy,), (2.16)
) if Gv) ¢ LY(Q, dy,).

The functional J is strictly convex, lower semicontinuous and coercive in H}l 0(€2), hence it admits a
unique minimum « which satisfies

(, Vgt o)+ f guwyvdx = f vvdx forall v € Hj, ((Q).
"‘ Q Q '
If & € Cy'(Q) then v = £T, € H, (Q), then

r
W £T e (0 = fg (Vu, Vé)dy,(x) + fg ((Vu,Vl"ﬂ>+u)§dx, 2.17)

|x]?
and

f{Vu, VI')édx = —f(Vf, VI, )udx — fqul"ﬂdx,
Q Q Q

since C¢’(€) is dense in H:‘,O(Q). Furthermore, since u € LP(Q) for any p < 2%, |x|"'u € L'(Q,dy,),
hence uL;é € L'(Q, dy,). Therefore

fg(“ﬁf + gu)E) dy, = fg védy,,. (2.18)

Next, if v € LY(Q, pdy,) we consider a sequence {v,} C C;’(Q) converging to v in L'(Q, pdy,) and
denote by {u,} the sequence of the corresponding minimizing problem in H;,O(Q) By Proposition 2.1
we have that, for any & € X,(Q),

fg (It = el L3 + (22t,) = gCu))sn(tty = w)€) dy, < f V= Va)sgn(tty = un)édy,.  (2.19)

Q

We denote by 7, the solution of
Ln=1 inQ, n=0 on JQ (2.20)

Its existence is proved in [12, Lemma 2.2], as well as the estimate 0 < 19 < ¢gp for some ¢g > 0. Since
g is monotone, we obtain from (2.19)

f (It = 0] + 1202) = gCat)l10) dy < f = vlTod¥s 221)
Q Q

Hence {u,} is a Cauchy sequence in L'(€, dy,). Next we construct a solution 7; to
Ln=" inQ, p=0 ondQ. (2.22)

1_|x|279

m which verifies

For this aim, we consider for 0 < 6 < 1, the function y,(x) =
Lyo = x| in B;, ys=0 on 8B,
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(we can always assume that Q C By). As in the proof of [12, Lemma 2.2], for any x; € € there exists
ro > 0 such that B, (x) C Q and for 7 > 0 small enough w, ,(x) = #(r5 — |x — xo|*) is a subsolution of
(2.20), hence of (2.22). Therefore there exists 77y such that

Lne=1x" inQ, n7=0 ondQ. (2.23)

Furthermore 6 — 1, is increasing and bounded from above by y;, hence it converges to a function 7,
which satisfies (2.23). Then

f (Ittn = X7 + 12 (1tn) = &ty < f Vi = Vimlody. (2.24)
Q Q
Letting & — 1, we obtain as a complement of (2.21) that
|un - uml
—— +18un) — gy | dy, < | Vi = Vil dy,. (2.25)
Q |x| Q

Hence {u,} is a Cauchy sequence in L'(Q, |x|‘1dyﬂ) with limit # and {g(u,)} 1s a Cauchy sequence in
LY(Q, pdy,) with limit g(x). Then (2.18) holds. As for (1.31) it is a consequence of (2.19) and (1.32)
is proved similarly. O

3. The subcritical case

In this section as well as in the next one we always assume that N > 3 and y > py, or N = 2 and
u > 0, since the case N = 2, u = 0, which necessitates specific tools, has already been completely
treated in [26].

We recall that the set M(Q*;T,) of Radon measures is defined in the introduction as the set of
measures in Q" satisfying (1.25), and any positive measure v € I(Q";T',) is naturaly extended by
formula (1.26) as a positive measure in . The space @(Q; I',) is the space of measures v on Cy(£2)
such that

v = V| q:+kdy, (31)

where v[o-€ M(Q";T).

3.1. The linear equation

Lemma 3.1. Ifv € M(Q;T,), then there exists a unique weak solution u € L'(Q, |x|"'dy,) to

Lu=v inQ,
(3.2)
u=0 on 0Q.

This solution is denoted by G,[v], and this defines the Green operator of L, in Q with homogeneous
Dirichlet conditions.

Proof. By linearity and using the result of [12] on fundamental solution, we can assume that k = 0
and v > 0. Let {v,} c L'(Q, pdy,) be a sequence such that v, > 0 and

ffl“#vndx — ffd(l"ﬂv) forall & € X,(Q),
Q Q
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and by Proposition 2.1, we may let u,, be the unique, nonnegative weak solution of

Ly, =v, in Q,
(3.3)
u, =0 on 0Q,
with n € N. There holds
f up Ly Edy,(x) = f Evlydx  forall & € X,(Q). (3.4)
Q Q
Then u, > 0 and using the function n; defined in the proof of Theorem A for test function, we have
Uy,
Co f —dy, = f mLvadx < c7|Vllmar,), (3.5)
alxl Q

which implies that {u,} is bounded in L'(Q, ﬁdyﬂ(x)).

For any € > 0 sufficiently small, set the test function £ in {g“ €eX,(Q):{=01n Be}, then we have
that

f un.[:;fdyﬂ(x) = f &vlydx  forall & € X,(Q). (3.6)
O\B(0)

Q\Be(0)
Therefore, for any open sets O and O’ verifying O ¢ O’ ¢ O’ c Q\ B.(0), there exists cg > 0
independent of n such that
lletallzr 0y < cslVimar,)-
Note that in Q \ B, the operator £, is uniformly elliptic and the measure dy,, is equivalent to the

N-dimensional Lebesgue measure dx, then [30, Corollary 2.8] could be applied to obtain that for some
¢y, c19 > 0 independent of n but dependent of O’

IA

lletnllwrac0) collunllziory + 11VallLr@.ay,)

IA

crolVllmar,)-

That is, {u,) is uniformly bounded in W, /(Q \ {0}).
As a consequence, since € is arbitrary, there exist a subsequence, still denoted by {u,}, and a function
u such that
U, > u ae.inQ.

Meanwhile, we deduce from Fatou’s lemma,

u
f—d’}/ﬂ < cllfml“ﬂdv. (37)
alxl o

Next we claim that u,, — u in L'(Q, |x|‘1d)/,,). Let w C Q be a Borel set and ¢, be the solution of

{qmﬂwm)mg

3.8
v, =0 on 0Q2. (5-8)

Then ¢, < 1y, thus it is uniformly bounded. Assuming that Q C By, clearly ¢, is bounded from above

by the solution ¥, of

LY, =xI""y, in By,
{ " X : (3.9)

¥Y,=0 on 0By,
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and by standard rearrangement, supp ‘¥, < supy V7, where W[, solves

(3.10)

LZ‘PL = |X|_1B€(|w|) in B,
lPZ) = 0 on aB],

1
where e(Jw]) = (%')N. Then ¥/, is radially decreasing and limy,—,o ¥}, = 0, uniformly on B;. This
implies

|lilrn0 Vo(x) =0 uniformly in B. (3.11)

Using (3.4) with &€ = ¢,

f%dyﬂ(x) = fv,,l"ywwdx < sup wwfvnl"ﬂdx — 0 as |w| — 0.
wlX w Q w

Therefore {u,} is uniformly integrable for the measure le‘ld)/#. Letting n — oo in (3.4) implies the
claim. O

3.2. Dirac masses

We assume that g : R — R is a continuous nondecreasing function such that rg(r) > 0 for all r € R.
The next lemma dealing with problem

(3.12)

Lu+gu) =kéy in Q,
u=0 on 0€,

is an extension of [22, Theorem 3.1, Theorem 3.2]. Actually it was quoted without demonstration in
this article as Remark 3.1 and Remark 3.2 and we give here their proof. Notice also that when N > 3
and u = yy we give a more complete result than [22, Theorem 3.2].

Lemma 3.2. Let k € R and g : R — R be a continuous nondecreasing function such that rg(r) > 0 for
all r € R. Then problem (3.12) admits a unique solution u := w, if one of the following conditions is
satisfied:

(i) N > 2, u > uo and g satisfies (1.21);
(ii) N > 3, u = uo and g satisfies (1.35).

Proof. Without loss of generality we assume Bg C 2 C B; for some R € (0, 1).
(1) The case pu > py. It follows from [22, Theorem 3.1] that for any k£ € R there exists a radial function
Vi1 (resp. vir) defined in BY (resp. By) satisfying

Ly+gv)=0 in B} (resp. in By), (3.13)

vanishing respectively on dB; and dBy and satisfying

. Vk,l(x) . Vk,R(x) k
lim = = —

x—0 (DIJ(X) - x—0 (I)#(x) B Cﬂ‘ (314)
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Furthermore g(vy ;) € Ll(Bl,a’y#) (resp. g(vkr) € L'(Bg, dy,)). Assume that k > 0, then 0 < v < vy
in B and the extension of ¥z by 0 in Q" is a subsolution of (3.13) in Q" and it is still smaller than
Vi1 in Q. By the well known method on super and subsolutions (see e.g., [32, Theorem 1.4.6]), there
exists a function u in Q satisfying ¥ g < u < v;; in Q" and

Lu+gu)=0 in QF,
u=0 on 0Q),
u(x) k

5D (%) cu'

(3.15)

By standard methods in the study of isolated singularities (see e.g., [16, 17, 22, 29] for various

extensions)

lim '™ Vu(x) = T_ﬁﬁ (3.16)
cu x|

For any € > 0 and ¢ € X,(Q),

0= (Lyu+ gu)',édx

Q\Be

k
= f ulyédy,(x) + (1= — ) —ISNEO)A + o(1)).
Q\B, Cu

Using (1.15), we obtain

f ull Edy,(x) = k&(0). (3.17)
Q
(i1) The case p = pp. In [22, Theorem 3.2] it is proved that if for some b > O there holds
I:= f g(bt% In t) 2dt < oo, (3.18)
1
then there exists a solution of (1.22) satisfying (1.19) with y = M. Actually we claim that the

finiteness of this integral is independent of the value of b. To see that, set s = 1%, then

I =

N+2 [ N
NtZ‘f; g(ﬁslns)s‘ﬁds,

with 8 = N+2b Set 7 = Bsln s, then

Inln s ln,B
ns lns

lns(1+ )=>1ns—1nr(1+0(1)) as s — oo,

We infer that for € > O there exists s, > 2 and 7. = s, In s, such that

f g(Bslns) sV2ds

N+2 S, N+2

(I-ep» < —= < (1 +e)B¥2, (3.19)
g (1) (In7)¥2 24t

Te
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which implies the claim. Next we prove as in case (i) the existence of vy ; (resp. vy ) defined in Bj
(resp. Bp) satisfying
L,yv+gv)=0 in B} (resp. in By), (3.20)

vanishing respectively on dB; and 0By and satisfying

fim e o VR K (3.21)
x—0 (D/l(x) x—0 (D/l(x) Cuo

We end the proof as above. O

Remark. 1t is important to notice that conditions (1.21) and (1.35) (or equivalently (1.23)) are also
necessary for the existence of radial solutions in a ball, hence their are also necessary for the existence
of non radial solutions of the Dirichlet problem (3.12).

3.3. Measures in Q*

We consider now the problem

(3.22)

Lu+gu)=v inQ,
u=0 onoQ,

where v € M(Q*;T,).

Lemma 3.1. Let u > py. Assume that g satisfies (1.8) if N > 3 or the .(g) defined by (1.9) satisfy
B-(g) <0< B(g)if N =2 and let v € MQ*;T',). If N = 2, we assume that v can be decomposed
asv =v,+ 3.;a;6,, where v, has no atom, the «; satisfy (1.10) and {a;} C Q. Then problem (3.22)
admits a unique weak solution.

Proof. We assume first that v > 0 and let ry = dist (x, 0Q). For 0 < o < ry, we set Q7 = Q'\ (B,}
and v, = vy, and for 0 < € < o we consider the following problem in Q¢

Lu+gu)=v, in QF,
u=0 onodQ, (3.23)
u=0 ondB..

Since 0 ¢ Q€ problem (3.23) admits a unique solution u,, . which is smaller than G,[v] and satisfies
O0<uy,<u,, e in Q° forall 0 <€ <eand 0 <o’ <o

For any £ € C"'(Q*) and € small enough so that supp (¢) C Q, there holds

[ (i + s, 08) v, = [ et
Q Q

There exists u,, = lir% u,, . and it satisfies the identity
€

f(uvgﬁflf + g(uvg)f) dy, = ffl“ﬂdva forall ¢ € Cé’l(Q*). (3.24)
Q Q
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As a consequence of the maximum principle and Lemma 3.1, there holds
0 <u,, <Gulvsl <GVl (3.25)

Since v,, vanishes in B,, G,[v,](x) < ¢;»2®P,(x) in a neighborhood of 0, and u, is also bounded by
c12®, in this neighborhood. This implies that (I);l(x)uvtr(x) — ¢’ as x — 0 for some ¢’ > 0. Next let

£eClQ),
0 = { 21 (1 + cos (@)) if |x <9,
o

if x> ¢,
and &, = &¢,. Then
f (r, L0 + 8wy, )0 dy = f ETdv,. (3.26)
Q Q

ffnl“udvtr - ffFudv(,
o) Q

f g(uy)édy, — f g(uy)édy,.
Q Q

Now for the first inegral term in (3.26), we have

When n — oo,

and

uy, L, Endy, = f boutg L Edy, + 1, + 11, + 111,
Q Q

where

I, = —f usEAN,dy,,
B

ol

11, = —2[ u V&, Vt,)dy,
Bg
and

X
111, = —'r+f ua<—2,V{’n>dyﬂ.
Bo |x]

2
Using the fact that £(x) — £(0) and V&(x) — VE(0) we easily infer that 7, 11, and 111, converge to
0 when n — oo, the most complicated case being the case when u = py, which is the justification
of introducing the explicit cut-off function ¢,. Therefore (3.24) is still valid if it is assumed that & €
CM(Q). This means that u,, is a weak solution of

{ Lou+gu) =v, in Q, (3.27)

u=0 on 0Q.

Furthermore u,, is unique and u,,, is a decreasing function of o with limit # when o — 0. Taking 7,
as test function, we have

fg(dxrl”va +771g(uya))dy,, = fgmd(yﬂvg) < Lmd(yﬂv).
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By using the monotone convergence theorem we infer that u,, — u in L'(Q, |x|‘1a’yﬂ) and g(u,,) —
g(u,) in L'(Q, dy,). Hence u = u, is the weak solution of (3.22).

Next we consider a signed measure v = v, — v_. We denote by u,s ., u_,s . and u,- . the solutions of
(3.23) in Q€ corresponding to v/, —v’ and v’, € respectively. Then

U_yr e S Uyr e S UyT e (3.28)

The correspondence € — u,s . and € — u_,~ . are respectively increasing and decreasing. Furthermore
u, . 1s locally bounded, hence by local compactness and up to a subsequence u,- . converges a.e. in
B, to some function u,-. Since u_s . — u_,» and u,s . — U, in L'(Q, |x|‘1dy,1), it follows by Vitali’s
theorem that u,- . — u,- in L'(Q, [x|"'dy,). Similarly, using the monotonicity of g, g(u,~ ) — g(ut,r)
in L'(Q,dy,). By local compactness, u,r — u a.e. in Q. Using the same argument of uniform
integrability, we have that u,r — u in L'(Q,|x|"'dy,) and g(u,s) — g(u) in L'(Q, dy,) when o — 0
and u satisfies

f (uLné + g)é) dy, = f £d(dy,v) for any £ € CH(Q"). (3.29)
Q Q

Finally the singularity at O is removable by the same argument as above which implies that u solves
(3.29) and thus u = u, is the weak solution of (3.22). O

3.4. Proof of Theorem B

The idea is to glue altogether two solutions one with the Dirac mass and the other with the measure
in ", this is the reason why the weak A, condition is introduced.

Lemma 3.3. Let v = v|q:+kdy € @J,(Q;Fﬂ) and o > 0. We assume that VLQ*(EO—) = 0. Then there
exists a unique weak solution to (1.6).

Proof. Set vy = v|g-. It has support in Q, = Q \ B,. For 0 < € < o we consider the approximate
problem in Q¢ = Q\ B,

Lou+gu) =v, in QF,
u=>0 on 09, (3.30)
U = Ugs, on (')Be,

where uy;, 1s the solution of problem (3.12) obtained in Lemma 3.2. It follows from [30, Theorem 3.7]
that problem (3.30) admits a unique weak solution denoted by U, ., thanks to the fact that the operator
is not singular in Q€. We recall that u,_. is the solution of (3.23) and G,[d,] the fundamental solution
in Q. Then

max{us,, thy, o} < Uy, e < ty, +kG,[8] in QF. (3.31)

belong to L'(Q, le‘ld)/ﬂ), then it follows by the monotone convergence theorem that U,_. converges
in L'(Q,|x|"'dy,) and almost everywhere to some function U, € L'(Q,|x|"'dy,). Since I, is a
supersolution for equation L,u + g(u) = 0 in B, for 0 < g < o there exists ¢3 := c13(€, o) > 0 such
that

Furthermore one has U, . < U, . in Qf, for 0 < € < €. Since u,, < u, and both kG,[dy] and u,

uy, (x) < cp3lx[™ forall x € B,.
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For any 6 > 0, there exists € such that u, (x) < 6G,[60](x) in B,,. Hence u, +kG,[60] < (k+06)G,[d0]
in B, which implies
g, < gk +0)G,[60]) in By \ B, (3.32)

and
1
fg((k +6)GylboDdy,(x) < fg(kcislxlT)lxlT*dx = ISN_llf g2y V=l
Q B . o 0 K

= C14f g(f)f_2+f% = 6’14f g Pudt
k+s k+8

cp Cu
< 00.

k

Now, using the local A,-condition,with @’ = C—eg‘, we see that
u

8(Uy,.o) < 8(uy, + L-e5) < K(a) (g(wy,) + 8(a))  in Q. (3.33)

From (3.32) and (3.33) we infer that g(U,_.) is bounded in LI(QE,dyy) independently of €. If £ €
Cé’l(Q*), we have for € > 0 small enough so that supp (¢) C Q¢

fQ (Ur e Ly + 8(Uy, ) dy, = fQ £x,dv,.

Letting € — 0 we obtain that
f (va,ll,if + g(UyU)f) dy, = f &hudve. (3.34)
Q Q

Let £ € C;'(Q) and 17, € CM'(RY) be a nonnegative cut-off function such that 0 <7, < 1,7, = 1 in B,

n

n, = 01in B1, and choose &7, for test function. Then

fg (U, L& + 8(U,, ) dy, - fg Uy, Andy, = fg énl,udvey, (3.35)
with
Ap = EANy + 2V, VE) + 27,86(V 0, 137 (3.36)
Clearly
lim | (.U, L& + Uy, )maé) dy, = f (U, L& + 28U, )é) dyy,
and
lim | én,[.dv, = f &r,dv,.
n—oo Q Q
We take
%—%cos(mr(r—ﬁ)) if 1<r<?,
m(r) = 0 if r<;,
1 if r>2
Then

n’m? ( ( 1)) ntN—-1+21, . ( ( 1))
A, = —cos|nn|r- ||+ —————ssin|nx|r- —||.
2 n 2 r n
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Letting € — 0 in (3.31), we have

U, (x) = kG,[S0](x)(1 + o(1)) = wa(l +o(l))  as x — 0.

u

Hence Nl
2kIS Y Afu —
lim f U, Andy, = 28 Nl _ (3.37)
n—oo Jo Cy
This implies that U, is the solution of (1.6) with v replaced by v, + kdy. O

Lemma 3.4. Let v = v|q:-+kdy € ﬁJr(Q; [',). Then there exists a unique weak solution to (1.6).

Proof. Following the notations of Lemma 3.3, we set v, = y, v|lq- and denote by U, the solution
of

L+ gu) =v, + ko in Q,
s ’ (3.38)
u=20 on 0Q).
It is a positive function and there holds
max{ugs,, y,} < U,, <u,, +kG,[d] in Q. (3.39)

Since the mapping o — U, _ is decreasing, then there exists U = lim U, and U satisfies (3.39).

o—0

As a consequence U,, — U in L'(Q, le‘ldyﬂ) as o — 0. We take n; for test function in the weak
formulation of (3.39), then

f (7' Uy, +me,,))dy, = f mIudve + ki (0).
Q Q

By the monotone convergence theorem we obtain the identity

fg (™' U + mg()) dy, = fQ md(yvla:) + kni(0) = fg M),

and the fact that g(U,) — g(U) in L'(Q, pdy,). Going to the limit as o — 0 in the weak formulation
of (3.38), we infer that U = u, is the solution of (1.6). O

Proof of Theorem B. Assume v = v|q:+kd, € ﬁ(Q;Fﬂ) satisfies k > 0 and let v, = v,|o-+kdy and
v_ = v_|o- the positive and the negative part of v. We denote by u,, and u_, the weak solutions of
(1.6) with respective data v, and —v_. For 0 < € < o such that B, C Q, we set v, = X5, VLo, with
positive and negative part v, and v,_ and denote by U, U.,, and U, . the respective solutions

o+,€2

of
Lou+gu) =ve, in QF,
u=>0 on 09, (3.40)
U = U, on dB,,

{ Lu+gw) = —vy.  in QF G341

u=0 on 0Q2 U 0B,,
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and
Lu+gu) =v, in QF,
u=>0 on 09, (3.42)
U = Ups, on 0B,,
then
Uy e Uy e U, (3.43)

Furthermore U, . satisfies (3.31) and, in coherence with the notations of Lemma 3.1 with v, replaced
by —vo-,

u-, <U_, =u_, .. (3.44)

By compactness, {U,,  }., converges almost everywhere in Q to some function U for some sequence
{€j} converging to 0. Moreover U, ., converges to U, in L'(Q, |x|‘ldy,,) because U, .,  — Uy, +ks,
andu_, —u_,, in L'(Q, le‘ldyﬂ) by Lemma 3.1 and (3.43) holds. Similarly g(U,, .,) converges to
g(U) in L'(Q, pdy,). This implies that U satisfies

f (UL£ + g(U)E) dy, = f é,dv, forall &€ CH Q).
Q Q

In order to use test functions in Cé’l(ﬁ), we proceed as in the proof of Lemma 3.3, using the inequality
(derived from (3.43)) and the
Uy, < UVD— < Uy, +kso- (345)

By (3.33), u,,, +ksy(x) = kG,[00]1(x)(1 + o(1)) when x — 0 and u_, = o(G,[d¢]) near 0. This implies
U, (x) = kG,[60](x)(1 + o(1)) as x — 0 and we conclude as in the proof of Lemma 3.3 that

u= uv(r+k60-

At end we let o — 0. Up to a sequence {o;} converging to O such that L U almost
everywhere and
u-, <U L uy, ks, (3.46)

Since by Lemma 3.4, u,_, 115, = Uy, +ks, i L' (Q, |x|7'dy,) and g(u,,,, +15,) = 8(thy, +1s,) in L'(Q, pdy,),
we infer that the convergences of Uy, +koy = U and g(uvﬁﬁkéo) — g(U) occur respectively in the same
space, therefore U = u,.4s,, it is the weak solution of (1.6). |

Remark. In the course of the proof we have used the following result which is independent of any
assumption on g except for the monotonicity: If {v,} C M. (Q;T,) is an increasing sequence of g-good
measures converging to a measure v € M, (Q;I,), then v is a g-good measure, {u,,} converges to u, in
L'(Q, |x|"'dy,) and {g(u,,)} converges to g(u,) in L'(Q, pdy,).

3.5. Proof of Theorem C

The construction of a solution is essentially similar to the one of Theorem B, the only modifications
lies in Lemma 3.3. Estimate (3.31) remains valid with

Ugs(X) = ﬁm%” In|x™"' (1 + o(1)) = kG,[5o](x)(1 + o(1)) as x — O. (3.47)
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Since u, (x) < clslxl%TN, (3.32) holds with ¢ > 0 arbitrarily small. Next

f g((k + 8)G,[60)dy,(x) < f g (a2 In x| ) 1xfF" dx
Q B
1
= |SN—1|f0 g (&r = nr ) r¥ar

= c16f g(tInH)r v < oo,
c/

by (3.19) and (1.35). The end of the proof for Theorem C is similar to the one of Theorem B.
O

Proof of Corollary D. If g(r) = g,(r) = |P~'r, p > 1, the existence of a solution with v = kd, is a
direct consequence of conditions (1.34) and (1.35). If £k = 0 and v|[-# O, the existence is ensured if
(1.8) holds, hence p < 7%. Assertion (iii) follows. o

4. The supercritical case

The notion of reduced measures introduced by Brezis, Marcus and Ponce [8] turned out to be a
useful tool in the construction of solutions in a measure framework. We will develop only the aspect
needed for the proof of Theorem E. If k£ € N*, we set

i , 8k if r>0,
gk<r>:{m1“{g(” gy if r> @

max{g(r), g(—k)} if »>0.

Since g, satisfies (1.34) and (1.35), for any v € ﬁJr(Q; I',) there exists a unique weak solution u = u,
of

{ Lu+g(u)=v in Q, “42)

u=0 on 0Q.

Furthermore, from the proof of Lemma 3.4 and Kato’s type estimates Proposition 2.1 we have that

O0<uy, p <,k forall k¥ > k> 0. “4.3)
Proposition 4.1. Let v € M, (Q; I',)). Then the sequence of weak solutions {u,} of

{ Lou+g(u)=v in Q, 4d)

u=0 on 09,

decreases and converges, when k — oo, to some nonnegative function u, and there exists a measure
v e M (;T,) such that 0 < v* < vandu = u,.

Proof. The proof is similar to the one of [8, Prop. 4.1]. Observe that u,; | u* and the sequence
{u,} is uniformly integrable in L'(Q, |x|"'dy,). By Fatou’s lemma u satisfies

f(u*£Z§ + g(u*)f) dy,(x) < ffd(l"ﬂv) forall £ e Xu(Q), &> 0. (4.5)
Q Q
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Hence u” is a subsolution of (1.6) and by construction it is the largest of all nonnegative subsolutions.
The mapping

£ fg (w" L£ + g)€) dy,(x)  forall & € CX(Q),

is a positive distribution, hence a measure v*, called the reduced measure of v. It satisfies 0 < v* < v
and u* = u,-. O

Lemma 4.2. Let v,V € ﬁJr(Q; L. If v <vandv =V, then v = v".

Proof. Let u, ; be the weak solution of the truncated equation

Lou+ g(u)=v in Q,
ult T 8 4.6)
u=0 on 0Q.
Then 0 < u,x < u,x. By Proposition 4.1, we know that u,; | u,» = u, and u,; | u™ a.e. in

LY(Q, |x|"'dy,) and then

-£p(uv,k - uv) + gk(uv,k) - gk(uv) = g(uv) - gk(uv)’

from what follows, by Proposition 2.1,

f (ttyse = )|~ dy,, + f |8 (ttve) = r(uy)mdy, < f lg(uy) = g(u)lmdy,.
Q Q Q

By the increasing monotonicity of mapping k +— gi(u,), we have gy(u,) — g(u,) in L'(Q, pdy,) as
k — +o0, hence

f lgi(uty 1) — g(u,)|mdy, <2 f lg(u,) — gx(u,)lmdy, — 0 as n — oo.
Q Q

Because gi(u, ;) < gi(u,x) it follows by Vitali’s convergence theorem that gx(u, x) — g(u’™) in
L'(Q, pdy,). Using the weak formulation of (4.6), we infer that u™ verifies

L(u”‘ﬁif + g(u’*)f) dy, = Lfd(yﬂv') for all ¢ € X,(Q).

This yields u™* = u, . m|
The next result follows from Lemma 4.2.

Lemma 4.3. Assume that v = v|q-+kdg € ﬁJr(Q;Fﬂ), then v* = v q:+k*0g € ﬁJr(Q;Fﬂ) with v o<
Vlo- and k* < k. More precisely,

(i) If u > o and g satisfies (1.34), then k = k*.
(ii) If u = uo and g satisfies (1.35), then k = k*.
(ii) If u > wo (resp. u = uo) and g does not satisfy (1.21) (resp. (1.35)), then k* = O.

The next result is useful in applications.

Corollary 4.1. Ifv € M, (Q; [,), then v* is the largest g-good measure smaller or equal to v.
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Proof. Let A € ﬁJr(Q;Fﬂ) be a g-good measure, 4 < v. Then 4* = 4 < v*. Since v* is a g-good
measure the result follows. i

Proof of Theorem E. Assume that v > 0. By Lemma 4.2 and Remark at the end of Section 3.5 the
following assertions are equivalent:

(1) vis g,-good.

(i1) For any o > 0, v, = XV is g,-good.

If v, is good, then u,  satisfies

— Auy, +ul = v, — #u in D'(Q") 4.7)

and since u,, (x) < clx[™ if x| < 5§ (4.7) holds in D’(€2). This implies that u € LF(Q) and |x|7u,, €
L*(Bg) for any a < ﬁ Using [1] the measure v, is absolutely continuous with respect to the
o y-Bessel capacity. If E C Q is a Borel set such that ¢, ,,(E) = 0, then ¢, ,(E N B;) = 0, hence

v(EN B) = v,(E N B;) = 0. By the monotone convergence theorem v(E) = 0.

Conversely, if v is nonnegative and absolutely continuous with respect to the ¢, ,,-Bessel capacity,
then so is v, = y,. v. For 0 < € < § we consider the problem

—Au+Lu+u1’:v(, in Q°:=Q\ B,,
on OB, (4.8)
on 0Q.

u
u

0
0

Since # is bounded in Q€ and v, is absolutely continuous with respect to the ¢, ,» capacity there exists
a solution u, . thanks to [1], unique by monotonicity. Now the mapping € + u,_ is decreasing. We
use the method developed in Lemma 3.1, when € — 0, we know that u,_. increase to some u, which
is dominated by G[v,.] and satisfies

—Au + Lu +uf =v, in QF,
4.9)

|x?
u=0 on 0Q.

Because u, < G[v,] and v, = 0 in B, there holds u(x) < ¢},I',(x) in B%, and then u, is a solution in
and u = u, . Letting o — 0, we conclude as in Lemma 3.1 that u, converges to u, which is the weak
solution of

—Au+i2u+u”:v n Q,
| x| (4.10)
u=0 onoQ.

If v is a signed measure absolutely continuous with respect to the ¢, ,-capacity, so are v, and v_.

Hence there exists solutions u,, and u, . For 0 < € < & we construct u,, . with the property that

—U_y e < Uy, e < Uy, Welet € = 0 and deduce the existence of u, which is eventually the weak
solution of

|x|? (4.11)

Aur s ulP'u =v, in Q,
u=0 on 0Q),
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and satisfies —u_, _ <u, <u,, .Letting o — O we obtain that # = lim u,, satisfies

o—0

|2 (4.12)

Au+Pw =y in Q)
u=0 ondQ.

Hence u = u, and v is a good solution. O

Proof of Theorem F. Part 1. Without loss of generality we can assume that Q is a bounded smooth
domain. Let K C Q be compact. If 0 € K and p < pj, there exists a solution u;,, hence K is not
removable. If 0 ¢ K and ¢, ,,(K) > 0, there exists a capacitary measure vy € W™2(Q) N M, (Q) with
support in K. This measure is g,-good by Theorem E, hence K is not removable.

Part 2. Conversely we first assume that 0 ¢ K. Then there exists a subdomain D C Q such that 0 ¢ D
and K ¢ D. Hence a solution u of (1.37) is also a solution of
—Au+ Lyt W u=0 in D\K,
|x?

and the coefficient # is uniformly bounded in D. By [1, Theorem 3.1] it can be extended as a C?
solution of the same equation in Q. Hence, if ¢, ,,(K) = 0 the set K is removable.

If 0 € K we have to assume at least p > py;, in order that 0 is removable and p > py in order there
exists non-empty set with zero ¢, ,/-capacity. Let { € C(l)’l(Q) with 0 < ¢ < 1, vanishing in a compact
neighborhood D of K. Since 0 ¢ Q \ D, we first consider the case where u is nonnegative and satisfies

in the usual sense

A+ turw =0 inQ\D.
|x|?

Taking %’ for test function, we get

/7 ’ zpl ’
—2p f ul* 'Agdx - 2p'2p' - 1) f ul 2\ Pdx + p f ”52 dx + f P uPdx = 0.
Q Q o Ix Q
There holds 1 1
f w " ALdx] < ( f gzl”updx) ( f |A§|P’§P’dx)p ,
Q Q Q
1 5
0< f ul* 2V Pdx < ( f gzl”ul’dx) ( f |Vg|2p’dx) ,
Q Q Q

and

1 1
2p’ , » 2p I
osf”g2 dxs(fg“z”updx) (f%dx) .
o | Q olxl*?
By standard elliptic equations regularity estimates and Gagliardo-Nirenberg inequality [21] (and since

0<<1),

1

(fglAé“lp/{p')p < cirlillwar

(fWﬁzP,dx) < cislldllwz -
o
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Finally, if p > py := ]% then 2p” < N which implies that there exists c¢;9 independent of  (with value

in [0, 1]) such that
1 1
2p 4 dx \7
(fé/z,dX) S(f ;,) = C9.

alxl?? B, XI*P

1
X:(f{zP,ude) ,

o)

X? —(2p'2p" = Deig = p'eig) 1Kllwer X < 05 (4.13)

Next we set

andif u > 0, p > py, we have

and if u < 0, p > pgy, we have

—(2p'Q2p" — Dews — p'eis) el — crop) X < 0. 4.14)

However, the condition p > po is ensured when u < 0 since p > p;, > po. We consider a sequence
{n,} € S(RY) such that 0 < n, < 1, 5, = 0 on a neighborhood of K and such that |77,|ly2» — 0 when
n — oo. Such a sequence exists by the result in [24] since ¢ ,(K) = 0. Let & € C7(€2) such that
0 < ¢ <1 and with value 1 in a neighborhood of K. We take { := £, = (1 —n,)¢ in the above estimates.
Letting n — oo, then £, — & in W>*" and finally

p-1

-1 = (fprlude) < (Zp’(zp’ — I)CIS — p’Clg)”é‘:”Wz’p/ + Ccrot_, (415)
Q

under the condition that p > pg if 4 < 0, in which case there also holds

2p
U 1y < eX. (4.16)
Q |X|2

However the condition p > py is not necessary in order the left-hand side of (4.16) is bounded, since
we have

ul* ,
.Uf |i|2 dx+XP <(2p'@2p" — Dcig — p'cis) I llwar X, (4.17)
Q

and X is bounded.
Next we take ¢ := £, = (1 — n,)€ for test function in (1.37) and get

—f (1 = n)AE — AR, — 2(Vn,, VE)) udx + p de + finupdx =
Q

Since

fu.fAn,,dx < (fu”fdx) 1Mallw2r = 0 as n — oo,
Q Q

P
< (f“prfldX) IVEll=llmallyrr  as n— oo,
Q

and

u(Vn,, Vé)dx
Q

Mathematics in Engineering Volume 1, Issue 3, 391-418.



416

then we conclude that u satisfies

—qufdx+,ufu—§2dx+f§updx:O, (4.18)
Q alx Q

which proves that u satisfies the equation in the sense of distributions. By standard regularity u is C?
in Q*, and by the maximum principle u(x) < cI'y(x) in B,, C €. Integrating by part as in the proof of
Lemma 3.2 we obtain that u satisfies

f (uLyé + ul) dy,(x) = 0 for every £ € X,(Q). (4.19)
Q

Finally, if u is a signed solution, then |u| is a subsolution. For € > 0 we set K, = {x € RV :
dist (x, K) < €}. If € is small enough K. C Q. Let v := v, be the solution of

_Av+%v+vpzo inQ\Ke,

X
v=lullok,  ondK,, (420
V= |u||_ag on (9Q

Then |u| < v.. Furthermore, by Keller-Osserman estimate as in [22, Lemma 1.1], there holds
ve(x) < cppdist (x, KE)_P%l forall x € Q\ K., (4.21)

where ¢;; > 0 depends on N, p and u. Using local regularity theory and the Arzela-Ascoli Theorem,
there exists a sequence {e,} converging to 0 and a function v € C*(Q\ K) N C (Q\ K) such that {ve,}
converges to v locally uniformly in Q \ K and in the C? (Q \ K)-topology. This implies that v is a
positive solution of (1.37) in Q \ K. Hence it is a solution in Q. This implies that u € L7(Q) and
[u(x)| < v(x) < clu(x) in Q. We conclude as in the nonnegative case that u is a weak solution in Q.
O
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