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Abstract: In this work, we focus on a class of generalized time-space fractional nonlinear Schrodinger
equations arising in mathematical physics. After utilizing the general mapping deformation method
and theory of planar dynamical systems with the aid of symbolic computation, abundant new exact
complex doubly periodic solutions, solitary wave solutions and rational function solutions are obtained.
Some of them are found for the first time and can be degenerated to trigonometric function solutions.
Furthermore, by applying the bifurcation theory method, the periodic wave solutions and traveling
wave solutions with the corresponding phase orbits are easily obtained. Moreover, some numerical
simulations of these solutions are portrayed, showing the novelty and visibility of the dynamical
structure and propagation behavior of this model.
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1. Introduction

In recent years, due to the rapid development and wide applications in nonlinear science of
fractional calculus theory, many problems of mathematical physics and engineering have been
successfully modeled by fractional differential equations (FDEs), such as materials [1], plasma
physics [2], chaotic oscillations [3], chemistry and biochemistry [4], hydrology [5] and so on [6-9].
To better understand the physical meanings of these models, people have constructed many efficient
methods for finding the exact explicit solutions of these FDEs, including the Bicklund
transformation [10], Darboux transformation [11] and Hirota bilinear method [12], which can be used
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to find N-soliton solutions. Furthermore, the general algebraic method [13], projective Riccati
equations method [14], Jacobi elliptic function expansion method [15], G/ G -expansion method [16],
sine-Gordon method [17], new Kudryashov method [18], fractional sub-equation method [19],
fractional Hirota bilinear method [20], Riemann-Hilbert method [21], complex method [22], Bernoulli
G'/ G -expansion method [23], etc. [24-29] can be used to find doubly periodic solutions, solitary
wave solutions and trigonometric solutions of these models.

As we all know, the nonlinear Schrédinger equation is highly focused in nonlinear science, and it
describes many phenomena, including plasma [30], electromagnetic wave propagation [31], quantum
mechanics [32], optics of nonlinear media [33], underwater acoustics [34], etc. [35]. Hence, solving
this equation is highly important for researchers.

In this article, let us consider the following generalized time-space fractional nonlinear
Schrodinger equation (GTSFNLS) mentioned in [36—46]:

iD,“u+anﬁu+7/|u|2Su+vu =0, >0,0<ea,f<Ls2>1. (1)

D¥u =D’ (D’u),u=u(x,1),i=~/-1,and a,y,v arereal parameters. When a=1Ls=1, v=y=24,
Eq (1) turns into an unstable nonlinear Schrodinger equation describing the bilayer baroclinic
instability of some long waves [36]. When a=1,s=1,v=0, Eq (1) occurs in various fields of
physics, including optical fiber communication, quantum mechanics, fluid mechanics,

superconductivity, plasma physics, etc. [37-41]. The authors studied its approximate solution by

1
Adomian expansion in [37]. When a=1,y = 5 M, s=1,v=0, some exact solutions were obtained

by direct method in [38]. When a = =1, a=1,s=1Lv=0, it translates into the classical nonlinear

Schrodinger equation [39—41]. In addition, Eq (1) has many special cases, and related studies can be
found in [42—48]. The main purpose of this paper is to find the new exact solution of Eq (1) under the
famous Caputo fractional derivative definition by using the general mapping deformation method and
to study the structure of these solutions by using the theory of planar dynamical systems. Next, let us
review some definitions about classical fractional calculus [49-51].

Definition 1. For a function f(¢):[0,00) - R, we define the Riemann-Liouville fractional integral

operator of order a >0 as[49-51]

JEf@)= ﬁ [[e-&r " f(&ag.a>0.>0001(0)= 1),

It admits the following properties:

I'(y+1) jar

JOTP =T f0),J TP f()=T T f(t), Tt =
INa+y+1)
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Definition 2. For « >0, the Caputo fractional derivative operator of order « 1is defined as [49-51]

——[la-o O @den-1<a<mneN,
o n-a n F(n - a) 0
DfO=J""D (=1
A0 a=neN.
"’
Moreover, we have the following properties:
C(y+1)

——t" "y >a -1,
D" = T(y—a+1)
0,y <a-1.

This article is organized as follows: The general mapping deformation method is described in
Section 2. In Section 3, some new exact solutions and bifurcation structures of the GTSFNLS are found
by utilizing the proposed method and the planar dynamic system theory method. Finally, the
conclusion is presented in Section 4.

2. The general mapping deformation method (GMDM)

Consider the following partial differential equation:

E(u,u,,u_,u

xx’.“):O‘ (2)

We assume Eq (2) has solutions as follows:

u() = Y AF )+ YA F ), (3)

n 1s a balance number, and the coefficients 4., 4, and variable function 7 =n7(x,f) are

determined later. F(n) satisfies the following auxiliary equation:

F*(n) = Z%F (). (4)

4
Substituting Eqs (3) and (4) into Eq (2), collecting the coefficients of F/(7) /Z%F ‘() and

i=0
F'(n)(i,j =0,£1,£2,--) to zero yields algebraic equations (AEs) for «a,,q,,a,,a;,a,, A,A, and 7.
Utilizing mathematical software to solve the AEs and substituting each F(77) into Eq (3), we obtain
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the solutions of Eq (2). For finding some new general solutions of Eq (4), we assume

F(n)=b,+be+b,f +bg+bh+b e +b,f ' +b.g" +b h (5)

b(i=0,xL---,+4) are undetermined coefficients, and the functions e=e(n),f = f(7),
g=2g(n),h="h(n) are constructed as below [15,52,53]:

p+qsn77+rcn77+ldn77’ p+qsn77+ra¢77+lcﬁm’ p+qsm7+rcn77+ldmf p+gsnn+renn+ldnn

e

p.q,r,l are undetermined coefficients, and e, f, g,/ satisfy the nexus (4) and (5a—5d) mentioned

in [15,52,53].

Remark 1. Our method proposed here can be used to extend many other traditional methods such as
the generalized Jacobi elliptic functions expansion method [15,53], the extended projective Riccati
equations method [14], many other algebra expansion methods [18,19,38,46], etc.

3. Bifurcation and exact solutions for the GTSFNLS

3.1. Exact solutions

w 0u g 0*u .
If welet Dfu=——,D"u= TR Eq (1) can be rewritten as follows:
X
a 2B
i2;+a22?+yu|u|zs+vuzo, t>0,0<a,f<1,s2>1. (6)
x

Let us give a functional transformation [46,54,55]

u=p(n)e”, (7)

s a B a
g kx L_at _ kyx LGt

= 1= : 3)
r1+p8) I'(l+a) rd+p8) I'(l+a)

k., k,,c,,c, are parameters to be determined later. Substituting Eqs (7) and (8) into Eq (6), separating
the real part and the imaginary part, we obtain

{akf @, () + (=, —ak}p(m) +yp* (1) =0,  (9.1)

%)
(¢, +2ak.k,)p,(17) = 0. 9.2)

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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d’e(n7) 0,(6) = dco(n)

Here, ¢,,(7)= T

Using the transformation w =w(n)=¢’(n)=¢" for (9.1) yields

ak; (1= s)(w,)’ +akysyy,, +(v—c, —ak})s’y® + ys’y* =0. (10)

Clearly, the balance number n =1, and we assume solutions of Eq (10) have the form

v =w(n)=A4, ‘|'141F(77)+A_1F_1(77)ZA0 +A1F+A_1F_l, (11)
4
where F'2=Zal.Fi,F=F(77) and F':di(n)'
i=0 ]7

Substituting Eq (4) and (11) into Eq (10) and by utilizing the GMDM with the aid of mathematical
software, we get the following solutions:

Family 1. ¢(n)=C.
We find the trivial solution of Eq (6)

¢, + ak? — g LM

S|C. a

_la T4 T(ra)

Uy = 7/ L (r=0).

Remark 2. If we select ¢ =c’a+v,k,=c),y=2a,a==1 in u,, we have the solution

i(kx+cit)

Uy, =Cye , which can be obtained by many authors by using approximate methods such as VIM

or HAM [37,39].
Family 2. ¢, +2akk, =0.

s=1,4,=0,4 =% / Z;a“k A, =0,c, =-2akk,,c, = aa,k; —ak} +v,a,=a, =0.
s=1,4,=0,4 =+ _2;"’4 kA, =+ /_2;‘10 k,,c, = —2akk,,

= a(a, —6:la,a,)k; —ak] +v,a, = a, =0.

We obtain two types of solutions for Eq (6):

Case 1

Case 2

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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kx? ) (aayk} —ak +v)t*

— p @ i : )
u =+ 2aa, ke, F( k,x _ 2ak k.t )e T(+4) I(l+a) ’
4 ra+p) r'd+ea)

_ s a _ i) a
u, = [+ 2aa, kF( k,x"  2akk,t )+ 2aa, K k,x”  2akk,t JIE.
\! 4 ra+p) rd+a) \ 7 ra+p) rd+a)

i kx?(a(a, =6 fagay )i —aki +v)t*
E—e N0+A) r(l+a)

)

F, is an arbitrary solution of the auxiliary equation F " =a,+a,F’ +a,F' in wu,u,, and the

1

coefficients a,,a,,a, are arbitrary constants. Many types of F, have been found in a large number
of papers, such as [53,56,57]. Let us choose a,=1- mz,a2 =2m’ —1, a, = —mz,E =cné . Thus,

2 B a ok (a@m 1)k —aki +v)1”

S 2am ken( k,x _2ak1k2t )el(F(Hﬁ)' e )
L1 = 2

ra+p) I'(l+a) ’

and the solution u,, is translated into a bell-soliton solution when a=pg=1,m=1.

2a i(kyx+(aky —a v
U, = i, f7k2 sec h(k,x —2ak,k,t)e’ k3 —aki +v)0)

Ifwelet a,=1a, =—m’ -La, = m?, F, =sn& , then

_ 2 Y2 a _ i a
0, =[+ 2am e sn( k,x"  2akk,t )+ 2ak2ns( k,x"  2akk,t JIE.
% rd+p Td+a) \ 7y ra+p) rd+a)

k" (a(=1=m’ —6m)k] —aki +v)t”

E= el T(+4) T(l+a)

Case 3

-2
s=1,4,=0,4 =% Taqu,A_l =0,c, = —2akk,,c, =—ak’ +v,a,=a, =a,=0,a,=q’.

Case 4

S=1 Ay =F, =2k A = 0,4, =+ | =2k, ¢, = ~2akky ¢, = —a(l +m* e — ak? +v,
2y 2y

1 1
a, :Z,al =-1l,a, za—mz,% =1+2m’,a, = —Z+3m2‘
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Case 5

[—2 [~
s=LA4,=7F —akz,A1 =0,4, == ﬁkz,cz = 2akk,,c, =2a(l+m*)k; —ak] +v,
/4 4

a,=l,a,=-4,a,=8+2m’,a, =-8—4m’,a, =4+ m".
We find the following solutions of Eq (6), respectively:

—2a
* y k,q ke (ak
u3 — e T(1+4) I'(l+a)

kzxﬂ 2ak k,t* ’
+q( -
ra+p) rI'(l+ea)

k,x" _ 2akkt” k,x” _ 2akk,t”
l*c ( ( ) . klxﬁ (=a(+m*)k3 —aki +v)t”
u, =% 4 [- I+ /8) I'l+a) I+ ,B) I'd+a) ]e T’ T(+a) )
) 2y ° kx? 2akk,t” kx? 2akk,t” ’
sn( - ) 1xen( -
ra+p) I'd+ea) ra+p) I'd+ea)

o o k? Qa(+m®)kG —aki +v)®
=+ —Zak s( k,x” _ 2akk,t” Yn( k,x” _ 2akk,t )el(r(”ﬂ)‘ Td:a) )
: y Ny B) T(+a) T1+p) T(+a) ’

Ifwelet m=1 or m=0, solution u, is degenerated to the following form:

B B a g kx? +(4ak22—ak12+v)t")
— ﬁkz esc i k, x? _ 2akk, t* )sec( k,x"  2akkyt Yo TR T
YV ra+ ,B) I'l+a) ra+p) rd+ea)

; kx” (2a1{22 —ak12 +v)t*
—2a k,x” _ 2akkt” T
k, cot( )e SN T(+a)

F(1+,b’) I'l+a)

2_ 2_
AO :O,Al :i\/(1+S)(Cl+ak1 V),A_l :O,k2 =+g M,Cz =—2ak1k2,
Ve V a

a,=a,=a,=0,a,=1,a,=-1.

1 [ (Ut s)ak? 2
A,=0,4, = i;/ %A1=o,c1=akf+"%+v,c2=—2ak1k2,
~0,a

,=la,=1.

Us, ==+

Case 6

Case 7

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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Case 8

With the same process, we obtain

2
Ty o e taki=v kg
2si(L+s)(c +ak] —v < ak kt® i +
g :i\/ 1 1 sech® ( a _ 1" Ye C(1+4) T(l+a)

9

4 ra+p) I'd+ea)
3 | 5 . K’ *(ak12+cz‘—222+v)ta
u = ih a4+ S)zak2 eseh( k,x"  2akkyt )el(r(”ﬁ)' ) )’
Vs ra+p) Il+ea)
2 1 ) a . /qx/f *( aki - ok +V)t
= iZS a4+ S)zak2 sec'( k,x"  2akkyt )el(r(”m i) )’
' Vs ra+p) Il+ea)
> 1 5 o« .k’ (~ak} _aSL222+V)ta
u,, = i2s (14 s)zak2 cs C;( k,x”  2akk,t )el(m*'g)+ ) >.
' Vs ra+p I'd+ea)

If selecting k, =0,v=0 in u,, we get

2s
1 l ﬁ i th
U, = A*9 ceens [\/C:1 S PN
‘ 4 a I'(l+p)

1
Remark 3. If we select kl:0,v:0,a=/3=1,a:1,7/=1,k2:l,cl=(o,s:p— , U, turns into the
2

following solution mentioned in [58].

1 2

p+1)p la)plsechp 1[ \/_ it

vczpm (

We simulate some structures of the periodic and solitary solutions for Eq (1) below. Some optical
waves of the GTSFNLS are propagated by a periodic wave pattern in Figures 1 and 2 or a bright-
soliton wave pattern in Figure 3 and blow-up wave pattern in Figure 4 with the fractional order

a =04, 4 =0.8. The density plots of Reu,,Imu,,

u6| and |u8A1| are shown in Figure 5.

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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Figure 1. The real partof u, at k, =k, =l,a=-1,v=-2,y=05,m=0.1,a=0.6,4=0.7
and 1 =0.01.

Figure 2. The plot of Im u, at a=f=k=k=La=-1v=-2,y=2,m=0.1 and
t=0.05.

Figure 3. The modulus plot of u, at s=2,a=pF=k=k,=a=c, =v=1Ly=3m=1
and r=1.

Mathematical Biosciences and Engineering

Volume 20, Issue 8, 14377-14394.
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Figure 4. The modulus plot of u,, at s=2k=k,=a=c=v=1,

y=-0.75¢=04,4=0.8, and t=1.

Reuy . ' 5. e Jug]

g1/

Figure 5. The density plots of Reu,,Imus,

u6| and |u8‘1| .

3.2. Bifurcation analysis

Below, let us discuss the plane phase portrait structure of Eq (9) by using the plane dynamic
system theory [59,60]. Without loss of generality, select &k, =k, =1, a=0.5,¢, =—1. Thus,

@, =[1+2(c, =)o) + 279> () =0 . (12)

Let a9 =y, and clearly, Eq (12) is equivalent to the following regular system:

dn
d
d_¢ - ya
7 (13)
dy _ 25+
—=[1+2(¢, = v)]p - 2yp~ .
dn

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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We can get the following Hamiltonian of Eq (13):

2
H=H(p,y) =y —[1+2(c,—v)}¢’ +ﬁ(p2‘”2 =h, heR. (14)

Indeed, system (13) has three equilibrium points P(¢,y) = P(¢,p") onthe ¢-axis:

RO, 0>,R(T/%C;‘V),O),M—T/W,o>.

The coefficient matrix of system (13) is defined as M (¢, y), and J(P)=detM(¢,y,),i=0,1,2 is

the determinant of M (¢, y) about P.

J(P)=

0 1
= - 1 + 2 — + 2 2 + 1 ZS.
1426, =) = 2725 + D™ o‘ [1+2(e =+ 2725+ Do

By the dynamical bifurcation theory of planar systems, as we all know, the equilibrium point P of

system (13) is a center if J(P)>0, itis a saddle if J(P)<0, and itis a cusp if J(P)=0. Let us

analyze the bifurcation structures of system (13) by using mathematical software and the above facts.

1
Case 1. ¢ —v=1,7/=5,s eZ".
Notice that J(F)=-3<0,J(B)=J(F)=06s>0. Hence, B,P, are center points, and the origin
P, is a saddle point. Let us discuss three situations of Eq (14) with s=1 and
2 1 4 2
(2,) =5 +3p"+h.

(1) When h<0,he(—4.5,0), we can find two clusters of doubly periodic solutions for the periodic

orbits of Eq (13) defined by the following integral equation (see Figure 6(a)):

d 1 1
_¢=i\/‘_¢4 +3¢" +h =J—r\/—(¢)2 —9)(=9" +9)).
dn 2 2

Integrate this equation along the periodic orbits thus:

) do _ [ =i\/I.
L; 1 I \/((P —@ )( (0 +(”2) 277

—— ' +3¢p" +h
o

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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We get the following smooth doubly periodic solutions:

\/I Y} §022 B ¢12 ]
2 b s
2 2

Pheo = L,dn[ o

U heo = 5

. P re®
dnl \/7( t ), \/(022 —4”12 ]el(r(1+ﬂ)+1‘(1+a)>
2
2 T(1+f) T(l+a)

1+ o,

where @, =v3-v9+2h,p, =[3+9+2h .

(i) When /=0, there exist two clusters of bell-soliton wave solutions for the symmetric homoclinic
orbits of system (13) with the following form:

9,0 = +/6sech(\37),

ﬂ a xf (1+v)t*
t i( +
u,,_, =+J6sech[+/3 - e TIHA) Tty
10 [ (F(l + /) F(l+a))]

(iii) When />0, we obtain the Jacobi cosine wave solutions for the periodic orbit of system (13)

with the following form:
2 2 2
P+ o, ?,
= cn ,
Phs0 = P [\/ 5 \/(o1 +%]

i3 a
B a 2 X (1+v)t
(92 ( X ! », ]el(l"(1+ﬂ)+l"(l+a)

ra+p) T+ a)) o+,

where @ =+9+2h-3,0] =\9+2h+3.

Ui pso = ¢2cn[

b

1
Case2. ¢,—v=-LlLy= —E,S eZ".
Clearly, J(F)=1>0,J(B)=J(P)=-2s<0.Hence, B,P, aresaddle points, and F, is a center
1
point (see Figure 6(b)). Let s= 1,((0,7)2 = 5(04 —@” +h, and we can discuss the solutions of Eq (12)

with the same process. Due to space limitations, we only give the solutions. When 4 € (0,0.5), we can

obtain two clusters of Jacobi sine wave solutions for the periodic orbits. When # =0.5, there exist
two kink and antikink solutions corresponding to the solutions of two symmetric heteroclinic orbits.
When /4 <0, there exist two blow-up wave solutions for the corresponding orbits.

ﬂ ta x* (v-1t*

_ O 1 Faip) Tira)
=+ e ,he(0,0.5
H24>0 sl Lo 2 (F(l + /) F(l + a)) ®, Py ( ),

where ¢, =\1-+1-2h,p, =\1+~1-2h .

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.
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B 142
ta X’ +(v 1)t

B i(
Uy o :itanh[i‘/l( X - Ye TO+A Tase)”
o 2 TA+p) T'(+ea)

a I A (VA Y
" =+ nc[+ (/’12 +(022( x’ _ ) (012 ]el(l"(1+ﬁ)+l"(l+a))
R 2 T+p) Tl+a) \ ¢l +o; ’

where @) =1-2h 1,05 =~1-2h +1.

(a) (b)

(a) (b)

Figure 7. The phase graphs of system (13) when s#1.

Mathematical Biosciences and Engineering Volume 20, Issue 8, 14377-14394.



14390

Some planar phase graphs of system (13) with the parameter s#1 are shown in Figure 7. From

Figure 7(a), (y =1.25,¢,—v=-4,5 =1.5), and we can find that there exist a periodic solution and a

bell-soliton solution, while there are not these two types of solutions in Figure 7(b)
(y=-25,¢,-v=05,5s=4).

Remark 4. It is notable that with the increase of /4, the periodic wave solution is degenerated into a
solitary wave solution and then into another periodic solution in Figure 6(a). The periodic wave
solution is transformed into a kink or antikink wave solution and then into an unbounded solution in
Figure 6(b).

4. Conclusions

In brief, many types of new exact solutions for the GTSFNLS have been found after utilizing the
GMDM. Some dynamic behaviors of these solutions are discussed using bifurcation theory. We
simulate the 3D plots, 2D plots, density plots and phase graphs of the partial solutions in Figures 1-7,
which show that these doubly periodic wave solutions, solitary wave solutions and single periodic
solutions can be mutually transformed along with the concomitant energy constant and its
corresponding orbits. These efficient and significant two methods can be used for many other nonlinear
models, such as the Korteweg—de Vries (KdV) equation, Ginzburg-Landau equation, Burgers-BBM
(Benjamin-Bona-Mahony) equation, etc.
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