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Abstract: Control of infectious disease is very hard but important for the life of human beings. We 
study the susceptible–infected–susceptible (SIS) model of three-city networks. The SIS model simply 
contains both infection and recovery processes. We assume that human beings (“agents”) live in three 
spatially separated cities, and they randomly migrate between cities. Two methods are applied: one is 
a computer simulation of an agent-based model, and the other is the theory of metapopulation dynamics. 
Both the simulation and theory reveal that the “hub city” plays an important role for disease control. 
It was found that we can eliminate the entire infection by disease control measures on the hub city only. 
Moreover, we found a paradoxical result: increased agent interaction does not necessarily lead to the 
spread of infection. 
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1. Introduction 

Infectious disease spreads through human beings, and a pandemic causes a serious threat to 
biospecies and people [1–3]. Developing effective epidemic models is strongly required. So far, 
numerous theoretical models have been proposed to analyze the spread of an epidemic [4–7]. In our 
paper, we use metapopulation dynamics [8] for a susceptible–infected–susceptible (SIS) model of an 
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epidemic [9,10]. This is a first step toward analyzing more complicated epidemic models including 
realistic network structure, and for comparing realistic data such as time series of the number of 
infected people or the spatial distribution of infected agents. For example, it is an interesting problem 
to compare the migration effects of the people of our approach with partial differential equation models 
with diffusion (e.g., [11–15]). 

Human beings usually live in spatially divided subpopulations; these subpopulations are referred to 
as “cities”. The dynamics in each city have been examined by using the metapopulation model [16–18]. 
Individuals can move between cities through corridors (or “links”) [19,20]. In general, individuals 
emigrate from higher- to lower-density cities. Here, however, we adopt a random walk model: every 
individual randomly chooses one of the links and migrates to the destination of movement [21–25]. 
Then each city has a different population density. Hereafter, we call the city with a higher concentration 
of individuals than other cities the “core city” or “hub” [22,26]. In the present paper, we examine the 
effectiveness of hubs in combating infectious diseases.  

We focus on the SIS model [9,10]. Each individual (agent) is either susceptible (S) or infected (I). 
Interactions occur as follows:  

      𝑆 + 𝐼  ఉ ሱ⎯⎯ሮ 𝐼 + 𝐼,                               (1a) 

      𝐼  ఊ ሱ⎯⎯ሮ 𝑆,                                  (1b) 

Here, the reactions (1a) and (1b) correspond to infection and recovery processes, respectively. The 
parameter 𝛽  is the infection rate, and 𝛾  indicates the recovery rate with no immunity. An SIS 
model with a spatial structure is referred to as a “contact process”, which has been studied in various 
contexts [27–33]. 

There is a tremendously number of studies on metapopulation models of networks or lattices [34–36]. 
Some authors applied metapopulation models for a game in which individuals (agents) engage. The 
rock–paper–scissors game is an example [37–39]. Other examples are the vaccination game [40,41] 
and the prisoner’s dilemma game [42]. Here, we carry out two kinds of metapopulation models. One 
is the Monte Carlo simulation model on lattice networks [20]. In this case, an “agent-based model” 
forms spatial patterns [43–49]. The other is the metapopulation theory, which can be expressed by a 
set of differential equations, i.e., reaction–migration equations [21,22,24,25]. 

2. Models and methods 

2.1. Models 

We consider networks with three connected cities. The cities are numbered 0, 1, and 2. We assume 
that the network is heterogeneous; namely, infectious disease control measures (“disturbances”) are 
only applied to a certain city. We can consider three kinds of networks as displayed in Figure 1, where 
the circles correspond to cities. City 0 (red circle) means the target city of the disturbances. In this 
paper, we change the value of the infection rate (𝛽଴) in City 0 by the disturbance. In contrast, the 
infection rates in both Cities 1 and 2 are unchanged (𝛽ଵ =  𝛽ଶ = 1). The connection between two cities 
represents a corridor (link). Network A corresponds to the complete graph; links are completely 
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connected between all pairs of cities. On the other hand, both Networks B and C are incomplete graphs. 
We define 𝑘௜ as the “degree” (number of links) of the city 𝑖 (𝑖 = 0,1,2) [23,50]. We also use the 
word “hub” for a city that has a higher degree than other cities. For example, the red city in Network 
C is the hub (𝑘଴ = 2 and 𝑘ଵ = 𝑘ଶ = 1). In Network A, we have no hub, because the degrees of all 
cities are the same (𝑘௜ = 2 for 𝑖 = 0,1,2). Notice that the disturbance directly occurs in the hub in 
Network C. 

 

Figure 1. Schematic illustration of three-city networks. The circles indicate cities; they are 
numbered 0, 1, and 2. The red circle (City 0) is the target of disease prevention measures 
(“disturbances”). The connection between two cities denotes a corridor (“link”). Network 
A (complete graph): links are completely connected between all pairs of cities. Both 
Networks B and C correspond to the incomplete graphs. In Network C, the disturbance 
targets the hub city. 

2.2. Methods 

Here, we apply two kinds of metapopulation models. One is the Monte Carlo simulation model 
on two-dimensional square lattices, in which each lattice is interpreted as a city [8,20]. Metapopulation 
theory is the other one, using a set of ordinary differential equations [21]. In both models, a random 
movement is adopted. Namely, each individual (agent) in City  𝑖  randomly chooses one of 𝑘௜ links 
for the destination of their movement (𝑖 = 0,1,2) [21,22,24,25]. 
1) Monte Carlo simulation on lattices 

We carried out computer simulations with pseudo-random numbers of the agent-based model 
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[26,39,51]. Three lattices with the same size (including 100 × 100 cells) were prepared for each of 
the cities. Each cell is one of three states: S, I, and O. S and I denote the cells occupied by susceptible 
and infected agents, respectively. The O means the cell is empty. The local interactions occur inside 
the lattices: reactions (1a) occur between adjacent cells. We executed the simulation as follows. Notice 
that we assumed different values of 𝛽௜ or 𝛾௜ for each city 𝑖, because these represent the different 
infection or recovery rates in different cities, which may be caused by various reasons, e.g., 
environmental factors including temperature or moisture, density of people, or the density of hospitals. 
(i) Infection process. A single cell in all three cities (lattices) is randomly chosen. When the chosen 
cell is an agent (I) is in City 𝑖, then one more cell from four adjacent cells in the same city is selected. 
If the latter cell is S, then its state becomes I at the rate 𝛽௜. 
(ii) Recovery process. We select a single cell from all three lattices. When the selected cell is I in City 𝑖, then its state changes to S at the rate 𝛾௜. 
(iii) Migration process. We select a single cell from all three lattices. If the selected cell is an agent 
with S or I in City 𝑖, then one of 𝑘௜ links is randomly selected for the destination of movement of an 
agent. We use City 𝑗 for the destination city (𝑗 ≠ 𝑖). Next, one cell in City 𝑗 is selected; if the cell is 
O, then a traveler with S or I can migrate at the migration rate 𝑚. For example, we say the traveler is 
a susceptible agent (S). By migration, S becomes O in City 𝑖, but O becomes S in City 𝑗. 

The three processes above are repeated in this order until 1000 Monte Carlo steps. Here one 
Monte Carlo step equals the number of repetitions of system size (100 × 100), which indicates that 
each cell is expected to be selected once on average within each Monte Carlo step. 
2) Metapopulation theory 

We use reaction–diffusion equations with random movement [21]. The mean-field dynamics are 
applied inside each city. For simplicity, we neglect the empty value (O). First, we consider a single-
city system: we put 𝜌் for the total density. We apply mean-field theory (MFT) to the SIS model 
(reactions 1(a) and 1(b)). The population dynamics are described by 

ௗఘ಺(௧)ௗ௧ = 𝛽[𝜌் − 𝜌ூ(𝑡)]𝜌ூ(𝑡) − 𝛾𝜌ூ(𝑡),                  (2) 

where 𝜌ூ(𝑡) is the density of infected agents at time t. Hence the density of susceptible agents (S) is 
given by [𝜌் − 𝜌ூ(𝑡)]. 
3. Results 

The population dynamics for infectious disease prevention measures (disturbances) are reported. 
In this paper, we always put 𝛾଴ = 𝛾ଵ = 𝛾ଶ = 𝛾 and 𝑚 = 1. Figure 2 displays the typical population 
dynamics for the lattice simulation, where (a), (b), and (c) indicate Networks A, B, and C, respectively 
(see Figure 1). By the disturbance, only the infection rate (𝛽଴) in City 0 is suddenly changed at time 𝑡 = 0. Before the disturbance (𝑡 < 0), the model parameters are set as 𝛽଴ = 𝛽ଵ = 𝛽ଶ = 1. After the 
disturbance occurs (𝑡 ≥ 0 ), we set 𝛽଴ = 0.5 . It is found that each lattice finally reaches another 
stationary state. In Figure 2(a),(b), the infection persists. On the other hand, in Figure 2(c), the infection 
eventually disappears. Since the disturbance directly targets the hub, it results in the greatest change 
in infection status in Network C. Although the disease prevention measures are applied only in City 0, 
the infectious disease completely disappears in all cities. 
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Figure 2. Typical population dynamics in the Monte Carlo simulation on lattices, where 
(a), (b), and (c) indicate Networks A, B, and C, respectively (see Figure 1). The three 
lattices are assumed to have the same size (100 × 100 cells). We always put 𝛽ଵ = 𝛽ଶ =1, 𝛾଴ = 𝛾ଵ = 𝛾ଶ = 𝛾 = 0.5 and 𝑚 = 1. Initially (𝑡 = −1000), we set 𝛽଴ = 1. After the 
disturbance (𝑡 ≥ 0), we set 𝛽଴ = 0.5. 
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Figure 3. Typical spatial patterns in the lattice simulation, where (a), (b), and (c) indicate 
Networks A, B, and C, respectively. From the simulations, we get spatial distribution in a 
stationary state (𝑡 = 1000). Each cell has one of three states: S (green), I (red), or O (white). 

In Figure 3, we display the spatial patterns in the final state (𝑡 = 1000), where (a), (b), and (c) 
represent Networks A, B, and C, respectively. We find that the density of infected agents (red) in City 0 
takes the lowest value among three cities; this is because the infection rate in City 0 has the lowest 
value. For the separate networks, we find the following relations: 𝜌𝐼,0 < 𝜌𝐼,1 ≈ 𝜌𝐼,2 for Network A, (3a)  𝜌𝐼,0 < 𝜌𝐼,2 < 𝜌𝐼,1 for Network B, (3b) 𝜌𝐼,0 = 𝜌𝐼,1 = 𝜌𝐼,2 = 0 for Network C. (3c) 
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In Network A, the equality 𝜌𝐼,1 = 𝜌𝐼,2 should hold by symmetry. In Network B, the equilibrium 
density (𝜌𝐼,1) in City 1 takes the highest value among the three cities. This comes from the fact that 
City 1 is the hub in Network B. In Network C, the infectious disease completely disappears. 

Table 1. Dynamics of total densities for metapopulation theory. 

Network A 𝑑𝜌்,଴𝑑𝑡 = 𝑚[12 𝜌்,ଵ + 12 𝜌்,ଶ − 𝜌்,଴] 𝑑𝜌்,ଵ𝑑𝑡 = 𝑚[12 𝜌்,ଶ + 12 𝜌்,଴ − 𝜌்,ଵ] 𝑑𝜌்,ଶ𝑑𝑡 = 𝑚[12 𝜌்,ଵ + 12 𝜌்,଴ − 𝜌்,ଶ] 
Network B 𝑑𝜌்,଴𝑑𝑡 = 𝑚[12 𝜌்,ଵ − 𝜌்,଴] 𝑑𝜌்,ଵ𝑑𝑡 = 𝑚[𝜌்,଴ + 𝜌்,ଶ − 𝜌்,ଵ] 𝑑𝜌்,ଶ𝑑𝑡 = 𝑚[12 𝜌்,ଵ − 𝜌்,ଶ] 
Network C 𝑑𝜌்,଴𝑑𝑡 = 𝑚[𝜌்,ଵ + 𝜌்,ଶ − 𝜌்,଴] 𝑑𝜌்,ଵ𝑑𝑡 = 𝑚[12 𝜌்,଴ − 𝜌்,ଵ] 𝑑𝜌்,ଶ𝑑𝑡 = 𝑚[12 𝜌்,଴ − 𝜌்,ଶ] 

Table 2. Dynamics for the density of infected agents. 

Network A 𝑑𝜌ூ,଴𝑑𝑡 = 𝛽଴൫𝜌்,଴ − 𝜌ூ,଴൯𝜌ூ,଴ − 𝛾଴𝜌ூ,଴ + 𝑚[12 𝜌ூ,ଵ + 12 𝜌ூ,ଶ − 𝜌ூ,଴] 𝑑𝜌ூ,ଵ𝑑𝑡 = 𝛽ଵ൫𝜌்,ଵ − 𝜌ூ,ଵ൯𝜌ூ,ଵ − 𝛾ଵ𝜌ூ,ଵ + 𝑚[12 𝜌ூ,ଶ + 12 𝜌ூ,଴ − 𝜌ூ,ଵ] 𝑑𝜌ூ,ଶ𝑑𝑡 = 𝛽ଶ൫𝜌்,ଶ − 𝜌ூ,ଶ൯𝜌ூ,ଶ − 𝛾ଶ𝜌ூ,ଶ + 𝑚[12 𝜌ூ,ଵ + 12 𝜌ூ,଴ − 𝜌ூ,ଶ] 
Network B 𝑑𝜌ூ,଴𝑑𝑡 = 𝛽଴൫𝜌்,଴ − 𝜌ூ,଴൯𝜌ூ,଴ − 𝛾଴𝜌ூ,଴ + 𝑚[12 𝜌ூ,ଵ − 𝜌ூ,଴] 𝑑𝜌ூ,ଵ𝑑𝑡 = 𝛽ଵ൫𝜌்,ଵ − 𝜌ூ,ଵ൯𝜌ூ,ଵ − 𝛾ଵ𝜌ூ,ଵ + 𝑚[𝜌ூ,଴ + 𝜌ூ,ଶ − 𝜌ூ,ଵ] 𝑑𝜌ூ,ଶ𝑑𝑡 = 𝛽ଶ൫𝜌்,ଶ − 𝜌ூ,ଶ൯𝜌ூ,ଶ − 𝛾ଶ𝜌ூ,ଶ + 𝑚[12 𝜌ூ,ଵ − 𝜌ூ,ଶ] 
Network C 𝑑𝜌ூ,଴𝑑𝑡 = 𝛽଴൫𝜌்,଴ − 𝜌ூ,଴൯𝜌ூ,଴ − 𝛾଴𝜌ூ,଴ + 𝑚[𝜌ூ,ଵ + 𝜌ூ,ଶ − 𝜌ூ,଴] 𝑑𝜌ூ,ଵ𝑑𝑡 = 𝛽ଵ൫𝜌்,ଵ − 𝜌ூ,ଵ൯𝜌ூ,ଵ − 𝛾ଵ𝜌ூ,ଵ + 𝑚[12 𝜌ூ,଴ − 𝜌ூ,ଵ] 𝑑𝜌ூ,ଶ𝑑𝑡 = 𝛽ଶ൫𝜌்,ଶ − 𝜌ூ,ଶ൯𝜌ூ,ଶ − 𝛾ଶ𝜌ூ,ଶ + 𝑚[12 𝜌ூ,଴ − 𝜌ூ,ଶ] 



950 

Mathematical Biosciences and Engineering  Volume 22, Issue 4, 943–961. 

 

Figure 4. Steady-state density obtained from lattice simulations. Equilibrium values of 𝜌ூ,௜, averaged in the interval (1500 ≥ 𝑡 > 1000), are plotted against 𝛽଴ (𝑖 = 0,1,2). 
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Figure 5. Same as Figure 4 but obtained from the metapopulation theory (Tables 1–3). 
The model parameters are set as 𝛽ଵ = 𝛽ଶ = 1, 𝛾 = 0.25 and 𝑚 = 1. 
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Figure 6. The sum of steady-state densities of infected agents in all cities (𝜌ூ,଴ + 𝜌ூ,ଵ +𝜌ூ,ଶ). The sums (a) and (b) are obtained from Figures 4 and 5, respectively. Networks A, 
B, and C have the same meanings as in Figure 1. 

We explore the steady-state (equilibrium) densities by the effect of disturbances. In Figure 4, the 
densities (𝜌ூ,௜) in the stationary state are plotted against the infection rate (𝛽଴) in City 0, where 𝑖 = 0,1,2. 
Figure 4(a)–(c) show the results for Networks A, B, and C, respectively. First, we pay attention to the 
special case of 𝛽଴ = 1. When the network is complete (Network A), we have 𝜌ூ,଴ = 𝜌ூ,ଵ = 𝜌ூ,ଶ (see 
Figure 4(a)). On the other hand, in Figure 4(b),(c), we have 𝜌ூ,ଵ > 𝜌ூ,଴ = 𝜌ூ,ଶ and 𝜌ூ,଴ > 𝜌ூ,ଵ = 𝜌ூ,ଶ, 
respectively. These inequalities come from the fact that agents gather in the hub city. It is found from 
Figure 4(c) that the infectious disease completely disappears for a small value of 𝛽଴. 

We can obtain similar results for metapopulation theory. We calculated the equilibrium densities 
numerically by using metapopulation theory (see Tables 1 and 2, and the Appendix). In Figure 5, the 
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equilibrium densities for theory are shown against 𝛽଴, where the model parameters are set as 𝛽ଵ =𝛽ଶ = 1 and 𝛾 = 0.25. We find that the metapopulation theory can give a good explanation for the 
results of the Monte Carlo simulation on lattices. If 𝛽଴ is sufficiently small, the infectious disease 
completely disappears for both Networks C and A. (We can calculate the critical 𝛽଴ to be 0.5 in 
Network C from (A27) and 0.15 in Network A from (A9). In Network B, infectious disease does not 
disappear even for a small 𝛽଴ from (A18). See the Appendix). 

We also get the total density of infected agents, which corresponds to the sum of steady-state 
densities in all cities (𝜌ூ,଴ + 𝜌ூ,ଵ + 𝜌ூ,ଶ). In Figure 6, this total density is depicted against the infection 
rate (𝛽଴), where (a) and (b) are calculated from the results of the simulation (Figure 4) and the theory 
(Figure 5), respectively. It is found from Figure 6 that the infection disappears for Network C. Thus, 
we can extinguish infections when infectious disease prevention measures (disturbances) are only 
applied in the hub city. We call this the “hub effect”. Moreover, Figure 6 indicates a kind of paradox 
when we compare the results of Networks A and B for 𝛽଴ < 1. We find that the total density of 
infected agents for Network A is less than that for Network B. Note that one link is added in Network 
A compared with Network B. Thus, infected agents decrease through the addition of a link. We 
consider that this paradox also comes from the hub effect, as discussed later. 

Table 3. List of parameters and variables. 

Parameters or variables Meaning 𝛽௜ (𝑖 = 0,1,2) Infection rate in City 𝑖 𝛾௜ (𝑖 = 0,1,2) Recovery rate in City 𝑖 𝑚 Migration rate between cities 𝜌்,௜ (𝑖 = 0,1,2) Total density in City 𝑖 𝜌ூ,௜ (𝑖 = 0,1,2) Density of infected agents in City 𝑖 
4. Discussion 

In traditional metapopulation theory, each individual tends to migrate from higher- to lower-
density cities through the links [17,18]. However, in our paper, we adopt a random movement: 
everyone randomly chooses one of links as the destination city [8,21,22,24,25]. In the case of random 
migration, agents tend to assemble in the hub. As shown in Figure 2 (𝑡 < 0), the density of infected 
agents in the hub city has the highest value among the three cities. We find another “hub effect”: we 
can eliminate the infection entirely by disease control measures in the hub city only. Conversely, if the 
infection rate increases in the hub, the infected agents rapidly increase. 

In Figure 6(a),(b), we find a kind of paradox. Infected agents in Network A are less dense than 
those in Network B. In other words, if a link is constructed in Network B, the density of infected agents 
is decreased. The population size of infectious decreases, even if the interaction between cities 
increases. We consider that this result also comes from the hub effect. Since the density in the hub is 
the highest, many agents cannot receive the benefit of the disturbance in Network B. 

Finally, we discuss some assumptions in our model. In the simulations, we randomly distributed 
empty cells in each city at a ratio of 10%. If the concentration of empty cells is too high, the infection 
automatically disappears. In contrast, when the concentration of empty cells is too low, then migration 
rarely occurs. In this case, the three-city system can be regarded as a one-city system. 
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5. Conclusions 

We carried out experiments on infectious disease prevention measures (disturbances). We find 
the following hub effects. (i) Agents tend to assemble in the hub (see the case of 𝛽଴ = 𝛽ଵ = 𝛽ଶ = 1 
in Figures 4 and 5). (ii) Infected agents completely disappear through the disease control measures 
imposed on the hub only (see Figure 2(c)). iii) The density of infected agents may decrease through 
the construction of links (a paradox). 
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Appendix 

Existence conditions of internal equilibria and their explicit or implicit formulations in 
metapopulation theory 

We can fix 𝑚 = 1 without loss of generality. For the other parameters, we set 𝛽ଵ = 𝛽ଶ = 1, 𝛾଴ =𝛾ଵ = 𝛾ଶ = 𝛾. 

(a) Network A 

We can obtain the solutions of total densities by solving the equations in Table 1 as follows:  𝜌்,଴(𝑡) = 13 − ൤13 − 𝜌்,଴(0)൨ 𝑒ିଷଶ௧, 
𝜌்,ଵ(𝑡) = 13 − ൤13 − 𝜌்,ଵ(0)൨ 𝑒ିଷଶ௧, 𝜌்,ଶ(𝑡) = 1 − 𝜌்,଴(𝑡) − 𝜌்,ଵ(𝑡). 

Thus, ቀ𝜌்,଴(𝑡), 𝜌்,ଵ(𝑡), 𝜌்,ଶ(𝑡)ቁ  approaches ቀଵଷ , ଵଷ , ଵଷቁ . Therefore, we can consider the following 

dynamics for the densities of infected agents within each network:  𝑑𝜌ூ,଴𝑑𝑡 = 𝛽଴ ൬13 − 𝜌ூ,଴൰ 𝜌ூ,଴ − 𝛾𝜌ூ,଴ + 12 𝜌ூ,ଵ + 12 𝜌ூ,ଶ − 𝜌ூ,଴, 
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𝑑𝜌ூ,ଵ𝑑𝑡 = ൬13 − 𝜌ூ,ଵ൰ 𝜌ூ,ଵ − 𝛾𝜌ூ,ଵ + 12 𝜌ூ,ଶ + 12 𝜌ூ,଴ − 𝜌ூ,ଵ, 𝑑𝜌ூ,ଶ𝑑𝑡 = ൬13 − 𝜌ூ,ଶ൰ 𝜌ூ,ଶ − 𝛾𝜌ூ,ଶ + 12 𝜌ூ,ଵ + 12 𝜌ூ,଴ − 𝜌ூ,ଶ. 
To get equilibrium values ൫𝜌ூ,଴∗ , 𝜌ூ,ଵ∗ , 𝜌ூ,ଶ∗ ൯, we set zero for the right-hand side of the equations above.  

𝛽଴ ൬13 − 𝜌ூ,଴∗ ൰ 𝜌ூ,଴∗ − 𝛾𝜌ூ,଴∗ + 12 𝜌ூ,ଵ∗ + 12 𝜌ூ,ଶ∗ − 𝜌ூ,଴∗ = 0, (𝐴1) 
൬13 − 𝜌ூ,ଵ∗ ൰ 𝜌ூ,ଵ∗ − 𝛾𝜌ூ,ଵ∗ + 12 𝜌ூ,ଶ∗ + 12 𝜌ூ,଴∗ − 𝜌ூ,ଵ∗ = 0, (𝐴2) 
൬13 − 𝜌ூ,ଶ∗ ൰ 𝜌ூ,ଶ∗ − 𝛾𝜌ூ,ଶ∗ + 12 𝜌ூ,ଵ∗ + 12 𝜌ூ,଴∗ − 𝜌ூ,ଶ∗ = 0. (𝐴3) 

We focus on the internal equilibria below.  
Subtracting (A2) from (A3),  ൫𝜌ூ,ଵ∗ − 𝜌ூ,ଶ∗ ൯ ൬𝜌ூ,ଵ∗ + 𝜌ூ,ଶ∗ + 𝛾 + 76൰ = 0. 
Therefore, 𝜌ூ,ଵ∗ = 𝜌ூ,ଶ∗ . Then (A1) and (A2) become  𝛽଴ ൬13 − 𝜌ூ,଴∗ ൰ 𝜌ூ,଴∗ − 𝛾𝜌ூ,଴∗ + 𝜌ூ,ଵ∗ − 𝜌ூ,଴∗ = 0, (𝐴4) 

൬13 − 𝜌ூ,ଵ∗ ൰ 𝜌ூ,ଵ∗ − 𝛾𝜌ூ,ଵ∗ + 12 𝜌ூ,଴∗ − 12 𝜌ூ,ଵ∗ = 0. (𝐴5) 
From (A4) and (A5) 𝜌ூ,଴∗ ቂ𝐴଴൫𝜌ூ,଴∗ ൯ଷ + 𝐴ଵ൫𝜌ூ,଴∗ ൯ଶ + 𝐴ଶ𝜌ூ,଴∗ + 𝐴ଷቃ = 0 (𝐴6) 
where 𝐴଴ = 𝛽଴ଶ, 𝐴ଵ = 2𝛽଴ ൬1 + 𝛾 − 13 𝛽଴൰ , 𝐴ଶ = ൬1 + 𝛾 − 13 𝛽଴൰ଶ + 𝛽଴ ൬16 + 𝛾൰,  

𝐴ଷ = ൬1 + 𝛾 − 13 𝛽଴൰ ൬16 + 𝛾൰ − 12. 
When 𝛽଴ = 0, which corresponds to the worst condition for the disease, the positive 𝜌ூ,଴∗  needs the 
condition 12 − (1 + 𝛾) ൬16 + 𝛾൰ > 0 

In other words,  
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𝛾 < −7 + √9712 ≈ 0.237. (𝐴7) 
If (A7) does not hold, then 𝛽଴ should be positive for a positive 𝜌ூ,଴∗  to exist. The critical 𝛽଴ for 
positive 𝜌ூ,଴∗  is obtained from (A6) with 𝜌ூ,଴∗ = 0:  𝐴ଷ = ൬1 + 𝛾 − 13 𝛽଴൰ ൬16 + 𝛾൰ − 12 = 0.  
In other words, 

𝛽଴ = ଷቂ(ଵାఊ)ቀభలାఊቁିభమቃቀభలାఊቁ = ଷ൫଺ఊమା଻ఊିଶ൯଺ఊାଵ . 

Therefore, the positive 𝜌ூ,଴∗  needs  𝛽଴ > 3(6𝛾ଶ + 7𝛾 − 2)6𝛾 + 1 . (𝐴8) 

Under the conditions (A7) and (A8), a positive 𝜌ூ,଴∗  is obtained from (A6) as follows: 

𝜌ூ,଴∗ = 118𝛽଴ଶ ቎4𝛽଴ሼ𝛽଴ − 3(1 + 𝛾)ሽ + 2ଶଷ𝛽଴ଶሼ2𝛽଴ଶ + 18(1 + 𝛾)ଶ − 3𝛽଴(7 + 22𝛾)ሽ𝐴ସ + 2ଵଷ𝐴ସ቏ 

where 

𝐴ସ = ൛9ඥ3𝐴ହ − 4𝛽଴଺ + 108𝛽଴ଷ(1 + 𝛾)ଷ + 9𝛽଴ହ(7 + 22𝛾) − 27𝛽଴ସ(−20 + 29𝛾 + 22𝛾ଶ)ൟଵଷ 𝐴ହ = −𝛽଴଻ሼ−648(1 + 𝛾)ଷ + 𝛽଴ଷ(25 + 12𝛾 + 36𝛾ଶ) − 6𝛽଴ଶ(65 + 229𝛾 + 156𝛾ଶ + 252𝛾ଷ) +9𝛽଴(−116 + 536𝛾 + 457𝛾ଶ + 84𝛾ଷ + 36𝛾ସ)ሽ. 
(b) Network B 

Similarly to Network A, we obtain an optic equation for 𝜌ூ,଴∗  as follows: 𝜌ூ,଴∗ ቂ𝐵଴൫𝜌ூ,଴∗ ൯଻ + 𝐵ଵ൫𝜌ூ,଴∗ ൯଺ + 𝐵ଶ൫𝜌ூ,଴∗ ൯ହ + 𝐵ଷ൫𝜌ூ,଴∗ ൯ସ + 𝐵ସ൫𝜌ூ,଴∗ ൯ଷ + 𝐵ହ൫𝜌ூ,଴∗ ൯ଶ + 𝐵଺𝜌ூ,଴∗ + 𝐵଻ቃ = 0(𝐴9) 
where 𝐵଴ = 16𝛽଴ସ,  𝐵ଵ = 16𝛽଴ଷ(4 + 4𝛾 − 𝛽଴),  𝐵ଶ = 2𝛽଴ଶሼ48(1 + 2𝛾 + 𝛾ଶ) − 4𝛽଴(5 + 4𝛾) + 3𝛽଴ଶሽ,  𝐵ଷ = 𝛽଴ሼ64(1 + 3𝛾 + 3𝛾ଶ + 𝛾ଷ) − 8𝛽଴(4 + 3𝛾) + 6𝛽଴ଶ − 𝛽଴ଷሽ,  
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𝐵ସ = 116 ሼ256(1 + 4𝛾 + 6𝛾ଶ + 4𝛾ଷ + 𝛾ସ) − 128𝛽଴(1 − 4𝛾 − 9𝛾ଶ − 4𝛾ଷ) + 32𝛽଴ଶ(1 − 8𝛾 − 7𝛾ଶ)+ 8𝛽଴ଷ(1 + 4𝛾) + 𝛽଴ସሽ,  𝐵ହ = 18 ሼ𝛾(192 + 512𝛾 + 448𝛾ଶ + 128𝛾ଷ) + 16𝛽଴(2 − 3𝛾ଶ − 2𝛾ଷ) − 4𝛽଴ଶ(2 − 𝛾 − 2𝛾ଶ)− 𝛽଴ଷ(1 + 2𝛾)ሽ,  𝐵଺ = 14 ሼ4(3 + 10𝛾 + 20𝛾ଶ + 16𝛾ଷ + 4𝛾ସ) − 𝛽଴(7 + 10𝛾 + 16𝛾ଶ + 8𝛾ଷ) + 𝛽଴ଶ(1 + 2𝛾 + 𝛾ଶ)ሽ,  
𝐵଻ = 116 ሼ−4(4 − 5𝛾 − 18𝛾ଶ − 8𝛾ଷ) + 𝛽଴(1 − 10𝛾 − 8𝛾ଶ)ሽ. 

When 𝛽଴ = 0, 𝜌ூ,଴∗  is positive for  

𝛾 < 112 ቈ−9 + 2√51 cos ቆ13 cosିଵ 12√5117ଶ ቇ቉ ≈ 0.3352. (𝐴10) 
If (A10) does not hold, the positive 𝜌ூ,଴∗  needs 𝛽଴ > 4(−4 + 5𝛾 + 18𝛾ଶ + 8𝛾ଷ)−1 + 10𝛾 + 8𝛾ଶ . (𝐴11) 

Under the condition (A10) and (A11) the positive 𝜌ூ,଴∗  is obtained from (A9) by numerical calculation. 

(c) Network C 

Similarly to Network A and B, we obtain a quartic equation for 𝜌ூ,଴∗  as follows: 𝜌ூ,଴∗ ቂ𝐶଴൫𝜌ூ,଴∗ ൯ଷ + 𝐶ଵ൫𝜌ூ,଴∗ ൯ଶ + 𝐶ଶ𝜌ூ,଴∗ + 𝐶ଷቃ = 0 (𝐴12) 
where 𝐶଴ = 12 𝛽଴ଶ, 𝐶ଵ = 𝛽଴ ൬1 + 𝛾 − 12 𝛽଴൰ , 𝐶ଶ = 12 ൬1 + 𝛾 − 12 𝛽଴൰ଶ + 𝛽଴ ൬34 + 𝛾൰,  

𝐶ଷ = ൬1 + 𝛾 − 12 𝛽଴൰ ൬34 + 𝛾൰ − 1. 
When 𝛽଴ = 0, the positive 𝜌ூ,଴∗  needs the condition 

𝛾 < −7 + √658 ≈ 0.133. (𝐴13) 
If (A13) does not hold, the positive 𝜌ூ,଴∗  needs  𝛽଴ > 2(4𝛾ଶ + 7𝛾 − 1)4𝛾 + 3 . (𝐴14) 
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Under the conditions (A13) and (A14), the positive 𝜌ூ,଴∗  is obtained from (A12) as follows: 

𝜌ூ,଴∗ = 16𝛽଴ଶ ቈ2𝛽଴ሼ𝛽଴ − 2(1 + 𝛾)ሽ + 𝛽଴ଶሼ𝛽଴ଶ + 4(1 + 𝛾)ଶ − 2𝛽଴(11 + 14𝛾)ሽ𝐶ସ + 2ଵଷ𝐶ସ቉ 

where 

𝐶ସ = ൛3ඥ3𝐶ହ − 𝛽଴଺ + 8𝛽଴ଷ(1 + 𝛾)ଷ + 𝛽଴ହ(33 + 42𝛾) − 6𝛽଴ସ(−25 + 25𝛾 + 14𝛾ଶ)ൟଵଷ 𝐶ହ = −𝛽଴଻ሼ−128(1 + 𝛾)ଷ + 𝛽଴ଷ(25 + 24𝛾 + 16𝛾ଶ) − 4𝛽଴ଶ(195 + 417𝛾 + 328𝛾ଶ + 144𝛾ଷ) +4𝛽଴(−159 + 642𝛾 + 409𝛾ଶ + 56𝛾ଷ + 16𝛾ସ)ሽ. 
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