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Abstract: Performing complete deconvolution analysis for bulk RNA-seq data to obtain both cell type
specific gene expression profiles (GEP) and relative cell abundances is a challenging task. One of the
fundamental models used, the nonnegative matrix factorization (NMF), is mathematically ill-posed.
Although several complete deconvolution methods have been developed, and their estimates compared
to ground truth for some datasets appear promising, a comprehensive understanding of how to circum-
vent the ill-posedness and improve solution accuracy is lacking. In this paper, we first investigated the
necessary requirements for a given dataset to satisfy the solvability conditions in NMF theory. Even
with solvability conditions, the “unique” solutions of NMF are subject to a rescaling matrix. Therefore,
we provide estimates of the converged local minima and the possible rescaling matrix, based on infor-
mative initial conditions. Using these strategies, we developed a new pipeline of pseudo-bulk tissue
data augmented, geometric structure guided NMF model (GSNMF+). In our approach, pseudo-bulk
tissue data was generated, by statistical distribution simulated pseudo cellular compositions and single-
cell RNA-seq (scRNA-seq) data, and then mixed with the original dataset. The constituent matrices
of the hybrid dataset then satisfy the weak solvability conditions of NMF. Furthermore, an estimated
rescaling matrix was used to adjust the minimizer of the NMF, which was expected to reduce mean
square root errors of solutions. Our algorithms are tested on several realistic bulk-tissue datasets and
showed significant improvements in scenarios with singular cellular compositions.

Keywords: nonnegative matrix factorization; data analysis; geometric structure; complete
deconvolution; bulk RNA-seq data
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1. Introduction

1.1. Biological background

RNA-seq data plays a crucial role in advancing our understanding of biological processes [1-3], dis-
ease mechanisms [4, 5], and therapeutic interventions [6, 7] by providing comprehensive insights into
tissue-level gene expression patterns [8—10]. With the rise of single-cell RNA(scRNA-seq) technolo-
gies, direct genome-wide measurement of transcriptome in individual cells and characterization of their
heterogeneity is enabled. However, scRNA-seq analysis is greatly susceptible to the high cost, limited
high-quality samples, or technical biases [11-13]. Compared to scRNA-seq, bulk tissue RNA-seq is
more cost-effective for large-scale studies involving numerous samples. It offers a balance between
depth of coverage and cost, making it suitable for studies requiring analysis of gene expression across
multiple conditions or time points. However, tissues are composed of diverse cell types, each with
its own gene expression signature, so this complex nature of bulk tissue samples under investigation
remains as a major obstacle. Bulk tissue RNA-seq, although it captures the cumulative gene expression
profiles (GEP) from all cells within the sample, cannot distinguish individual cell types and contains
no information cellular composition [14-16]. For example, features of Alzheimer’s disease include
amyloid-beta plaques and neurofibrillary tangles, along with neuronal loss and gliosis in the affected
brain regions; thus, transcriptome-wide GEPs are different from the brain tissue of patients and neu-
ropathologically normal controls. It is critical to recognize such differences in order to discover genes
and biological pathways that are perturbed in and/or lead to Alzheimer’s disease [8,10,17-19]. One of
the important tools to unveil these differences is Differential expression (DE) analysis, which reveals
novel insights into the genes and pathways, and is potentially helpful for drug targets therapeutics.
However, the question whether disease-associated GEP changes in brain tissues are due to changes in
cellular composition of tissue samples, or due to GEP changes in specific cells, e.g., central nervous
system cells, remains a fundamental knowledge gap for DE.

To leverage bulk-tissue data while obtaining information from specific cell types, deconvolution
[6, 17, 19-22] of bulk-tissue RNA-seq data has emerged as a powerful computational approach in
the field of transcriptomics, offering insight into the cellular composition of complex tissue samples.
Deconvolution methods aim to computationally dissect bulk-tissue RNA-seq data and estimate the
relative proportions of different cell types contributing to the observed expression patterns.

In recent years, numerous deconvolution techniques have been developed and they can be classified
from different perspectives. In terms of mathematical methodologies, they can be grouped as linear
regression-based methods [23, 24], non-negative matrix factorization (NMF) methods [25], Bayesian
Approaches [26], or various machine learning approaches [27,28]. From whether other data sources are
used, they can be classified as reference-based (partial deconvolution) [23,24,26,29] and reference-free
methods (complete deconvolution) [25,30,31]. Further, different types of references can be used, such
as marker gene [32], scRNA-seq [23], or gene expression variability [29]. Additionally, deconvolution
methods may provide different outputs, some result in qualitative cellular fractions [23, 24,26] while
others only provide scores [27,28]. Some offer in silicon purification of sample-wise GEP [24, 26,
29], while the rest do not. These methods vary in their assumptions, computational complexity, and
accuracy. A comprehensive review can be found in [33,34]. Although these models are successfully
applied in many biological problems, the underlying mathematical challenges, especially in complete
deconvolution, are still open problems. In our work, we focus on the non-negative matrix factorization
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(NMF) based complete deconvolution models.
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Figure 1. Diagram of complete deconvolution of bulk tissue data.

1.2. The mathematical problem and challenges

Many studies of NMF have been established for various types of data in other fields, such as spectral
unmixing in analytical chemistry [35], remote sensing [36], image processing [37], or topic mining in
machine learning [38]. This complete deconvolution problem [17, 19-22] of bulk-tissue RNA-seq is
illustrated in Figure 1 as the NMF model [35,39,40]. In this work, the expression of a gene in a sample
tissue is assumed to be the linear combination of its expressions in the constituting cell types, with
respect to the cell proportion, i.e.,

giFZCz:yPy,p I<i<N, l<j<n, (1.1)

where g;; and c;, are the GEPs of gene i in the j-th sample and y-th cell type, respectively, while
Dy.j 1s the proportion of the /-th cell type in the j-th sample. For the total number of genes N, total
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number of samples n, and the number of cell types k, we usually have N > n > k. In matrix form,
Equation (1.1) is represented as G = CP with all matrix entries being non-negative. Given data G,
both variables C and P are to be solved simultaneously. This is also termed as NMF-based reference-
free complete deconvolution. Note that in many applications, matrix C is assumed to be known based
on some available sources such as scRNA-seq data and only P is computed. This is called reference-
based partial deconvolution, which is just a least square/linear regression problem and will not be
termed as NMF model. Partial deconvolution is always well-posed, and it is generally more accurate,
if the reference C is accurate. However, when reference is not consistent with the true value of C, the
convolution result is not reliable.

The NMF is strongly ill-posed, and solutions are generally not unique. Such non-uniqueness poses
great challenges on solution interpretability: For RNA-seq data, different solutions represent various
combinations of GEPs in each cell type and cell proportions in tissues. It is indispensable to obtain
meaningful explanation of these biological quantities to the next step DE analysis. Although many
NMF based bulk-tissue RNA data deconvolution algorithms have been developed recently [6,41-46,
50,51] for different types of samples [48,49], the underlying mathematical challenges have never been
addressed.

There are a few guidelines to reduce such ill-posedness in a certain degree. As stated in [52], if
the constituent matrices C and P satisfy sufficiently-scattered conditions (see Section 2 for details), it
is possible for the NMF problem to have unique solutions, subjective to row/column scaling and per-
mutation ambiguities of the solution. Fortunately, this identifiability condition on matrix C is usually
satisfied due to the concept of marker genes in the RNA-seq data. Based on this fact, a geometric
structure guided NMF model has been proposed to enhance the identifiability of solutions, by recog-
nizing marker genes (finding structure) first and then enforcing the identifiability condition of matrix C
(preserve the structure) accordingly. However, on the other side, the sufficiently scattered requirement
on matrix P will almost certainly be violated for realistic bulk tissue data: In many cases, there are
usually

e Rarely presented cell types across tissue samples, i.e., matrix P may contain a nearly-zero row
vector;

e There also could be correlated cellular proportions in tissue samples, i.e., matrix P may have
linearly dependent rows.

These common biological features could cause severe instability and inaccuracy in deconvolution al-
gorithms. In this work, we call the bulk-tissue data singular data, if its constituent cellular composition
(matrix P) has above characteristics.

1.3. Objectives, notations, and organization

Our objective of this current work is to develop reliable and robust deconvolution algorithms for the
aforementioned singular data, based on the geometric structure guided NMF (GSNMF) model. The
essential idea is to construct pseudo-bulk tissue data with regular cellular composition and then the
GSNMF model is applied on the combined original singular data and regular data. The overall hy-
brid data is thus regular, since both constituent matrices C and P satisfy the identifiability conditions.
Specifically, our approach is achieved from the following steps: (1) Connection between scRNA-seq
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and bulk tissue RNA-seq data is investigated, and a stochastic algorithm is developed to generate
pseudo-bulk tissue data; (2) since the NMF is a non-convex optimization problem, and its solution
heavily depends on the initial condition, the relation between initial guess of solution and its con-
verged results is discussed, and an informative initial condition is suggested accordingly; (3) based on
the suggested initial condition, it is possible to estimate the qualitative difference between converged
solution and true solution and hence a posterior rescaling process may increase solution accuracy.

Throughout the paper, a bold lower-case letter, such as x, represents a column vector with the
appropriate dimension, and |x| represents its /, norm. Vector 1 is a column vector of some dimension
with all entries being one. For a matrix A, ||A||r represents its Frobenius norm, A, and AY mean its
i-th row and j-th column, respectively.

The paper is organized as the follows: In section 2 we briefly review the NMF, its graphic interpre-
tation, and its separability conditions. Section 3 presents the proposed pseudo-bulk tissue augmented
geometric structure guided complete deconvolution model. Solution analysis and its insights in bio-
logical background are provided in Section 4, including dependence on informative initial conditions
and solution estimates. As validations, in Section 5, we provide numerical results of the proposed
model and algorithms for both synthetic and biological data. The paper ends with a conclusion in Sec-
tion 6, where potential challenges of the work and possible future research directions are discussed.
For convenience, some frequently used acronyms throughout the paper are listed in Table 1.

Table 1. Some frequently used acronyms.

GEP Gene expression profile
DE Differential expression
NMF Nonnegative Matrix Factorization

GS-NMF | Geometric structure constrained NMF
ADMM | Alternating direction method of multipliers

2. Theoretical foundations in the NMF model

2.1. NMF model review

Let matrix G € RV with entry g;; be the expression of the i-th gene in the j-th sample; matrix
C € RM* with entry ¢;; be the reference expression of the i-th gene in the j-th cell type; and matrix
P € R with entry p;; be the proportion of the i-th cell type in the j-th sample. Assume dimensions
N > max (n, k) and the following linear relation:

G=CP+e 2.1)

where € is noise. Complete deconvolution is the problem that given bulk tissue data G € RY*", solve
for the constituent matrices C and P, i.e.,

(C*,P") = argmin §(CP,G) 2.2)

k
CeRY<k PeRhm

where RY** or R®" represent matrices with nonnegative entries and (-, -) is a cost function. Usually,
the cost function is chosen based on prior knowledge about the probability distribution of the data
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noise and susceptibility to outliers. In actual applications, the minimization process is considered as
a maximum likelihood estimator for additive Gaussian noise when the Frobenius norm is used. On
the other hand, when noises are Poisson processes, the Expectation Maximization (EM) algorithm and
maximum likelihood [53] leads to the I-divergence [54] cost function. Or the cost function can be
taken as row-wise or column-wise /; norms of the difference matrix [43] if noises follow Laplace dis-
tribution. As summarized in [55], other choices include Earth Mover’s distance metric, a-divergence,
B-divergence, y-divergence, ¢-divergence, Bregman divergence, and a-B-divergence. In this work, we

1
focus on how to handle data singularity and structure, so we only use 6(CP,G) = EHG - CPII% for

simplicity. The NMF is well-known to be ill-posed, and the solution is not unique or identifiable: if
(C*, P*) is a local minimum to (2.2), then for any Q € R**, C = C*Q and P = Q~'P* are also solutions
as long as their non-negativity is satisfied.

Figure 2 features some situations of solving an NMF problem by the classic Multiplicative Update
(MU) rule. Figure 2(a),(b) show two local minimizers (blue) of matrix C, but none of them is even close
to the ground truth (red). Figure 2(c) displays a case of NMF model applied in realistic RNA-seq data
to compute cellular composition. The simulated results (blue) are highly correlated with ground truth
(orange), or will win high score in correlation as the measure metric. However, these computations
estimate significantly wrong cellular proportions for two types of cells. This is due to the fact that,
even all assumptions are satisfied, the “unique” solutions of NMF are still subject to a permutation and
rescaling matrix, see details in the following section. The permutation ambiguity might be resolved by
biological knowledge, while the rescaling factors must be addressed computationally.

et

() (b) (©)

Figure 2. I1l-posedness of NMF and its multiple solutions.

Different from image processing, the non-uniqueness of solution will significantly impact statistical
analysis for decisions in biological implementation. Therefore, it is important to restrict searching
space of variables to increase the identifiability of solutions for better interpretability.

2.2. Geometric interpretation of conditions on NMF uniqueness
First, the unique solution of NMF is defined in the following sense [56]:

Definition 2.1 (Uniqueness of NMF solution). The solution (C*, P*) of NMF (2.2) is unique, or iden-
tifiable, if and only if for any other solution (C, P), there exists a permutation matrix IT € {0, 1}** and
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a diagonal scaling matrix S with positive diagonal matrix such that
C=CTS and P=S'TI'P". (2.3)

This uniqueness can be achieved under certain circumstances from nested cone theory [52,57-59]:
By non-negativity of C and P, we have

GY € cone(C)CcRY, 1<j<n, (2.4)
where the notation cone(C) denotes the convex cone generated by the columns of C, i.e.,
cone{C} = {x e RV|x = CH, for some 6 € R¥,6 > 0}, (2.5)

From Eq (2.4), one can further obtain cone(G) C cone(C) C RY. This argument also applies
to the transpose of the NMF problem, i.e., cone(G") C cone(P") C R". Then, problem (2.2) can
be interpreted as a finding nested cone problem: given data G, find the nested cones cone(C) and
cone(PT), between cone(G) and RY, and cone(G") and R", respectively. Therefore, in order to obtain
unique solutions of C and P, it requires data G almost “full-fill” in the positive orthant RY and R”.
However, this requirement about data G is on its original, high dimensional space (N and n are usually
large). Instead, the solvability conditions of NMF problem can be interpreted on matrices C and P, in

the intrinsic, low-dimensional space R’j with k£ < min{N, n}. First, one needs the following definitions:
Definition 2.2. The matrix A € RY*" is separable if cone(A) = RY.

Definition 2.3. The matrix A € RY*" is sufficiently scattered if: (i) The second-order cone in RY is
contained in cone(A), i.e., C = {x € R¥|e"x > VN — 1||x||,} C cone(A); and (ii) There does not exist
any orthogonal matrix Q such that cone(A) C cone(Q), except for permutation matrices.

Then, the unique solution of the NMF problem can be achieved if a strong identifiability condition
or its weakened version is satisfied [55, 56]:

Theorem 2.4 (Strong identifiability condition). Assuming k = rank(G), € = 0, if problem (2.2) admits
a solution, for which both C™ and P are separable matrices, then the solution is unique.

Theorem 2.5 (Weak identifiability condition). Assuming k = rank(G), € = 0, if both C" and P are
sufficiently scattered, then problem (2.2) admits a unique solution.

The left panel in Figure 3 offers a graphic explanation of the two theorems. Both rows of C and
columns of P are in the low dimensional space R¥, so it is convenient to represent them in a (k — 1)-
simplex with k = 3, especially columns of P have sum-to-one property. The red triangle is the positive
orthant of R? and e;, i = 1,2, 3 are the unit base. Blue dots, either circles or pentagons, represent rows
of C or columns of P. Theorem 2.4 is quite rigorous, because being separable matrices it requires P and
C" must contain (scaled) extreme rays of the nonnegative orthant in the corresponding space, i.e., for
every r = 1,2, ...k there exists a column index /,, such that P/ = a,e, € R¥, where @, is a scalar. In the
simplex view, some of the blue dots have to coincide with the three red dots. In contrast, Theorem 2.5
is much more relaxed and it requires only some of the data points (shown as pentagons) being outside
of the second-order cone, which is represented by the dashed, inscribed circle in the triangle.
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——  Unit simplex e
=== Second order cone

Manifold constraint

Solvability constraint,

Figure 3. Geometric interpretation of solvability condition (left) and constraints of the pro-
posed NMF model (right).

The right panel of Figure 3 displays the fundamental idea of the geometric structure guided NMF
(GSNMF) developed in [60]. According to Theorem 2.5, a solvability constraint is imposed on the
searching space of C. In this constraint, some rows of C are required to be close enough to the k
fundamental basis, such that the convex hull of all rows can cover the second-order cone in R¥. The
different groups of rows of C to each basis, represented by the red, blue, and green dots, are recog-
nized by a clustering algorithm, and are corresponding to the biological marker genes. Within the same
group, the manifold constraint is applied based on the local invariance assumption in manifold regu-
larization [61-63]. Note that the Eisen cosine correlation distance is used in both constraints, instead
of Euclidean distance. With these constraints, the GSNMF significantly improves the interpretability
of solutions, but it suffers to obtain accurate solutions when cellular compositions of the bulk tissue
data are singular. Recall in either strong or weak identifiability conditions, that these requirements are
set on both matrices C” and P. The weak condition on C” is usually satisfied for a given dataset and
it is reasonable to impose constraints on C;, due to the biological features of marker genes, which can
be recognized computationally or by prior knowledge. However, there is usually no information in
advance about the cellular composition. The black star dots in the left panel of Figure 3 show such a
case that cellular proportion of two cell types across all samples are highly correlated. In this scenario,
the data points will distribute more or less along a line but not fully occupy the whole simplex.

3. The pseudo-bulk tissue data augmented GSNMF model

One major contribution of this work is to address the challenge of singular data, as mentioned in
the introduction. To do so, the core idea is to augment the original NMF problem of true potentially
singular sample data G by pseudo bulk tissue data G with regular cellular proportions, i.e., the original
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NMF problem is augmented as

(C*,P")= argmin &(CP,[G,G]). (3.1)

Nxk pepkx(+i)
CeRY¥k PeR ™"

The key issue is how to construct regular pseudo bulk tissue data G in Eq (3.1).

3.1. Constructing pseudo-bulk tissue data from single-cell data

Singe-cell RNA-seq data is just a spreadsheet recording the number counts of a set of N genes in
multiple cells of different types and in various samples. In this section, we illustrate how to generate a
vector of pseudo-bulk tissue date from the spread sheet. Let ¢,; € R" be the GEP of all genes in the
[-th cell of the y-th cell type, where 1 < y < k and total number of cells depend on a specific dataset.
Then, the relation between single-cell data and the j-th sample in the pseudo-bulk tissue data is

. k m(y.)) k
GV =) > cp= ) my, j)e, (3.2)
y=1 I=1 y=1

where m(y, j) means that there are m(y, j) cells for the y-th cell type, or cell composition in the j-th
sample. Since the deconvolution problem does not distinguish individual cells, the above equation is
further written in the form of averaged GEP ¢, in each cell type. If the cell type proportion is used,
then let M; = Z’;ZI m(7y, j) being the total number of cells in the j-th sample and Eq (3.2) becomes

k . k

A C)) _ _

GV = E YT yme, = E p,.iM;e (3.3)
g Zﬁzlm(%j) o - A

with 21;:1 Dy.j = 1 being proportion.

It is important to notice the difference between Eq (3.3) and the j-th column of the NMF model,
ie, GY = ¥  p, ,CY. Note that the matrix C € R™* only contains k columns C? (cell type
index 1 < v < k) and no sample index j, so the NMF model for bulk tissue data deconvolution
implies the assumption that cell type specific GEP should be homogeneous across tissue samples. This
assumption also gives us a guidance when constructing pseudo-bulk tissue, that the total number of
cells and average GEP, or Mc,, taken from all samples need to be as consistent as possible.

e Choose the total cell number M, as a parameter, for all pseudo-bulk tissue samples;
e Compute ¢, from the single-RNA-seq data sheet for 1 <y <k;

e Choose a mechanism to generate random numbers p, ; and use Eq (3.3) to generate the j-th
pseudo-bulk sample.

On the other hand, from the point view of linear regression, the matrix C estimated from the bulk-
tissue data (pseudo or real) by the NMF model is actually the averaged value ¢, =< M;¢, > across
samples. This understanding raises two concerns about applying the NMF model: (1) The original data
need to be “good” in the sense that the GEP among samples are homogeneous. By prior knowledge, the
GEP varies significantly for sample to sample, then the NMF is not a suitable model. (2) Appropriate
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single-cell data usage: The scRNA-seq data could be directly used in NMF as a reference and it reduces
the complete deconvolution to a regular linear regression problem. However, in realistic applications,
the scRNA-seq data may not be consistent with the inherent GEP in the bulk tissue data, or they are even
taken from other literature. This inconsistency will significantly reduce the computational accuracy of
the GEP (matrix C) and hence cellular proportion (matrix P) in the original bulk tissue data.

3.2. Pseudo-bulk tissue data with weak identification condition

In order to generate pseudo-bulk tissue data, it is critical to utilize proper mechanism to construct
pseudo proportion for each sample as in Eq (3.3). Denote the pseudo proportion matrix as P, then we
require the weak identification condition P, i.e., it contains sufficient amount of columns PV that are
close enough to e, € R¥. To do so, we propose to use multivariable Dirichlet distribution:

Consider the n column vectors in matrix P as the n realizations of the random vector p € R¥. With
parameter @, s, ... > 0, the probability density function with respect to Lebesgue measure on the
Euclidean space R¥"! is given as

A A A 1 Ay—1
1, D2y Dy, an, ) = %H];:lpyy , where @ = (a;, @z, ...ax) (3.4)
where {p,} belong to the standard k — 1 simplex (because of the sum-to-one condition) and the S(«) is
the normalizing constant defined in terms of the gamma function, i.e.,

Hﬁle(ay)

S(a) = .
U ()

(3.5)

It is well known that the mean of the variable is E[p,] = a, /ay, where ag = Z';zl @,, and variance and
covariances of the random vector are

ay(ap — ay) -,y

, and Cov[p,, p,] = ———, 3.6
2o + 1) Py Py 2o+ 1) (3:6)

Var[p,] =

so by choosing small and equally valued «,, one can obtain smaller value of a, hence widely and
evenly scattered vectors in the k — 1 simplex.

The regularity of matrix P can be investigated by the condition number of PP”: if P contains
correlated or extremely small rows, matrix PP” will admit large condition number. Since Var| Dyl =
E[ﬁi] — E[p,)* and Cov|p,, p,]1 = E[p,p, 1 — E[P,]E[Py], it is easy to derive

E[p2] = % and Elpypy] = 1. (3.7)
Then the matrix of PP” has the following entries when sample size is large enough:
Q) a)
PP = ¢, 2 ) + af (@ @ - @) (3.8)
) a
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where ¢y = n/ay(ay + 1) and n is the sample size.
Equation (3.8) serves as an indicator of how to choose parameters in the Dirichlet Distribution, in
order to maintain a small condition number for PP”. Actually, if @, = @, = ... = «, then

PP” = coa (Ikxk n a11T). (3.9)

Notice that eigenvalues of 117 are (k, 0, 0, ..0), hence K(ﬁﬁT) = ka + 1. Then, it is reasonable to choose
a uniform vector @ = (a, a, ...a) with small value of @ to maintain a small condition number. Further,
we claim that for the mixed bulk tissue data (original plus pseudo bulk) in the proposed algorithm, the
proportion matrix P = [P, P] is always regular. Indeed,

PP’ = PP” + PP’ (3.10)

has full rank, because there is a diagonal matrix in PP” and the remaining matrix is positive semi-
definite.

3.3. Computational process of the proposed algorithms

In this section, we summarize and assemble all the components of the proposed method.

According to Eq (3.6), pick small and equal values for parameters a, e.g., @y = a; = ...a; = 1.5 and
use Dirichlet distribution (3.4) to generate n random vectors p; € R¥, j = 1,2, ...n and belong to the
standard k — 1 simplex. Assume that there are M, cells in the single cell data set for the y-th cell type
and let M = Z';:] |M,|. Denote p, ; as the y-th entry of vector p;, then we randomly choose [Mp, ;]
from the total M, (regardless which one is bigger) cells of the y-th type with replacement. Then, the
J-th pseudo bulk tissue sample, or column of G, can be generated in Eq (3.2) as

o T
NG
G"=> > e (3.11)

The subset of marker genes from the augmented data G = [G, G] can be identified by clustering
rows of G into k groups. The total N rows of G are considered as the vertex set V = {G(,-)}?i , CR"in
the similarity graph G = (V, E) in the spectral clustering method [64]. The non-negative weights w;; of
edges E = {e;;} are calculated by a function R" X R" — R, as,

eisen (G(i) > G(j))z

w;j = expi — - ,1<i<N,1<j<N, (3.12)
where o
~ ~ <G s Gy >
oigen (G(i), G(j)) =1- # (3.13)
GGl

is the Eisen cosine correlation distance quantifying the correlation between two vertices, and o > 0 is
a parameter. With the adjacency matrix W = (w;;) € RNV and its degree matrix D = diag(d,, >, ...dy),
where d; = Z?’:l w;j, different types of graph Laplacians (gL) of G can be defined, such as the un-

normalized gl. L = D — W, symmetric normalized gL Ly, = I - D 2WD"z, or random walk gL
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L., = I - D-'W. By examining the first a few eigenvectors of gL, rows of data G will be clustered
into k groups, and the set {G,}*_, records row indices of G in the corresponding clusters. The choice
of different gls depends on specific data applications [65]. For our problem, we use the normalized
gL Ly, and the matrix W will be used in the next step. The other output for next step are disjoint sets
S,,y = 1,2,...k, which represent the indices of marker genes for the y-th cell type.

ngllgo—n[G G1 - CIP.PI|; + 7(C) + 1r([P. P)). (3.14)
For model simplicity, we just use the Frobenius norm to measure the error between deconvoluted
solutions and the given mixed data. Note that P € R*" corresponds to the original n samples while
P e RP is for the pseudo bulk tissue. Both of them are subject to the sum-to-one conditions on
columns, which is represented by the set T := {Z € R’f", 1"Z = 17} and the indicator function 1 as
17(Z) =0if Z € T while 17(Z) = oo otherwise.
The regularization function ¥ (C) = 71(C) + F,(C), where

k
A
7:1((:) = El Z Z deisen (C(,‘), e:’)Z ’ (315)
r=1 ieS,
and
/12 N N
7:Z(C) = 7 Z Z wtjdezsen C(z)’ C(j)) » (316)

j=1 i=1

with 4, and A, being parameters. Recall that entry w;; > 0 in the adjacency matrix W in (3.12) measure
the correlations (larger value represents stronger correlation) between genes i and j in data G.

3.4. Computational algorithm and parameter discussion

The Alternating direction method of the multipliers (ADMM) [66] method is used to numerically
solve this optimization problem, and there are two types of parameters involved in the the overall
computational process. One set of parameters are in the ADMM algorithm itself: A detailed discussion
can be found in our earlier work [60] and the same strategies of parameter tuning are used in this
paper. On the other hand, there are two major parameters when generating and integrating the pseudo
bulk tissue data. One is the vector @ = (a1, a», ...a;) in the Dirichlet distribution for pseudo cellular
proportions. As discussed in 5.1, small and equal values a;,/ = 1,2, ...k contribute to both geometric
structure requirement and computational stability. The other is the number n’ of pseudo bulk samples.
It is obvious that if »n’ is too small, there will not be enough information. But too large n’ is not
necessary according to Definition 2.3, and it will also increase computational cost. The proper amount
of pseudo bulk samples is not a trivial question: From Eq (3.1), we can see that the solution C* is the
“average” of the constituent GEP from the original bulk tissue samples and the reference sScRNA. Thus,
if the two sets of data are not consistent, the generated pseudo bulk samples will lead to inaccuracy
of the actual GEP and hence the cellular proportion. In Section 5.3, we computationally address this
issue with a specific dataset, while a systematic investigation will be our future work.
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3.5. Evaluation metrics

In many studies and packages, the mostly used evaluation metrics is the row-wise (across samples)
correlation of cell proportion matrices between computational results and ground ground truth. i.e.,
P and P for i = 1,2,...k. This metric is problematic: One issue is that it only demonstrates the
global similarity of the computational results with the ground truth for i-th cell type for all samples,
but has little to tell about all cell types in a local specific sample. More importantly, according to
the uniqueness of the NMF solution, each row of matrix P could be subject to a rescaling factor. It
is easy to see that A;P(; will have the same correlation coefficient with P, as P does. Thus, even
all corresponding rows in P and P* are highly correlated, each column of P and P* could be totally
different, and this difference will lead to misinformation of cellular composition of each sample. In
addition to the Pearson correlation, we also measure simulation accuracy (relative error) in terms of
discrete L' norm, or equivalently, the normalized mean absolute difference (mAD) and discrete L2
norm, or equivalently, the normalized root mean square deviation (RMSD). Similar metrics are also
defined for columns of matrix C, i.e., GEP for each cell type.

4. Solution analysis and biological insights

According to the theorem, the solution is subject to a rescaling factor, i.e., if C and P are the “true”
solutions of the NMF problem, the best computational solution one can obtain is

C=CQ;' and P=QP, 4.1)

where Q, = diag{4,, 45, ...4; > 0} is unknown. This unknown rescaling matrix may cause problematic
estimations of cellular proportion. Another major contribution of this work is to perform a posterior
error estimates of the NMF solution, which gives important insights on data preparation for realistic
biological problems. We first try to explore the dependence of the solution of the non-convex problem
on initial conditions, and then try to estimate the rescaling matrix. Note that the results in this section
are base on the matrix decomposition form G = CP, where P is regular and without considering noises
and nonnegativity constraint.

4.1. Informative initial condition

First, we consider the converged solution.

T
[0]
cell proportion as C and P, respectively, then the solutions of G = CP converge to C* = CM;M,™!

and P = MZMI‘IP, where M| = PP[TO] and M, = P[O]P[TO].

Theorem 4.1. Given initial condition Py with Pio )P, being invertible and assume the true GEP and

Proof. With the simple iteration,
Ci = GP[TO] (P[O]P[TO])‘l = CPP[TO](P[O]P[TO])-l = CM;M,' 4.2)
Then

-1
Py = (C[Ca) CHG
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-1
= (Cl,Ca)) ClyCP
-1
[MzH™™MICTeM M| v M CT e
= M,M;'P

with such updated Py}, we compute
Ciy = GPL Py P!
= CPP (M) (MZM;lPPT(M;l)TMg)_1

= C 4.3)
O

Based on Theorem 4.1, it is possible to combine the information of marker genes and properly
choose initial conditions, so that the computational solutions can be estimated. At this moment, we
assume the marker genes and their associated cell types are identified. Mathematically, set M is used
to represent the indices of all marker genes and disjoint sets S,,y = 1,2, ...k represent the indices of
marker genes for the y-th cell type. Note |, S, = M and denote S§ = M\ §,. Based on the property
of marker genes, ideally we have css;, = 0, where c(s¢1, means all entries of the y-th column of C
with row index in S ; Then for certain y and y’, let i;,i, € S, and i3 € S, it is easy to see

Gy = i yP), Gy = €iyPy), and Gy = ciy Py 4.4)

From (4.4) we can conclude that rows of G (i; and i) from the marker genes of the same cell type will
be linearly dependent since they are multiples of the same y-th row of P. Further, for every 1 <y <k,
we take the mean of all rows G; overalli € S, i.e., < G >s,, and denote the result as the the y-th
row of a matrix P, i.e.,

P() =< G >5,=< ciy >5, Py, orjust P=QFP, 4.5)

where Q. = diag(A) and A" = [< ¢;1 >5,, ... < Ciy >5,5 - < Cig >5,])-

If a good identification of marker gene sets can be made, the matrix P can be computed directly
from the original data G and this matrix is related to the true cellular proportion P with a diagonal
rescaling factor Q.. Although this factor unknown yet, the matrix P can serve as an informative initial
condition.

4.2. Estimation of computational solutions

First, if initial condition Py, as the column normalization of P with sum-to-on condition, i.e., Py =
Q.PQ. "', where
Q, = diag(A"PY, ATP?, ..., ATP™).

Consequently, by Theorem 4.1, solutions converge to
C'=CMM,' = C(PQ;'PT)(PQ,*P)'Q;". (4.6)
and

P = ML,M;'P = Q.(PQ,*P")(PQ,'P")'P. 4.7
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Theorem 4.2. Assume ideal data G has true solutions C and P, i.e., G = CP. Additionally, row index
set Q of C (also G) can be subdivided into k disjoint sets S, i.e., Q = J, S, and entry (of C) ¢;;,, = 0
ifi ¢ S,. Given initial condition Pyy; = QPQ," and the solutions of G = CP converge to C* and P*,
then the following estimations hold for each row of C*

BICHI < G2 < BIICll2 (4.8)
and each column of P*,

BIPYYL < P, < BIPY|L,, 4.9)
where

c \2
= NPT (@.10)

min

k(PPY) is the condition number of PPT and

[Aars Ain] = [max, minl{< ¢y >, ... < iy >5,,... < Cix >5,)-

Proof. First, denote the matrix R = (PQ,'PT)(PQ*PT)'Q !, hence C* = CR and P* = R™'P. Then,
we estimate ||R||, to see how it changes each row of the true GEP matrix C*. Assuming matrix P has
SVD P = UXV7, where U € R¥* and V € R™" being unitary, while £ € R¥" and has minimum and
maximum values as 0, and 0 ,,,, respectively, then
IR, = [[UEV Q. 'VETUT(UEZV Q>VvETUN)'Q Y,

= uzvio've'uTuEhHvieiveET'uT ),

= UV Q'viviQive'u' o,
Note that I € R and I = ("% 9) due to the definition of singular matrix X. Hence, using the property
that unitary matrices preserve spectrum norm, we have the estimate

1

IRl < - IUZVIQ'VIVIQ2vE~1UT ||, (4.11)
1 -
= T IEVIQVIVIQIVET), (4.12)
< Tr VT, VIV Q2V, 4.13)
O-min/lcmin
= T VIVTQ?, (4.14)
O-min/lfm-n

Note that each entry of Q,, i.e., ATPY, is a convex linear combination of entries in A since P has
sum-to-one columns. Then, exam the eigenvalues A, of Q,, we have

/lcmin = ﬂ:lnin = /lfnax = /llcnax (415)
Actually, if P satisfies weak or strong separability conditions, we have A7 . = A%, and A;,, = A},

Additionally, notice that y/cond(PPT) = 0, /0 nin, We have the estimate

2\
IR|l, = IRT]l, < Vcond(PPT)(%) (4.16)

min

O
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Finally, by definition of spectral norm of matrix,

| . . L\’
IC*?ll> = IR"C?ll, < [IC?|l> Yeond(PPT) (AL) : @17

and by the same argument, estimate in (4.16) is also true for R™!. Hence, the other side inequality in
(4.8) holds since ||C?|}, = [[(R™")" C*?)|,.

4.3. Biological insights

Estimates in Theorem 4.2 are based on noiseless situations, and the ideal case the marker genes can
be easily recognized. Nevertherless, they shed light on some additional qualitative conditions for the
constituent matrices C and P, about in what situation the numerical solutions are as close to the ground
truth as possible.

¢ Quantity 8 in Eq (4.10) serves as an estimator of the scaling factor in the “unique” solution to how
far the computational results are from the ground truth. It is reasonable that this quantity depends
on the regularity of the constituent matrix P (condition number of PP7).

e Note that A€

min

corresponding cell types, so a smaller ratio of A;,,./A¢ . results in a smaller bound of ||R[|,.

(A5,,,) 1s the minimum (maximum) average of all marker gene expressions in the

e Based on the above information, we conclude that homogeneous average GEP in different cell
types, and regular cellular composition in bulk samples are preferred. For the former, one can
select subsets of marker genes in each tell type such that large differences in GEP average are
avoided in practice. For the latter, it is the motivation for the idea of pseudo-bulk tissue data.
Numerical simulation in the next section show that the solution accuracy is significantly enhanced,
when the two strategies are taken.

5. Numerical results

In this section, we present the numerical results of the proposed algorithms. First we use syn-
thetic data to display the geometric structure of the Dirichlet distribution generated pseudo cellular
proportion with different parameter setup. The properly designed data with weak solvability condition
significantly enhance the solution quality of singular data. Then, the proposed algorithms are applied
to three different datasets to validate their effectiveness and accuracy. At last, the resilience of the pro-
posed algorithm is computationally analyzed. In contrast to the original GSNMEF, the newly proposed
pseudo-bulk tissue data augmented method is termed as GSNMF+.

5.1. Simulation for synthetic data

Figure 4 displays the geometric structures of some Dirichlet distributions generated cellular propor-
tions with various parameters. For visualization convenience, the cell type dimension is taken as k = 3,
so that all data points can be shown in the 2-simplex (blue triangles). Six different sets of parameters
a are used, including heterogeneous (first row) and homogeneous (second row) components. It can
be concluded that the convex hull of data generated with heterogeneous parameters « can not include
the second-order cone, which can be presented as the in-scripted circle (not shown) of the triangles,
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or, does not satisfy the sufficiently scattered condition. On the other hand, data generated from homo-
geneous parameters tend to distribute more evenly in the simplex. However, for a with larger values,
data points will concentrate in the center of the simplex and thus their convex hull cannot cover the
second-order cone (recall that larger value of a leads to larger condition number of PP”). Therefore,
we will use homogeneous parameters with small to median value, such as |@| = 0.2 or |@| = 1 in
simulations, where || is the [/, norm of «.
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Figure 4. Geometric structures of simulated cellular proportions from Dirichlet distribution
with various parameters.

Figure 5 shows how the overall solvability condition is improved when the singular original cell pro-
portions (red dots) are mixed with pseudo data (green dots). Figure 5(a) shows the data singularity that
there is one cell type with extremely small proportion in samples, or a small row vector in P. As seen,
all red dots are mostly distributed along one edge of the simplex while absent in one corner. The other
singularity type is that two cell types may have correlated cellular proportions and the corresponding
geometric structure is displayed in Figure 5(b). In this scenario, the data points align approximately in
a line in the simplex, as shown by the red dots. In both cases, the geometric structures can be improved
by mixing with the Dirichlet distribution generated pseudo data (green dots and with @ = (1, 1, 1)).
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Figure 5. Geometric structures of mixed data: Original singular cell proportions (red) and
simulated regular cell proportions (green).

Figure 6 displays the deconvolution results of cellular proportions in a set of synthetic data, in
which the cellular composition have the aforementioned singularity. The first and second rows are
for the original GSNMF and the proposed GSNMF+ methods, respectively. The synthetic bulk tissue
data G is generated by multiplying a predefined matrix C and the above-mentioned pseudo cellular
composition matrix P and adding some noises €. There are in total one hundred synthetic samples.
The ground truth of cellular composition is shown in orange triangle plots, while the deconvolution
results are in blue stars. In the left panel, cell 2 rarely presents in all the samples, so its proportions
are very small (below 0.1). The original GSNMF algorithm cannot obtain the accurate results for
this cell type, the solution correlation is 0.74 and RMSD is 0.96. Moreover, the solution correlation
for the corresponding column of matrix C is 0.52 and RMSD is 0.99. In contrast, the deconvolution
accuracy is significantly enhanced by the GSNMF+ algorithm: for this cell type, the correlation is
0.96 and RMSD is 0.06. The accuracy for matrix C is also enhanced, with the correlation being 0.98
and RMSD being 0.13. Similar performance increase can also be found when data contains correlated
cellular compositions, as shown in the right panel of Figure 6. In this case, cellular proportions for cell
types 1 and 2 are designed to have a strong correlation. As consequences, deconvolution results for the
two cell types by GSNMF are highly inaccurate. Solution correlation for cell 1 is 0.99, but RMSD is
2.21. For cell 2, errors in correlation and RMSD are both high, which are 0.56 and 2.22, respectively.
Estimation for matrix C is totally wrong and the RMSD is 5.89. When GSNMF+ is used, solution
accuracy for all cell types are increased, with correlations being all beyond 0.99, and the RMSD being
0.07, 0.05, and 0.12, respectively. Correspondingly, RMSD of computing matrix C in overall decreases
to 0.19.

Table 2 displays the performance of GSNMF+ under various levels of noise-to-data ratios (NDRs),
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where RMSD of C, P, and relative residues |G — CP||¢/||G||r are displayed. As indicated by the table,
errors in matrix C increase more obviously when more noises present (larger NDR). On the contrary,
computation of matrix P seems less vulnerable to noise levels.
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Figure 6. Deconvolution results of cellular proportion from singular data by GSNMF and

GSNMF+.

Table 2. Quantitative results of the GSNMF+ with different noise to data ratio (NDR).

NDR | RMSD of C | RMSD of P | Relative residue
0.081 | 0.1802 0.0888 0.0793
0.165 | 0.2007 0.094 0.1743
0.346 | 0.2372 0.1045 0.4024

We would like to point out that handling noises is a common challenge in all areas of data sciences,
but it is not the major scope of our current work. Obtaining meaningful biological solutions from the
ill-posed NMF model is still an open problem. Therefore, the noise levels we used in all synthetic data
are low to medium, and only the common Gaussian noise is used.
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5.2. Deconvolution results of biological data

The first set of biological data used to validate the proposed algorithms is GSE19830 [67], which
was obtained from tissue samples of the brain, liver, and lung of a single rat using expression arrays
(Affymetrix). Homogenates of these three types of tissues were mixed together at the scRNA ho-
mogenate level with a known proportion, and then the gene expression pattern of every mixed sample
was measured. The GSE19830 data set mimics the common scenario of heterogeneous biological
samples. Both the relative frequency of the component and marker genes for each cell type are clearly
recognizable, so it has been used as a preliminary test in many literature [25,31] to validate computa-
tional algorithms. For this dataset, we know cell type k = 3 and tissue sample number n = 33. After
necessary data preprocessing to exclude obvious outliners (row norm, column norm, etc.), we take
N = 10,000 out of ~ 12,000 total genes.

Since the dimension k is low, it is easy to visualize the data features as shown in Figure 7. First, the
bulk-tissue data can be clearly categorized into three clusters corresponding to the three cell types from
distinct organs, as shown in Figure 7(a), and hence marker genes from each type can be easily identi-
fied. Second, the constituent (ground truth) cellular proportions are well designed to avoid correlation.
As displayed in Figure 7(b), the proportion data is sufficiently scattered in the simplex.
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(a) Cell type clusters (b) Distribution of cellular proportion

Figure 7. Visualization of data features for GSE19830.

Figure 8 shows such a case with orange triangle lines as ground truth of cellular proportion and blue
stars as the corresponding deconvolution results. Our previous GSNMF package obtained a highly ac-
curate solution as shown in Figure 8(a), as the solution correlations being 0.96,0.98 and 0.99, respec-
tively. However, we also observed that from sample to sample, the simulations always overestimate
the proportion for one cell type (brain) while underestimating another (liver). It is hypothesized that
such a systematic error is due to the unknown rescaling factor, so the proposed GSNMF+ algorithm
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is applied to the same dataset. With the estimated rescaling factors and adjusting strategy, it can be
concluded that the accuracy is further improved, as shown in Figure 8(b). It is important to note that
this improvement, or rescaling, is in a global sense (across all samples), as the errors in samples 6—8
are not significantly reduced.
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(a) GSNMF results (b) GSNMF+ results

Figure 8. Comparisons of simulation results (cellular proportion) to ground truth for dataset
GSE19830.
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Figure 9. Qualitative errors of the deconvolution results in cellular proportions for dataset
GSE19830.

Qualitative errors, or sample-wise [, norm of errors in cellular proportions are displayed in Figure 9.
The orange bars are for the original GSNMF algorithm while the blue bars are for the GSNMF+
algorithm developed in this paper. Computational errors are expressed in log form and the improvement
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in accuracy is obvious.

The second dataset is the brain tissue data GSE67835, in which samples consists of six cell types
(k = 6) including astrocytes, endothelial, microglia, neurons, and oligodendrocytes. There are two sets
of samples, one of which consists of extremely small amount of the microglia cells (Case I), while the
other has small proportion of endothelial cells (Case II). These singular data pose great challenges and
significantly decrease computational accuracy. Figure 10 displays the comparison of deconvolution
results for these two cases (top and bottom rows) from GSNMF and GSNMF+, respectively. The
orange curves are ground truth while blue curves are deconvolution results. It can be seen that GSNMF
significantly overestimates cellular proportion for microglia in Case I while for endothelial cells in Case
IL. In contrast, the computational results from GSNMF+ are more accurate.
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Figure 10. Performance comparisons of GSNMF and GSNMF+ for GSE67835.

5.3. Impacts of data variation

It is reasonable to investigate the algorithm performance when different amounts of pseudo-bulk
tissue data are augmented, or quantity of scRNA-seq data are perturbed. Figure 11 displays solution
accuracy for two datasets, GSE67835 and GSE81608, when different amount of pseudo bulk sam-
ples are used in the GSNMF+ algorithm. In these settings, the original bulk tissue data consists of
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50 singular samples (denoted as 50S, constituent cellular composition with extremely small variation
in Dirichlet distribution), while different amount of regular samples constituent cellular composition
with large variation) are augmented in the algorithms, ranging from 10L to 300L. For example, label
“50S+20L” means the mixture of 50 original bulk tissue samples with constituent cellular proportions
of small variance and 20 pseudo-bulk tissue samples with constituent cellular proportions of large
variance. Solution accuracy is presented in terms of Pearson correlation, RMSD, and mAD. It can
be concluded that “regular” samples can significantly enhance deconvolution accuracy. While with
increased amount of “regular” samples, the solution accuracy fluctuates in a certain degree, but no
obvious improvement or decay is observed. This phenomenon echoes the theoretical results about the
weak identifiability condition that only a few columns of P are needed to be close to each fundamental
basis, in order for cone(P) to cover the second-order cone in R’. Therefore, too many pseudo-bulk
tissue samples do not provide additional benefits.
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Figure 11. Algorithm accuracy for two biological datasets with different amount of pseudo-
bulk data.

Another scenario in real applications is that the reference scRNA-seq data used to construct pseudo-
bulk tissues may not be consistent with constituent cell specific GEP in the bulk tissues. To in-
vestigate the impact of inconsistent sScRNA-seq data in the proposed algorithm, we conduct various
model resilience analyses by generating pseudo-bulk tissue samples using artificially modified refer-
ence scCRNA-seq data. These scRNA-seq data modifications include mean shifting (MS), truncation
(TR), and factoring (FA), which are specifically defined as the following:

e Mean Shifting (MS): Each single cell profile of a given type was augmented by adding 10%,
30%, 50%, or 70% of the average expression levels of that cell type.

e Truncation (TR): Single cells were selectively excluded from the bulk tissue data generation.
We removed the top or bottom 10% of cells in each cell type.

e Factoring (FA): A scaling factor was applied to all gene expression levels, allowing for both
upward and downward adjustments. The scaling factors used were 0.4, 0.8, 1.2, and 1.8.
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All manipulative techniques were applied to the reference set, which consisted of 200 larger sam-
ples. As shown in Figure 12, these manipulations did not significantly influence the final results. All
the results are close to the original estimation, indicating that changes to the reference set are also
effective.
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Figure 12. Algorithm performance when reference sScRNA-seq data is perturbed in pseudo-
bulk tissue data.

In Table 3, we list the comparison of GSNMF+ with some popular NMF related deconvolution
algorithms: MusSic [23], CIBERSORTx [24], and LinSeed [25] on data GSE67835. Among these
algorithms, MuSic and CIBERSORTX are reference (scRNA-seq) based methods, GSNMF+ only uses
reference to reduce data singularity, while LinSeed does not use reference data at all.

As mentioned earlier, reference based methods (partial deconvolution) provide higher accuracy than
reference free methods (complete deconvolution), with the assumption that the reference is consistent
with the constituent GEP in the bulk tissue. However, this assumption is usually violated in real appli-
cations. To test these scenarios, we take the references as the one from GSE67835 (the “Original”), a
single-nucleus RNA-seq (the “snRNA-seq”) dataset of the human brain from [68], and one generated
from a commonly used, real scRNA-seq data based probability model, scDesign simulator [69] (the
“Simulator”). The top and bottom halves of the table display the correlation and RMSD of cellular
compositions obtained from those methods, respectively. It is obvious that MuSic and CIBERSORTx
outperform the other reference-free methods in both error metrics, if the reference is consistent. This is
expected because with good reference, the NMF method is just a least square/linear regression model.
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However, if the reference used is different from the constituent GEP in the bulk tissue data, such as the
snRNAseq or Simulators, the solution accuracy significantly decreases. On the other hand, solution
accuracy from Linseed does not have obvious changes since this method does not use reference at all.
For our proposed GSNMF+, the reference is used for handling the data singularity, it is essentially
still a NMF problem, so the solution accuracy does not decrease, or sometimes increases when the
reference is changed.

Table 3. Comparison of methods with different reference data.

Correlation
Method MuSiC | CIBERSORTx | LinSeed | GSNMF+
Original 0.9943 | 0.9643 0.8777 | 0.8712
snRNAseq | 0.8538 | 0.7435 0.8888 | 0.8636
Simulator | 0.2727 | 0.035 0.8749 | 0.9859
RMSD
Original 0.0416 | 0.1328 0.2025 | 0.1967
snRNAseq | 0.2399 | 0.2486 0.1942 | 0.1946
Simulator | 0.3806 | 0.4237 0.2049 | 0.0606

6. Conclusions

Complete deconvolution is a type of computational approaches to decompose experimentally more
available, reliable, and relatively inexpensive bulk-tissue RNA-seq data into cell type specific GEP and
cellular composition, which are crucial datasets to DE analysis in order to reveal novel insights into
genes and pathways for human diseases. Mathematical and statistical methods have been developed
to perform complete deconvolution, and nonnegative matrix factorization (NMF) is the fundamental
model on the mathematical side. However, it is well-known that NMF is an ill-posed problem due to
its non-separable solutions. Many efforts have been taken to improve solution accuracy and promising
computational tools are proposed, but comprehensive mathematical investigation of the ill-posedness
is under-developed.

In this paper, we focused on the solvability conditions in NMF theory on the bulk-tissue data.
Among the two constituent matrices, the cell specific GEP matrix C satisfy the weak identifiability
conditions due to the existence of marker genes, so we can identify the geometric structures of marker
genes from bulk-tissue data and preserve the structure when solving for C. On the other hand, the
cellular abundance matrix P usually violates the identifiability conditions because of possible rare or
correlated presented cell proportions. To address this issue, we used Dirichlet distribution to gener-
ate pseudo cellular proportion and then constructed the corresponding pseudo bulk tissue data with
available single-cell RNA-seq data. As results, our developed GSNMF algorithms are applied to the
hybrid bulk-tissue data (original plus pseudo), in which the two constituent matrices satisfy the weak
identifiability condition. Even though the solvability conditions are met, the “unique” solution of NMF
is still subject to an arbitrary rescaling matrix. We tackled this challenge by choosing a specific type
of initial conditions and estimating the possible difference to the theoretical solutions. Although this
investigation can only be established based on the ideal noise-free scenarios, it is the first time this solu-
tion ambiguity is studied, and it shed a light on qualitatively improving the deconvolution results. Our

Mathematical Biosciences and Engineering Volume 22, Issue 4, 988—-1018.



1013

proposed algorithm pipeline has been tested on several different datasets, and significantly improves
solution accuracy from bulk-tissue data with singular cellular composition.
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