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Abstract: This paper studies a stochastic HIV/AIDS model with nonlinear incidence rate. In the
model, the infection rate coefficient and the natural death rates are affected by white noise, and infected
people are affected by an intervention strategy. We derive the conditions of extinction and permanence
for the stochastic HIV/AIDS model, that is, if Rj < 1, HIV/AIDS will die out with probability one and
the distribution of the susceptible converges weakly to a boundary distribution; if R} > 1, HIV/AIDS
will be persistent almost surely and there exists a unique stationary distribution. The conclusions are
verified by numerical simulation.
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1. Introduction

HIV/AIDS is not only a medical problem, but also a serious social problem. Once there is a
large-scale epidemic of HIV/AIDS, it seriously affects economic development and social stability.
Therefore, it is of theoretical and practical significance to establish a reasonable mathematical model
to analyze the epidemic trend of HIV/AIDS. Research has shown that epidemic systems are always
affected by environmental variations, which brings some randomness to the birth rates, death rates,
and transmission coefficient. Therefore, epidemic systems with stochastic perturbations can provide
an additional degree of realism compared to their corresponding deterministic systems [1-4]. From a
biological and mathematical perspective, there are different methods for adding white noise
disturbances to epidemic models [5—-10]. In addition, intervention strategies including the impact of
media coverage has a critical influence on the spread of HIV/AIDS, such as the public health
department taking some necessary disease prevention measures which can change people’s behavior
and reduce the effective contact rate between the susceptible and the infected, so as to more
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effectively prevent and control the spread of diseases. In recent years, a number of mathematical
models have been formulated to describe the impact of intervention strategies on the dynamics of
infectious diseases [11-20].

Many scholars have already studied HIV/AIDS infection models with nonlinear stochastic
perturbations [21-25]. In [21], Zhou et al. considered the complexity of environmental variations in
the real world, and also studied a stochastic staged progression HIV/AIDS infection model with
third-order perturbations. [22] took second-order perturbation into consideration for realism, and
obtained some sufficient conditions about the extinction of stochastic systems. In this paper, we
consider that the death rates and the incidence rate are perturbed by white noise [2,6,9], and the
incidence rate is a nonlinear functional response, which describes the intervention strategy. The rest
of the paper is arranged as follows: Section 2 provides some preliminary results about the system. In
Section 3, we derive the condition for the extinction of the system (2.1), which is equivalent to the
case R < 1. Section 4 focuses on the condition for permanence, corresponding to the case R} > 1.
The last section is devoted to some numerical examples as well as discussing the obtained results in
this paper.

The HIV/AIDS model is designed by dividing the population into three compartments containing
susceptible, infected, and symptomatic individuals. Let S(¢),I(f), and A(f) be the number of
susceptible, infected, and symptomatic individuals at time #, respectively. During the spread of
HIV/AIDS, we assume that the symptomatic individuals (AIDS) have received antiretroviral
treatment, and they are less likely to transmit the virus to others. This assumption is based on the
following facts: people living with HIV are less likely to transmit the virus to others if they know they
have been infected; antiretroviral therapy lowers infectivity, and treatment may be coupled to safer
sex education. Additionally, assuming that HIV/AIDS is intervened in the process of transmission, we
obtain the following HIV/AIDS model:

as@® _ A —uS(0) - BSI(1)

a+1e(t) °

dl S (1)1(1)
a0 = BOD _ 4+ v+ y)I), (1.1)

PO = vI[) - (1 +y)A®D)

where A is the recruitment rate of susceptible individuals, u the natural death rate of the population, 5
the effective contact rate, v the rate of transition from infective class to AIDS class, vy, the
extra-mortality due to infection for infected individuals, y, the extra-mortality due to infection for
symptomatic individuals, ﬁa szl((tt)) the nonlinear incidence rate, @ > 1, a > 0 are positive constant, and
similar incidence rates can be found in [9,10,14].

In the following, we analyze the characteristics of the infectious rate ufiffgt) . The model (1.1)
includes an intervention strategy in the transmission of HIV/AIDS. In the early stages of infection, due
to the small scale of infection and insufficient understanding of the disease infection, the infectious rate
is increasing. As the scale of infection increases, it attracts people’s attention, and some intervention
strategies are implemented. People might reduce their number of contacts per unit of time, and the

infectious rate decreases. For the infectious rate 22  since (-L.) = <D then (LY > 0 for

a+1%(t) ° a+1® (a+17)? a+1?
I < /=%, and (5 +I =) <0forI > {/-%, and we can find that the above intervention characteristics are
. . . . BI(1) BIH) - . . . .
consistent with the properties of the function - @ where - 7eq; 1S monotone increasing if I(r) is

less than {’/ﬁ, and aﬁ(% monotonically decreases if I(f) is greater than {’/ﬁ. The parameter a

characterizes the size of the infected population at which intervention strategies are implemented.
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The basic reproduction number of model (1.1) is
_ AB
ap(p +v +y1)

There are two equilibrium points in model (1.1): the disease-free equilibrium E, = (%, 0,0) and the

*

endemic equilibrium Ej = (S, I3, Ap), where

L vy (a+ @) o

Ry

0 B TR
and I satisfies
(/1+v+71)(a+(16‘)“) .
A—u 5 -(v+u+y)l, =0.
Let
) (+v+y)(a+ 7)) )

pI) =AN-p g —(v+pu+y)l.

We have p’(I") < —(u + v + 1), where p(I*) is monotonic decreasing. If a < Wfarm, then
+ v+ + v+
p(0) = A — a,u('u v+ Y1) _ ap(u + v )’1)(R0 ~1)>0.
B B
" . . ... . . BA .

So, for p(I*) there exists a unique positive solution /) if a < e TR Ro > 1.

For model (1.1), if Ry < 1, the disease-free equilibrium E| is globally asymptotically stable, while
if Ry > 1, there is a unique endemic equilibrium Ej which is globally asymptotically stable.

The deterministic model (1.1) describes that HIV/AIDS is intervened in the process of transmission.
However, environmental variations bring some randomness to the spread and development process of
HIV/AIDS. Based on this situation, we consider that the natural death rates are affected by white
noises, i.e.,

p— p— o Bi(@), ‘
HtV+yr o pu+v+y —o3Bi(D),
H+7y2 = o+ y2 — 04By()

and the deterministic model (1.1) by perturbing dimensionless valid contact coefficient 8 by B+ 0B, (1)
to obtain the following stochastic differential equations.

_ BS(DI1(1) S (OI(@)
ds (f) =|A —ﬂS (l) - a+—I“(t):| dr + O']S(l)dB](t) - O-2a+—la(t)d32(t)’
N S@! 1.2
di(r)y = [%I)"((tl)) -(u+v+ ’yl)I(t)] dt + o31(t)dBs(t) + Oz%de(t), (1.2)
dA®) = [VI(D) = (u + y2)AD] dt + 54 A(D)dB4(2).

Model (1.2) considers both media influence and random factors, which can more accurately describe
the development and transmission process of HIV/AIDS.

Throughout this paper, let (Q, F, P) be a complete probability space with a filtration {F)},
satisfying the usual conditions, B;(¢)(i = 1,2, 3,4) represent independent standard Brownian motions
defined on this probability space, and o;(i = 1, 2, 3, 4) represent the intensities of the white noises.
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2. Preliminary analyses and results

As the third equation of system (1.2) can be represented by the first two equations, system (1.2) can
be written as

e BS@IG) Sl
ds( = AS ,uf ® 2+ 1°0) dt + oS (£)dB(¢) O'Qa n IC;(Z‘) dIBz(t), o
di(ny = I(Bl_i_(t—])a((tt)) -(u+v+ yl)l(t)] dr + o31(r)dB;(r) + O'za _f-t)](l((?) B, (1).

S(t) and I(¢) in system (2.1) represent the sizes of the susceptible individuals and the infected
individuals at time t, respectively. So we define the state space of system (2.1) as

R ={(s,i):5>0,i >0},

and denote
R%® = {(s,i): s > 0,i > 0},R* = {(5,i) : s > 0,i > O}.

Similar to the method in [26,27], one can obtain the global existence and uniqueness of the positive
solution of model (2.1), so we omit it here.

Let (S ,(?), I,(?)) be the solution of model (2.1) with initial value u = (s,1) = (S(0), 1(0)) € Ri. For
further investigation, we give some assertions on (S ,(¢), 1,,(1)).
Lemma 2.1. Assume y > 4 max{o7, 03}, then the following assertions hold:

(1) For any & > 0, there exists C = C(h) such that

E(S () + L(1)* < C,t > 0,u € [0,h] X [0, A].
(ii) For any € > 0,h > 0, we have H = H(g, h) > 1 such that
PO<S.()+1,()<H)>1-¢,t>0,uecl0,h]x][0,h].
Proof. Let V(1) = N3(t), N(t) = S ,(t) + L,(¢). By Itd’s formula, we have

LV(@1) = 8N"(1)(A — uN(®) — (v + YL (1)) + 28NO(0)(02S (1) + 0 212(1))
< 8AN'(1) — 8uV(r) + 28 max{o2, o2} V(1).

Applying the generalized 1t6’s formula to e*'V(¢), we obtain

d(e"V(t)) = ue'V(t)dt + e (LV(t)dt + oS ,(1)dB, () + o31,(1)dBs(1))
< (AN (1) — TuV (1) + 28 max{o?, O'%}V(l))dl + 018 ,(0)dB,(t) + 031,(1)dB;(2)
= &"[8AN(1) — T(u — 4 max{o=, o3 )V(0)]dt + 1S ,()dB; (1) + 031, (t)dB5(1).

By p — 4 max{o 7,03} > 0, we have

M := sup{8Ax" — 7(u — 4 max{o?, o3 H)x*} < 0.

x>0

For each n € N*, define the stopping time

7, = inf{r > 0, N(¢) > n}.
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From the above inequality, we have

ATy

E(eH"™V(t AT,)) < V(O0)+E([ " Medr)

< V() + Z (e = 1).

By letting n — +oco, we have
M
HE(V(0) < V(0) + —(e" = 1).
u

This implies that

E(V(1®) < (V(0)— e + 1
< V(e + & = C(h).

Then we complete the proof of item (i).
For any u € [0, 4] X [0, 4], applying Chebyshev’s inequality, we have
E(V(@) C
PNG) > H) € = < —.
Setting H > (%)é, we obtain the result of item (ii). We complete the proof of the lemma.
Remark 2.1. In Lemma 2.1, C = C(h) depends on &, which depicts the initial value of susceptible
S .(#) and infectious /,(7). From a biological perspective, the initial value of the population is bounded.
So, we may assume that C(h) is bounded, that is to say, C(h) is a constant. It is also based on this
viewpoint that, throughout this paper, we restrict that initial value u = (s, i) of the system (2.1) to the
region [0, 2*] X [0, h*], h* to be a positive constant.

3. Extinction

In this section, we establish a condition for the extinction of HIV/ADS. If I,(r) = 0, from
system (2.1) , we have the following one-dimensional homogeneous Markov process

de(t) = (A — pe(0)dt + o19(0)dB, (1), p(0) = s 2 0,1 > 0. (3.1
Applying [28], we can obtain that the process (3.1) has ergodic properties with the invariant density
given by
2u
2A\A (2 -%+ -8l
f@) = (—2) o (—‘j ' 1)90 A (3.2)
7 7
and

] 1 ! +00
lim — | ¢(7)dr = f of(p)dy
t—+oc0 | 0 0

where I'(7) is the Gamma function.

In the following, we apply the Lyapunov exponent limsup,_, , lnlt“(’) to show that 7,(f) converges
to 0. By the definition of the almost surely exponential stability [29, 30], if lim sup,_,, lnlt“(t) <cile <
0) holds, then I,(¢) is almost surely exponentially stability, which implies that 7,(¢) trends to zero

exponentially fast, i.e., lim,_,, 1,(t) = 0.

Mathematical Biosciences and Engineering Volume 21, Issue 1, 1650-1671.



1655

From the second equation of system (2.1), using It&'s formula, we have

(@ _ In 1 In 7,(0)
t

—UA vy Lo+ 2RO L fo $4D_J1B, (1)

a+l§f(‘r)
1f Su(m) 152 S2(7) dr. (3.3)
0 a+["(‘r) 202 (@+12(1)?

If ¢ is sufficiently large, 7,(¢) is sufficiently small, and S ,(7) is close to ¢(7), we have

1 L0001 o2 Sir)
P, fo (ﬁa+ o 2 G IQ(T))Z) f ol )—— e (34)

From (3.3) and (3.4), by the ergodicity property of ¢ we have

. In7,(1) Su(®) 2_ 8. 1.2
limsup,,,, =3 < limsup,,,. 5 fo ( arlf(D 13 (a+1§f(T))2) T (pHy+y+ 503

~ 1 2

~ 1 fo (—(p(‘[‘ - ETZ‘P (T))dT (U+V+y+307) (3.5)

=L sﬂf(sé?)dso—za—zfo Ff(@dp - (u+v+y + o)

= (2 + 3% [, ¢ f(@)dp)(RS — 1)
where R} = fo HOW = u+v+y + lo2.
P = fo @ fp)dep

If R) < 1, then limsup,_, < ¢; <0, and it follows that lim,_, , 1,,(¢) =

From the above arguments we need to show that, when /,,(¢) is small, S u(t) is close to ¢(), and (3.5)
holds. To prove this assertion, we first use the methods mentioned in [2,19,29] to give the following
lemmas.
Lemma 3.1. Assume that u > 4max{o?, 03} holds. For any T,h > l,6,00 > 0, there is a § =
o(T, h,e,0) > 0, such that

In 1 ()

P >T)>1-¢guec[0,h] x(0,d],

where 77 is the stopping time
=inf{t > 0, 1,(¢t) > o}.

Proof. By the exponential martingale inequality [29], we have P(€2;) > 1 — %, where

! S.(7) 1 (" 2 Si(7) 4
Q = {o3B3(1) + o < a't+ o5——————dt+2In—,t > 0}.
1= {03850 f(; 2a+I,‘j() Bx(®) 3 Zfo 2(0"‘13(7))2 ! ns }

In view of Lemma 2.1, there exists H = H(h, &) such that P(Q,) > 1 — £, where
Q ={S.,(t) <H,t€[0,T],u€[0,h] x][0,h]}.

For w € Q; (N Q,, we obtain

o 4 Su u
Inl,(1) =Ini-cyt+ [ azw;ff()ﬂ dB,(1) + fo 03dB5(1) + fo Wﬁf()ﬂ
1 2 S
—292 @i mP )dr
< lni+,8 Hii21nd
&g
=1n l6zeM’
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where M = ,8 =z

Leto = 8 z e™MT < . For all u € [0, h] x (0, 6], then 1,(f) < o, t € [0, T]. The proof is complete.
Lemma 3 2. Assume that u > 4 max{O'] , 0-3} holds. For any 7,h > 1,&,1 > 0, there is o > 0 such that,
for u € [0, h] X (0, o],

P(e(t) =S, <n,t€[0, T AT > 1—-¢.

Proof. Let ¢(¢) be the solution of Eq (3.1). An argument similar to Lemma 2.1, for any &, 1 > 1, shows
that there is H > 1, such that

PO<@(t)<H)>1- Z, s € [0, 7]. (3.6)
From Lemma 2.1 and (3.6), for any & we have that there exist H and 1 < & < h, such that
Py vS. () <H)>1- Z,t € [0,T],u € [0,h] x(0,h]. 3.7

By It6's formula, from systems (2.1) and (3.1), we obtain

o) = SO < p Jj lp(r) = S (D)ldT + B [ 220Dt 4 | [(p(7) = S (1))d B (7))
0| [} S0LDy gy (7).

a+lIg(v)

Noticing that (31, a;)* < 16 7, a? holds, then

()=S0 < 16LL(lptr) = SOl + () Sl
2 2 O1(1) 2 (3.8)
+03| 3 (1) = S ()dBy ()P + 73| [ 240D a By (1)),

Let 7/ = {t > 0,¢(t) V S,(t) > H},p = 7 A 7} From (3.8), we obtain

Elsup,.,(¢(t A p) = Su(t Ap)’] < 16LPE(f)” lp(r) = S ((Dldr)? + PE( [ 240 dr)?
+a2Bsup., | [ (o(r) = S (1)dB (1) (3.9)
+o3Esup., | |, i S;‘izn]gg)dB (1.

For ¢ € [0, T'], applying Holder’s inequality we have

7 2172
ﬁ (fPS(T)I(T) ) TﬂHo_z.

+ 1%(7) a?

Using the Burkholder-Davis-Gundy inequality [29], we obtain

TAD AP
oiE[sup| (p(1) = S (T)dB1 (1] < 407E[ f (p(1) = S (7))*dT],
T<t 0 0
™S (T),(T) TH?
2 ulTy 2 2 2
O'ZE[Sflgﬂ ) Py I2(0) dB(7)|°] < 405 2 oe.

From (3.9) and the above estimates, we have

E[sup,(¢(t Ap) = ST AP)] < c30” + B[ (p(1) = S (1))d1]

; 1
< 307 + ¢4 [ BIsup,(¢(t A p) = Su(x A p))*ldt G109
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where ¢3 = 168> + 402X ¢, = 16(> + 4072).
Applying Gronwall's inequality, we have
E[sup(¢(1 A p) = Su(T A p))*] < c3¢“T .

<T

By Chebyshev's inequality, we have

caT

Plsup(p(t A p) — Su(t AP = 7] < 2o g? < g 3.11)
T<T n

In addition, {sup, (@(t) V S,(1) < H,t € [0,T]} C{tAp=tA77,t€[0,T]}. As aresult,

PltAp=tAT7,t€[0,T]} > P{sup(e(t) VS, () <H,te[0,T]}>1- g (3.12)
1<T
Combining (3.11) and (3.12), we complete the proof.

Lemma 3.3. Assume that 4 > 4max{o7,03} and R} < 1 hold. For any & > 1,& > 0, there is a
0 = 0(h, &) > 0 such that

InZ,(t
P(lim sup | n L)

t—+00 t

— A <e)>1-"Teucl0,h]x(0,06],

0'2 00 .
where 1 = (3% [ > f(@)dg + c2)(R; — 1).
Proof. From (3.5) and the ergodicity of ¢, we have
0.2
lim, } fot('ggo(r) - %a—§¢2(7))d7 —c = A,

and then there exists 7 = T(g) and P(Q3) > 1 — &, where

1 [ 103
=7 [ Eon- 3 Zpwmr-cicavarzTy),
t 0 a 2 a

Since lim,_, ;o @ =0a.s., thereisa T, = T»(eg) > 0, such that P(Q24) > 1 — &, where

03 B3(1)
1

Q= { <& t2>T}
From Lemma 2.1 and (3.7), there is an H, 1 > 1, such that P(Q5) > 1 — &,
Qs ={0 < @(1), S (1), 1(1) < H,u € [0,h] X (0, h],7 € [0,T]} (3.13)

where T =T, V T5.
Supposing |S ,(¢) — ¢(t)| < n and |1,(?)| < n, from (3.13) we obtain

Bluds — Lol < bin (3.14)
where by = 254,

o2, 52

Fltids — L0 < boy (3.15)
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where b, = %(2 + 1j‘;ZZ”H). From (3.14) and (3.15), there is an n < min{1, m} such that
S 1 o3 Su) 1, &
- -+ =|———— - = (D) < =. 3.16
A ew O S o~ 2F 0 <3 (3.16)

On the other hand, by the exponential martingale inequality we have P(Q4) > 1 — &, where

! S.(1) K1 e t, Sk
= —  dB —_ 1 — I A >
Q¢ {\fo o2 — e )d (1) < n = +— o O-Z(a " I{f(T))sz’ t >0},

k_ oo H

In view of [2], there exists a ¢, > 0, such that P(€)7) > 1 — &, where

Q7 ={lo1B1()| < g-(1),t >0} N

|f est-or 1) L (T)S“(T)d33(1)| < ce Yn@)(Inn(0)] + 1,1 = T},

+I;(7)
q:(t) = co V([ Int] + 1), n(t) = f g2estr2ee Vr(lnTl+l) (’ijsfj)ji dr,cs = p+ 2. Tt is clear that
+o)H K1
D, (&) := sup e—fs’+qs<f>+fsT+%<T>(M —In-+ )T < 0. (3.17)
>0 a & &

From Lemma 3.2, there exists r7; > O satisfying

n
20(e)

such that u € [0,h] X (0,7;] and P(Qg) > 1 — &, where Qg = {|S,(*) — ()| < n,t < T AT},
7" =inf{t > 0, I,(t) > n}.

Let TZ?’S =inf{zr : |S,(5) — ()] > p}and p = T A TZ’S. From Lemma 3.1, there is a 0 < § < n; such
that u € [0, h] X (0, 6], P(£)9) > 1 — &, where

}

m < min{n,

Qo ={t" >T}.

Therefore, for all u € [0, h] X (0,6],w € N?_,Q;, we have p > T
For u € [0, 1] x (0,61, € [T,pl, w € N)_,€;, from the system (2.1), we have

“ 12 Sa@
Inl,(t) =Ilni+ f() a+1‘(’T()T) 29 G r c)dt

+03B3(1) + [ 02 24 dBy(1)

a+I,‘,’(‘r)

. t 0_2
<Ini+ fo(ﬁgo(‘r) z 2902(7_) — ey)dr -,
: ! t Su T .
+'8f0 “+1§()T) —w@ldr+ 3 ] |(a+I"((T)))2 — 2@ (Dldr
03 B3() + fo o2 a+;‘u(’?r) dB(7)

<hni+Emnl+@+3er

From (3.18), we have

2
L(D) < ie™ =W t € [T, pl. (3.19)
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In the following, we estimate |¢(f) — S ,(#)|. From systems (2.1) and (3.1), we obtain

dlg(®) = Su(D) = p(p(d) = SuO)dr + Sutpeddi + 01 (1) = S (1)dBy (1)
+0, LD g B, (1),

a+1; (1)

It follows that

(l) S (l‘) _ e—cst+o-131(t)f ee5T" a-lBl(‘r)(ﬁ Sy (T)d‘['+0' Su(@1y (T)dB (T))

a+I§(7) a+I (1) (320)
= A1(1) + Ax(?)

where

t
Al(t) :IBe—cst+a'131(t)f ecsr—mB](T)MdT’
0

a+1%(7)

. " Su(ML(7)
A(f) = —c5t+0'1B|(l)f esT=oBi(m) U TN B ).
2(1) = 0ze ¢ at I(0) 2(T)

For all u € [0,h] X (0,6],w € O?Z3Qi,t > T, from (3.19) we have

AP
A](t/\ﬁ) — ,8 —cs(t/\p)+mBl(z/\p)(f csT—01 B (1) u(T)I (T)d‘l'+f peCST_O—lB](T)MdT)
T

a+1%(r) a+15(7)

IA

tAD
pH ¢S UPIHaLND) ( f oSTHED gp 4 i f €5 TH(D) 30T 11 (3.21)
a 0 T

D (&) + Da(e)i

IA

where
2

H & !
Oy (e) := '8—8_? sup e 50 [ gesTHa BT g < 4 oo,
a 20 T

Similarly, for u € [0, h] X (0,6], w € ﬂ?:3§2,-,t > T, we have

IA

T
—cs(tAP)+0 1 B1(1AD) 605T+q5(T)| f 0_25 W(DI(T) dBy(7)|

Ax(t A D) me

+1%(7)
_ 1,(7)
+ cs(tAp)+mB](t/\p)f 5T o1B1(7) “(T) —u T AR 322
| a+ 12(0) 2(7) (3.22)
/\
< D(e)y + e SIPIHEUND f ce V()| Inn(r)| + dr
T
where [ )
l’l(l) _f 2 265T+2qé(-r) u(T)S (T) dr
T (a + 13(1))?
From (3.19), we have n(¢) < *m(t), m(t) = k>~ f e2657+24:(0 24397 g+ Then,

!
®3(g) := sup e“‘”‘k(’)f ce (@) (| Inm(t)| + Ddt < 0

>0 T
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and
Ay(t A P) <Dy (e) + iD3(e). (3.23)

Let 6 € (0, 6), satisfying
25(0y(s) + Da(s)) < g

From (3.20)—(3.23), for u € [0,h] X (0,6], w € N;_,Q;,t > T, we have

=

le(t A p) = Sut APl < 2mD1(e) + (P2(8) + D3(e))i < o + 5 =1 (3.24)

S}
I3

It follows that 1 A p < 7, ¢ > T holds. Therefore, for all w € O?ZSQ,-, p < T, the equality only occurs

when p = 7)) = co. As a consequence, w € N,_,Q; C {t" < 7, }. From (3.19) we obtain that, for
u € [0,h] x (0,8],w € N2, Q1 > T and

k2
L ATT) < § =39 < .

This implies that # A 77" < 7,1 > T or 7" = oo for u € [0, h] X (0,6],w € N?_, Q.

lim sup IW - A <limsup w + lim sup |

t—o00 —00 —00

+limsup |1 [ oy 3404y (7))

a+I§ (1)

0333(l)|
1

t—00

: B (1 S.(D @(1)
+limsup = fo |—a+I,‘{(T) - £2]dt
—o0

127 182D P
303 hrtrlsup fo larer — "2 ldt

<SS+ (b +b)np<e
The proof is completed by noting that P(N?_,Q,) > 1 - 7e.
In the following, we give the property of the stochastic extinction of HIV/AIDS.

Theorem 3.1. Assume that u > 4max{0’%,0'§} holds. If R} < 1, then the solution (S ,(?), [,(¢)) of
system (2.1) satisfies

2
b { i Inl() _ 103

=(

t—+00 t 2 a?

f ) @ f(p)dp + )RS — 1)} = 1,u € [0,h*] x (0,h*] c R*
0

and the distribution of S ,(¢) converges weakly to ¢, which is the unique stationary distribution of (3.1)
with density (3.2).
Proof. Let uy € [0, "] X (0, h*] and € > 0. From Lemma 1.1, there is a constant H > 1 such that

[lign P{(S (1), 1,,(1) € Ao} > 1 - ¢ (3.25)

where Ay = {[0, H] x (0, H]}.

From Lemma 3.3, we have that the process (S ,,(?), 1,,(t)) is not recurrent in the invariant set Ri’i.
Meanwhile, the diffusion Eq (2.1) is non-degenerate, its solution process must be transient [26]. For &
above, let 6 > 0 satisfy Lemma 3.3, and by the transience of (S uw (1), 1,,(1)), we have

lim P((S4,(1), L(8)) € A1} = 0 (3.26)

Mathematical Biosciences and Engineering Volume 21, Issue 1, 1650-1671.



1661

where A; = {[0, H] x [0, H]}.
Since Ay — A; C [0, H] x (0,8] = A,, from (3.25) and (3.26) we have

lim P{(S,,(®),1,() €A} > 1 —¢.
f—+00
Therefore, there exists a Ty > 0 such that
P{(S 4, (T0), 1,,(To)) € Az} > 1 - 2e. (3.27)

By the Markov property of stochastic process (S ,,(?), 1,,(#)) and the results in Lemma 3.3, from (3.27)
we obtain

P(lim sup | —A<e)>0-Te)(1 -2&)>1-9e.

t—+00

InZ,(?)
t

From the arbitrariness of &, we have
In1,, (1)
t

P(lim sup =) =1,up €[0,h"] x(0,h"] (3.28)

t—+o00

that is, 7,,(f) converges almost surely to 0 at an exponential rate.

Next, we will prove that the distribution of §,,(f) converges weakly to the measure ¢. By
Portmanteauws theorem [14], it is sufficient to prove that for any g(x) : R — R satisfying

(i) 1g(x)| < M, x € R, M is a positive constant,

(i) 1g(x1) — g(x2)l < Mlx; — x2|, x1, x2 € R, then

lim E(e(S,0) = [ e@)f@)dot = ¢ € 011X O.I)
— 400 0

Since the diffusion Eq (3.1) is non-degenerate, it is well known that the distribution of ¢(#) weakly
converges to f. So, we have

lim E[g(p(0))] = g". (3.29)

From (3.28), it follows for &£ > 0O that there exists 7 > 0 such that P(2;y) > 1 — &, where

At
Qo = {1,,(?) < eXp{E},t >T}.

AT

For o > 0 in Lemma 3.2, we choose T > T satisfying I,,(¢) < exp{5-} < o. From Lemma 3.2 and

Lemma 3.3, we have that
P{IS ,, (1) — ()| < 1, > T)>1-¢. (3.30)
In addition,

IE(8(S 4 (1) — g*| < |Eg(S4,(0) — Egle(0)] + [Eg(e(r)) - &
< MP(S 4, (1) — @] < mn + 2MP(IS (1) — (D) = 1) + [Eg(() — &7.

From (3.29)—(3.31), we obtain

(3.31)

lim sup E[|g(¢(7)) — g°|] < M(n + 2¢) + &.

t—+00

From the arbitrariness of €, n, we get that E(g(S (7)) converges to g*. The proof is complete.
It is clear that R} = Ro holds if o; = 0(i = 1,2, 3,4).
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4. Existence of stationary distribution

In this section, we will focus on the stationary distribution of the solution of model (2.1). Since

;j; fo 2f(@)dyp + c2)(RS — 1), RS > 1 is equivalent to A > 0, we deal with the case R} > 1. In
the following, we present some useful lemmas.
Lemma 4.1. Assume that u > 4max{0'%, a%} holds. There are constants K; > 0 and K, > 0 such that,
for any u = (s,i) € [0, "] X (0,h"],t > 1,and A € F,

E(In~ 1,())* Iy < P(A)(In" i)> + K, A/P(A)(In" i)t + K, \/P(A)F* “4.1)

where In™ ¢ = max{0, — In &} and 1, denotes the indicator function of A.
Proof. For any u = (s,i) € [0, h*] X (0, #*], in view of Lemma 2.1, we have ES¥(r) < C, which implies
that

ES2(t) < C,ES! )< C,t>0

where C > 0 is a constant. From system (2.1), we have

. t Sy t t Su 1 53( )
Inl,(t) =Ini-cyt+ [ aza+,§2)d32(r)+ 5 or3dBs(0) + [1(B Mff()?) — 303 ap)dT

>1ni— oot + [ 350 dBy(7) + [ 03dBy(1) — Lo [ (a+u<r) it

a+1%(0) I ()

Hence,

In" L) <In"i+cot + ool [} 2L dBy (7)) + 03B ()] + 502 [ STy

a+I12(t) 242

Using the inequality (3)_; a,)* < a2 + 2a3 + 4(d% + a> + a2) + 2a1(ay + a; + as + as), we obtain

(In" L)Ly < (In" )21y + 2¢221, + 4072 fo’ ai;éT()T)de(T)FIA + 402 |B3 (P 1

+Loi( fo’sg(f)dr)m +2(In" D)eatly + 2(In" i)Yoy fo’ aﬁ;ff,g)de(r)uA
+2(In" )03 B3 (1)l + 2(In" i)3502 [7 S 2 (t)drls.

Applying Holder’s inequality, we get

E [ S2(mydrly < VC VP,
E( [} $2(1)d7)* 1, < E(t [) SHD)dD), < VC VPAY.

Applying Holder’s inequality and the Burkholder-Davis-Gundy inequality, we obtain

EIBs(1)lIy < \JEBX(1) VP(A) < Vi VP@A), EBX(0)I, < JEB} (1) VP(A) < 31 VP(A),
N S dBy (1l < VPA)(E N (aflj(’j))zdf) < VCVPA) Vi,

2 T ES
Bl Jy i dBaP Ly < VPAE [y | 25d B0 < VPAGE(f) i)
< VPAYBLE [} S4()dr)t < V3C VP@AL.

Therefore, there exist two constants K;, K> such that

E(In™ I,(1)* I, < P(A)(In" i) + K, \/P(A)(In" i)t + K, \/P(A)7.
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The proof of Lemma 4.1 is complete.
Let € € (0, 1) satisfy

54
—Z(l —8) + K, \/E < -A

(4.2)

Lemma 4.2. Assume that u > 4max{0’%, 0'%} and R; > 1 hold. For & chosen in (4.2), there are

T* =T*(e) > 1 and 6" € (0, 1) such that
. 5/1 * *
P{lni + ?t <Inl,(t) <0,te [T 2T} >1-¢

for u = (s,i) € [0, "] X (0, 57].
Proof. By the ergodicity of ¢, there exists T} > 1 such that P(Q}) > 1 — £, where

_ L (B L ("o 3 *
Q= {;([) E‘P(T)dT — Efo a—ZZSOZ(T)dT) -2 At T}

Noting
! t
E| [[ o3dBs(7)* = E [) o3dt = o731,
1
t T t 20r 2 =
Bl [} 02240 dBy(7)] < o (E I\ (af;g(j»zdf) < oy VCr

and (ii) of Lemma 2.1, by Chebyshev’s inequality we obtain P(€2}) > 1 — £, where

Su(7)

mde(TN <M@E VLt > 1)

!
Q5 = {lo3Bs(0)]| + |f o)
0

and M(g) > 0.
Using Ito’s formula, we obtain

2
Inl,(f) >Ini+ fot(ggo(‘r) - 2% (1) — ¢)dt
0'2 2 T
B (S — Lo(e)dr + 2 [ (e (1) - i yde
1 T
—lo3By(0)| — | [j o2 24d By(T).

a+1 (1)

4.3)

Let T* > max{l1, T}, 162Mz(a)}. From Lemma 3.2 we can choose 0 < " < 1 and 0 < 777 < 1" such that

A2

P(Q) >1- i and, for w € QZ,

S 1

2 2
ol 1, S2(1) bl
S TIRALRE A

(a+1°(t)?2' 16

Bl

where Q5 = {lo(®) = S, (D] < 75", 1 €[0,2T" A ]}, =inf{t > 0, 1,(t) > n.

By Lemma 3.1, there exists 6" € (0,7;) such that u € [0, 2"] X (0,6"],P(2)) > 1 - i, where

Q; = (7" > 2T").
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From (4.3), for u € [0, h*] X (0,6%],t € [T*,2T*] and w € ﬂle Q, we obtain

. . t o2
0>Inn} >Inl,(r) >Ini+ f()(§<p(r) - 2—;2(,02(7') —c)dt
L Sum 1 73 (11,2 SH@
B fo |z ~ Et‘P(T)|dT 2 fo 29" (D) — GrorldT
Su(®)
—|0'3€3(2)J - lff 0'25,;,3(,)613_2(7);
>1nl+7t—El’—Et2h’ll+§t.

Therefore, we complete the proof by P(ﬂ?:1 Q)>1-e
Lemma 4.3. Assume that u > 4max{oﬁ,o—§} and Ry > 1 hold. For & T* chosen as in (4.2) and
Lemma 4.2, respectively, there is a K3 > 0 such that

E(In™ I,(1))* < (In" i)*> — Atln" i + KsT* (4.4)

foru = (s,1) € [0,h"] X (0, h*], 1 € [T*,2T"].
Proof. First, consider u = (s,7) € [0, k"] X (0,0%], where 6" is as in Lemma 4.2. By Lemma 4.2, we
have P(€2) > 1 — g, where

52
Qi ={ln" I,(t) <In" i - ghie [T*,2T"]}.

From the above inequality, we obtain

2
2,1t e[T",2T7]

51 251
(In~ I,())* < (In"i)> - Z(ln‘ Dt + ”

which implies that

B 5 el SA 25
E(In" 1,(1)*Io; < (In™ i)’P(Q5) - ZP(QS)(ln it + 0 P(QX)F. (4.5)
Let (€22)° = Q — Q, then P((€2)°) < &. From Lemma 4.1, we have
E(In™ 1,())* Loz < (In” )*P((Q%)) + Ky {/P(Q))(In" i)t + K; [P((Q2)0). (4.6)
Combining (4.5) and (4.6), we have
51 2522
E(In™ I,(1)* < (In" i)* - (7(1 —&)— K Ve)In i)t + (K, + = )2 4.7
From (4.2), we obtain
_ 5 Y . 2502,
E(In™ 1,())* < (In" i)> = A(In" i)t + (K, + )2, (4.8)

64

Now, for u = (s,19) € [0, h*] X [6%, h*], it follows from Lemma 4.1 that

E(n™ 7,())*> < (In i)> + Ki(In™ i)t + K,

< [In~ 8P + K| In”~ 6*|t + Ky £, 4.9)
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Since t € [T*,2T*], from (4.8) and (4.9) we take K; sufficiently large such that K53 > K, + % and
|In™ 6** + 2K, |In” 6*|T* + 4K, T* < K5T*

completing the proof of Lemma 4.3.

Theorem 4.1. If 4 > 4max{c7],03} and R} > 1, system (2.1) with initial condition u = (s,i) €
[0, 7*] X (0,h*] is permanent, i.e., the solution (S ,(?), [,(t)) of system (2.1) has a unique invariant
probability 77*(-) concentrated on u € R*°. Moreover,

(i) For any u = (s,1) € [0, h*] X (0, h*],

lim ' |[P(t, u,-) — 7°(-)|| = O
[—0o0

where ||-|| is the total variation norm, ¢* is any positive number, and P(¢, u, -) is the transition probability
of the solution (S ,(?), 1,(1)).
(i1) The law of large numbers holds, i.e., for any m*-integrable / :€ [0, h*] X (0, h*] — R, we have

lim % f I(S (1), I,(1)dT = f I(tq, 1) (d7,dT1y) a.s. u=(s,i)€[0,h"] X (0,h"]. (4.10)
t—00 0 R2,o

+

Proof. Let N(¢t) = S ,(¢) + 1,(t). From Lemma 2.1, there are p;, p, > 0 such that
E(NQ2T")) < (1 = py)NQ©) + py,u € [0, "] X (0, h"]. (4.11)

Let V(1) = N(t) + (In” 1,(¢))>. Then, V(2T*) = NQ2T*) + (In” 1,(2T*))?, V(0) = N(0) + (In” i)>. From
Lemma 4.3 and (4.10), there is a compact set K C [0, 2*] X (0, 2*], p}, p5 > 0 such that

E(V(2T*) < V(0) - p; \/% + prlyex,u € [0,h7] X (0, h*]. (4.12)
Since system (2.1) is a non-degeneracy of the diffusion, from (4.12) and [32], as n — oo, we have
n|[PQ2nT*,u,-) —x*[| = 0 (4.13)
for some invariant probability measure 7" of the Markov chain (S ,(2nT™), I,(2nT™)). Let
Tk = inf{n € N : (§,2nT"), ,2nT")) € K}.

From the proof of [32] and (4.12), we obtain ETg < co. In view of [26], the Markov process (S ,(¢), 1,,(t))
has an invariant probability measure .. Therefore, 7* is also an invariant probability measure of the
Markov chain (S ,(2nT™*), 1,(2nT*)). In light of (4.13), n* = n,, 1.e., 7" is an invariant measure of the
Markov process (S (), 1,(¢)). The proof is complete.

5. Numerical simulations
In this section, we prepare some numerical simulations to demonstrate the impact of environmental
noise on the HIV/AIDS model and our analytical results. The numerical simulations are given by the

following Milstein scheme [33].
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Consider the following discretization of system (1.2) for t = 0, At, 2At, ..., nAt:

2
Sk =Sk (A= uSk —ﬁsk,ff‘)AHalSk\/_gk + 28,(E - DA
_ o /_ 28],
2k Aty — 2(Z+§ﬂk (fk — DA¢,

a+1"‘

Iiiq —Ik+(ﬁsklk —(V+/l+’yl)1k)At+0'3Ik \/Enk (51)

a+I£’
o? o o284,
+ZIOT; = DAL+ 25 VA + 5055 (& = DAY,
0.2
A1 = Ap + I = (U + y2)AD) At + 0y Ay VARG + AW - DA,

where Ar > 0 is time increment, &, n, ((k = 1,2,--- ,n) is the Gaussian random variable which
follows N(0, 1). For simplicity, we adopt o = 0;(i = 1, 2, 3, 4).
We use the parameters given by [14,22]. The detailed values of the parameters are taken as follows:

A=1,u=028=0.1,a=07a=6v=027 =002,y = 0.05. (5.2)

5.1. The stochastic persistence dynamics of HIV/AIDS model (1.2)
First, we take o = 0.01 with the parameters in (5.2). Direct calculations show that

fowsvf(so)dsa
o2
vy +o2+i e = b sa 2 f(@)de

Ry =

B 5 eldn-1(2A z“ (2 +2) zﬁqlzd
fo[(fot‘ l)() ® e o= ¥]dy

~ = a7 = 19051 > 1

1 &5 5
vy + 3ot b S [ ([ o e-idry- 1(%)r ELp

e 2¢]d<,0

which satisfies the conditions in Theorem 4.1. Then, HIV/AIDS is almost surely persistent (see Figure
1(a)). When increasing the intensity of white noise, o = 0.03,0.05, and then Rj = 1.8321,1.7969 >
1. We can easily observe that HIV/AIDS persists. However, the amplitude of fluctuations increases
around the epidemic equilibrium Ej = (2.8532,1.1782,0.3135) of the corresponding deterministic
system (1.1) of the stochastic model (1.2) (see Figure 1(b),(c)). Figure 1 shows that the intensity of
white noise affects the stability of endemic disease of the deterministic system (1.1).

S
35 7‘5 35 —1 4 —
—a A —A
3 3 35
3
25 25
25
2 2
2
15 15 ™
1 e IV LY
M
-~ r AT AR,
W P S S
00 ; 1‘0 1‘5 2‘0 2‘5 3‘0 3:5 40 00 é 1‘0 £5 2‘0 2‘5 1;0 3‘5 40 00 ‘;) 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5 40
t t t
() (b) ©)

Figure 1. The path of (S (¢), I(r), A(¢)) for the stochastic model (1.2) with o = 0.01,0.03,
0.05if R > 1, respectively.

We adopt o = 0.01,0.03,0.05, for R) > 1, which satisfy the conditions in Theorem 4.1. When
t is sufficiently large, numerical simulations show that the amplitude of fluctuations is slight and the
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oscillations are more symmetrically distributed around the equilibrium Ej = (2.8532,1.1782,0.3135)
of the corresponding deterministic model of the stochastic model (1.2). Figures 2—4 are the histograms
of the probability density function of S (¢), I(¢), and A(¢) for model (1.2) with o = 0.01,0.03, 0.05 at

t =100.
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5.2. The stochastic extinction of HIV/ADS model (1.2)

When increasing the intensity of white noise, we choose oo = 0.118, Rj = 0.9765 < 1, and
HIV/AIDS is almost surely extinct (see Figure 5).

35

3t

—I
251 —A |4

ot
157

1f

0
0 5 10 15 20 25 30 35 40
t

Figure 5. The path of (S(¢), (), A(t)) for the stochastic model (2) with initial value
(S, 1y, Ap) = (1,0.4,0.2).

6. Discussion

In model (1.2), we adopt the saturated incidence rate f’; Sf;ll((t’)) , replace the parameter 8 by 5+ 0B, (1),
and obtain the threshold R which governs the stochastic dynamics of the stochastic HIV/AIDS model.
For the stochastic HIV/AIDS model with intervention strategy, in view of the following incidence

SHI() .

- L@)S Ot + 0o B(1)

a+ 1%(t) a+ 1%(t)

(B

where (; is the usual contact rate without considering the infective individuals, the term ffll(z)

represents the diminished value of the transmission rate when infectious individuals are taken into
account; investigating such problem is important and meaningful. In addition, the HIV/AIDS model
with higher order perturbation such as

e u— (o + o pRS™(0)B (1), .
HF+V+y D u+v+y — (o3 + 0'3g1m(f))33(f),
M+ Y2 = u+y— (041 +041A™(2))By(2)

where m > 2 is also interesting, and we look forward to solving it in the near future.

Theorem 3.1 shows that, when increasing the intensity of white noise that R} < 1 holds, HIV/AIDS
is almost surely extinct. However, HIV transmission is affected by many factors, such as economics,
education, and policies, so it is difficult to eradicate HIV/AIDS in real life.

In addition, for the HIV/AIDS epidemic, the relevant interventions are PrEP and HAART, which
would help to control viral level. However, for simplicity, we did not bring those interventions into the
consideration.
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Hepatitis B and C are similar to HIV/AIDS in transmission. Hence, the results of this theoretical
study also are instructive to the control of hepatitis B and C. In addition, like HIV/AIDS, media reports
affect the transmission of COVID-19. So, model (1.2) is also of theoretical significance to the study of
COVID-19.
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