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Abstract: We present a general version of Massera’s theorems for arbitrary discrete domains, based on
a newly introduced definition for both linear and nonlinear equations. For scalar nonlinear equations,
we identify sufficient conditions that ensure each u-bounded solution approaches a periodic solution
asymptotically. In the case of linear systems, we prove that the presence of a yu-bounded solution neces-
sarily leads to a periodic solution. We also provide some examples to show the practical implications of
our findings.
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1. Introduction

The pursuit of periodic solutions in differential equations is a foundational aspect of the qualitative
theory of differential equations, and it has been explored by many researchers, due to its theoretical
elegance and its extensive practical implications in modeling a variety of dynamical systems and types
of differential equations. In 1950, J. L. Massera contributed a seminal paper to the field of differential
equations, where he explored the existence of periodic solutions for ordinary differential equations
characterized by periodic right-hand sides [1]. His analysis focused on n-dimensional systems that
considered a smooth function f that is 1-periodic in the time variable. Massera’s findings yielded
several key insights: i) For scalar equations (where n = 1), the presence of a bounded solution invariably
indicates the existence of a 1-periodic solution. ii) This correlation does not necessarily extend to
systems with multiple equations (n > 1), where the scenario becomes more complex. iii) In the case
of linear systems, similar to scalar equations, a bounded solution does suggest the existence of a
I-periodic solution.

Furthermore, Massera elucidated that, in the case of scalar equations, every bounded solution tends
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toward a 1-periodic solution, a principle that does not universally apply to linear systems. Massera’s
theorem provided deep insights into the behavior of differential systems, and it has inspired numerous
adaptations to a range of equation types, such as functional differential equations [2—4], partial functional
differential equations [3, 6], Liénard equations [7,8], quantum time scales [9], and dynamical systems of
higher dimensions [10].

It should be noted that delay differential equations [11] and externally forced systems [12] can be
used to model nonlinear periodic dynamics in complex systems (see also, for example, [13—15]). These
formulations allow for a more accurate representation of real-world nonlinear behaviors, especially
when periodic solutions are involved. Although Massera’s theorem was originally formulated for
ordinary differential equations only, providing a relation between boundedness, stability, and periodic
behavior in ODEs, its conceptual framework — that boundedness and asymptotic stability imply the
existence of periodic solutions — has been attempted to generalize to these more complex systems such
as functional equations with delay [16, 17] and partial differential equations [18, 19].

However, the application of Massera’s theorem within the context of dynamic equations on time
scales, particularly across all types of discrete time domains, e.g., the so-called isolated time scales,
remains relatively unexplored. Although versions of Massera’s theorem have been developed for time
scales that possess additive properties, the restrictive nature of these properties significantly limits the
scope of applicable time scales, even for discrete ones. More specifically, existing formulations of
Massera’s theorem for dynamic equations on time scales commonly rely on the restrictive assumption
of a periodic time domain so that for all 7 in the time domain T, t + w € T. This is too restrictive, as for
example T = 2o U3t = {1,2,3,4,8,9,16,27,32, ...} does not satisfy this condition for any w, making
a corresponding formulation inadequate for such time domains. In this work, we exploit a recently
developed concept of periodicity [20] to overcome such limitations. Here, we remark that such arbitrary
isolated time domains are specifically relevant for applications in physics, biology, and life sciences in
general [21,22], where processes are described at non-equidistant time points.

It should be noted that a specific iteration of Massera’s theorem tailored to the particular time scale,
the quantum scale T = ¢* (¢ > 1) was developed in [9]. This adaptation is especially significant, since
quantum calculus plays an important role in describing phenomena in quantum physics, underscoring
the importance of this result in both theoretical and applied contexts [23,24].

Prompted by these gaps, this paper aims to expand Massera’s theorem to all types of discrete time
domains, introducing a comprehensive treatment and expanding to other more general extensions.
Through this exploration, we seek to improve the theoretical landscape and enhance the applicability of
this pivotal theorem to a broader spectrum of dynamic equations, which can also be used to deepen the
understanding of some numerical simulations in the search for periodic solutions.

This paper is structured as follows: Section 2 outlines the essential concepts necessary for under-
standing the results presented in this article. Section 3 is dedicated to the nonhomogeneous linear
dynamic equation on time scales, expressed as

(1) = a(t)x(t) + b(t). (1.1

To improve this analysis, we introduce a novel concept of boundedness within the framework of
time scale theory, which is called yu-boundedness. We highlight that in the generalized version of
Massera’s theorem, it is not the traditional notion of boundedness that guarantees the existence of a
periodic solution. Intriguingly, the concept of u-boundedness is consistent with the established notion
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of boundedness for T; = Z, as well as with the concept of g-boundedness for T; = ¢ where g > 1.

This introduction of pu-boundedness is crucial for extending Massera’s theorem to encompass any
isolated time scales, applicable to both linear and nonlinear versions. This generalization not only
broadens the applicability of the theorem but also deepens our understanding of dynamic equations
across diverse discrete time scales. Besides the required new concept of u-boundedness, the present
work also established novel conditions for the functions a and b, as seen in (1.1), to be satisfied in the
formulation of Massera’s theorem on isolated time domains. We remark that these conditions replace
the classical periodicity condition in the traditional formulation of Massera’s theorem. Specifically, we
require that the function a: T; — R satisfies the condition

u

and the function b: T; — R satisfies the condition

(a + l)aA eP,, (1.2)

bu” € P, (1.3)

These conditions, however, coincide with the classical conditions of periodicity in the special cases of a
discrete time domain Z with equidistant time points and the quantum time domain ¢"° (g > 1).

We note that in this work, we exploit the recently introduced concept of periodicity in [20] that
differs from the definition in [25]. The interested reader is referred to the discussion in [20, appendix],
specifically Example A.6. Furthermore, unlike the approach taken here, in the recent paper [26], the
author proves Massera’s theorem for both linear and nonlinear dynamic equations on time scales.
However, the conclusion reached in that work defines the solution’s periodicity in a different sense
than what is used here. The author assumes A-periodicity for the functions as a hypothesis in the sense
of [25], but the resulting periodicity for the solution aligns with the definition provided in [25]. On the
other hand, another substantial difference is related to the different concept of boundedness employed
in [26] to achieve the results, while here we work with yu-boundedness. These remarks make the results
substantially different. For further details on this and the relationships between the different concepts of
periodicity, we refer to the discussion in [20, appendix].

We present a generalized version of Massera’s theorem for linear dynamic equations on all types
of isolated time scales. This version asserts that the existence of a u-bounded solution necessitates the
existence of an w-periodic solution, and conversely. Our approach involves applying the Brouwer
fixed point theorem. We conclude the third section by demonstrating some examples that illustrate
our main results.

In Section 4, we explore Massera’s theorem for nonlinear dynamic equations on all types of isolated
time scales, which are described by

XA = [, u(0)x(0)). (1.4)

We supplement this discussion with examples to clarify and highlight the practical implications of
our findings.

The final section provides a conclusion that delves into our findings, with their limitations, and
proposes potential future research directions related to this topic. This section aims to encourage further
exploration into the dynamics of equations on isolated time scales.

We finish the introduction explaining some important notations that will be used in the entire paper
(for details, see [21,22]).
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Notation.

e T is a time scale, that is, a closed nonempty subset of R;

T, denotes isolated time scale, that is, all points in T; are right-scattered and left-scattered at the

same time;

e o:TH>T, o) =inf{seT: s>t}

o u: TR ut):=0(@) -t

o f7: TR, f7:=foo;

e T =T\ {M}if T has a left-scattered maximum M, otherwise T = T;

e ¢,(t, 1) is the exponential function for p € R and #y, ¢ € T, that is, the unique solution of the IVP
YA = p(t)y, y(t) = 1 (see [22, Theorem 2.33]);

o v: T, - T, v(t) = o“();

e R denotes the set of all rd-continuous regressive functions, that is, all functions p: T — R such
that 1 + u(t)p(t) # 0O;

e R* denotes the set of all rd-continuous positively regressive functions, that is, all functions
p: T — Rsuch that 1 + u(t)p(t) > 0;

o P, =P =P(T;,R) denotes the set of all w-periodic functions f: T; — R, that is, all functions
that satisfy v2p” = p.

For the definition of A-derivatives, A-integrals, and their properties, we refer to [21,22].
2. Preliminaries

In this section, we present some properties that will be used to prove the main results. We assume
that the reader has some familiarity with the theory of time scales. For a more in-depth exploration of
this theory, we refer to [21,22].

Let ¢,y € T; and p € R. Then the exponential function satisfies e, (z, 79) = []ejsy.nr, (1 + 1(5)p(s)),
for t > ty. In addition, if p € P, then e,(v(1), 1) is independent of ¢ € T; and e, (v(?), v(s)) = e,(t, s) for
all s, € T,. Let p € $,. Then ft Yo p(T)At is independent of t € T and fv Zf;) p(T)AT = fA t p(T)At for all
s,teT.

Theorem 2.1. Leta € Rand b: T; — R. Assume (1.2). If (1.1) has a nontrivial w-periodic solution,
then (1.3) holds.

Theorem 2.2. Let a € R and assume (1.2). For ty € T}, we have

VA(to)
e,(v(1), 1) = e, (v(ty), lo)A— forall teT,. 2.1
VvA(E)
Moreover, we have
VA(s)
e,(v(1), v(s)) = ey(t, s) forall s,teT,. 2.2)

VA(D)
Lemma 2.3. Ifb: T; — R, then b satisfies (1.3) if and only if

VYA = b, (2.3)
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Theorem 2.4. Leta € Rand b: T; — R. Assume (1.2) and (1.3). If (1.1) has a solution x that satisfies
VA1) x(W(ty)) = x(to) for some ty € T, then x € P,

Theorem 2.5. If a € R, then a satisfies (1.2) if and only if

VAR 1A = VA, 2.4)
3. Massera’s theorem for linear dynamic equations

In this section, our goal is to prove Massera’s theorem for linear dynamic equations of the form (1.1)
on isolated time scales. We will first present some auxiliary results.

Definition 3.1. A function x: T; — R is called u-bounded if there exists K > 0 such that u(t)|x(¢)| < K
forallt € Ty.

Remark 3.2. At first glance, the concept of boundedness might seem unconventional. However, in the
case of T; = Z, this concept aligns perfectly with the traditional notion of a bounded solution since
u(t) = 1. Similarly, for AZ, with u(t) = h. For the quantum case, where u(t) = (¢ — 1)t, it aligns with a
g-bounded function, introduced in [9].

This observation allows us to confidently affirm that our concept of boundedness is consistent with
established definitions found in classical cases of time scales in the literature. We note that the concept
of u-boundedness, albeit crucial for the arbitrary isolated time domain, is not relevant as a new concept
in the traditional formulations of Massera’s theorem for differential or even difference equations. In
these special cases, the concept of traditional boundedness suffices.

Definition 3.3. We say that a linear dynamic equation given by (1.1) is w-periodic whenever a: T; — R
satisfies (1.2) and b: T; — R satisfies (1.3).

Before proceeding, we clarify what it means for an equation on an isolated time scale to be w-periodic
in this context. In the case of T, = Z, this condition simply means that both a and b are w-periodic.
Conversely, for T; = ¢, the periodicity conditions are expressed as

a+ eP, and b(g*-q)teP,.
( (q_l)t)q @ -9

This formulation provides a precise definition of w-periodicity within these specific time scales.
In the sequel, we present our main result of this section. It is a version of Massera’s theorem for
linear dynamic equation (1.1). In its proof, we use the following well-known fixed point result.

Theorem 3.4 (Brouwer’s Fixed Point Theorem). For any continuous function I mapping a compact
convex set into itself, there exists an x in that set satisfying I'(xy) = Xo.

Theorem 3.5. Assume (1.1) is w-periodic and v*(ty)x(v(ty)) = x(ty) for some solution x of (1.1). Then
X is w-periodic.

Proof. Let x be a solution of (1.1) satisfying v*(ty)x(v(t)) = x(ty). Define f(¢) = v2(£)x(v(1)) — x(¢) so
that f(7y) = 0 and

A0 = AAOx0(0) + VA O - X0
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= 2OX @) + VOV (X (1)

+ VAV (O (1) — a(t)x(t) — b(t)

X (OO + VOV (1A’ (1) — at)x(t)
X (HAMa() - a)x(t) = a(n) f(1).

23)

@4

Hence, f(f) = 0, which implies that v()x(v(t)) — x(t) = O for every t € T;, proving the result. O

Theorem 3.6 (Massera’s Theorem for Linear Dynamic Equation). The w-periodic linear dynamic
equation on time scales (1.1) has an w-periodic solution if and only if it has a u-bounded solution.

Proof. First, let us assume (1.1) has an w-periodic solution x. Define
K := max u(c(1)x(c(t))l.
0<k<w-1

Let t € T, such that ¢ > #,. Then there exist n, k € N with 0 < k < w — 1 such that t = v*(c*(¢,)). Thus,
U’ @] = u(" (T (to)|x" (0% (1)) = u(o*(ty))x(c*(ty))| < K. Hence, x is u-bounded. Reciprocally,
assume (1.1) has a u-bounded solution X. Then there exists K > 0 such that u(#)|%(¢)] < K for all t € T}.
Define

Q:={xp € R:|xo| < K, u(®|x(t, xo)| < K forall t € T},

where x(-, xp) is the unique solution of (1.1) with x(#y) = xo (see [21, Theorem 2.77]), i.e.,

x(t; x0) = ey(t, t9)xy + f e (t,0(8)b(s)As.

fo

Since X(ty) € Q, we have Q # (. Since Q C R is closed and bounded, it is compact. Now, we will show
that Q is convex. Let x;,x, € Qand 0 < @ < 1. Then

lax; + (1 —a)x| <alx |+ (1 —-a)|lx <aK+(1 -a)Kk =K

and

MO, ax; + (1 — a)x)| t

e, (t, D(ax; + (1 —a)x,) + f e (t, o(8)b(s)As
1

IA

u()

a[ea(t, 1Dx; +f e (t, cr(s))b(s)As] +
1

+ (1-a [ea(t, Dx, + f e (t, O'(S))b(S)AS]
1

= u(®)|ax(t, x;) + (1 — a)x(t, x,)|
= au@)|xt, x)| + (1 — a)u@)|x(t, x,)|
< aK+(1-a)K=K

for all t € T;. So ax; + (1 — @)x, € Q and hence, Q is convex. Define now P : Q — R by

Vv(io)

P(x0) = V™ (to)x("(t0); X0) = V™ (to)e(v(to), to)Xo + V™ (to) f e(v(to), o7(5))b(5)As.
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Since P is linear, it is continuous. Let xo € Q. Since u(?)|x(t; xo)| < K for all t € T;, we have
|P(x0)| = V2(t0)x(v(ty)); xo)| < K. Moreover, using [21, Theorem 2.77], we obtain

x(t; P(x0)) = ea(t, 1) P(xo) + f eq(t, 7(5))b(s)As

fo
v(to)

= eq(t, 1) {VA(to)ea(V(to), f0)xo + v*(to) f ea(v(1o), U(S))b(S)AS}

+ fea(t,O'(s))b(s)As

fo
v(fo)

= eq(t, 10)V*(1)e (1), )Xo + e, (v(1), V(t0))V* (1) f ea(V(1o), o (5))b(s)As

V(1)
+ f VA(D)e,(v(1), o(5))b(s)As

(to)

V(1)

=vA(1) [ea(V(t), fo)Xo + f eq(v(1), U(S))b(S)AS] = vA(O)x(v(1); x0)
to

which implies p(1)[x(t, P(xo))| = pu(v(t)lx(v(1); xo)| < K for all + € T;. Hence P(xo) € Q. Thus

P : Q — Q. By Theorem 3.4, P has a fixed point in €, i.e., there exists X, € Q with x(y; Xy) = X =

P(%) = v*(t9)x(v(ty); Xo). By Theorem 2.4, ¥ = x(-, %) is an w-periodic solution of (1.1). O

From a computational perspective, Theorem 3.6 is powerful as it allows us to check for bounded
solutions, which are usually easier to identify in simulations than periodic solutions.
For the case T = Z, Theorem 3.6 can be read as follows.

Corollary 3.7. The w-periodic linear difference equation
Ax(t) = a(t)x(t) + b(t)

has an w-periodic solution if and only if it has a bounded solution.

Example 3.8. Consider, for example, (1.1) with

T=2,  a(t)= sin(zﬂ), b(1) = cos(t—n). (3.1)
w w

Note that a is classically w-periodic and b is classically 2w-periodic. Then, Theorem 3.6 implies that
there exists a bounded solution if and only if there exists a 2w-periodic solution. However, if we change
the time domain to T; = 2™ U 1.5, the coefficients no longer satisfy the conditions (1.2) and (1.3) to
apply Massera’s theorem, Theorem 3.6. A visualization of this distinction is provided in Figure 1, where
we chose w = 3. The left panel illustrates solutions to three different initial conditions in the case of a
classically discrete time domain T; = Z. Since (1.2) and (1.3) are satisfied, we can conclude that since
the solution is bounded, there must exist a 6-periodic. However, if we change the time domain to be some
(here: randomly chosen) isolated time domain, the same coefficients are now not satisfying conditions
(1.2) and (1.3) so that Theorem 3.6 cannot be applied. Thus, just because the solutions in the right panel
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seem bounded, we cannot conclude that there exists a 6-periodic solution. In fact, if there were to be a 6-
periodic solution, then x(#y)u(ty) = x(ts)u(ts). Iterating back x(#s) to x(ty) yields, for this particular time
domain in the right panel, that x(#y) ~ —1.0709. However, since it also must satisfy x(¢, )u(t;) = x(t7)u(t7),
we require x(t1) = 1.3641 # x(to)(u(to)a(ty) — 1) + u(to)b(ty) = (a(l) — 1) + b(1) = 0.8758. Thus, there
does not exist a 6-periodic solution despite the existence of a seemingly bounded solution.

Solution to x(t + 1) = (a(t) — 1)x(t) + b(t) Solution to x(tj+ 1) = (u(t)a(t;) — 1)x(t;) + u(t)b(t;)

4 —e— Xx1(t) 0 —— x1(t)
3 —e— X2(t) w —e— x2(t)
, —e— x3(t) —— x3(t)

t 8 10 12 1 [ 10 20 ¢ 30 40 50
Figure 1. Color-coded solutions to three different initial conditions. Here, w = 3
so that the coefficients are 6 periodic. Although the dynamic equation is the same
for both images, the time domain in the left panel is T, = Z, in which case the

coefficients satisfy (1.2) and (1.3) so that Theorem 3.6 can be applied. On the
right panel, T; is a randomly chosen isolated time scale with time points T; =
{1,2,3.4,6.6,7.9,9.1,12.3,14.1,15.5,16.5,17.3,18.9,21.1,25.4,26.3,29.1, .. .}. In this case,
(1.2) and (1.3) are not satisfied.

Example 3.9. Consider, for example, the classical Beverton—Holt model

Kpx;
Xey] = 50—————
T K+ (- Dx,

that is used in the study of population models, describing the relation between the next generation
X;+1 and the previous generation x; [27]. A solution to this nonlinear recurrence can be obtained by
the substitution u, = =, which results in the linear recurrence u,,; = pu, + % e [28] which allows the
applicability of our formulatlon of Massera’s theorem, Theorem 3.6, to gain 1n51ghts into solutions of
the original model. This example also highlights the relevance of studying isolated but arbitrary time
domains. Based on its original derivation, p = e’ > 1, where T is the mean time it takes for newborns
to become adults and therefore replace the previous generation [27]. While the classical formulation in
discrete space, where time points are equidistant, assumes that it always takes exactly a time length of T’
to replace a generation (i.e., T is the generation time), external factors may speed up or slow down the
process of generation time so that it truly should be 7 rather than 7. In this case, not only would p be
truly time-dependent, but also, x,,; (which is the replacement for x,,7) should be x,_,.

For the case T = qNO, one can rewrite Theorem 3.6 as follows.

Corollary 3.10. The w-periodic linear difference equation
xA(t) = a(®)x(t) + b(?)

has an w-periodic solution if and only if it has a g-bounded solution.

Mathematical Biosciences and Engineering Volume 22, Issue 7, 1861-1874.



1869

Example 3.11. Consider the dynamic equation on an isolated time scale

Ao (5o (t) — o*(t) — 40)x + 2

3.2
D) 3-2)
Notice that (3.2) is in the form (1.1) with
4 1
- — b(t) = ———.
a0 = e® O = e
Clearly, a € R since
4u(r)

1 =
HHan = o)

because of u(r) > 0 for all € T. Also, clearly
1 A 4 2
(a+—)<rA =42 =2 eP, and by’ =-€P,,
7 ueop 7
so (1.2) and (1.3) are satisfied. Thus, by Theorem 3.5, the solution x of (3.2) satisfying v2(f)x(v(ty)) =
x(tp) is w-periodic. Therefore, Theorem 3.6 implies the existence of a u-bounded solution.
Example 3.12. Consider the linear dynamic equation on a time scale
x(1) N 1
u® (o)

Here, a(?) = —ﬁ satisfies (a + i)a‘A =0 e P and b(t)u(o()) = /ﬁ Therefore,

K1) =

(3.3)

1
- =b .
Ho@) o OHe)

Hence, bu” € ;. The solution of (3.3) is given by x(7) =

A (OO0 (1) = (1)

1
M7
Theorem 3.6 implies the existence of a 1-periodic solution. On the other hand, clearly x(7) = /ﬁ is
1-periodic.

which is clearly u-bounded. Therefore,

4. Massera’s theorem for nonlinear dynamic equations on time scales

In this section, we aim to prove a version of Massera’s theorem for nonlinear dynamic equations on
isolated time scales. We therefore consider (1.4) subject to the hypotheses

(H1) f: T; xR — R is continuous with respect to the second variable.
(H2) For each fixed x € R, assume v*(t)V2(1) f(v(2), x) = f(t, x) for all € T;.

We note that if T; = Z, then assumption (H2) is equivalent to requiring that f is w-periodic (in the
classical sense) in its first variable, that is, f(¢ + w, x) = f(t, x) because in this case, v(f) = ¢t + w and
¥4 = 1. However, for arbitrary isolated time domains T;, assumption (H2) is a new assumption not
immediately obvious from its corresponding formulation of the discrete nor the continuous formulation
of Massera’s theorem.

The following auxiliary results will be useful.
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Lemma 4.1. Assume (HI1)—(H2) and v** = 0. Then the following assertions hold.

() If x is a solution of (1.4), then so is y defined by y(t) := v*(£)x(v(1)).
(i) Equation (1.4) has an w-periodic solution if and only if there exists a solution x of (1.4) and
to € T; with VA(tQ)X(V(f())) = x(tp).

Proof. Let us start by proving (i). Let x be a solution of (1.4) and define y(¢) := v2(t)x(v(¢)). Then, by
the product rule,

VO x((o (1)) + VAOVA (XA ((1))
Ay _ A
- vA<t>%x<v<am» FAOA DX (D)
= VAOVADO L0 L)X (D))
= f(t, u(@®)y(0),

YAt

proving our result.

Now, let us prove (ii). Suppose (1.4) has an w-periodic solution x. Then, clearly for any 7, € T;, we
get vA(10)x(v(to)) = x(to).

Reciprocally, assume that x is a solution of (1.4) satisfying v*(ty)x(v(ty)) = x(t,) for some t, € T;.
Then, by (i), y() = v*(£)x(v(?)) is also a solution of (1.4) that satisfies y(ty) = v*(t9)x(v(ty)). Therefore,
by the uniqueness of solutions, it follows that y(#) = x(¢) for every t € T}, so x is w-periodic. m|

In the proof of our main result below, we also use the hypothesis
(H3) Forall t € Ty, x < yimplies x + u(t) f(t, ux) <y + u(t) f(t, wy).
Lemma 4.2. Assume (H3). Then x(1) < y(1) implies x(t) < y(¢) for all t € T}.

Proof. By induction, x(1) < y(1) is given. Now suppose that x(#) < y(¢) holds. Then x(o(t)) =
x(t) + u(@) f(t, u(@®)x(2)) < y(2) + u(0) f(t, u(t)y(¢)) = y(o(t)), obtaining the desired result. O

Lemma 4.3. If x;() = (V)2(O)x(V'(t)) for all t € T;and i € N, then for all t € T; and i € N, we have
X1 (1) = V2O x;(n(1)).

Proof. For i = 1, it follows directly. Notice that (v/)2(f) = % Therefore, we have

pOMN@D) o G(OuO(D)
a0 x(v(D) = () =

proving the desired result. O

X1 (D) = VA X ((1)),

Theorem 4.4. Assume (H1)—(H3). If (1.4) has a u-bounded solution, then it has an w-periodic solution.

Proof. Let x be a u-bounded solution of (1.4). Hence there exists K > 0 with u(#)|x(#)] < K for all
t € T;. Define the sequence of functions {x,} by x,(t) = (V" )2(£)x("'(t)) on T; for n € Ny,

Since x,.1(t) = (V)2(1)x,(v(2)) for all n € N, Lemma 4.1(i) shows that each x,, n € N, is a solution
of (1.4). Moreover, since x is u-bounded and |x, ()| = (V)2(®)|x(V*(1))| < ‘%Ix(v"(t))l < ﬁ, it follows
that for n € Ny, each x,, is bounded.
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First, assume x(fy) = x;(t). Then x(ty) = v*(t9)x(¥(ty)) and by Lemma 4.1(ii), x is w-periodic. Next,
assume x(#p) < x;(tp). Then by Lemma 4.2, x(¢) < x;(¢) for all # € T;. Hence x(+v"(¢)) < x;(v"(¢)) for all
t € Ty, so that

OEOX (D) < (P00 (1)
AV (O)x((D)
L) D)

w0 aoray @

+1
HOZO) 1 (1)) = 30010 @.1)
(1)

for all € T;. Thus, for each ¢ € T}, {x,(¢)}>2, is increasing and bounded, so we have lim,_,., x,(¢) = X(7)

pointwise for # € g, where ¥ is some function defined on T;. We have

o) - X1 _ lim X(0(1)) = Xu(1) _ lim x(5)
u(t) e (D) e

lim f(t, p(0)xa(0)) = f(1, () 3(1))

X, (1)

B =

for each t € T}, as f is continuous in the second variable. So x¥: T; — R solves (1.4). Moreover,
VAOF(()) = lim, e V2 (0)x,(v(£)) = lim,_,« X1 () = F(?) for each t € T, so ¥ is w-periodic. Finally,
arguing similarly for the last case, x(1) > x;(1), we obtain an w-periodic solution. O

Remark 4.5. 1f we replace the condition (H3) by
(H4) f(t,u(t)x) > 0forallr € T, and x € R,

then it is not difficult to prove that the sequence {x,} obtained in the same way as in the proof of Theorem
4.4 is increasing and therefore satisfies the inequality (4.1). The rest of the proof follows in the same
way as the proof of Theorem 4.4.

5. Conclusions

This paper extends some of the classical Massera theorems to dynamic equations on arbitrary isolated
time scales by utilizing a newly introduced definition in [20] that adapts to the unique characteristics
of these scales. We provided conditions for scalar nonlinear equations that guarantee that every
bounded solution will asymptotically approach a periodic solution. This finding not only strengthens
the theoretical underpinnings of dynamic systems theory but also provides practical insights into the
behavior of such systems under non-standard conditions.

For linear systems, our results confirm that the existence of a bounded solution is a robust predictor
for the emergence of periodic solutions. This relationship underscores the utility of the general version
of Massera’s theorem in predicting and analyzing the stability and long-term behavior of linear dynamic
systems on isolated time scales.

We remark that several extensions of this work are possible. For example, in the case of nonlinear
dynamic equations on isolated time scales, the formulation to bridge the existence of bounded solutions
to the existence of periodic solutions relied on the assumption that the nonlinear function determining
the dynamics satisfies an identity provided in (H2). It would be interesting to explore to what extent this
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assumption can be relaxed. More broadly, limitations of the presented work include the assumption of
an arbitrary, yet discrete, time domain; the formulation for scalar systems; and the time scales analogue
of ordinary differential equations. Future work could focus on extending this work to arbitrary, not
necessarily discrete, time domains consisting, for example, of unions of continuous intervals and discrete
points. Other extensions could focus on the formulation of the theorems to higher dimensions, which
also requires the corresponding formulation of periodicity in higher dimensions [20,29]. We remark that
this would also allow the study of Massera’s theorem for delay dynamic equations, as delay equations
on arbitrary yet discrete time domains can be expressed as higher-order systems.

In general, our extension of Massera’s theorems opens new avenues for exploring more complex
dynamic systems where the interplay of nonlinearity and time-scale dynamics presents sophisticated
challenges. Providing other formulations of Massera’s theorem to arbitrary isolated time scales may
be another future direction. The framework established here is meant to lay the groundwork for such
potential future studies into the stability, control, and optimization of such systems, since periodicity
and boundedness are key in investigating those properties.
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