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Abstract: We consider the boundary value problem of finite beam deflection on elastic foundation
with two point boundary conditions of the form u(p)(−l) = u(q)(−l) = u(r)(l) = u(s)(l) = 0, p < q, r < s,
which we call elementary. We explicitly compute the fundamental boundary matrices corresponding to
7 special elementary boundary conditions called the dwarfs, and show that the fundamental boundary
matrices for the whole 36 elementary boundary conditions can be derived from those for the seven
dwarfs.
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1. Introduction

The objective of this paper is to compute explicitly the fundamental boundary matrices [1] corre-
sponding to the boundary value problems consisting of the classical Euler–Bernoulli equation [2, 3]

EI · u(4)(x) + k · u(x) = w(x), x ∈ [−l, l] (1.1)

and two point boundary conditions of the form

u(p)(−l) = u(q)(−l) = u(r)(l) = u(s)(l) = 0, p, q, r, s ∈ {0, 1, 2, 3}, p < q, r < s (1.2)

which we call elementary. (1.1), which is a most fundamental differential equation in the history of
mechanical engineering [2–14], is the governing equation for small downward vertical deflection u(x)
at x ∈ [−l, l] of a linear shaped beam of length 2l which lies horizontally on elastic foundation with
spring constant density k. w(x) denotes the downward loading density on the beam at x, and E, I are
the Young’s modulus and the mass moment of inertia of the beam respectively. For the rest of this
paper, E, I and k are fixed positive constants, and we denote α = 4√k/(EI) so that αl is a dimensionless
constant.
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Historically, most of the results on the boundary value problem with (1.1) have considered only a
few boundary conditions, especially among those in (1.2). Our approach on boundary conditions is in
a more generalized manner. Let gl(m, n,C) be the set of m × n matrices with complex entries, which
is also denoted by gl(n,C) when m = n. In general, a two-point boundary condition for (1.1) can be
represented with M ∈ gl(4, 8,C), called a boundary matrix, by

M ·
(
u(−l), u′(−l), u′′(−l), u′′′(−l), u(l), u′(l), u′′(l), u′′′(l)

)T
= b, (1.3)

where b ∈ gl(4, 1,C). It is enough to consider the case when b = 0 = (0, 0, 0, 0)T , called the ho-
mogeneous boundary value, since nonhomogeneous cases can be easily settled by solving linear alge-
braic equations afterwards [15]. The elementary boundary condition (1.2) can be represented with the
boundary matrix Epqrs ∈ gl(4, 8,C), called elementary boundary matrix, which is defined by

(i, j)th element of Epqrs =



1, if i = 1, j = p + 1,
1, if i = 2, j = q + 1,
1. if i = 3, j = r + 5,
1, if i = 4, j = s + 5,
0, otherwise,

1 ≤ i ≤ 4, 1 ≤ j ≤ 8. (1.4)

For example, the two-point boundary condition u(−l) = u′(−l) = u′′(l) = u′′′(l) = 0, which corresponds
to the clamped end at x = −l and the free end at x = l, and is thus called the clamped-free or,
cantilevered condition, can be represented with M = E0123 and b = 0, where

E0123 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

 .
A boundary matrix M ∈ gl(4, 8,C) is called well-posed, if it makes the boundary value problem

consisting of (1.1) and (1.3) well-posed for any b ∈ gl(4, 1,C). The set of well-posed boundary
matrices is denoted by wp(4, 8,C). For M ∈ wp(4, 8,C), the integral operator KM : L2[−l, l] →
L2[−l, l] on the Hilbert space of square-integrable complex-valued functions on the interval [−l, l], is
defined by

KM[u] =
∫ l

−l
GM(x, ξ)u(ξ) dξ, u ∈ L2[−l, l], (1.5)

where GM(x, ξ) is the Green function [16, 17] corresponding to the boundary value problem (1.1) and
(1.3) with b = 0, so that KM[w] is the unique solution of that boundary value problem. The spectral
analysis, i.e. the analysis on the eigenvalues, of the integral operator KM is important for analyzing
the beam deflection problem in general, including the corresponding nonlinear problems [15, 18] and
inverse problems [19].

For a well-posed boundary matrix M ∈ wp(4, 8,C), the spectrum or, the set of eigenvalues, of the
integral operator KM is denoted by SpecKM. Choi [20] considered the following specific well-posed
boundary matrix Q:

Q =


0 α2 −

√
2α 1 0 0 0 0

√
2α3 −α2 0 1 0 0 0 0
0 0 0 0 0 α2

√
2α 1

0 0 0 0 −
√

2α3 −α2 0 1

 .
Mathematical Biosciences and Engineering Volume 20, Issue 8, 13704–13753.
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The corresponding Green function GQ(x, ξ) is the one for the infinite version EI ·u(4)(x)+k ·u(x) = w(x),
x ∈ (−∞,∞) of (1.1) and the boundary condition limx→±∞ u(x) = 0 [18]. By explicitly constructing
and analyzing the corresponding characteristic equation, the following exceptionally detailed spectral
information on the integral operator KQ was obtained.

Proposition 1.1 ( [20]). SpecKQ is of the form {µn/k | n = 1, 2, 3, · · · } ∪ {νn/k | n = 1, 2, 3, · · · } ⊂
(0, 1/k), where 1 > µ1 > ν1 > µ2 > ν2 > · · · ↘ 0, µn ∼ νn ∼ n−4 and

1

1 + 1
(2lα)4

(
2π(n − 1) − π2

)4 − µn ∼
1

1 + 1
(2lα)4

(
2π(n − 1) + π2

)4 − νn ∼ n−6.

Here, for positive sequences an, bn, we denote an ∼ bn if there exists N > 0 such that m ≤ an/bn ≤ M
for every n > N for some constants 0 < m ≤ M < ∞. See [20] for more details including numerical
approximation of µn, νn with arbitrary precision.

Note that M,N ∈ gl(4, 8,C) represent the same boundary condition in the sense of (1.3) with b = 0
if and only if there exists an invertible A ∈ gl(4,C) such that M = AN, in which case we denote
M ≈ N. Recently, Choi [1] explicitly constructed a transformation F : wp(4, 8,C) → gl(4,C), which
satisfies Proposition 1.2 below. For M ∈ wp(4, 8,C), the 4 × 4 matrix F (M) is called the fundamental
boundary matrix for M.

Proposition 1.2 ( [1], Theorem 1). F is onto, and F (M) = F (N) if and only if M ≈ N. For M ∈

wp(4, 8,C) and λ ∈ C \ {0}, λ ∈ SpecKM, i.e., KM[u] = λ · u for some 0 , u ∈ L2[−l, l] if and only if

det
{
F (M)

(
X+λ (−l) − X+λ (l) O

O X−λ (−l) − X−λ (l)

)
−

(
X+λ (l) O

O X−λ (l)

)}
= 0.

Here, X±λ (x) are 2 × 2 matrices whose entries are explicitly defined holomorphic functions of x, λ ∈
C [1]. Let wp(4, 8,C)/≈ be the quotient set of wp(4, 8,C) by the equivalence relation ≈. Proposition 1.2
implies that the transformation F induces a one-to-one correspondence between wp(4, 8,C)/≈ and the
16-dimensional algebra gl(4,C) of 4 × 4 matrices. Thus, the set of different well-posed boundary
conditions (1.3), which is in one-to-one correspondence with the set of integral operators (1.5), forms
a 16-dimensional space.

Proposition 1.2 also means that the spectrum of the integral operator KM in (1.5) corresponding
to a well-posed boundary matrix M can be represented essentially as the zero set of one concrete
holomorphic function. For example, F is designed so that F (Q) = O, hence SpecKQ is the zero set
of the holomorphic function det X+λ (l) · det X−λ (l) in λ, from which the result in Proposition 1.1 can
be recovered [1]. Note also that the information on a particular boundary condition M is separately
encoded by the transformation F and can be plugged into the characteristic equation in Proposition 1.2,
while the rest of the information such as X±λ (x) are already prepared and common to every well-posed
boundary condition. Thus, fundamental boundary matrix is a complete invariant in that it contains all
the information on each well-posed boundary condition in (1.3).

In contrast to the importance of fundamental boundary matrices, there have been no examples of
explicit computation of them for any boundary matrix M ∈ wp(4, 8,C), except for some trivial cases
such as F (Q) = O. This is due in part to the technical, although explicit, definition of fundamental
boundary matrix. In this paper, we explicitly compute the fundamental boundary matrices for the
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following 7 elementary boundary matrices, called the dwarfs:

01 types: E0101,E0112,E0123, 02 types: E0202,E0213, mixed types: E0102,E0113. (1.6)

By exploiting various symmetries in the transformation F , we show that computation of the funda-
mental boundary matrices for the above seven dwarfs is enough to explicitly generate those for the rest
of all 36 elementary boundary matrices. The well-posedness of each elementary boundary matrix will
be shown in the process.

Our results present the first nontrivial examples of explicit fundamental boundary matrices. To-
gether with Proposition 1.2, it is expected to produce detailed spectral information such as those in
Proposition 1.1, on the integral operators (1.5) corresponding to the elementary boundary conditions
(1.2), which include important cases usually considered in practical applications.

The rest of the paper is organized as follows. Basic notations and definitions which will be used
extensively in this paper are given in Section 2. In Section 3, the definition of fundamental boundary
matrix is given, and our main results, Theorems 1 and 2, are stated with examples illustrating them.
In Section 4, detailed analyses are done on the reduction of the 36 elementary boundary matrices
to the seven dwarfs. Section 5 presents preliminary results needed for explicit computation of the
fundamental boundary matrices for each of the seven dwarfs, which are actually done in Sections 6,
7 and 8. The proofs of Theorems 1 and 2 are given in Section 9. Finally, Section 10 discusses some
issues related to our results and future directions.

2. Basic notations and definitions

The notations and the definitions in this section, some of which might seem nonstandard, are devised
to exploit symmetries in our problem efficiently and to save space in our calculations. Readers are
recommended to be sufficiently acquainted with them in advance.

We denote i =
√
−1. Denote by N, Z, R, and C, the set of natural number, the set of integers,

the set of real numbers, and the set of complex numbers respectively. The set of m × n matrices with
entries in C is denoted by gl(m, n,C). When m = n, we also denote gl(m, n,C) = gl(n,C). The complex
conjugate and the transpose of A ∈ gl(m, n,C) are denoted by A and AT respectively. For A ∈ gl(n,C),
adj A is the classical adjoint of A, so that, if A is invertible then A−1 = adj A/ det A. The identity
matrix and the zero matrix are denoted by In ∈ gl(n,C) and Omn ∈ gl(m, n,C) respectively. The zero
column vector is denoted by 0n ∈ gl(n, 1,C). The subscripts in In, Omn, and 0n can be omitted in case
of no ambiguity. For c1, c2, · · · , cn ∈ C, diag (c1, c2, · · · , cn) denotes the diagonal matrix with diagonal
entries c1, c2, · · · , cn, and ediag(c1,c2,··· ,cn) = diag (ec1 , ec2 , ec3 , ec4).

The set of invertible matrices in gl(n,C) is denoted by GL(n,C). For A ∈ GL(n,C), define the
similarity transform by A, SimA : gl(n,C) → gl(n,C) by SimA B = A−1BA for B ∈ gl(n,C), which is
an isomorphism on the algebra gl(n,C). We will freely use the usual properties of Sim subsequently.

Let A ∈ gl(m, n,C). We denote the (i, j)th entry of A by Ai, j, 1 ≤ i ≤ m, 1 ≤ j ≤ n. When the
(i, j)th entry of A is ai, j, we write A =

(
ai, j

)
1≤i≤m, 1≤ j≤n

. If m = n, then we also write A =
(
ai, j

)
1≤i, j≤n

.

For 1 ≤ p < q ≤ m, 1 ≤ r < s ≤ n, we denote by Ap:q,r:s the minor
(
Ai, j

)
p≤i≤q,r≤ j≤s

of A.

For A,B ∈ gl(n,C), denote A ⊕ B =
(
A O
O B

)
∈ gl(2n,C) and A ⊕′ B =

(
O B
A O

)
∈ gl(2n,C).

Mathematical Biosciences and Engineering Volume 20, Issue 8, 13704–13753.



13708

The following special functions provide us compact language for our problem. See Appendix A,
where we collected their properties that we need.

Definition 2.1. For ζ ∈ C, denote

c+(ζ) = cosh
(√

2ζ
)
+ cos

(√
2ζ

)
, c−(ζ) = cosh

(√
2ζ

)
− cos

(√
2ζ

)
,

s+(ζ) = sinh
(√

2ζ
)
+ sin

(√
2ζ

)
, s−(ζ) = sinh

(√
2ζ

)
− sin

(√
2ζ

)
,

ci+(ζ) = cosh
(√

2ζ
)
+ i cos

(√
2ζ

)
, ci−(ζ) = cosh

(√
2ζ

)
− i cos

(√
2ζ

)
,

si+(ζ) = sinh
(√

2ζ
)
+ i sin

(√
2ζ

)
, si−(ζ) = sinh

(√
2ζ

)
− i sin

(√
2ζ

)
.

The following elementary fact is immediate from Definition 2.1.

Lemma 2.1. f (ζ) , 0 for f ∈ {c+, c−, s+, s−, ci+, ci−, si+, si−} and 0 , ζ ∈ R ∪ {ir | r ∈ R}.

Definition 2.2. Denote ω = ei
π
4 = (1+i)/

√
2 and ωn = i

n−1ω, n ∈ Z. DenoteΩ = diag (ω1, ω2, ω3, ω4),
W0 =

(
ωi−1

j

)
1≤i, j≤4

. For x ∈ C, denote W(x) = diag
(
1, α, α2, α3

)
·W0eΩαx.

By Definition 2.2,

ω = ω4 = −ω2 = −iω, ω3 = −ω, ω + ω =
√

2, ω − ω = i

√
2, ω2 = i, ωω = 1. (2.1)

Definition 2.3. Denote J =
(
1 0
0 −1

)
= diag(1,−1), K =

(
1 0
0 i

)
= diag(1, i), E = diag(1,−1,−1, 1) =

J ⊕ (−J).

By Definition 2.3,

J−1 = J = JT , K2 = J, K−1 = K = JK = KJ = K3, E−1 = E = ET . (2.2)

Definition 2.4. Denote L =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

. For n ∈ N, denote Rn =


0 · · · 1
... · ·

· ...

1 · · · 0

 ∈ gl(n,R).

Multiplying L to the left (respectively, to the right) of a matrix amounts to lifting up the rows
(respectively, pushing to the right the columns) of that matrix cyclically by one row (respectively, by
one column). In case of no ambiguity, the subscript n in Rn can be omitted. Multiplying R to the
left (respectively, to the right) of a matrix amounts to reversing the order of the rows (respectively, the
columns) of that matrix. The following are immediate from Definition 2.4.(

L2
)−1
= L2 =

(
L2

)T
, R−1 = R = RT . (2.3)

The transform A 7→ RmARn for A ∈ gl(m, n,C) amounts to rotating the elements of A by 180◦. For

example, SimR

(
1 2
3 4

)
=

(
0 1
1 0

)−1

·

(
1 2
3 4

) (
0 1
1 0

)
=

(
0 1
1 0

) (
2 1
4 3

)
=

(
4 3
2 1

)
. By Definitions 2.3 and 2.4,

RJ = −JR, RK =
(
0 i

1 0

)
= i

(
0 1
−i 0

)
= iKR, RK = −iKR. (2.4)
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Definition 2.5. Denote V = 1
√

2


1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1

 = 1
√

2

(
I2 I2

−I2 I2

)
, and

V12 =

(
R2 O
O I2

)
=


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 , V34 =

(
I2 O
O R2

)
=


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , V23 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .
Multiplying the above Vpq to the left (respectively, to the right) of a matrix amounts to exchanging

the pth and the qth rows (respectively, columns) of that matrix. Note from Definition 2.5 that V12V34 =

V34V12, and

V−1 = VT , V−1
12 = V12 = VT

12, V−1
34 = V34 = VT

34, V−1
23 = V23 = VT

23. (2.5)

Lemma 2.2. SimVT (A ⊕ A) = A ⊕ A and SimVT {(−A) ⊕ A} = A ⊕′ A for A ∈ gl(2,C).

Proof. By Definition 2.5 and (2.5),

SimVT (A ⊕ A) =
1
√

2

(
I I
−I I

)
·

(
A O
O A

)
·

1
√

2

(
I −I
I I

)
=

1
2

(
A A
−A A

) (
I −I
I I

)
= A ⊕ A,

SimVT {(−A) ⊕ A} =
1
√

2

(
I I
−I I

)
·

(
−A O
O A

)
·

1
√

2

(
I −I
I I

)
=

1
2

(
−A A
A A

) (
I −I
I I

)
= A ⊕′ A. □

By Definition 2.3 and Lemma 2.2,

SimVT E = SimVT {J ⊕ (−J)} = −(J ⊕′ J), (2.6)

hence we have SimVT diag(1, 0, 0, 1) + SimVT diag(0, 1, 1, 0) = SimVT I = I and SimVT diag(1, 0, 0, 1) −
SimVT diag(0, 1, 1, 0) = SimVT E = −(J ⊕′ J). Thus

SimVT diag(1, 0, 0, 1) =
1
2
{I − (J ⊕′ J)} , SimVT diag(0, 1, 1, 0) =

1
2
{I + (J ⊕′ J)} . (2.7)

3. Main results

Proposition 3.1 ( [16], Lemma 3.1). Let M = (M− |M+) ∈ gl(4, 8,C) for M−,M+ ∈ gl(4,C). M ∈

wp(4, 8,C) if and only if det {M−W(−l) +M+W(l)} , 0.

Definition 3.1. Let M = (M− |M+) ∈ wp(4, 8,C) for M−,M+ ∈ gl(4,C). Denote

G(M) = −
{
M−W(−l) +M+W(l)

}−1 M−W(−l)E − diag(0, 1, 1, 0), F (M) = SimVT G(M).

Definition 3.1, which appeared in [1, 16], defines the transformation F in Proposition 1.2. We
extend this definition in order to express the effect of the beam length l explicitly.
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Definition 3.2. Let z ∈ C, and let M = (M− |M+) ∈ gl(4, 8,C) for M−,M+ ∈ gl(4,C). When
det {M−W(−z/α) +M+W(z/α)} , 0, denote

G(M, z) = −
{
M−W(−z/α) +M+W(z/α)

}−1 M−W(−z/α)E−diag(0, 1, 1, 0), F (M, z) = SimVT G(M, z).

Note from Definitions 3.1, 3.2, and Proposition 3.1 that

M ∈ wp(4, 8,C) if and only if F (M, αl) is defined, M ∈ gl(4, 8,C). (3.1)

In particular, we have G(M) = G(M, αl) and F (M) = F (M, αl) for M ∈ wp(4, 8,C).

Theorem 1. For l > 0, every dwarf Epqrs is well-posed, and the following hold, where z = αl.

F (E0101, z) =
1
2



 ci−(z)
s+(z) −

√
2ω

s+(z)

−
√

2ω
s+(z)

ci+(z)
s+(z)

 − I O

O
 ci+(z)

s−(z) −
√

2ω
s−(z)

−
√

2ω
s−(z)

ci−(z)
s−(z)

 − I

 .

F (E0112, z) =
1
2



 si−(2z)
c−(2z) −

i

si+(z)
i

si−(z)
si+(2z)
c−(2z)

 − I
−4i sin2(ωz)

c−(2z) − 1
c+(z)

1
c+(z) −

4i sin2(ωz)
c−(2z)

−4i cos2(ωz)
c−(2z) − 1

c−(z)
1

c−(z) −
4i cos2(ωz)

c−(2z)

  si−(2z)
c−(2z) −

i

si−(z)
i

si+(z)
si+(2z)
c−(2z)

 − I

 .

F (E0123, z) =
1
2



 s−(z)
ci+(z) 0

0 s−(z)
ci−(z)

 − I
 0 −

√
2ω

ci+(z)√
2ω

ci−(z) 0

 0 −
√

2ω
ci−(z)√

2ω
ci+(z) 0

  s+(z)
ci−(z) 0

0 s+(z)
ci+(z)

 − I

 .

F (E0202, z) =
1
2


 si+(z)

c+(z) 0
0 si−(z)

c+(z)

 − I O

O
 si−(z)

c−(z) 0
0 si+(z)

c−(z)

 − I

 .

F (E0213, z) =
1
2


 si+(2z)

c+(2z) 0
0 si−(2z)

c+(2z)

 − I
 2 cos(2ωz)

c+(2z) 0
0 −

2 cos(2ωz)
c+(2z)

−2 cos(2ωz)
c+(2z) 0
0 2 cos(2ωz)

c+(2z)

  si+(2z)
c+(2z) 0

0 si−(2z)
c+(2z)

 − I

 .

F (E0102, z) =
1
2



 ci+(2z)−
√

2ω cos(2ωz)
s−(2z) −

√
2ω c−(z)
s−(2z)

−
√

2ω c−(z)
s−(2z)

ci−(2z)−
√

2ω cos(2ωz)
s−(2z)

 − I


√

2ω sin(2ωz)
s−(2z) −

√
2ω si+(z)
s−(2z)√

2ω si−(z)
s−(2z) −

√
2ω sin(2ωz)

s−(2z)

−
√

2ω sin(2ωz)
s−(2z) −

√
2ω si−(z)
s−(2z)√

2ω si+(z)
s−(2z)

√
2ω sin(2ωz)

s−(2z)


 ci+(2z)+

√
2ω cos(2ωz)

s−(2z) −
√

2ω c+(z)
s−(2z)

−
√

2ω c+(z)
s−(2z)

ci−(2z)+
√

2ω cos(2ωz)
s−(2z)

 − I


.
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F (E0113, z) =
1
2



 ci−(2z)+
√

2ω cos(2ωz)
s+(2z) −

√
2ω c+(z)
s+(2z)

−
√

2ω c+(z)
s+(2z)

ci+(2z)+
√

2ω cos(2ωz)
s+(2z)

 − I


√

2ω sin(2ωz)
s+(2z) −

√
2ω si−(z)
s+(2z)√

2ω si+(z)
s+(2z) −

√
2ω sin(2ωz)

s+(2z)

−
√

2ω sin(2ωz)
s+(2z) −

√
2ω si+(z)
s+(2z)√

2ω si−(z)
s+(2z)

√
2ω sin(2ωz)

s+(2z)


 ci−(2z)−

√
2ω cos(2ωz)

s+(2z) −
√

2ω c−(z)
s+(2z)

−
√

2ω c−(z)
s+(2z)

ci+(2z)−
√

2ω cos(2ωz)
s+(2z)

 − I


.

The proof of Theorem 1 will be given in Section 9.

Definition 3.3. Denote I = I4 ⊕
′ I4 =

(
O I4

I4 O

)
∈ gl(8,C) and L =

(
L O
O L

)
∈ gl(8,C).

Readers are advised to distinguish between I, L and I, L. Note from (2.3) and Definition 3.3 that

I2 = L4 = I8, IL = LI. (3.2)

For M = (M− |M+) ∈ gl(4, 8,C) with M−,M+ ∈ gl(4,C),

MI =
(
M− |M+) (O I4

I4 O

)
=

(
M+ |M−) , ML =

(
M− |M+) (L O

O L

)
=

(
M−L |M+L

)
. (3.3)

Theorem 2. The following (a) and (b) hold for p, q, r, s ∈ {0, 1, 2, 3}, p < q, r < s.

(a) There exist S ∈ GL(4,C), m ∈ {0, 1}, n ∈ {0, 1, 2, 3}, and a dwarf Ep′q′r′s′ in (1.6) such that
Epgrs = S ·Ep′q′r′s′ · I

mLn ≈ Ep′q′r′s′ · I
mLn. S, m, n, and the corresponding dwarf Ep′q′r′s′ are listed

explicitly for each Epqrs in Table 1.
(b) For l > 0, Epqrs is well-posed, and the following hold, where z = αl.

F (Epgrs · I, z) = −F
(
Epgrs,−z

)
− I.

F
(
Epgrs · L, z

)
= Sim(K⊕K)R F

(
Epgrs, iz

)
· (J ⊕ J) − diag(0, 1, 0, 1).

F
(
Epgrs · L

2, z
)
= −SimE F

(
Epgrs,−z

)
− I.

F
(
Epgrs · L

3, z
)
= −SimR(K⊕K) F

(
Epgrs,−iz

)
· (J ⊕ J) − diag(1, 0, 1, 0).

Theorem 2 (a) can readily be checked with Table 1. For example,

V12V34L2 · E0102 · I
1L3

= V12V34L2 ·


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0

 I1 · L3 = V12V34 · L2


0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0

 · L3

= V12V34 ·


1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

L3 = V12 · V34


0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0


= V12


0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1

 =


0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1

 = E1303.
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Table 1. Reduction of 36 elementary boundary matrices to the seven dwarfs. For each
elementary boundary matrix Epgrs, we have Epgrs = S · Ep′q′r′s′ · I

mLn ≈ Ep′q′r′s′ · I
mLn, where

Ep′q′r′s′ is one of the seven dwarfs in (1.6).

Epqrs S corresponding
dwarf Ep′q′r′s′

ImLn Epqrs S corresponding
dwarf Ep′q′r′s′

ImLn

E0101 I E0101 I0L0 E1201 L2 E0112 I1L0

E0102 I E0102 I0L0 E1202 V34 E0113 I0L1

E0103 V34 E0112 I1L3 E1203 V34 E0123 I0L1

E0112 I E0112 I0L0 E1212 I E0101 I0L1

E0113 I E0113 I0L0 E1213 I E0102 I0L1

E0123 I E0123 I0L0 E1223 I E0112 I0L1

E0201 L2 E0102 I1L0 E1301 L2 E0113 I1L0

E0202 I E0202 I0L0 E1302 L2 E0213 I1L0

E0203 V34L2 E0113 I1L3 E1303 V12V34L2 E0102 I1L3

E0212 V12L2 E0113 I1L1 E1312 L2 E0102 I1L1

E0213 I E0213 I0L0 E1313 I E0202 I0L1

E0223 V12L2 E0102 I1L2 E1323 V12L2 E0113 I1L2

E0301 V12 E0112 I0L3 E2301 I E0123 I0L2

E0302 V12 E0113 I0L3 E2302 V34 E0102 I0L2

E0303 V12V34 E0101 I0L3 E2303 V34 E0112 I0L2

E0312 V12 E0123 I0L3 E2312 L2 E0112 I1L1

E0313 V12V34 E0102 I0L3 E2313 V34 E0113 I0L2

E0323 V12L2 E0112 I1L2 E2323 I E0101 I0L2

Let z = αl > 0. By (3.2) and Theorem 2 (a) with Table 1, E0323 = V12L2 · E0112 · L
2I ≈ E0112L

2I,
hence, by Proposition 1.2 and Theorem 2 (b),

F (E0323, z) = F
(
E0112L

2 · I, z
)
= −F

(
E0112 · L

2,−z
)
− I = − {SimE F (E0112,−(−z)) − I} − I

= −SimE F (E0112, z) .

So by Theorem 1, Definition 2.3, and (2.2),

F (E0323, z) = − {J ⊕ (−J)} ·
1
2



 si−(2z)
c−(2z) −

i

si+(z)
i

si−(z)
si+(2z)
c−(2z)

 − I
−4i sin2(ωz)

c−(2z) − 1
c+(z)

1
c+(z) −

4i sin2(ωz)
c−(2z)

−4i cos2(ωz)
c−(2z) − 1

c−(z)
1

c−(z) −
4i cos2(ωz)

c−(2z)

  si−(2z)
c−(2z) −

i

si−(z)
i

si+(z)
si+(2z)
c−(2z)

 − I

 · {J ⊕ (−J)}

=
1
2


−J

 si−(2z)
c−(2z) −

i

si+(z)
i

si−(z)
si+(2z)
c−(2z)

 J + JIJ J
−4i sin2(ωz)

c−(2z) − 1
c+(z)

1
c+(z) −

4i sin2(ωz)
c−(2z)

 J

J
−4i cos2(ωz)

c−(2z) − 1
c−(z)

1
c−(z) −

4i cos2(ωz)
c−(2z)

 J −J
 si−(2z)

c−(2z) −
i

si−(z)
i

si+(z)
si+(2z)
c−(2z)

 J + JIJ


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=
1
2



− si−(2z)
c−(2z) − i

si+(z)
i

si−(z) −
si+(2z)
c−(2z)

 + I
−4i sin2(ωz)

c−(2z)
1

c+(z)

− 1
c+(z) −

4i sin2(ωz)
c−(2z)

−4i cos2(ωz)
c−(2z)

1
c−(z)

− 1
c−(z) −

4i cos2(ωz)
c−(2z)

 − si−(2z)
c−(2z) − i

si−(z)
i

si+(z) −
si+(2z)
c−(2z)

 + I

 .
Note that the seven dwarfs cannot be reduced to each other in the sense of Theorem 2 (a). The proof

of Theorem 2 (b) will be given in Section 9.

4. Reduction to the seven dwarfs

Definition 4.1. For m, n ∈ {0, 1, 2, 3}, define Emn ∈ gl(4,C) by

(Emn)i, j =

{
1, if (i = 1, j = m + 1) or (i = 2, j = n + 1) ,
0, otherwise,

1 ≤ i, j ≤ 4.

By Definitions 2.4 and 4.1,

(
L2Emn

)
i, j
=

{
1, if (i = 3, j = m + 1) or (i = 4, j = n + 1) ,
0, otherwise,

1 ≤ i, j ≤ 4, (4.1)

hence, by (1.4), we have the following representation of elementary boundary matrices.

Epqrs =
(
Epq |L2Ers

)
, p, q, r, s ∈ {0, 1, 2, 3}, p < q, r < s. (4.2)

4.1. Separable boundary conditions

Definition 4.2. M ∈ gl(4, 8,C) is called separable if M ≈M·(D ⊕ D) for every diagonal D ∈ GL(4,C).

Let m, n ∈ {0, 1, 2, 3} and d0, d1, d2, d3 ∈ C. By Definition 4.1 and (4.1),

{
Emn · diag (d0, d1, d2, d3)

}
i, j =


dm, if i = 1 and j = m + 1,
dn, if i = 2 and j = n + 1,
0, otherwise

=
{
diag (dm, dn, a3, a4) · Emn

}
i, j , 1 ≤ i, j ≤ 4, a3, a4 ∈ C,{

L2Emn · diag (d0, d1, d2, d3)
}

i, j
=


dm, if i = 3 and j = m + 1,
dn, if i = 4 and j = n + 1,
0, otherwise

=
{
diag (a1, a2, dm, dn) · L2Emn

}
i, j
, 1 ≤ i, j ≤ 4, a1, a2 ∈ C,

hence

Emn · diag (d0, d1, d2, d3) = diag (dm, dn, a3, a4) · Emn, d0, d1, d2, d3, a3, a4 ∈ C,

L2Emn · diag (d0, d1, d2, d3) = diag (a1, a2, dm, dn) · L2Emn, d0, d1, d2, d3, a1, a2 ∈ C.
(4.3)

Lemma 4.1. Every elementary boundary matrix is separable.
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Proof. Let p, q, r, s ∈ {0, 1, 2, 3}, p < q, r < s, and let D = diag (d0, d1, d2, d3) ∈ GL(4,C). By (4.2),

Epqrs · (D ⊕ D) =
(
Epq |L2Ers

) (D O
O D

)
=

(
EpqD |L2ErsD

)
, hence, by (4.3),

Epqrs · (D ⊕ D) =
(

diag
(
dp, dq, dr, ds

)
· Epq diag

(
dp, dq, dr, ds

)
· L2Ers

)
= diag

(
dp, dq, dr, ds

)
·
(
Epq |L2Ers

)
= diag

(
dp, dq, dr, ds

)
· Epqrs. (4.4)

Since diag (d0, d1, d2, d3) ∈ GL(4,C), it follows that diag
(
dp, dq, dr, ds

)
∈ GL(4,C). Thus Epqrs ≈

Epqrs · (D ⊕ D) by (4.4), hence we have the proof by Definition 4.2. □

Lemma 4.2. The following (a), (b), (c) hold for M,N ∈ gl(4, 8,C).

(a) Suppose that M ≈ N. Then M is separable if and only if N is separable.
(b) M is separable if and only if MI is separable.
(c) M is separable if and only if ML is separable.

Proof. Suppose that M ≈ N so that N = AM for some A ∈ GL(4,C). Suppose that M is separable. By
Definition 4.2, there exists B ∈ GL(4,C) such that M · (D ⊕ D) = BM for every diagonal D ∈ GL(4,C).
So we have N · (D ⊕ D) = AM · (D ⊕ D) = ABM = ABA−1 ·AM = ABA−1 ·N, hence N ≈ N · (D ⊕ D)
for every diagonal D ∈ GL(4,C). Thus N is separable by Definition 4.2. Similarly, M is separable if N
is separable. This shows (a).

Let D = diag (d1, d2, d3, d4) ∈ GL(4,C). By Definition 3.3,

MI · (D ⊕ D) =M · (D ⊕ D) · I,

ML · (D ⊕ D) =M · L (D ⊕ D)L−1 · L =M ·
{(

LDL−1
)
⊕

(
LDL−1

)}
· L.

(4.5)

Suppose that M is separable. By Definition 2.4, LDL−1 = diag (d2, d3, d4, d1) ∈ GL(4,C), hence, by
Definition 4.2, there exist A,B ∈ GL(4,C) such that M·(D ⊕ D) = AM and M·

{(
LDL−1

)
⊕

(
LDL−1

)}
=

BM. So by (4.5), MI ·(D ⊕ D) = A ·MI ≈MI and ML ·(D ⊕ D) = B ·ML ≈ML. It follows that MI and
ML are separable, since D is arbitrary. Thus (b) and (c) follow by (3.2), and the proof is complete. □

By Definitions 2.2, 2.4, and (2.1),

SimL−1 eΩz = L · diag
(
eωz, eiωz, ei

2ωz, ei
3ωz

)
· L−1 = diag

(
eiωz, ei

2ωz, ei
3ωz, eωz

)
= diag

(
eω1·iz, eω2·iz, eω3·iz, eω4·iz

)
= eΩiz, z ∈ C, (4.6)

W0L−1 =
(
ωi−1

j

)
1≤i, j≤4

· L−1 =
(
ωi−1

j+1

)
1≤i, j≤4

=

((
iω j

)i−1
)

1≤i, j≤4
=

(
i

i−1 · ωi−1
j

)
1≤i, j≤4

= diag
(
1, i, i2, i3

)
W0, (4.7)

LW0 = L ·
(
ωi−1

j

)
1≤i, j≤4

=
(
ωi

j

)
1≤i, j≤4

=
(
ωi−1

j · ω j

)
1≤i, j≤4

=W0Ω. (4.8)

Lemma 4.3. The following (a) and (b) hold for z ∈ C. (a) W0e±Ωz = diag
(
1, i, i2, i3

)
W0e±ΩizL. (b)

LW0e±Ωz = diag
(
i, i2, i3, i4

)
W0e±ΩizΩL.
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Proof. By (4.6) and (4.7), W0e±Ωz =W0L−1 ·Le±ΩzL−1 ·L = diag
(
1, i, i2, i3

)
W0 ·e±Ωiz ·L, which shows

(a). By (4.8), LW0e±Ωz = W0Ωe±Ωz = W0e±ΩzΩ, since Ω and e±Ωz are diagonal, and hence commute.
So by (a), LW0e±Ωz =W0e±Ωz ·Ω = diag

(
1, i, i2, i3

)
W0e±ΩizL ·Ω = diag

(
1, i, i2, i3

)
W0e±Ωiz ·LΩL−1 ·

L. Thus (b) follows since LΩL−1 = iΩ by Definitions 2.2, 2.4, and (2.1). □

Lemma 4.4. Let z ∈ C, and let M = (M− |M+) ∈ gl(4, 8,C) for M−,M+ ∈ gl(4,C). Suppose that M is
separable. Then the following (a), (b), and (c) hold.

(a) There exists A ∈ GL(4,C) such that M±W(±z/α) = A ·M±W0e±Ωz.
(b) There exists B ∈ GL(4,C) such that M±W0e±Ωz = B ·M±W0e±Ωiz · L.
(c) There exists C ∈ GL(4,C) such that M±LW0e±Ωz = C ·M±W0e±Ωiz ·ΩL.

Proof. By Definition 4.2, there exist A,B ∈ GL(4,C) such that

AM =M
{
diag

(
1, α, α2, α3

)
⊕ diag

(
1, α, α2, α3

)}
, BM =M

{
diag

(
1, i, i2, i3

)
⊕ diag

(
1, i, i2, i3

)}
,

hence AM± = M± diag
(
1, α, α2, α3

)
, BM± = M± diag

(
1, i, i2, i3

)
, CM± = M± diag

(
i, i2, i3, i4

)
, where

we put C = iB ∈ GL(4,C). Thus, by Definition 2.2 and Lemma 4.3 (a), (b),

M±W(±z/α) =M± diag
(
1, α, α2, α3

)
W0e±Ωz = AM±W0e±Ωz,

M±W0e±Ωz =M± diag
(
1, i, i2, i3

)
W0e±ΩizL = BM±W0e±ΩizL,

M±LW0e±Ωz =M± diag
(
i, i2, i3, i4

)
W0e±ΩizΩL = CM±W0e±ΩizΩL,

which show (a), (b), and (c) respectively. □

Lemma 4.5. Let z ∈ C, and let M = (M− |M+) ∈ gl(4, 8,C) for M−,M+ ∈ gl(4,C). Suppose that M is
separable. Then the following (a), (b), and (c) hold.

(a) G(M, z) is defined if and only if det
(
M−W0e−Ωz +M+W0eΩz

)
, 0.

(b) G(M, z) is defined if and only if G(M, iz) is defined.
(c) If G(M, z) is defined, then

G(M, z) = −
(
M−W0e−Ωz +M+W0eΩz

)−1
M−W0e−ΩzE − diag(0, 1, 1, 0)

=
(
M−W0e−Ωz +M+W0eΩz

)−1
M+W0eΩzE − diag(1, 0, 0, 1).

Proof. By Lemma 4.4 (a), there exists A ∈ GL(4,C) such that

M±W(±z/α) = A ·M±W0e±Ωz,

M−W(−z/α) +M+W(z/α) = AM−W0e−Ωz + AM+W0eΩz = A
{
M−W0e−Ωz +M+W0eΩz

}
.

(4.9)

Thus (a) follows from Definition 3.2 since A is invertible. By Lemma 4.4 (b), there exists B ∈ GL(4,C)
such that M±W0e±Ωiz = B−1 ·M±W0e±Ωz · L−1, hence

M−W0e−Ω·iz +M+W0eΩ·iz = B−1
(
M−W0e−Ωz +M+W0eΩz

)
L−1.

Thus (b) follows by (a) and Definition 3.2, since B, L are invertible.
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Suppose that G(M, z) is defined. By Definition 3.2 and (4.9),

G(M, z) = −
{
M−W0e−Ωz +M+W0eΩz

}−1
A−1 · AM−W0e−ΩzE − diag(0, 1, 1, 0),

from which follows the first equality in (c). By Definition 2.3,[(
M−W0e−Ωz +M+W0eΩz

)−1
M+W0eΩzE − diag(1, 0, 0, 1)

]
−

[
−

(
M−W0e−Ωz +M+W0eΩz

)−1
M−W0e−ΩzE − diag(0, 1, 1, 0)

]
=

(
M−W0e−Ωz +M+W0eΩz

)−1 (
M−W0e−Ωz +M+W0eΩz

)
E − E = O,

from which follows the second equality in (c), and the proof is complete. □

4.2. Transformation with I

Lemma 4.6. Let z ∈ C, and let M ∈ gl(4, 8,C) be separable. Suppose that F (M, z) is defined. Then
G(MI, z) and F (MI, z) are defined, and G(MI, z) = −G(M,−z) − I, F (MI, z) = −F (M,−z) − I.

Proof. Let M = (M− |M+) for M−,M+ ∈ gl(4,C). Denote N = MI and let N = (N− |N+) for N−,N+ ∈
gl(4,C). Then by (3.3), (N− |N+) = (M+ |M−), hence

N−W0e−Ωz =M+W0eΩ(−z), N+W0eΩz =M−W0e−Ω(−z). (4.10)

Suppose that F (M, z) is defined, so that G(M, z) is also defined by Definition 3.2. By Lemma 4.5 (b),
G(M,−z) = G(M, i · iz) is defined, hence, by Lemma 4.5 (a) and (4.10), G(N, z) = G(MI, z) is defined.
By Lemma 4.2 (b), N is separable, hence, by Lemma 4.5 (c) and (4.10),

G (MI, z) = G(N, z) = −
{
N−W0e−Ωz + N+W0eΩz

}−1
N−W0e−ΩzE − diag(0, 1, 1, 0)

= −
{
M−W0e−Ω·(−z) +M+W0eΩ·(−z)

}−1
M+W0eΩ·(−z)E − diag(0, 1, 1, 0)

= −
{
G(M,−z) + diag(1, 0, 0, 1)

}
− diag(0, 1, 1, 0) = −G(M,−z) − I.

Thus, by Definition 3.2, F (MI, z) is also defined, and F (MI, z) = SimVT {−G(M,−z) − I} =
−SimVT G(M,−z) − SimVT I = −F (M,−z) − I, which completes the proof. □

4.3. Transformation with L

By Definitions 2.2, 2.4, and (2.1),ΩL =


0 ω 0 0
0 0 −ω 0
0 0 0 −ω

ω 0 0 0

, hence, by Definitions 2.3, 2.4, 2.5, and

(2.1), (2.5),

SimE (ΩL) = E−1


0 ω 0 0
0 0 −ω 0
0 0 0 −ω

ω 0 0 0

 diag(1,−1,−1, 1) = diag(1,−1,−1, 1)


0 −ω 0 0
0 0 ω 0
0 0 0 −ω

ω 0 0 0


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=


0 −ω 0 0
0 0 −ω 0
0 0 0 ω

ω 0 0 0

 = ΩL diag(1,−1, 1,−1) = ΩL(J ⊕ J), (4.11)

SimVT (ΩL) =
1
√

2


1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1

 ·

0 ω 0 0
0 0 −ω 0
0 0 0 −ω

ω 0 0 0

 VT =
1
2


0 ω 0 −ω

ω 0 −ω 0
0 −ω 0 −ω

ω 0 ω 0



1 0 −1 0
0 1 0 −1
1 0 1 0
0 1 0 1


=


0 0 0 −ω

0 0 −ω 0
0 −ω 0 0
ω 0 0 0

 = −ω · diag(1,−i, 1, i) · R = −ω
(
K ⊕K

)
R. (4.12)

Lemma 4.7. Let z ∈ C, and let M ∈ gl(4, 8,C) be separable. Suppose that F (M, z) is defined. Then
G (ML, z) and F (ML, z) are defined, and G (ML, z) = SimΩLG(M, iz) · (J ⊕ J) − diag(0, 1, 0, 1),
F (ML, z) = Sim(K⊕K)R F (M, iz) · (J ⊕ J) − diag(0, 1, 0, 1).

Proof. Let M = (M− |M+) for M−,M+ ∈ gl(4,C). Denote N = ML and let N = (N− |N+) for
N−,N+ ∈ gl(4,C). Then by (3.3), (N− |N+) = (M−L |M+L), hence N− = M−L, N+ = M+L. So by
Lemma 4.4 (c), there exists C ∈ GL(4,C) such that

N±W0e±Ωz =M±LW0e±Ωz = C ·M±W0e±Ω·iz ·ΩL,

N−W0e−Ωz + N+W0eΩz = C
{
M−W0e−Ω·iz +M+W0eΩ·iz

}
ΩL.

(4.13)

Suppose that F (M, z) is defined, so that G(M, z) is also defined by Definition 3.2. By Lemma 4.5 (b),
G(M, iz) is defined, hence, by Lemma 4.5 (a) and (4.13), G(N, z) = G (ML, z) is defined, since C and
ΩL are invertible. By Lemma 4.2 (c), N is separable, hence, by Lemma 4.5 (c), and (4.11), (4.13),

G (ML, z) = G(N, z) =
{
N−W0e−Ωz + N+W0eΩz

}−1
N+W0eΩzE − diag(1, 0, 0, 1)

= (ΩL)−1
{
M−W0e−Ω·iz +M+W0eΩ·iz

}−1
C−1 · C ·M+W0eΩ·iz ·ΩLE − diag(1, 0, 0, 1)

= (ΩL)−1
[{

M−W0e−Ω·iz +M+W0eΩ·iz
}−1

M+W0eΩ·izE
]
E−1ΩLE − diag(1, 0, 0, 1)

= (ΩL)−1 {
G(M, iz) + diag(1, 0, 0, 1)

}
ΩL(J ⊕ J) − diag(1, 0, 0, 1). (4.14)

By Definitions 2.2, 2.3, and 2.4,

(ΩL)−1 diag(1, 0, 0, 1)ΩL(J ⊕ J) = L−1 ·Ω−1 diag(1, 0, 0, 1)Ω · L(J ⊕ J)
= L−1 diag(1, 0, 0, 1)L · (J ⊕ J) = diag(1, 1, 0, 0)(J ⊕ J) = diag(1,−1, 0, 0),

hence, by (4.14), G (ML, z) = (ΩL)−1
· G(M, iz) ·ΩL · (J⊕ J)+ diag(1,−1, 0, 0)− diag(1, 0, 0, 1), from

which follows the first equality. By Definition 3.2 and the first equality,

F (ML, z) = SimVT G (ML, z) = SimVT
{
SimΩLG(M, iz) · (J ⊕ J) − diag(0, 1, 0, 1)

}
= SimVT {SimΩLG(M, iz)} · SimVT (J ⊕ J) − SimVT diag(0, 1, 0, 1)
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= SimVT [SimΩL {SimV F (M, iz)}] · (J ⊕ J) − diag(0, 1, 0, 1),

since SimVT (J ⊕ J) = J ⊕ J and SimVT diag(0, 1, 0, 1) = diag(0, 1, 0, 1) by Lemma 2.2. Thus the proof
is complete, since SimVT SimΩL SimV = SimV·ΩL·VT = Sim

−ω(K⊕K)R = Sim(K⊕K)R by (4.12). □

By Definitions 2.3, 2.4, and (2.2),

Sim(K⊕K)R(J ⊕ J) =
{(

K ⊕K
)

R
}−1

(J ⊕ J)
(
K ⊕K

)
R = R ·

(
K ⊕K

)
(J ⊕ J)

(
K ⊕K

)
· R

= R(J ⊕ J)R = −(J ⊕ J), (4.15)

Sim(K⊕K)R diag(0, 1, 0, 1) = R ·
(
K ⊕K

)
diag(0, 1, 0, 1)

(
K ⊕K

)
· R = R diag(0, 1, 0, 1)R

= diag(1, 0, 1, 0), (4.16)

SimR(K⊕K) diag(0, 1, 0, 1) =
(
K ⊕K

)
· R diag(0, 1, 0, 1)R ·

(
K ⊕K

)
=

(
K ⊕K

)
diag(1, 0, 1, 0)

(
K ⊕K

)
= diag(1, 0, 1, 0). (4.17)

Lemma 4.8. Let z ∈ C, and let M ∈ gl(4, 8,C) be separable. Suppose that F (M, z) is defined.
Then F

(
ML2, z

)
and F

(
ML3, z

)
are defined, and F

(
ML2, z

)
= −SimE F (M,−z) − I, F

(
ML3, z

)
=

−SimR(K⊕K) F (M,−iz) · (J ⊕ J) − diag(1, 0, 1, 0).

Proof. Suppose that F (M, z) is defined. By Lemma 4.7, F
(
ML2, z

)
= F (ML · L, z) and

F
(
ML2 · L, z

)
are defined, and

F
(
ML2, z

)
= F (ML · L, z) = Sim(K⊕K)R F (ML, iz) · (J ⊕ J) − diag(0, 1, 0, 1)

= Sim(K⊕K)R

[
Sim(K⊕K)R F (M, i · iz) · (J ⊕ J) − diag(0, 1, 0, 1)

]
· (J ⊕ J) − diag(0, 1, 0, 1)

= Sim
{(K⊕K)R}

2 F (M,−z) · Sim(K⊕K)R(J ⊕ J) · (J ⊕ J)

− Sim(K⊕K)R diag(0, 1, 0, 1) · (J ⊕ J) − diag(0, 1, 0, 1).
(4.18)

By Definition 2.4,{(
K ⊕K

)
R
}2
=

(
K ⊕K

)
· R

(
K ⊕K

)
R =

(
K ⊕K

) {
(RKR) ⊕

(
RKR

)}
=

(
KR ·KR

)
⊕

(
KR ·KR

)
,

hence, by (2.2), (2.3), (2.4), and Definition 2.3,{(
K ⊕K

)
R
}2
= (−iRK ·KR) ⊕ (−KR · iRK) = −i (RJR ⊕ J) = −i {(−J) ⊕ J} = iE.

Thus, by (4.15), (4.16), (4.18),

F
(
ML2, z

)
= SimE F (M,−z) · {−(J ⊕ J)} · (J ⊕ J) − diag(1, 0, 1, 0) · (J ⊕ J) − diag(0, 1, 0, 1),

from which follows the first equality by Definition 2.3.
Let N = ML3, so that M = NL by (3.2). By Definitions 3.2 and Lemma 4.5 (b), F (M,−iz) is

defined, hence, by Lemma 4.7,

F (M,−iz) = F (NL,−iz) = Sim(K⊕K)R F (N, i · (−iz)) · (J ⊕ J) − diag(0, 1, 0, 1)
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= Sim(K⊕K)R F
(
ML3, z

)
· (J ⊕ J) − diag(0, 1, 0, 1),

hence, by (2.2), (2.3),

F
(
ML3, z

)
= Sim

{(K⊕K)R}
−1

[{
F (M,−iz) + diag(0, 1, 0, 1)

}
· (J ⊕ J)

]
=

[
Sim
{(K⊕K)R}

−1 F (M,−iz) + Sim
{(K⊕K)R}

−1 diag(0, 1, 0, 1)
]
· Sim

{(K⊕K)R}
−1(J ⊕ J)

=
{
SimR(K⊕K) F (M,−iz) + SimR(K⊕K) diag(0, 1, 0, 1)

}
·

[
−Sim−1

(K⊕K)R {−(J ⊕ J)}
]
.

Thus the second equality follows by (4.15) and (4.17), and the proof is complete. □

5. Preparation for the seven dwarfs

Definition 5.1. For z ∈ C and m, n ∈ {0, 1, 2, 3}, denote D−mn(z) = SimVT

(
EmnW0e−Ωz

)
and D+mn(z) =

SimVT

(
L2EmnW0eΩz

)
. Denote Dpqrs(z) =

{
D−pq(z) + D+rs(z)

}−1
D−pq(z) for p, q, r, s ∈ {0, 1, 2, 3}, p < q,

r < s, and z ∈ C such that det
{
D−pq(z) + D+rs(z)

}
, 0.

Lemma 5.1. Let z ∈ C, and p, q, r, s ∈ {0, 1, 2, 3}, p < q, r < s. F
(
Epqrs, z

)
is defined if and only if

det
{
D−pq(z) + D+rs(z)

}
, 0. If F

(
Epqrs, z

)
is defined, then

F
(
Epqrs, z

)
=

{
Dpqrs(z) −

1
2

I
}

(J ⊕′ J) −
1
2

I =


{
Dpqrs(z)

}
1:2,3:4

· J − 1
2I

[{
Dpqrs(z)

}
1:2,1:2

− 1
2I

]
J[{

Dpqrs(z)
}

3:4,3:4
− 1

2I
]

J
{
Dpqrs(z)

}
3:4,1:2

· J − 1
2I

 .
Proof. Let Epqrs =

(
E−pqrs |E+pqrs

)
, where E±pqrs ∈ gl(4,C). By (2.5), (4.2), and Definition 5.1,

E−pqrsW0e−Ωz = EpqW0e−Ωz = SimV D−pq(z), E+pqrsW0eΩz = L2ErsW0eΩz = SimV D+rs(z), (5.1)

E−pqrsW0e−Ωz + E+pqrsW0eΩz = SimV
{
D−pq(z) + D+rs(z)

}
. (5.2)

Note from Definition 3.2 that F
(
Epqrs, z

)
is defined if and only if G

(
Epqrs, z

)
is defined. So (a) follows

by Lemma 4.1, Lemma 4.5 (a), and (5.2), since V is invertible.
Suppose that F

(
Epqrs, z

)
is defined. By Definition 5.1, Lemma 4.1, Lemma 4.5 (c), and (5.1), (5.2),

G
(
Epqrs, z

)
= −

{
E−pqrsW0e−Ωz + E+pqrsW0eΩz

}−1
E−pqrsW0e−ΩzE − diag(0, 1, 1, 0)

= −
[
SimV

{
D−pq(z) + D+rs(z)

}]−1
SimV D−pq(z) · E − diag(0, 1, 1, 0)

= −SimV

[{
D−pq(z) + D−rs(z)

}−1
]
· SimV D−pq(z) · E − diag(0, 1, 1, 0)

= −SimV Dpqrs(z) · E − diag(0, 1, 1, 0),

hence, by Definition 3.2, and (2.6), (2.7),

F
(
Epqrs, z

)
= SimVT

{
G

(
Epqrs, z

)}
= −Dpqrs(z) · SimVT E − SimVT diag(0, 1, 1, 0)
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= Dpqrs(z) · (J ⊕′ J) −
1
2
{I + (J ⊕′ J)} =

{
Dpqrs(z) −

1
2

I
}

(J ⊕′ J) −
1
2

I

=


{
Dpqrs(z)

}
1:2,1:2

− 1
2I

{
Dpqrs(z)

}
1:2,3:4{

Dpqrs(z)
}

3:4,1:2

{
Dpqrs(z)

}
3:4,3:4

− 1
2I

 (O J
J O

)
−

1
2

(
I O
O I

)
,

from which follows the result. □

The following 2 × 2 matrices will play special roles in further computations. See Appendix B for
their properties.

Definition 5.2. For z ∈ C, denote

A(z) =
(

cosh (ωz) cosh (ωz)
ω sinh (ωz) ω sinh (ωz)

)
, B(z) =

(
sinh (ωz) − sinh (ωz)
ω cosh (ωz) −ω cosh (ωz)

)
,

C(z) =
(

cosh (ωz) cosh (ωz)
i cosh (ωz) −i cosh (ωz)

)
, D(z) =

(
sinh (ωz) − sinh (ωz)
i sinh (ωz) i sinh (ωz)

)
.

Lemma 5.2. The following hold for z ∈ C.

(a) D−01(z) =
(

JA(z) JB(z)
−JA(z) −JB(z)

)
.

(c) D+01(z) =
(
A(z) −B(z)
A(z) −B(z)

)
.

(e) D+12(z) = ω
(
B(z)K −A(z)K
B(z)K −A(z)K

)
.

(g) D+23(z) = i

(
A(z)J −B(z)J
A(z)J −B(z)J

)
.

(b) D−02(z) =
(

C(z) D(z)
−C(z) −D(z)

)
.

(d) D+02(z) =
(
C(z) −D(z)
C(z) −D(z)

)
.

(f) D+13(z) = ω
(
D(z)K −C(z)K
D(z)K −C(z)K

)
.

The proof of Lemma 5.2 will be given at the end of this section.

Lemma 5.3. SimVT W0 =
√

2V23 [ω(I + iR)J ⊕ {−i(I + iR)JK}].

Proof. By Definitions 2.2, 2.5, and (2.1),

SimVT W0 = SimVT


1 1 1 1
ω1 ω2 ω3 ω4

ω2
1 ω

2
2 ω

2
3 ω

2
4

ω3
1 ω

3
2 ω

3
3 ω

3
4

 = 1
√

2

(
I I
−I I

)
·


1 1 1 1
ω −ω −ω ω

i −i i −i

−ω ω ω −ω

 · 1
√

2

(
I −I
I I

)

=
1
2
·
√

2


ω ω ω ω

i i −i −i

−ω −ω −ω −ω

−1 1 1 −1


(
I −I
I I

)
=

1
√

2
· 2


ω ω 0 0
0 0 −i −i

−ω −ω 0 0
0 0 1 −1

 =
√

2V23


ω ω 0 0
−ω −ω 0 0
0 0 −i −i

0 0 1 −1


=
√

2V23(A ⊕ B), (5.3)
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where we put A =
(
ω ω

−ω −ω

)
and B =

(
−i −i

1 −1

)
. By Definitions 2.3, 2.4, and (2.1), (2.2),

A =
(
ω ω

−ω −ω

)
= ω

(
1 −i

i −1

)
= ω(J + iRJ) = ω(I + iR)J,

B =
(
−i −i

1 −1

)
= −i

(
1 0
0 −i

)
+

(
0 −i

1 0

)
= −iJK + RJK = −i(I + iR)JK.

Thus the result follows from (5.3). □

Lemma 5.4. For z ∈ C, SimVT e±Ωz =

(
cosh (ωz, ωz) ± sinh (−ωz, ωz)
± sinh (−ωz, ωz) cosh (ωz, ωz)

)
, where we denote

cosh (ζ1, ζ2) = diag (cosh ζ1, cosh ζ2), sinh (ζ1, ζ2) = diag (sinh ζ1, sinh ζ2) for ζ1, ζ2 ∈ C.

Proof. By Definitions 2.2, 2.5, and (2.1),

SimVT e±Ωz =
1
√

2

(
I I
−I I

)
·

diag
(
e±ωz, e∓ωz

)
O

O diag
(
e∓ωz, e±ωz

) · 1
√

2

(
I −I
I I

)

=
1
2

 diag
(
e±ωz, e∓ωz

)
diag

(
e∓ωz, e±ωz

)
− diag

(
e±ωz, e∓ωz

)
diag

(
e∓ωz, e±ωz

) (I −I
I I

)

=
1
2

 diag
(
e±ωz, e∓ωz

)
+ diag

(
e∓ωz, e±ωz

)
− diag

(
e±ωz, e∓ωz

)
+ diag

(
e∓ωz, e±ωz

)
− diag

(
e±ωz, e∓ωz

)
+ diag

(
e∓ωz, e±ωz

)
diag

(
e±ωz, e∓ωz

)
+ diag

(
e∓ωz, e±ωz

) 
=

(
diag (cosh (ωz) , cosh (ωz)) ± diag (− sinh (ωz) , sinh (ωz))
± diag (− sinh (ωz) , sinh (ωz)) diag (cosh (ωz) , cosh (ωz))

)
,

from which the result follows. □

By Lemma 5.4,

SimI⊕(−I)

(
SimVT e±Ωz

)
= SimVT e∓Ωz, z ∈ C, (5.4)

since

SimI⊕(−I)

(
A B
C D

)
=

(
I O
O −I

) (
A B
C D

) (
I O
O −I

)
=

(
A −B
−C D

)
, A,B,C,D ∈ gl(2,C). (5.5)

By Definitions 2.3, 2.4, 2.5, and (2.5),

SimV23 {I ⊕ (−I)} = V23


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 V23 =


1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 −1

 V23 = J ⊕ J, (5.6)

SimVT L =
1
√

2


1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1

 ·

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 VT =
1
2


0 1 0 1
1 0 1 0
0 −1 0 1
1 0 −1 0



1 0 −1 0
0 1 0 −1
1 0 1 0
0 1 0 1


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=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 = R ⊕ (JR), (5.7)

SimVT L · V23 =


0 0 1 0
1 0 0 0
0 0 0 1
0 −1 0 0

 = V23


0 0 1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 = V23 · (J ⊕′ I). (5.8)

Lemma 5.5. The following (a) and (b) hold for z ∈ C.

(a) SimVT

(
W0e±Ωz

)
· {I ⊕ (−I)} = (J ⊕ J) · SimVT

(
W0e∓Ωz

)
.

(b) V23 SimVT

(
LW0e±Ωz

)
· (K ⊕′ K)−1 = −ω {I ⊕ (−R)} · V23 SimVT

(
W0e±Ωz

)
.

Proof. By Lemma 5.3 and (5.5),

1
√

2
V23 SimVT W0 · {I ⊕ (−I)} = {I ⊕ (−I)} · SimI⊕(−I)

[
1
√

2
V23 SimVT W0

]
= {I ⊕ (−I)} ·

1
√

2
V23 SimVT W0,

hence, by (2.5) and (5.6), SimVT W0 · {I ⊕ (−I)} = SimV23 {I ⊕ (−I)} · SimVT W0 = (J ⊕ J) · SimVT W0.
Thus, by (5.4),

SimVT

(
W0e±Ωz

)
· {I ⊕ (−I)} = SimVT W0 · SimVT e±Ωz · {I ⊕ (−I)}

= SimVT W0 · {I ⊕ (−I)} · SimI⊕(−I)

(
SimVT e±Ωz

)
= (J ⊕ J) · SimVT W0 · SimVT e∓Ωz,

from which follows (a). By Lemma 2.2, SimVT

{(
−K

)
⊕K

}
= K ⊕′ K. So we have

SimVT e±Ωz ·
(
K ⊕′ K

)
= SimVT

[
e±Ωz

{(
−K

)
⊕K

}]
= SimVT

[{(
−K

)
⊕K

}
e±Ωz

]
= SimVT

{(
−K

)
⊕K

}
· SimVT e±Ωz =

(
K ⊕′ K

)
· SimVT e±Ωz, (5.9)

where we used the fact that e±Ωz and
(
−K

)
⊕K commute since they are diagonal.

Since (I + iR)(I − iR) = 2I by (2.3), we have (I ± iR)−1 = 1
2 (I ∓ iR), hence, by Lemma 5.3, and

(2.1), (2.2),(
1
√

2
V23 SimVT W0

)
·
(
K ⊕′ K

)
·

(
1
√

2
V23 SimVT W0

)−1

=

(
ω(I + iR)J O

O −i(I + iR)JK

) (
O K
K O

) (
ω(I + iR)J O

O −i(I + iR)JK

)−1

=

(
O ω(I + iR)JK

−i(I + iR)J O

) (1
2ωJ(I − iR) O

O 1
2iKJ(I − iR)

)
=

(
O −1

2ω(I + iR)J(I − iR)
−ωI O

)
,
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hence

V23 SimVT W0 ·
(
K ⊕′ K

)
= −ω(I ⊕′ RJ) · V23 SimVT W0, (5.10)

since ω(I + iR) · J(I − iR) = ω(I + iR) · (I + iR)J = ω · 2iRJ = 2ωRJ by (2.1), (2.3) and (2.4). By
(2.2), (2.4), and (5.8),

SimVT L · V23 · (I ⊕′ RJ) = V23(J ⊕′ I)(I ⊕′ RJ) = V23

(
O I
J O

) (
O RJ
I O

)
= V23 {I ⊕ (−R)} . (5.11)

By (5.9), (5.10), and (5.11),

V23 SimVT

(
LW0e±Ωz

)
·
(
K ⊕′ K

)
= V23 SimVT (LW0) · SimVT e±Ωz ·

(
K ⊕′ K

)
= V23 SimVT L · V23 · V23 SimVT W0 ·

(
K ⊕′ K

)
· SimVT e±Ωz

= V23 SimVT L · V23 · (−ω)(I ⊕′ RJ) · V23 SimVT W0 · SimVT e±Ωz

= −ωV23 · V23 {I ⊕ (−R)} · V23 SimVT

(
W0e±Ωz

)
= −ω {I ⊕ (−R)} · V23 SimVT

(
W0e±Ωz

)
.

Thus (b) follows since
(
K ⊕′ K

)
(K ⊕′ K) = I by (2.2) so that K ⊕′ K = (K ⊕′ K)−1, and the proof is

complete. □

By (2.3), (2.4), and (5.7),

SimVT L2 = SimVT L · SimVT L = {R ⊕ (JR)} {R ⊕ (JR)} = I ⊕ (−I). (5.12)

By Definitions 2.3, 2.4, 2.5, and 4.1,

SimVT E01 =
1
√

2

(
I I
−I I

)
·

(
I O
O O

)
·

1
√

2

(
I −I
I I

)
=

1
2

(
I O
−I O

) (
I −I
I I

)

=
1
2


1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

 = 1
2


1 −1 0 0
0 0 1 −1
−1 1 0 0
0 0 −1 1

 V23 =
1
2

V23 {(I − R) ⊕ (I − R)}V23, (5.13)

SimVT E02 =
1
√

2


1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1

 ·

1 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

 VT =
1
2


1 0 0 0
0 0 1 0
−1 0 0 0
0 0 −1 0



1 0 −1 0
0 1 0 −1
1 0 1 0
0 1 0 1


=

1
2


1 0 −1 0
1 0 1 0
−1 0 1 0
−1 0 −1 0

 = 1
2


1 −1 0 0
1 1 0 0
−1 1 0 0
−1 −1 0 0

 V23 =
1
2

V23

(
I − R O

J(I + R) O

)
V23. (5.14)

Lemma 5.6. The following (a), (b), (c) hold for z ∈ C.

(a) D+01(z) = {J ⊕ (−J)}D−01(z) {I ⊕ (−I)} and D+02(z) = {I ⊕ (−I)}D−02(z) {I ⊕ (−I)}.
(b) D+1 n+1(z) = −ωD+0n(z) (K ⊕′ K) for n = 1, 2.
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(c) D+23(z) = iD+01(z) (J ⊕ J).

Proof. By (5.5), (5.6), (5.12), (5.13), (5.14),

{J ⊕ (−J)} · SimVT

(
L2E01

)
= {J ⊕ (−J)} · SimVT L2 · SimVT E01

= (J ⊕ J) ·
1
2

V23 {(I − R) ⊕ (I − R)}V23 =
1
2

V23 {I ⊕ (−I)} · {(I − R) ⊕ (I − R)}V23

=
1
2

V23 · {(I − R) ⊕ (I − R)} {I ⊕ (−I)} · V23 =
1
2

V23 {(I − R) ⊕ (I − R)} · V23 (J ⊕ J)

= SimVT E01 · (J ⊕ J) , (5.15)

{I ⊕ (−I)} · SimVT

(
L2E02

)
= {I ⊕ (−I)} · SimVT L2 · SimVT E02

=
1
2

V23

(
I − R O

J(I + R) O

)
V23 =

1
2

V23

(
I − R O

J(I + R) O

)
{I ⊕ (−I)}V23 =

1
2

V23

(
I − R O

J(I + R) O

)
· V23 (J ⊕ J)

= SimVT E02 · (J ⊕ J) . (5.16)

By Definition 5.1, Lemma 5.5 (a), and (2.2), (5.15), (5.16),

{J ⊕ (−J)} · D+01(z) · {I ⊕ (−I)} =
[
{J ⊕ (−J)} · SimVT

(
L2E01

)]
·
[
SimVT

(
W0eΩz

)
· {I ⊕ (−I)}

]
= SimVT E01 · (J ⊕ J) · (J ⊕ J) · SimVT

(
W0e−Ωz

)
= SimVT

(
E01W0e−Ωz

)
= D−01(z),

{I ⊕ (−I)} · D+02(z) · {I ⊕ (−I)} =
[
{I ⊕ (−I)} · SimVT

(
L2E02

)]
·
[
SimVT

(
W0eΩz

)
· {I ⊕ (−I)}

]
= SimVT E02 · (J ⊕ J) · (J ⊕ J) · SimVT

(
W0e−Ωz

)
= SimVT

(
E02W0e−Ωz

)
= D−02(z).

Thus (a) follows, since {I ⊕ (−I)}−1 = I ⊕ (−I) and {J ⊕ (−J)}−1 = J ⊕ (−J).
Let n be 1 or 2. By Definitions 2.4 and 4.1, E1 n+1 = E0nL, hence, by Definition 5.1, D+1 n+1(z) =

SimVT

(
L2E0nLW0eΩz

)
= SimVT

(
L2E0n

)
· SimVT

(
LW0eΩz

)
. So by Lemma 5.5 (b) and (2.5),

D+1 n+1(z) ·
(
K ⊕′ K

)−1
= SimVT

(
L2E0n

)
· V23 ·

{
V23 SimVT

(
LW0eΩz

)
·
(
K ⊕′ K

)−1
}

= −ωSimVT L2 · [SimVT E0n · V23 · {I ⊕ (−R)}] · V23 SimVT

(
W0eΩz

)
. (5.17)

By (5.13) and (5.14),

SimVT E01 · V23 · {I ⊕ (−R)} =
1
2

V23 {(I − R) ⊕ (I − R)}V23 · V23 · {I ⊕ (−R)} = SimVT E01 · V23,

SimVT E02 · V23 · {I ⊕ (−R)} =
1
2

V23

(
I − R O

J(I + R) O

)
V23 · V23 · {I ⊕ (−R)} = SimVT E02 · V23,

hence, by (5.17) and Definition 5.1,

D+1 n+1(z) ·
(
K ⊕′ K

)−1
= −ωSimVT L2 · (SimVT E0n · V23) · V23 SimVT

(
W0eΩz

)
= −ωD+0n(z),

which shows (b).
By (2.2),

{
(K ⊕′ K)−1

}2
=

(
K ⊕′ K

)2
= J ⊕ J, hence, by Lemma 5.5 (b) and (5.8),

V23 SimVT

(
L2W0eΩz

)
· (J ⊕ J)
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= {V23 SimVT L · V23} ·
{
V23 SimVT

(
LW0eΩz

)
·
(
K ⊕′ K

)−1
}
·
(
K ⊕′ K

)−1

=
(
J ⊕′ I

)
· (−ω) {I ⊕ (−R)} · V23 SimVT

(
W0eΩz

)
·
(
K ⊕′ K

)−1

= −ω
(
J ⊕′ I

)
{I ⊕ (−R)} ·

{
V23 (SimVT L)−1 V23

}
·
{
V23 SimVT

(
LW0eΩz

)
·
(
K ⊕′ K

)−1
}

= −ω
(
J ⊕′ I

)
{I ⊕ (−R)} ·

(
J ⊕′ I

)−1
· (−ω) {I ⊕ (−R)} · V23 SimVT

(
W0eΩz

)
= i {(−R) ⊕ (−R)} · V23 SimVT

(
W0eΩz

)
, (5.18)

since (J ⊕′ I)−1 = I ⊕′ J, and hence(
J ⊕′ I

)
{I ⊕ (−R)}

(
J ⊕′ I

)−1
{I ⊕ (−R)} =

(
O I
J O

) (
I O
O −R

) (
O J
I O

) (
I O
O −R

)
=

(
O −R
J O

) (
O J
I O

) (
I O
O −R

)
=

(
−R O
O I

) (
I O
O −R

)
= (−R) ⊕ (−R)

by (2.2). By (2.3) and (5.13),

SimVT E01 · V23 {(−R) ⊕ (−R)} =
1
2

V23 {(I − R) ⊕ (I − R)}V23 · V23 {(−R) ⊕ (−R)} = SimVT E01 · V23,

hence, by Definitions 2.4, 5.1, and (5.18),

D+23(z) · (J ⊕ J) = SimVT

(
L2E01L2W0eΩz

)
· (J ⊕ J)

= SimVT L2 · SimVT E01 · V23 ·
{
V23 SimVT

(
L2W0eΩz

)
· (J ⊕ J)

}
= i SimVT L2 · [SimVT E01 · V23 · {(−R) ⊕ (−R)}] · V23 SimVT

(
W0eΩz

)
= i SimVT L2 · SimVT E01 · SimVT

(
W0eΩz

)
= i SimVT

(
L2E01W0eΩz

)
= iD+01(z),

from which (c) follows, since (J ⊕ J)−1 = J ⊕ J, and the proof is complete. □

By Definition 2.2 and (2.4),

(I ± R)(I + iR)J = {(1 ± i)I ± (1 ± i)R} J =
√

2ω±1(I ± R)J =
√

2ω±1J(I ∓ R). (5.19)

Proof of Lemma 5.2. Denote cosh (ζ1, ζ2) = diag (cosh ζ1, cosh ζ2), sinh (ζ1, ζ2) = diag (sinh ζ1, sinh ζ2)
for ζ1, ζ2 ∈ C. By Lemma 5.3 and (2.1), (5.13), (5.19),

SimVT (E01W0) = SimVT E01 · SimVT W0

=
1
2

V23 {(I − R) ⊕ (I − R)}V23 ·
√

2V23 [{ω(I + iR)J} ⊕ {−i(I + iR)JK}]

=
1
√

2
V23 [{ω(I − R)(I + iR)J} ⊕ {−i(I − R)(I + iR)JK}] = V23 [{J(I + R)} ⊕ {−ωJ(I + R)K}] ,

hence, by Definitions 2.5, 5.1, and Lemma 5.4,

D−01(z) = SimVT (E01W0) · SimVT e−Ωz = V23


(

1 1
−1 −1

)
cosh (ωz, ωz)

(
−1 −1
1 1

)
sinh (−ωz, ωz)(

ω −ω

−ω ω

)
sinh (−ωz, ωz)

(
−ω ω

ω −ω

)
cosh (ωz, ωz)


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= V23


cosh (ωz) cosh (ωz) sinh (ωz) − sinh (ωz)
− cosh (ωz) − cosh (ωz) − sinh (ωz) sinh (ωz)
−ω sinh (ωz) −ω sinh (ωz) −ω cosh (ωz) ω cosh (ωz)
ω sinh (ωz) ω sinh (ωz) ω cosh (ωz) −ω cosh (ωz)


=


cosh (ωz) cosh (ωz) sinh (ωz) − sinh (ωz)
−ω sinh (ωz) −ω sinh (ωz) −ω cosh (ωz) ω cosh (ωz)
− cosh (ωz) − cosh (ωz) − sinh (ωz) sinh (ωz)
ω sinh (ωz) ω sinh (ωz) ω cosh (ωz) −ω cosh (ωz)

 ,
from which (a) follows by Definition 5.2. By Lemma 5.3 and (2.1), (2.2), (5.14), (5.19),

SimVT (E02W0) = SimVT E02 · SimVT W0

=
1
2

V23

(
I − R O

J(I + R) O

)
V23 ·

√
2V23 [{ω(I + iR)J} ⊕ {−i(I + iR)JK}]

=
1
√

2
V23

(
ω(I − R)(I + iR)J O
ωJ · (I + R)(I + iR)J O

)
= V23

(
J(I + R) O
i(I − R) O

)
,

hence, by Definitions 2.5, 5.1 and Lemma 5.4,

D−02(z) = SimVT (E02W0) · SimVT e−Ωz = V23


(

1 1
−1 −1

)
cosh (ωz, ωz)

(
−1 −1
1 1

)
sinh (−ωz, ωz)(

i −i

−i i

)
cosh (ωz, ωz)

(
−i i

i −i

)
sinh (−ωz, ωz)


= V23


cosh (ωz) cosh (ωz) sinh (ωz) − sinh (ωz)
− cosh (ωz) − cosh (ωz) − sinh (ωz) sinh (ωz)
i cosh (ωz) −i cosh (ωz) i sinh (ωz) i sinh (ωz)
−i cosh (ωz) i cosh (ωz) −i sinh (ωz) −i sinh (ωz)


=


cosh (ωz) cosh (ωz) sinh (ωz) − sinh (ωz)
i cosh (ωz) −i cosh (ωz) i sinh (ωz) i sinh (ωz)
− cosh (ωz) − cosh (ωz) − sinh (ωz) sinh (ωz)
−i cosh (ωz) i cosh (ωz) −i sinh (ωz) −i sinh (ωz)

 ,
from which (b) follows by Definition 5.2.

(c), (d) follow from (a), (b), and Lemma 5.6 (a). (e), (f) follow from (c), (d), and Lemma 5.6 (b).
(g) follows from (c) and Lemma 5.6 (c), and the proof is complete. □

6. Fundamental boundary matrices for 01 types

6.1. F (E0101, z)

By Lemma 5.2 (a), (c),

D−01(z) + D+01(z) =
(

JA(z) JB(z)
−JA(z) −JB(z)

)
+

(
A(z) −B(z)
A(z) −B(z)

)
=

(
JA(z) + A(z) JB(z) − B(z)
−JA(z) + A(z) −JB(z) − B(z)

)
.
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So by Definition 2.5,

1
√

2
V

{
D−01(z) + D+01(z)

}
=

1
2

(
I I
−I I

) (
JA(z) + A(z) JB(z) − B(z)
−JA(z) + A(z) −JB(z) − B(z)

)
=

(
A(z) −B(z)
−JA(z) −JB(z)

)
,

hence, by (2.2),

1
√

2
V

{
D−01(z) + D+01(z)

}
·

(
A(z)−1 −A(z)−1J
−B(z)−1 −B(z)−1J

)
=

(
A(z) −B(z)
−JA(z) −JB(z)

) (
A(z)−1 −A(z)−1J
−B(z)−1 −B(z)−1J

)
= 2I.

Thus we have

{
D−01(z) + D+01(z)

}−1
=

1

2
√

2

[
1

2
√

2
V

{
D−01(z) + D+01(z)

}]−1

V =
1

2
√

2

(
A(z)−1 −A(z)−1J
−B(z)−1 −B(z)−1J

)
V. (6.1)

By Definition 2.5 and Lemma 5.2 (a),

V · D−01(z) =
1
√

2

(
I I
−I I

)
·

(
JA(z) JB(z)
−JA(z) −JB(z)

)
=
√

2
(

O O
−JA(z) −JB(z)

)
, (6.2)

hence, by Definition 5.1, and (2.2), (6.1),

D0101(z) =
{
D−01(z) + D+01(z)

}−1 D−01(z)

=
1

2
√

2

(
A(z)−1 −A(z)−1J
−B(z)−1 −B(z)−1J

)
·
√

2
(

O O
−JA(z) −JB(z)

)
=

1
2

(
I A(z)−1B(z)

B(z)−1A(z) I

)
. (6.3)

Lemma 6.1. For z ∈ C such that s+(z) s−(z) , 0,

F (E0101, z) =
1
2



 ci−(z)
s+(z) −

√
2ω

s+(z)

−
√

2ω
s+(z)

ci+(z)
s+(z)

 − I O

O
 ci+(z)

s−(z) −
√

2ω
s−(z)

−
√

2ω
s−(z)

ci−(z)
s−(z)

 − I

 .
Proof. By Lemma 5.1 and (6.3),

F (E0101, z) =
{

1
2

(
I A(z)−1B(z)

B(z)−1A(z) I

)
−

1
2

I
}

(J ⊕′ J) −
1
2

I

=
1
2

(
O A(z)−1B(z)

B(z)−1A(z) O

) (
O J
J O

)
−

1
2

I =
1
2

(
A(z)−1B(z)J − I O

O B(z)−1A(z)J − I

)
,

from which the result follows by Definition 2.3 and Lemma B.2 (a), (b). □

6.2. F (E0123, z)

By Lemma 5.2 (a), (g),

D−01(z) + D+23(z) =
(

JA(z) JB(z)
−JA(z) −JB(z)

)
+ i

(
A(z)J −B(z)J
A(z)J −B(z)J

)
=

(
JA(z) + iA(z)J JB(z) − iB(z)J
−JA(z) + iA(z)J −JB(z) − iB(z)J

)
.
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So by Definition 2.5,

1
√

2
V

{
D−01(z) + D+23(z)

}
=

1
2

(
I I
−I I

) (
JA(z) + iA(z)J JB(z) − iB(z)J
−JA(z) + iA(z)J −JB(z) − iB(z)J

)
=

(
iA(z)J −iB(z)J
−JA(z) −JB(z)

)
,

hence, by (2.2),

1
√

2
V

{
D−01(z) + D+23(z)

}
·

(
A(z)−1 −iJA(z)−1

−B(z)−1 −iJB(z)−1

)
=

(
iA(z)J −iB(z)J
−JA(z) −JB(z)

) (
A(z)−1 −iJA(z)−1

−B(z)−1 −iJB(z)−1

)
= i

A(z)JA(z)−1 + B(z)JB(z)−1 O
O J

{
A(z)JA(z)−1 + B(z)JB(z)−1

} .
So by Lemma B.4 (a) and (2.2),

{
D−01(z) + D+23(z)

}−1
=

1
√

2

[
1
√

2
V

{
D−01(z) + D+23(z)

}]−1

V

=
−i
√

2

(
A(z)−1 −iJA(z)−1

−B(z)−1 −iJB(z)−1

)
·


{
A(z)JA(z)−1 + B(z)JB(z)−1

}−1
O

O
{
A(z)JA(z)−1 + B(z)JB(z)−1

}−1
J

 V

=
s+(z) s−(z)

4
√

2 ci+(z) ci−(z)

(
−iA(z)−1 −JA(z)−1

iB(z)−1 −JB(z)−1

)
H(z)V,

where we put H(z) =
{
A(z)JA(z)−1 + B(z)JB(z)−1

}
⊕

[{
A(z)JA(z)−1 + B(z)JB(z)−1

}
J
]
. Thus, by Defini-

tion 5.1 and (2.2), (6.2),

D0123(z) =
{
D−01(z) + D+23(z)

}−1 D−01(z)

=
s+(z) s−(z)

4
√

2 ci+(z) ci−(z)

(
−iA(z)−1 −JA(z)−1

iB(z)−1 −JB(z)−1

)
·H(z) ·

√
2
(

O O
−JA(z) −JB(z)

)
=

s+(z) s−(z)
4 ci+(z) ci−(z)

(
iA(z)−1 JA(z)−1

−iB(z)−1 JB(z)−1

) (
O O

A(z)J + B(z)JB(z)−1A(z) A(z)JA(z)−1B(z) + B(z)J

)
=

s+(z) s−(z)
4 ci+(z) ci−(z)

(
I + JA(z)−1B(z)JB(z)−1A(z) A(z)−1B(z) + JA(z)−1B(z)J
JB(z)−1A(z)J + B(z)−1A(z) JB(z)−1A(z)JA(z)−1B(z) + I

)
. (6.4)

Lemma 6.2. For z ∈ C such that ci+(z) ci−(z) , 0,

F (E0123, z) =
1
2



 s−(z)
ci+(z) 0

0 s−(z)
ci−(z)

 − I
 0 −

√
2ω

ci+(z)√
2ω

ci−(z) 0

 0 −
√

2ω
ci−(z)√

2ω
ci+(z) 0

  s+(z)
ci−(z) 0

0 s+(z)
ci+(z)

 − I

 .
Proof. By Lemma B.2 (a), (b), and (2.2), (6.4),

4 ci+(z) ci−(z)
[
{D0123(z)}1:2,1:2 −

1
2

I
]
= s+(z) s−(z)

{
I + JA(z)−1B(z)JB(z)−1A(z)

}
− 2 ci+(z) ci−(z)I
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= {s+(z) s−(z) − 2 ci+(z) ci−(z)} I + s+(z) s−(z)J ·
1

s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
· J ·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
= {s+(z) s−(z) − 2 ci+(z) ci−(z)} I +

(
ci−(z)

√
2ω

√
2ω ci+(z)

) (
ci+(z)

√
2ω

√
2ω ci−(z)

)
=

(
s+(z) s−(z) − ci+(z) ci−(z) + 2 2

√
2ω ci−(z)

2
√

2ω ci+(z) s+(z) s−(z) − ci+(z) ci−(z) + 2

)
, (6.5)

4 ci+(z) ci−(z)
[
{D0123(z)}3:4,3:4 −

1
2

I
]
= s+(z) s−(z)

{
JB(z)−1A(z)JA(z)−1B(z) + I

}
− 2 ci+(z) ci−(z)I

= {s+(z) s−(z) − 2 ci+(z) ci−(z)} I + s+(z) s−(z)J ·
1

s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
· J ·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
= {s+(z) s−(z) − 2 ci+(z) ci−(z)} I +

(
ci+(z)

√
2ω

√
2ω ci−(z)

) (
ci−(z)

√
2ω

√
2ω ci+(z)

)
=

(
s+(z) s−(z) − ci+(z) ci−(z) + 2 2

√
2ω ci+(z)

2
√

2ω ci−(z) s+(z) s−(z) − ci+(z) ci−(z) + 2

)
, (6.6)

4 ci+(z) ci−(z) · {D0123(z)}1:2,3:4 · J = s+(z) s−(z)
{
A(z)−1B(z) + JA(z)−1B(z)J

}
J

= s+(z) s−(z) ·
1

s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
J + s+(z) s−(z) · J ·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
= s−(z)

(
ci−(z) −

√
2ω

−
√

2ω ci+(z)

)
+ s−(z)

(
ci−(z)

√
2ω

√
2ω ci+(z)

)
= 2 s−(z)

(
ci−(z) 0

0 ci+(z)

)
, (6.7)

4 ci+(z) ci−(z) · {D0123(z)}3:4,1:2 · J = s+(z) s−(z)
{
JB(z)−1A(z)J + B(z)−1A(z)

}
J

= s+(z) s−(z) · J ·
1

s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
+ s+(z) s−(z) ·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
J

= s+(z)
(
ci+(z)

√
2ω

√
2ω ci−(z)

)
+ s+(z)

(
ci+(z) −

√
2ω

−
√

2ω ci−(z)

)
= 2 s+(z)

(
ci+(z) 0

0 ci−(z)

)
. (6.8)

By (A.4), s+(z) s−(z) − ci+(z) ci−(z) + 2 = 0, hence, by Definition 2.3 and (6.5), (6.6),[
{D0123(z)}1:2,1:2 −

1
2

I
]

J =
1

4 ci+(z) ci−(z)

(
0 −2

√
2ω ci−(z)

2
√

2ω ci+(z) 0

)
=

1
2

 0 −
√

2ω
ci+(z)√

2ω
ci−(z) 0

 , (6.9)

[
{D0123(z)}3:4.3:4 −

1
2

I
]

J =
1

4 ci+(z) ci−(z)

(
0 −2

√
2ω ci+(z)

2
√

2ω ci−(z) 0

)
=

1
2

 0 −
√

2ω
ci−(z)√

2ω
ci+(z) 0

 . (6.10)

Thus the result follows by (6.7), (6.8), (6.9), (6.10), and Lemma 5.1. □

6.3. F (E0112, z)

By Lemma 5.2 (a), (e),

D−01(z) + D+12(z)
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=

(
JA(z) JB(z)
−JA(z) −JB(z)

)
+ ω

(
B(z)K −A(z)K
B(z)K −A(z)K

)
=

(
JA(z) + ωB(z)K JB(z) − ωA(z)K
−JA(z) + ωB(z)K −JB(z) − ωA(z)K

)
.

So by Definition 2.5,

1
√

2
V

{
D−01(z) + D+12(z)

}
=

1
2

(
I I
−I I

) (
JA(z) + ωB(z)K JB(z) − ωA(z)K
−JA(z) + ωB(z)K −JB(z) − ωA(z)K

)
=

(
ωB(z)K −ωA(z)K
−JA(z) −JB(z)

)
,

hence, by (2.2),

1
√

2
V

{
D−01(z) + D+12(z)

}
·

(
A(z)−1 ωK−1B(z)−1

−B(z)−1 ωK−1A(z)−1

)
=

(
ωB(z)K −ωA(z)K
−JA(z) −JB(z)

) (
A(z)−1 ωK−1B(z)−1

−B(z)−1 ωK−1A(z)−1

)
=

ω
{
A(z)KB(z)−1 + B(z)KA(z)−1

}
O

O −ωJ
{
A(z)K−1B(z)−1 + B(z)K−1A(z)−1

}
=

A(z)KB(z)−1 + B(z)KA(z)−1 O
O J

{
A(z)K−1B(z)−1 + B(z)K−1A(z)−1

} (ωI O
O −ωI

)
.

So by Lemma B.4 (b) and (2.1), (2.2),

{
D−01(z) + D+12(z)

}−1
=

1
√

2

[
1
√

2
V

{
D−01(z) + D+12(z)

}]−1

V

=
1
√

2

(
A(z)−1 ωK−1B(z)−1

−B(z)−1 ωK−1A(z)−1

)
·

(
ωI O
O −ωI

)
·


{
A(z)KB(z)−1 + B(z)KA(z)−1

}−1
O

O
{
A(z)K−1B(z)−1 + B(z)K−1A(z)−1

}−1
J

 V

=
1

2
√

2 c−(2z)

(
ωA(z)−1 −K−1B(z)−1

−ωB(z)−1 −K−1A(z)−1

)
H(z)V,

where we put

H(z) =
{
s2
−(z)A(z)K−1B(z)−1 + s2

+(z)B(z)K−1A(z)−1
}
⊕

[{
s2
−(z)A(z)KB(z)−1 + s2

+(z)B(z)KA(z)−1
}

J
]
.

Thus, by Definition 5.1, and (2.2), (6.2),

D0112(z) =
{
D−01(z) + D+12(z)

}−1 D−01(z)

=
1

2
√

2 c−(2z)

(
ωA(z)−1 −K−1B(z)−1

−ωB(z)−1 −K−1A(z)−1

)
·H(z) ·

√
2
(

O O
−JA(z) −JB(z)

)
=

1
2 c−(2z)

(
−ωA(z)−1 K−1B(z)−1

ωB(z)−1 K−1A(z)−1

)
·

(
O O

s2
−(z)A(z)KB(z)−1A(z) + s2

+(z)B(z)K s2
−(z)A(z)K + s2

+(z)B(z)KA(z)−1B(z)

)
=

1
2 c−(2z)

(
s2
−(z)K−1B(z)−1A(z)KB(z)−1A(z) + s2

+(z)I s2
−(z)K−1B(z)−1A(z)K + s2

+(z)A(z)−1B(z)
s2
−(z)B(z)−1A(z) + s2

+(z)K−1A(z)−1B(z)K s2
−(z)I + s2

+(z)K−1A(z)−1B(z)KA(z)−1B(z)

)
.

(6.11)
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Lemma 6.3. For z ∈ C such that c−(2z) , 0,

F (E0112, z) =
1
2



 si−(2z)
c−(2z) −

i

si+(z)
i

si−(z)
si+(2z)
c−(2z)

 − I
−4i sin2(ωz)

c−(2z) − 1
c+(z)

1
c+(z) −

4i sin2(ωz)
c−(2z)

−4i cos2(ωz)
c−(2z) − 1

c−(z)
1

c−(z) −
4i cos2(ωz)

c−(2z)

  si−(2z)
c−(2z) −

i

si−(z)
i

si+(z)
si+(2z)
c−(2z)

 − I

 .
Proof. By Definition 2.1 and (2.1),

√
2 {ω ci±(z) + ω ci∓(z)} =

√
2ω

[{
cosh

(√
2z

)
± i cos

(√
2z

)}
− i

{
cosh

(√
2z

)
∓ i cos

(√
2z

)}]
=
√

2ω
{√

2ω cosh
(√

2z
)
∓
√

2ω cos
(√

2z
)}
= 2 c∓(z),

√
2 {ω s±(z) − ω s∓(z)} =

√
2ω

[{
sinh

(√
2z

)
± sin

(√
2z

)}
+ i

{
sinh

(√
2z

)
∓ sin

(√
2z

)}]
=
√

2ω
{√

2ω sinh
(√

2z
)
±
√

2ω sin
(√

2z
)}
= 2i

{
sinh

(√
2z

)
∓ i sin

(√
2z

)}
= 2i si∓(z),

hence, by Definition 2.3, Lemma B.2 (a), (b), and (6.11), (A.6), (A.7),

2 c−(2z) · {D0112(z)}1:2,1:2 = s2
−(z)K−1B(z)−1A(z)KB(z)−1A(z) + s2

+(z)I

= s2
−(z)

(
1 0
0 −i

)
·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
·

(
1 0
0 i

)
·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
+ s2
+(z)I

=

(
ci+(z)

√
2ω

√
2ω i ci−(z)

) (
ci+(z)

√
2ω

−
√

2ω −i ci−(z)

)
+ s2
+(z)I =

(
s2
+(z) + ci2

+(z) − 2i 2 c−(z)
2 c−(z) s2

+(z) + ci2
−(z) + 2i

)
, (6.12)

2 c−(2z) · {D0112(z)}3:4,3:4 = s2
−(z)I + s2

+(z)K−1A(z)−1B(z)KA(z)−1B(z)

= s2
−(z)I + s2

+(z)
(
1 0
0 −i

)
·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
·

(
1 0
0 i

)
·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
= s2
−(z)I +

(
ci−(z)

√
2ω

√
2ω i ci+(z)

) (
ci−(z)

√
2ω

−
√

2ω −i ci+(z)

)
=

(
s2
−(z) + ci2

−(z) − 2i 2 c+(z)
2 c+(z) s2

−(z) + ci2
+(z) + 2i

)
, (6.13)

2 c−(2z) · {D0112(z)}1:2,3:4 · J =
{
s2
−(z)K−1B(z)−1A(z)K + s2

+(z)A(z)−1B(z)
}

J

= s2
−(z)

(
1 0
0 −i

)
·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

) (
1 0
0 i

)
J + s2

+(z) ·
1

s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
J

= s−(z)
(
ci+(z)

√
2ω

√
2ω ci−(z)

)
+ s+(z)

(
ci−(z) −

√
2ω

−
√

2ω ci+(z)

)
=

(
si−(2z) −2i si−(z)

2i si+(z) si+(2z)

)
, (6.14)

2 c−(2z) · {D0112(z)}3:4.1:2 · J =
{
s2
−(z)B(z)−1A(z) + s2

+(z)K−1A(z)−1B(z)K
}

J

= s2
−(z) ·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
J + s2

+(z)
(
1 0
0 −i

)
·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

) (
1 0
0 i

)
J

= s−(z)
(

ci+(z) −
√

2ω
−
√

2ω ci−(z)

)
+ s+(z)

(
ci−(z)

√
2ω

√
2ω ci+(z)

)
=

(
si−(2z) −2i si+(z)

2i si−(z) si+(2z)

)
. (6.15)

By Definition 2.1, Lemma A.1 (a), (h), and (2.1),

s2
±(z) + ci2

±(z) − 2i − c−(2z) =
{

1
2

c−(2z) ∓ i c−
(√

2ωz
)}
+

{
1
2

c−(2z) ± i c+
(√

2ωz
)}
− 2i − c−(2z)
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= ±i
{
c+

(√
2ωz

)
− c−

(√
2ωz

)
∓ 2

}
= ±2i {cos(2ωz) ∓ 1} = −4i ·

1 ∓ cos(2ωz)
2

,

s2
±(z) + ci2

∓(z) + 2i − c−(2z) =
{

1
2

c−(2z) ∓ i c−
(√

2ωz
)}
+

{
1
2

c−(2z) ∓ i c+
(√

2ωz
)}
+ 2i − c−(2z)

= ∓i
{
c+

(√
2ωz

)
+ c−

(√
2ωz

)
∓ 2

}
= ∓2i {cosh(2ωz) ∓ 1} = 4i ·

1 ∓ cos(2ωz)
2

,

hence, by Definition 2.3, (6.12), (6.13), and Lemma A.1 (d),[
{D0112(z)}1:2,1:2 −

1
2

I
]

J =
1

2 c−(2z)

(
s2
+(z) + ci2

+(z) − 2i − c−(2z) 2 c−(z)
2 c−(z) s2

+(z) + ci2
−(z) + 2i − c−(2z)

)
J

=
1

2 c−(2z)

(
−4i sin2(ωz) −2 c−(z)

2 c−(z) −4i sin2(ωz)

)
=

1
2

−4i sin2(ωz)
c−(2z) − 1

c+(z)
1

c+(z) −
4i sin2(ωz)

c−(2z)

 , (6.16)[
{D0112(z)}3:4,3:4 −

1
2

I
]

J =
1

2 c−(2z)

(
s2
−(z) + ci2

−(z) − 2i − c−(2z) 2 c+(z)
2 c+(z) s2

−(z) + ci2
+(z) + 2i − c−(2z)

)
J

=
1

2 c−(2z)

(
−4i cos2(ωz) −2 c+(z)

2 c+(z) −4i cos2(ωz)

)
=

1
2

−4i cos2(ωz)
c−(2z) − 1

c−(z)
1

c−(z) −
4i cos2(ωz)

c−(2z)

 . (6.17)

Thus the result follows by Lemma 5.1, (6.14), (6.15), (6.16), (6.17), and Lemma A.1 (i). □

7. Fundamental boundary matrices for 02 types

7.1. F (E0202, z)

By Lemma 5.2 (b), (d),

D−02(z) + D+02(z) =
(

C(z) D(z)
−C(z) −D(z)

)
+

(
C(z) −D(z)
C(z) −D(z)

)
= 2

(
C(z) O
O −D(z)

)
,

hence

{
D−02(z) + D+02(z)

}−1
=

1
2

(
C(z) O
O −D(z)

)−1

=
1
2

(
C(z)−1 O

O −D(z)−1

)
.

Thus, by Definition 5.1 and Lemma 5.2 (b),

D0202(z) =
{
D−02(z) + D+02(z)

}−1 D−02(z)

=
1
2

(
C(z)−1 O

O −D(z)−1

)
·

(
C(z) D(z)
−C(z) −D(z)

)
=

1
2

(
I C(z)−1D(z)

D(z)−1C(z) I

)
. (7.1)

Lemma 7.1. For z ∈ C such that c+(z) c−(z) , 0,

F (E0202, z) =
1
2


 si+(z)

c+(z) 0
0 si−(z)

c+(z)

 − I O

O
 si−(z)

c−(z) 0
0 si+(z)

c−(z)

 − I

 .
Mathematical Biosciences and Engineering Volume 20, Issue 8, 13704–13753.



13733

Proof. By Lemma 5.1 and (7.1),

F (E0202, z) =
1
2

(
O C(z)−1D(z)

D(z)−1C(z) O

)
(J ⊕′ J) −

1
2

I =
1
2

(
C(z)−1D(z)J − I O

O D(z)−1C(z)J − I

)
.

Thus the result follows by Definition 2.3 and Lemma B.2 (c), (d). □

7.2. F (E0213, z)

By Lemma 5.2 (b), (f),

D−02(z) + D+13(z) =
(

C(z) D(z)
−C(z) −D(z)

)
+ ω

(
D(z)K −C(z)K
D(z)K −C(z)K

)
=

(
C(z) + ωD(z)K D(z) − ωC(z)K
−C(z) + ωD(z)K −D(z) − ωC(z)K

)
.

So by Definition 2.5,

1
√

2
V

{
D−02(z) + D+13(z)

}
=

1
2

(
I I
−I I

) (
C(z) + ωD(z)K D(z) − ωC(z)K
−C(z) + ωD(z)K −D(z) − ωC(z)K

)
=

(
ωD(z)K −ωC(z)K
−C(z) −D(z)

)
,

hence, by (2.1),

1
√

2
V

{
D−02(z) + D+13(z)

}
·

(
C(z)−1 ωK−1D(z)−1

−D(z)−1 ωK−1C(z)−1

)
=

(
ωD(z)K −ωC(z)K
−C(z) −D(z)

) (
C(z)−1 ωK−1D(z)−1

−D(z)−1 ωK−1C(z)−1

)
=

ω
{
C(z)KD(z)−1 + D(z)KC(z)−1

}
O

O −ω
{
C(z)K−1D(z)−1 + D(z)K−1C(z)−1

}
=

(
C(z)KD(z)−1 + D(z)KC(z)−1 O

O C(z)K−1D(z)−1 + D(z)K−1C(z)−1

) (
ωI 0
0 −ωI

)
.

So by Lemma B.4 (c) and (2.1),

{
D−02(z) + D+13(z)

}−1
=

1
√

2

[
1
√

2
V

{
D−02(z) + D+13(z)

}]−1

V

=
1
√

2

(
C(z)−1 ωK−1D(z)−1

−D(z)−1 ωK−1C(z)−1

)
·

(
ωI 0
0 −ωI

)
·


{
C(z)KD(z)−1 + D(z)KC(z)−1

}−1
O

O
{
C(z)K−1D(z)−1 + D(z)K−1C(z)−1

}−1

 V

=
1

2
√

2 c+(2z)

(
ωC(z)−1 −K−1D(z)−1

−ωD(z)−1 −K−1C(z)−1

)
H(z)V, (7.2)

where we put

H(z) =
{
c2
−(z)C(z)K−1D(z)−1 + c2

+(z)D(z)K−1C(z)−1
}
⊕

{
c2
−(z)C(z)KD(z)−1 + c2

+(z)D(z)KC(z)−1
}
.

By Definition 2.5 and Lemma 5.2 (b),

VD−02(z) =
1
√

2

(
I I
−I I

)
·

(
C(z) D(z)
−C(z) −D(z)

)
=
√

2
(

O O
−C(z) −D(z)

)
,
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hence, by Definition 5.1 and (7.2),

D0213(z) =
{
D−02(z) + D+13(z)

}−1 D−02(z) =
1

2 c+(2z)

(
ωC(z)−1 −K−1D(z)−1

−ωD(z)−1 −K−1C(z)−1

)
·H(z)

(
O O
−C(z) −D(z)

)
=

1
2 c+(2z)

(
−ωC(z)−1 K−1D(z)−1

ωD(z)−1 K−1C(z)−1

)
·

(
O O

c2
−(z)C(z)KD(z)−1C(z) + c2

+(z)D(z)K c2
−(z)C(z)K + c2

+(z)D(z)KC(z)−1D(z)

)
=

1
2 c+(2z)

(
c2
−(z)K−1D(z)−1C(z)KD(z)−1C(z) + c2

+(z)I c2
−(z)K−1D(z)−1C(z)K + c2

+(z)C(z)−1D(z)
c2
−(z)D(z)−1C(z) + c2

+(z)K−1C(z)−1D(z)K c2
−(z)I + c2

+(z)K−1C(z)−1D(z)KC(z)−1D(z)

)
.

(7.3)

Lemma 7.2. For z ∈ C such that c+(2z) , 0,

F (E0213, z) =
1
2


 si+(2z)

c+(2z) 0
0 si−(2z)

c+(2z)

 − I
 2 cos(2ωz)

c+(2z) 0
0 −

2 cos(2ωz)
c+(2z)

−2 cos(2ωz)
c+(2z) 0
0 2 cos(2ωz)

c+(2z)

  si+(2z)
c+(2z) 0

0 si−(2z)
c+(2z)

 − I

 .
Proof. By Definition 2.3, Lemma B.2 (c), (d), and (7.3), (A.6), (A.7),

2 c+(2z) · {D0213(z)}1:2,1:2 = c2
−(z)K−1D(z)−1C(z)KD(z)−1C(z) + c2

+(z)I

= c2
−(z)

(
1 0
0 −i

)
·

1
c−(z)

(
si−(z) 0

0 − si+(z)

)
·

(
1 0
0 i

)
·

1
c−(z)

(
si−(z) 0

0 − si+(z)

)
+ c2
+(z)I

=

(
si−(z) 0

0 i si+(z)

) (
si−(z) 0

0 −i si+(z)

)
+ c2
+(z)I =

(
c2
+(z) + si2

−(z) 0
0 c2

+(z) + si2
+(z)

)
, (7.4)

2 c+(2z) · {D0213(z)}3:4,3:4 = c2
−(z)I + c2

+(z)K−1C(z)−1D(z)KC(z)−1D(z)

= c2
−(z)I + c2

+(z)
(
1 0
0 −i

)
·

1
c+(z)

(
si+(z) 0

0 − si−(z)

)
·

(
1 0
0 i

)
·

1
c+(z)

(
si+(z) 0

0 − si−(z)

)
= c2

−(z)I +
(
si+(z) 0

0 i si−(z)

) (
si+(z) 0

0 −i si−(z)

)
=

(
c2
−(z) + si2

+(z) 0
0 c2

−(z) + si2
−(z)

)
, (7.5)

2 c+(2z) · {D0213}1:2.3:4 · J =
{
c2
−(z)K−1D(z)−1C(z)K + c2

+(z)C(z)−1D(z)
}

J

= c2
−(z)

(
1 0
0 −i

)
·

1
c−(z)

(
si−(z) 0

0 − si+(z)

)
·

(
1 0
0 i

)
J + c2

+(z) ·
1

c+(z)

(
si+(z) 0

0 − si−(z)

)
J

= c−(z)
(
si−(z) 0

0 si+(z)

)
+ c+(z)

(
si+(z) 0

0 si−(z)

)
=

(
si+(2z) 0

0 si−(2z)

)
, (7.6)

2 c+(2z) · {D0213}3:4,1:2 · J =
{
c2
−(z)D(z)−1C(z) + c2

+(z)K−1C(z)−1D(z)K
}

J

= c2
−(z) ·

1
c−(z)

(
si−(z) 0

0 − si+(z)

)
J + c2

+(z)
(
1 0
0 −i

)
·

1
c+(z)

(
si+(z) 0

0 − si−(z)

)
·

(
1 0
0 i

)
J

= c−(z)
(
si−(z) 0

0 si+(z)

)
+ c+(z)

(
si+(z) 0

0 si−(z)

)
=

(
si+(2z) 0

0 si−(2z)

)
. (7.7)
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By Lemma A.1 (b), (g) and (2.1),

c2
±(z) + si2

∓(z) − c+(2z) =
{

1
2

c+(2z) + 1 ± c+
(√

2ωz
)}
+

{
1
2

c+(2z) − 1 ∓ c−
(√

2ωz
)}
− c+(2z)

= ±
{
c+

(√
2ωz

)
− c−

(√
2ωz

)}
= ±2 cos(2ωz),

c2
±(z) + si2

±(z) − c+(2z) =
{

1
2

c+(2z) + 1 ± c+
(√

2ωz
)}
+

{
1
2

c+(2z) − 1 ± c−
(√

2ωz
)}
− c+(2z)

= ±
{
c+

(√
2ωz

)
+ c−

(√
2ωz

)}
= ±2 cosh(2ωz) = ±2 cos(2ωz),

hence, by Definition 2.3 and (7.4), (7.5),[
{D0213}1:2,1:2 −

1
2

I
]

J =
1

2 c+(2z)

(
c2
+(z) + si2

−(z) − c+(2z) 0
0 c2

+(z) + si2
+(z) − c+(2z)

)
J

=
1

2 c+(2z)

(
2 cos(2ωz) 0

0 −2 cos(2ωz)

)
=

1
2

 2 cos(2ωz)
c+(2z) 0

0 −
2 cos(2ωz)

c+(2z)

 , (7.8)[
{D0213}3:4,3:4 −

1
2

I
]

J =
1

2 c+(2z)

(
c2
−(z) + si2

+(z) − c+(2z) 0
0 c2

−(z) + si2
−(z) − c+(2z)

)
J

=
1

2 c+(2z)

(
−2 cos(2ωz) 0

0 2 cos(2ωz)

)
=

1
2

−2 cos(2ωz)
c+(2z) 0
0 2 cos(2ωz)

c+(2z)

 . (7.9)

Thus the result follows by (7.6), (7.7), (7.8), (7.9), and Lemma 5.1. □

8. Fundamental boundary matrices for mixed types

8.1. F (E0102, z)

By Lemma 5.2 (a), (d),

D−01(z) + D+02(z) =
(

JA(z) JB(z)
−JA(z) −JB(z)

)
+

(
C(z) −D(z)
C(z) −D(z)

)
=

(
JA(z) + C(z) JB(z) − D(z)
−JA(z) + C(z) −JB(z) − D(z)

)
.

So by Definition 2.5,

1
√

2
V

{
D−01(z) + D+02(z)

}
=

1
2

(
I I
−I I

) (
JA(z) + C(z) JB(z) − D(z)
−JA(z) + C(z) −JB(z) − D(z)

)
=

(
C(z) −D(z)
−JA(z) −JB(z)

)
,

hence

1
√

2
V

{
D−01(z) + D+02(z)

}
·

(
A(z)−1 −C(z)−1

−B(z)−1 −D(z)−1

)
=

(
C(z) −D(z)
−JA(z) −JB(z)

) (
A(z)−1 −C(z)−1

−B(z)−1 −D(z)−1

)
=

C(z)A(z)−1 + D(z)B(z)−1 O
O J

{
A(z)C(z)−1 + B(z)D(z)−1

} .
So by Lemma B.4 (d), (e), and (2.2),

{
D−01(z) + D+02(z)

}−1
=

1
√

2

[
1
√

2
V

{
D−01(z) + D+02(z)

}]−1

V
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=
1
√

2

(
A(z)−1 −C(z)−1

−B(z)−1 −D(z)−1

) 
{
C(z)A(z)−1 + D(z)B(z)−1

}−1
O

O
{
A(z)C(z)−1 + B(z)D(z)−1

}−1
J

 V

=
1

2
√

2 s−(2z)

(
A(z)−1 −C(z)−1

−B(z)−1 −D(z)−1

)
H(z)V,

where we put

H(z) =
{
s−(z) c+(z)A(z)C(z)−1 + s+(z) c−(z)B(z)D(z)−1

}
⊕

[{
s+(z) c−(z)C(z)A(z)−1 + s−(z) c+(z)D(z)B(z)−1

}
J
]
.

Thus, by Definition 5.1, and (2.2), (6.2),

D0102(z) =
{
D−01(z) + D+02(z)

}−1 D−01(z) =
1

2 s−(2z)

(
A(z)−1 −C(z)−1

−B(z)−1 −D(z)−1

)
H(z) ·

(
O O

−JA(z) −JB(z)

)
=

1
2 s−(2z)

(
−A(z)−1 C(z)−1

B(z)−1 D(z)−1

)
·

(
O O

s+(z) c−(z)C(z) + s−(z) c+(z)D(z)B(z)−1A(z) s+(z) c−(z)C(z)A(z)−1B(z) + s−(z) c+(z)D(z)

)
=

1
2 s−(2z)

·

(
s+(z) c−(z)I + s−(z) c+(z)C(z)−1D(z)B(z)−1A(z) s+(z) c−(z)A(z)−1B(z) + s−(z) c+(z)C(z)−1D(z)
s+(z) c−(z)D(z)−1C(z) + s−(z) c+(z)B(z)−1A(z) s+(z) c−(z)D(z)−1C(z)A(z)−1B(z) + s−(z) c+(z)I

)
.

(8.1)

Lemma 8.1. For z ∈ C such that s−(2z) , 0,

F (E0102, z) =
1
2



 ci+(2z)−
√

2ω cos(2ωz)
s−(2z) −

√
2ω c−(z)
s−(2z)

−
√

2ω c−(z)
s−(2z)

ci−(2z)−
√

2ω cos(2ωz)
s−(2z)

 − I


√

2ω sin(2ωz)
s−(2z) −

√
2ω si+(z)
s−(2z)√

2ω si−(z)
s−(2z) −

√
2ω sin(2ωz)

s−(2z)

−
√

2ω sin(2ωz)
s−(2z) −

√
2ω si−(z)
s−(2z)√

2ω si+(z)
s−(2z)

√
2ω sin(2ωz)

s−(2z)


 ci+(2z)+

√
2ω cos(2ωz)

s−(2z) −
√

2ω c+(z)
s−(2z)

−
√

2ω c+(z)
s−(2z)

ci−(2z)+
√

2ω cos(2ωz)
s−(2z)

 − I


.

Proof. By Lemma B.2 (a), (b), (c), (d), and (8.1),

2 s−(2z) · {D0102(z)}1:2,1:2 = s+(z) c−(z)I + s−(z) c+(z)C(z)−1D(z)B(z)−1A(z)

= s+(z) c−(z)I + s−(z) c+(z) ·
1

c+(z)

(
si+(z) 0

0 − si−(z)

)
·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
, (8.2)

2 s−(2z) · {D0102(z)}3:4,3:4 = s+(z) c−(z)D(z)−1C(z)A(z)−1B(z) + s−(z) c+(z)I

= s+(z) c−(z) ·
1

c−(z)

(
si−(z) 0

0 − si+(z)

)
·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
+ s−(z) c+(z)I, (8.3)

2 s−(2z) · {D0102(z)}1:2,3:4 = s+(z) c−(z)A(z)−1B(z) + s−(z) c+(z)C(z)−1D(z)

= s+(z) c−(z) ·
1

s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
+ s−(z) c+(z) ·

1
c+(z)

(
si+(z) 0

0 − si−(z)

)
, (8.4)
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2 s−(2z) · {D0102(z)}3:4,1:2 = s+(z) c−(z)D(z)−1C(z) + s−(z) c+(z)B(z)−1A(z)

= s+(z) c−(z) ·
1

c−(z)

(
si−(z) 0

0 − si+(z)

)
+ s−(z) c+(z) ·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
. (8.5)

By Lemma A.1 (f), (k), and (2.1),

s±(z) c∓(z) + si±(z) ci±(z) =
{

1
2

s−(2z) ∓
ω
√

2
s−

(√
2ωz

)}
+

{
1
2

s−(2z) ±
ω
√

2
s+

(√
2ωz

)}
= s−(2z) ±

ω
√

2

{
s+

(√
2ωz

)
− s−

(√
2ωz

)}
= s−(2z) ±

√
2ω sin(2ωz),

s±(z) c∓(z) + si∓(z) ci∓(z) =
{

1
2

s−(2z) ∓
ω
√

2
s−

(√
2ωz

)}
+

{
1
2

s−(2z) ∓
ω
√

2
s+

(√
2ωz

)}
= s−(2z) ∓

ω
√

2

{
s+

(√
2ωz

)
+ s−

(√
2ωz

)}
= s−(2z) ∓

√
2ω sinh(2ωz) = s−(2z) ±

√
2ω sin(2ωz),

hence, by Definition 2.3, and (8.2), (8.3),[
{D0102(z)}1:2,1:2 −

1
2

I
]

J

=
1

2 s−(2z)

(
s+(z) c−(z) + si+(z) ci+(z) − s−(2z)

√
2ω si+(z)

√
2ω si−(z) s+(z) c−(z) + si−(z) ci−(z) − s−(2z)

)
J

=
1

2 s−(2z)

(√
2ω sin (2ωz) −

√
2ω si+(z)

√
2ω si−(z) −

√
2ω sin (2ωz)

)
, (8.6)[

{D0102(z)}3:4,3:4 −
1
2

I
]

J

=
1

2 s−(2z)

(
s−(z) c+(z) + si−(z) ci−(z) − s−(2z)

√
2ω si−(z)

√
2ω si+(z) s−(z) c+(z) + si+(z) ci+(z) − s−(2z)

)
J

=
1

2 s−(2z)

(
−
√

2ω sin (2ωz) −
√

2ω si−(z)
√

2ω si+(z)
√

2ω sin (2ωz)

)
. (8.7)

By Lemma A.1 (m), (n), (o), (p), and (2.1),

s∓(z) si±(z) + c∓(z) ci∓(z) =
{

1
2

ci+(2z) −
ω
√

2
±
ω
√

2
c−

(√
2ωz

)}
+

{
1
2

ci+(2z) +
ω
√

2
∓
ω
√

2
c+

(√
2ωz

)}
= ci+(2z) ∓

ω
√

2

{
c+

(√
2ωz

)
− c−

(√
2ωz

)}
= ci+(2z) ∓

√
2ω cos(2ωz),

s∓(z) si∓(z) + c∓(z) ci±(z) =
{

1
2

ci−(2z) −
ω
√

2
∓
ω
√

2
c−

(√
2ωz

)}
+

{
1
2

ci−(2z) +
ω
√

2
∓
ω
√

2
c+

(√
2ωz

)}
= ci−(2z) ∓

ω
√

2

{
c+

(√
2ωz

)
+ c−

(√
2ωz

)}
= ci−(2z) ∓

√
2ω cosh(2ωz) = ci−(2z) ∓

√
2ω cos (2ωz) ,

hence, by Definition 2.3, and (8.4), (8.5),

{D0102(z)}1:2,3:4 · J =
1

2 s−(2z)

(
s−(z) si+(z) + c−(z) ci−(z)

√
2ω c−(z)

−
√

2ω c−(z) − {s−(z) si−(z) + c−(z) ci+(z)}

)
J
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=
1

2 s−(2z)

(
ci+(2z) −

√
2ω cos(2ωz) −

√
2ω c−(z)

−
√

2ω c−(z) ci−(2z) −
√

2ω cos (2ωz)

)
, (8.8)

{D0102(z)}3:4,1:2 · J =
1

2 s−(2z)

(
s+(z) si−(z) + c+(z) ci+(z)

√
2ω c+(z)

−
√

2ω c+(z) − {s+(z) si+(z) + c+(z) ci−(z)}

)
J

=
1

2 s−(2z)

(
ci+(2z) +

√
2ω cos(2ωz) −

√
2ω c+(z)

−
√

2ω c+(z) ci−(2z) +
√

2ω cos (2ωz)

)
. (8.9)

Thus the result follows by (8.6), (8.7), (8.8), (8.9), and Lemma 5.1. □

8.2. F (E0113, z)

By Lemma 5.2 (a), (f),

D−01(z) + D+13(z)

=

(
JA(z) JB(z)
−JA(z) −JB(z)

)
+ ω

(
D(z)K −C(z)K
D(z)K −C(z)K

)
=

(
JA(z) + ωD(z)K JB(z) − ωC(z)K
−JA(z) + ωD(z)K −JB(z) − ωC(z)K

)
.

So by Definition 2.5,

1
√

2
V

{
D−01(z) + D+13(z)

}
=

1
2

(
I I
−I I

) (
JA(z) + ωD(z)K JB(z) − ωC(z)K
−JA(z) + ωD(z)K −JB(z) − ωC(z)K

)
=

(
ωD(z)K −ωC(z)K
−JA(z) −JB(z)

)
,

hence, by (2.1),

1
√

2
V

{
D−01(z) + D+13(z)

}
·

(
A(z)−1 ωK−1D(z)−1

−B(z)−1 ωK−1C(z)−1

)
=

(
ωD(z)K −ωC(z)K
−JA(z) −JB(z)

) (
A(z)−1 ωK−1D(z)−1

−B(z)−1 ωK−1C(z)−1

)
=

ω
{
D(z)KA(z)−1 + C(z)KB(z)−1

}
O

O −ωJ
{
A(z)K−1D(z)−1 + B(z)K−1C(z)−1

}
=

D(z)KA(z)−1 + C(z)KB(z)−1 O
O J

{
A(z)K−1D(z)−1 + B(z)K−1C(z)−1

} (ωI O
O −ωI

)
.

So by Lemma B.4 (f), (g), and (2.1), (2.2),

{
D−01(z) + D+13(z)

}−1
=

1
√

2

[
1
√

2
V

{
D−01(z) + D+13(z)

}]−1

V

=
1
√

2

(
A(z)−1 ωK−1D(z)−1

−B(z)−1 ωK−1C(z)−1

)
·

(
ωI O
O −ωI

)
·


{
D(z)KA(z)−1 + C(z)KB(z)−1

}−1
O

O
{
A(z)K−1D(z)−1 + B(z)K−1C(z)−1

}−1
J

 V

=
1

2
√

2 s+(2z)

(
ωA(z)−1 −K−1D(z)−1

−ωB(z)−1 −K−1C(z)−1

)
H(z)V,

where we put

H(z) =
{
s−(z) c−(z)A(z)K−1D(z)−1 + s+(z) c+(z)B(z)K−1C(z)−1

}
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⊕
[{

s+(z) c+(z)D(z)KA(z)−1 + s−(z) c−(z)C(z)KB(z)−1
}

J
]
.

Thus, by Definition 5.1 and (6.2),

D0113(z) =
{
D−01(z) + D+13(z)

}−1 D−01(z) =
1

2 s+(2z)

(
ωA(z)−1 −K−1D(z)−1

−ωB(z)−1 −K−1C(z)−1

)
H(z)

(
O O

−JA(z) −JB(z)

)
=

1
2 s+(2z)

(
−ωA(z)−1 K−1D(z)−1

ωB(z)−1 K−1C(z)−1

)
·

(
O O

s+(z) c+(z)D(z)K + s−(z) c−(z)C(z)KB(z)−1A(z) s+(z) c+(z)D(z)KA(z)−1B(z) + s−(z) c−(z)C(z)K

)
=

1
2 s+(2z)

·

(
s+(z) c+(z)I + s−(z) c−(z)K−1D(z)−1C(z)KB(z)−1A(z)
s+(z) c+(z)K−1C(z)−1D(z)K + s−(z) c−(z)B(z)−1A(z)

s+(z) c+(z)A(z)−1B(z) + s−(z) c−(z)K−1D(z)−1C(z)K
s+(z) c+(z)K−1C(z)−1D(z)KA(z)−1B(z) + s−(z) c−(z)I

)
.

(8.10)

Lemma 8.2. For z ∈ C such that s+(2z) , 0,

F (E0113, z) =
1
2



 ci−(2z)+
√

2ω cos(2ωz)
s+(2z) −

√
2ω c+(z)
s+(2z)

−
√

2ω c+(z)
s+(2z)

ci+(2z)+
√

2ω cos(2ωz)
s+(2z)

 − I


√

2ω sin(2ωz)
s+(2z) −

√
2ω si−(z)
s+(2z)√

2ω si+(z)
s+(2z) −

√
2ω sin(2ωz)

s+(2z)

−
√

2ω sin(2ωz)
s+(2z) −

√
2ω si+(z)
s+(2z)√

2ω si−(z)
s+(2z)

√
2ω sin(2ωz)

s+(2z)


 ci−(2z)−

√
2ω cos(2ωz)

s+(2z) −
√

2ω c−(z)
s+(2z)

−
√

2ω c−(z)
s+(2z)

ci+(2z)−
√

2ω cos(2ωz)
s+(2z)

 − I


.

Proof. By Definition 2.3, Lemma B.2 (a), (b), (c), (d), and (8.10),

2 s+(2z) · {D0113(z)}1:2,1:2 = s+(z) c+(z)I + s−(z) c−(z)K−1D(z)−1C(z)KB(z)−1A(z)

= s+(z) c+(z)I + s−(z) c−(z)
(
1 0
0 −i

)
·

1
c−(z)

(
si−(z) 0

0 − si+(z)

)
·

(
1 0
0 i

)
·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
= s+(z) c+(z)I +

(
si−(z) 0

0 − si+(z)

) (
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
, (8.11)

2 s+(2z) · {D0113(z)}3:4,3:4 = s+(z) c+(z)K−1C(z)−1D(z)KA(z)−1B(z) + s−(z) c−(z)I

= s+(z) c+(z)
(
1 0
0 −i

)
·

1
c+(z)

(
si+(z) 0

0 − si−(z)

)
·

(
1 0
0 i

)
·

1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
+ s−(z) c−(z)I

=

(
si+(z) 0

0 − si−(z)

) (
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
+ s−(z) c−(z)I, (8.12)

2 s+(2z) · {D0113(z)}1:2,3:4 = s+(z) c+(z)A(z)−1B(z) + s−(z) c−(z)K−1D(z)−1C(z)K

= s+(z) c+(z) ·
1

s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
+ s−(z) c−(z)

(
1 0
0 −i

)
·

1
c−(z)

(
si−(z) 0

0 − si+(z)

) (
1 0
0 i

)
= c+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
+ s−(z)

(
si−(z) 0

0 − si+(z)

)
, (8.13)

2 s+(2z) · {D0113(z)}3:4,1:2 = s+(z) c+(z)K−1C(z)−1D(z)K + s−(z) c−(z)B(z)−1A(z)
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= s+(z) c+(z) ·
(
1 0
0 −i

)
·

1
c+(z)

(
si+(z) 0

0 − si−(z)

) (
1 0
0 i

)
+ s−(z) c−(z) ·

1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
= s+(z)

(
si+(z) 0

0 − si−(z)

)
+ c−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
. (8.14)

By Definition 2.1, Lemma A.1 (e), (l), and (2.1),

s±(z) c±(z) + si∓(z) ci±(z) =
{

1
2

s+(2z) ±
ω
√

2
s+

(√
2ωz

)}
+

{
1
2

s+(2z) ∓
ω
√

2
s−

(√
2ωz

)}
= s+(2z) ±

ω
√

2

{
s+

(√
2ωz

)
− s−

(√
2ωz

)}
= s+(2z) ±

√
2ω sin(2ωz),

s±(z) c±(z) + si±(z) ci∓(z) =
{

1
2

s+(2z) ±
ω
√

2
s+

(√
2ωz

)}
+

{
1
2

s+(2z) ±
ω
√

2
s−

(√
2ωz

)}
= s+(2z) ±

ω
√

2

{
s+

(√
2ωz

)
+ s−

(√
2ωz

)}
= s+(2z) ±

√
2ω sinh(2ωz) = s+(2z) ±

√
2ω sin (2ωz) ,

hence, by Definition 2.3, and (8.11), (8.12),[
{D0113(z)}1:2,1:2 −

1
2

I
]

J

=
1

2 s+(2z)

(
s+(z) c+(z) + si−(z) ci+(z) − s+(2z)

√
2ω si−(z)

√
2ω si+(z) s+(z) c+(z) + si+(z) ci−(z) − s+(2z)

)
J

=
1

2 s+(2z)

(√
2ω sin(2ωz) −

√
2ω si−(z)

√
2ω si+(z) −

√
2ω sin (2ωz)

)
, (8.15)[

{D0113(z)}3:4,3:4 −
1
2

I
]

J

=
1

2 s+(2z)

(
s−(z) c−(z) + si+(z) ci−(z) − s+(2z)

√
2ω si+(z)

√
2ω si−(z) s−(z) c−(z) + si−(z) ci+(z) − s+(2z)

)
J

=
1

2 s+(2z)

(
−
√

2ω sin(2ωz) −
√

2ω si+(z)
√

2ω si−(z)
√

2ω sin (2ωz)

)
. (8.16)

By Lemma A.1 (m), (n), (o), (p), and (2.1),

s∓(z) si∓(z) + c±(z) ci∓(z) =
{

1
2

ci−(2z) −
ω
√

2
∓
ω
√

2
c−

(√
2ωz

)}
+

{
1
2

ci−(2z) +
ω
√

2
±
ω
√

2
c+

(√
2ωz

)}
= ci−(2z) ±

ω
√

2

{
c+

(√
2ωz

)
− c−

(√
2ωz

)}
= ci−(2z) ±

√
2ω cos(2ωz),

s∓(z) si±(z) + c±(z) ci±(z) =
{

1
2

ci+(2z) −
ω
√

2
±
ω
√

2
c−

(√
2ωz

)}
+

{
1
2

ci+(2z) +
ω
√

2
±
ω
√

2
c+

(√
2ωz

)}
= ci+(2z) ±

ω
√

2

{
c+

(√
2ωz

)
+ c−

(√
2ωz

)}
= ci+(2z) ±

√
2ω cosh(2ωz) = ci+(2z) ±

√
2ω cos (2ωz) ,

Mathematical Biosciences and Engineering Volume 20, Issue 8, 13704–13753.



13741

hence, by Definition 2.3, and (8.13), (8.14),

{D0113(z)}1:2,3:4 · J =
1

2 s+(2z)

(
s−(z) si−(z) + c+(z) ci−(z)

√
2ω c+(z)

−
√

2ω c+(z) − {s−(z) si+(z) + c+(z) ci+(z)}

)
J

=
1

2 s+(2z)

(
ci−(2z) +

√
2ω cos(2ωz) −

√
2ω c+(z)

−
√

2ω c+(z) ci+(2z) +
√

2ω cos (2ωz)

)
, (8.17)

{D0113(z)}3:4,1:2 · J =
1

2 s+(2z)

(
s+(z) si+(z) + c−(z) ci+(z)

√
2ω c−(z)

−
√

2ω c−(z) − {s+(z) si−(z) + c−(z) ci−(z)}

)
J

=
1

2 s+(2z)

(
ci−(2z) −

√
2ω cos(2ωz) −

√
2ω c−(z)

−
√

2ω c−(z) ci+(2z) −
√

2ω cos (2ωz)

)
. (8.18)

Thus the result follows by (8.15), (8.16), (8.17), (8.18), and Lemma 5.1. □

9. Proofs of Theorems 1 and 2

Theorem 1 follows from (3.1), Lemma 2.1, and Lemmas 6.1, 6.2, 6.3, 7.1, 7.2, 8.1, 8.2. Theorem 2
(a) can be checked with Table 1. Theorem 2 (b) follows from Theorem 1, Theorem 2 (a), Lemma 4.2
(a), and Lemmas 2.1, 4.6, 4.7, 4.8.

10. Discussion

The properties of the transformation F in Proposition 1.2 imply in particular that the set of all well-
posed two-point boundary conditions forms a 16-dimensional space gl(4,C). Although elementary
boundary conditions consist of only 36 conditions inside this huge space, they still include important
boundary conditions useful in practical engineering situations. Following are a few examples:

• E0101: Clamped at both ends or, bi-clamped.
• E0202: Hinged at both ends or, bi-hinged.
• E0123: Clamped-free or, cantilevered.
• E0102: Clamped-hinged.

The matrix X±λ (x) in Proposition 1.2 has a compact representation with concretely defined holomor-
phic functions δ±(z, κ) [1]. So Theorems 1 and 2, together with Proposition 1.2, provide us 36 concrete
instances of holomorphic equations which completely describe the spectral information of the 36 differ-
ent integral operatorsKM in (1.5) corresponding to elementary boundary conditions. Detailed analysis
of these equations is expected to produce complete spectral information such as Proposition 1.1 for the
36 elementary boundary value problems, which will be valuable data for further understanding of the
whole 16-dimensional boundary value problems of beam deflection.
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Constanţa Ser. Mat., 19 (2011), 109–120.

10. Y. Kuo, S. Lee, Deflection of nonuniform beams resting on a nonlinear elastic foundation, Comput.
Struct., 51 (1994), 513–519. https://doi.org/10.1016/0045-7949(94)90058-2

11. X. Ma, J. W. Butterworth, G. C. Clifton, Static analysis of an infinite beam rest-
ing on a tensionless Pasternak foundation, Eur. J. Mech. A Solids, 28 (2009), 697–703.
https://doi.org/10.1016/j.euromechsol.2009.03.003

12. C. Miranda, K. Nair, Finite beams on elastic foundations, J. Struct. Div., 92 (1966), 131–142.
https://doi.org/10.1061/JSDEAG.0001416

Mathematical Biosciences and Engineering Volume 20, Issue 8, 13704–13753.

http://dx.doi.org/https://doi.org/10.3934/math.2021619
http://www.ams.org/mathscinet-getitem?mr=MR0055251&return=pdf
http://dx.doi.org/https://doi.org/10.5269/bspm.v27i1.9062
http://dx.doi.org/https://doi.org/10.1016/0045-7949(80)90168-6
http://dx.doi.org/https://doi.org/10.1007/s40091-019-0213-9
http://dx.doi.org/https://doi.org/10.1002/mana.201100239
http://dx.doi.org/https://doi.org/10.1186/s43088-021-00144-5
http://dx.doi.org/https://doi.org/10.1016/0045-7949(94)90058-2
http://dx.doi.org/https://doi.org/10.1016/j.euromechsol.2009.03.003
http://dx.doi.org/https://doi.org/10.1061/JSDEAG.0001416


13743

13. B. Y. Ting, Finite beams on elastic foundation with restraints, J. Struct. Div., 108 (1982), 611–621.
https://doi.org/10.1061/JSDEAG.0005906

14. J. Valle, D. Fernández, J. Madrenas, Closed-form equation for natural frequencies of beams under
full range of axial loads modeled with a spring-mass system, Int. J. Mech. Sci., 153 (2019), 380–
390. https://doi.org/10.1016/j.ijmecsci.2019.02.014

15. S. W. Choi, Existence and uniqueness of finite beam deflection on nonlinear non-uniform elastic
foundation with arbitrary well-posed boundary condition, Bound. Value Probl., 2020 (2020), 113.
https://doi.org/10.1186/s13661-020-01411-7

16. S. W. Choi, Spectral analysis for the class of integral operators arising from well-posed bound-
ary value problems of finite beam deflection on elastic foundation: Characteristic equation, Bull.
Korean Math. Soc., 58 (2021), 71–111. https://doi.org/10.4134/BKMS.b200041

17. I. Stakgold, M. Holst, Green’s Functions and Boundary Value Problems, 3rd Edition, Hoboken,
NJ: John Wiley & Sons, Inc., 2011. https://doi.org/10.1002/9780470906538

18. S. W. Choi, T. S. Jang, Existence and uniqueness of nonlinear deflections of an infinite beam
resting on a non-uniform nonlinear elastic foundation, Bound. Value Probl., 2012 (2012), 5.
https://doi.org/10.1186/1687-2770-2012-5

19. M. T. Chu, G. H. Golub, Inverse Eigenvalue Problems: Theory, Algorithms, and Applications,
Oxford University Press, 2005. https://doi.org/10.1093/acprof:oso/9780198566649.001.0001

20. S. W. Choi, Spectral analysis of the integral operator arising from the beam deflec-
tion problem on elastic foundation II: Eigenvalues, Bound. Value Probl., 2015 (2015), 6.
https://doi.org/10.1186/s13661-014-0268-2

Appendix

A. Elementary calculus with the functions s±, c±, si±, ci±

Let ζ ∈ C. By Definition 2.1 and (2.1),

sinh ζ cos ζ = sinh ζ cosh (iζ) =
1
2

{
sinh

(√
2ωζ

)
+ sinh

(√
2ωζ

)}
=

1
2

{
sinh

(√
2ωζ

)
+ sinh

(
−i ·
√

2ωζ
)}
=

1
2

{
sinh

(√
2ωζ

)
− i sin

(√
2ωζ

)}
=

1
2

si− (ωζ) ,

cosh ζ sin ζ = −i cosh ζ sinh (iζ) = −
i

2

{
sinh

(√
2ωζ

)
− sinh

(√
2ωζ

)}
= −

i

2

{
sinh

(√
2ωζ

)
− sinh

(
−i ·
√

2ωζ
)}
= −

i

2

{
sinh

(√
2ωζ

)
+ i sin

(√
2ωζ

)}
= −

i

2
si+ (ωζ) ,

cosh ζ cos ζ = cosh ζ cosh (iζ) =
1
2

{
cosh

(√
2ωζ

)
+ cosh

(√
2ωζ

)}
=

1
2

{
cosh

(√
2ωζ

)
+ cosh

(
−i ·
√

2ωζ
)}
=

1
2

{
cosh

(√
2ωζ

)
+ cos

(√
2ωζ

)}
=

1
2

c+ (ωζ) ,

sinh ζ sin ζ = −i sinh ζ sinh (iζ) = −
i

2

{
cosh

(√
2ωζ

)
− cosh

(√
2ωζ

)}
= −

i

2

{
cosh

(√
2ωζ

)
− cosh

(
−i ·
√

2ωζ
)}
= −

i

2

{
cosh

(√
2ωζ

)
− cos

(√
2ωζ

)}
= −

i

2
c− (ωζ) .

(A.1)
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Lemma A.1. The following hold for ζ ∈ C.

(a) s2
±(ζ) =

1
2 c−(2ζ) ∓ i c−

(√
2ωζ

)
.

(c) s+(ζ) s−(ζ) = 1
2 c+(2ζ) − 1.

(e) s±(ζ) c±(ζ) = 1
2 s+(2ζ) ± ω

√
2

s+
(√

2ωζ
)
.

(g) si2
±(ζ) =

1
2 c+(2ζ) − 1 ± c−

(√
2ωζ

)
.

(i) si+(ζ) si−(ζ) = 1
2 c−(2ζ).

(k) si±(ζ) ci±(ζ) = 1
2 s−(2ζ) ± ω

√
2

s+
(√

2ωζ
)
.

(m) s±(ζ) si±(ζ) = 1
2 ci−(2ζ)− ω√2

± ω√
2

c−
(√

2ωζ
)
.

(o) c±(ζ) ci±(ζ) = 1
2 ci+(2ζ)+ ω√2

± ω√
2

c+
(√

2ωζ
)
.

(q) s±(ζ) ci±(ζ) = 1
2 si+(2ζ) ± sin (2ωζ).

(s) c±(ζ) si±(ζ) = 1
2 si+(2ζ) ± sinh (2ωζ).

(b) c2
±(ζ) =

1
2 c+(2ζ) + 1 ± c+

(√
2ωζ

)
.

(d) c+(ζ) c−(ζ) = 1
2 c−(2ζ).

(f) s±(ζ) c∓(ζ) = 1
2 s−(2ζ) ∓ ω

√
2

s−
(√

2ωζ
)
.

(h) ci2
±(ζ) =

1
2 c−(2ζ) ± i c+

(√
2ωζ

)
.

(j) ci+(ζ) ci−(ζ) = 1
2 c+(2ζ) + 1.

(l) si±(ζ) ci∓(ζ) = 1
2 s+(2ζ) ± ω

√
2

s−
(√

2ωζ
)
.

(n) s±(ζ) si∓(ζ) = 1
2 ci+(2ζ)− ω√2

∓ ω√
2

c−
(√

2ωζ
)
.

(p) c±(ζ) ci∓(ζ) = 1
2 ci−(2ζ)+ ω√2

± ω√
2

c+
(√

2ωζ
)
.

(r) s±(ζ) ci∓(ζ) = 1
2 si−(2ζ) ∓ i sinh (2ωζ).

(t) c±(ζ) si∓(ζ) = 1
2 si−(2ζ) ∓ i sin (2ωζ).

Proof. By Definition 2.1, and (2.1), (A.1),

s2
±(ζ) =

{
sinh

(√
2ζ

)
± sin

(√
2ζ

)}2
= sinh2

(√
2ζ

)
+ sin2

(√
2ζ

)
± 2 sinh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
− 1

}
−

1
2

{
cos

(
2
√

2ζ
)
− 1

}
± 2 ·

−i

2
c−

(√
2ωζ

)
=

1
2

c−(2ζ) ∓ i c−
(√

2ωζ
)
,

c2
±(ζ) =

{
cosh

(√
2ζ

)
± cos

(√
2ζ

)}2
= cosh2

(√
2ζ

)
+ cos2

(√
2ζ

)
± 2 cosh

(√
2ζ

)
cos

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
+ 1

}
+

1
2

{
cos

(
2
√

2ζ
)
+ 1

}
± 2 ·

1
2

c+
(√

2ωζ
)
=

1
2

c+(2ζ) + 1 ± c+
(√

2ωζ
)
,

s+(ζ) s−(ζ) =
{
sinh

(√
2ζ

)
+ sin

(√
2ζ

)} {
sinh

(√
2ζ

)
− sin

(√
2ζ

)}
= sinh2

(√
2ζ

)
− sin2

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
− 1

}
+

1
2

{
cos

(
2
√

2ζ
)
− 1

}
=

1
2

c+(2ζ) − 1,

c+(ζ) c−(ζ) =
{
cosh

(√
2ζ

)
+ cos

(√
2ζ

)} {
cosh

(√
2ζ

)
− cos

(√
2ζ

)}
= cosh2

(√
2ζ

)
− cos2

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
+ 1

}
−

1
2

{
cos

(
2
√

2ζ
)
+ 1

}
=

1
2

c−(2ζ),

s±(ζ) c±(ζ) =
{
sinh

(√
2ζ

)
± sin

(√
2ζ

)} {
cosh

(√
2ζ

)
± cos

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
+ sin

(√
2ζ

)
cos

(√
2ζ

)
± sinh

(√
2ζ

)
cos

(√
2ζ

)
± cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
+

1
2

sin
(
2
√

2ζ
)
±

1
2

si−
(√

2ωζ
)
±
−i

2
si+

(√
2ωζ

)
=

1
2

s+(2ζ) ±
1
2

{√
2ω sinh (2ωζ) +

√
2ω sin (2ωζ)

}
=

1
2

s+(2ζ) ±
ω
√

2
s+

(√
2ωζ

)
,

s±(ζ) c∓(ζ) =
{
sinh

(√
2ζ

)
± sin

(√
2ζ

)} {
cosh

(√
2ζ

)
∓ cos

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
− sin

(√
2ζ

)
cos

(√
2ζ

)
∓ sinh

(√
2ζ

)
cos

(√
2ζ

)
± cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
−

1
2

sin
(
2
√

2ζ
)
∓

1
2

si−
(√

2ωζ
)
±
−i

2
si+

(√
2ωζ

)
=

1
2

s−(2ζ) ∓
1
2

{√
2ω sinh (2ωζ) −

√
2ω sin (2ωζ)

}
=

1
2

s−(2ζ) ∓
ω
√

2
s−

(√
2ωζ

)
,
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si2
±(ζ) =

{
sinh

(√
2ζ

)
± i sin

(√
2ζ

)}2
= sinh2

(√
2ζ

)
− sin2

(√
2ζ

)
± 2i sinh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
− 1

}
+

1
2

{
cos

(
2
√

2ζ
)
− 1

}
± 2i ·

−i

2
c−

(√
2ωζ

)
=

1
2

c+(2ζ) − 1 ± c−
(√

2ωζ
)
,

ci2
±(ζ) =

{
cosh

(√
2ζ

)
± i cos

(√
2ζ

)}2
= cosh2

(√
2ζ

)
− cos2

(√
2ζ

)
± 2i cosh

(√
2ζ

)
cos

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
+ 1

}
−

1
2

{
cos

(
2
√

2ζ
)
+ 1

}
± 2i ·

1
2

c+
(√

2ωζ
)
=

1
2

c−(2ζ) ± i c+
(√

2ωζ
)
,

si+(ζ) si−(ζ) =
{
sinh

(√
2ζ

)
+ i sin

(√
2ζ

)} {
sinh

(√
2ζ

)
− i sin

(√
2ζ

)}
= sinh2

(√
2ζ

)
+ sin2

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
− 1

}
−

1
2

{
cos

(
2
√

2ζ
)
− 1

}
=

1
2

c−(2ζ),

ci+(ζ) ci−(ζ) =
{
cosh

(√
2ζ

)
+ i cos

(√
2ζ

)} {
cosh

(√
2ζ

)
− i cos

(√
2ζ

)}
= cosh2

(√
2ζ

)
+ cos2

(√
2ζ

)
=

1
2

{
cosh

(
2
√

2ζ
)
+ 1

}
+

1
2

{
cos

(
2
√

2ζ
)
+ 1

}
=

1
2

c+(2ζ) + 1,

si±(ζ) ci±(ζ) =
{
sinh

(√
2ζ

)
± i sin

(√
2ζ

)} {
cosh

(√
2ζ

)
± i cos

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
− sin

(√
2ζ

)
cos

(√
2ζ

)
± i sinh

(√
2ζ

)
cos

(√
2ζ

)
± i cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
−

1
2

sin
(
2
√

2ζ
)
± i ·

1
2

si−
(√

2ωζ
)
± i ·

−i

2
si+

(√
2ωζ

)
=

1
2

s−(2ζ) ±
1
2

{√
2ω sinh (2ωζ) +

√
2ω sin (2ωζ)

}
=

1
2

s−(2ζ) ±
ω
√

2
s+

(√
2ωζ

)
,

si±(ζ) ci∓(ζ) =
{
sinh

(√
2ζ

)
± i sin

(√
2ζ

)} {
cosh

(√
2ζ

)
∓ i cos

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
+ sin

(√
2ζ

)
cos

(√
2ζ

)
∓ i sinh

(√
2ζ

)
cos

(√
2ζ

)
± i cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
+

1
2

sin
(
2
√

2ζ
)
∓ i ·

1
2

si−
(√

2ωζ
)
± i ·

−i

2
si+

(√
2ωζ

)
=

1
2

s+(2ζ) ±
1
2

{√
2ω sinh (2ωζ) −

√
2ω sin (2ωζ)

}
=

1
2

s+(2ζ) ±
ω
√

2
s−

(√
2ωζ

)
,

s±(ζ) si±(ζ) =
{
sinh

(√
2ζ

)
± sin

(√
2ζ

)} {
sinh

(√
2ζ

)
± i sin

(√
2ζ

)}
= sinh2

(√
2ζ

)
+ i sin2

(√
2ζ

)
±
√

2ω sinh
(√

2ζ
)

sin
(√

2ζ
)

=
1
2

{
cosh

(
2
√

2ζ
)
− 1

}
−

i

2

{
cos

(
2
√

2ζ
)
− 1

}
±
√

2ω ·
−i

2
c−

(√
2ωζ

)
=

1
2

ci−(2ζ) −
ω
√

2
±
ω
√

2
c−

(√
2ωζ

)
,

s±(ζ) si∓(ζ) =
{
sinh

(√
2ζ

)
± sin

(√
2ζ

)} {
sinh

(√
2ζ

)
∓ i sin

(√
2ζ

)}
= sinh2

(√
2ζ

)
− i sin2

(√
2ζ

)
±
√

2ω sinh
(√

2ζ
)

sin
(√

2ζ
)

=
1
2

{
cosh

(
2
√

2ζ
)
− 1

}
+

i

2

{
cos

(
2
√

2ζ
)
− 1

}
±
√

2ω ·
−i

2
c−

(√
2ωζ

)
=

1
2

ci+(2ζ) −
ω
√

2
∓
ω
√

2
c−

(√
2ωζ

)
,

c±(ζ) ci±(ζ) =
{
cosh

(√
2ζ

)
± cos

(√
2ζ

)} {
cosh

(√
2ζ

)
± i cos

(√
2ζ

)}
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= cosh2
(√

2ζ
)
+ i cos2

(√
2ζ

)
±
√

2ω cosh
(√

2ζ
)

cos
(√

2ζ
)

=
1
2

{
cosh

(
2
√

2ζ
)
+ 1

}
+

i

2

{
cos

(
2
√

2ζ
)
+ 1

}
±
√

2ω ·
1
2

c+
(√

2ωζ
)

=
1
2

ci+(2ζ) +
ω
√

2
±
ω
√

2
c+

(√
2ωζ

)
,

c±(ζ) ci∓(ζ) =
{
cosh

(√
2ζ

)
± cos

(√
2ζ

)} {
cosh

(√
2ζ

)
∓ i cos

(√
2ζ

)}
= cosh2

(√
2ζ

)
− i cos2

(√
2ζ

)
±
√

2ω cosh
(√

2ζ
)

cos
(√

2ζ
)

=
1
2

{
cosh

(
2
√

2ζ
)
+ 1

}
−

i

2

{
cos

(
2
√

2ζ
)
+ 1

}
±
√

2ω ·
1
2

c+
(√

2ωζ
)

=
1
2

ci−(2ζ) +
ω
√

2
±
ω
√

2
c+

(√
2ωζ

)
,

s±(ζ) ci±(ζ) =
{
sinh

(√
2ζ

)
± sin

(√
2ζ

)} {
cosh

(√
2ζ

)
± i cos

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
+ i sin

(√
2ζ

)
cos

(√
2ζ

)
± i sinh

(√
2ζ

)
cos

(√
2ζ

)
± cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
+

i

2
sin

(
2
√

2ζ
)
± i ·

1
2

si−
(√

2ωζ
)
±
−i

2
si+

(√
2ωζ

)
=

1
2

si+(2ζ) ± sin (2ωζ) ,

s±(ζ) ci∓(ζ) =
{
sinh

(√
2ζ

)
± sin

(√
2ζ

)} {
cosh

(√
2ζ

)
∓ i cos

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
− i sin

(√
2ζ

)
cos

(√
2ζ

)
∓ i sinh

(√
2ζ

)
cos

(√
2ζ

)
± cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
−

i

2
sin

(
2
√

2ζ
)
∓ i ·

1
2

si−
(√

2ωζ
)
±
−i

2
si+

(√
2ωζ

)
=

1
2

si−(2ζ) ∓ i sinh (2ωζ) ,

c±(ζ) si±(ζ) =
{
cosh

(√
2ζ

)
± cos

(√
2ζ

)} {
sinh

(√
2ζ

)
± i sin

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
+ i sin

(√
2ζ

)
cos

(√
2ζ

)
± sinh

(√
2ζ

)
cos

(√
2ζ

)
± i cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
+

i

2
sin

(
2
√

2ζ
)
±

1
2

si−
(√

2ωζ
)
± i ·

−i

2
si+

(√
2ωζ

)
=

1
2

si+(2ζ) ± sinh (2ωζ) ,

c±(ζ) si∓(ζ) =
{
cosh

(√
2ζ

)
± cos

(√
2ζ

)} {
sinh

(√
2ζ

)
∓ i sin

(√
2ζ

)}
= sinh

(√
2ζ

)
cosh

(√
2ζ

)
− i sin

(√
2ζ

)
cos

(√
2ζ

)
± sinh

(√
2ζ

)
cos

(√
2ζ

)
∓ i cosh

(√
2ζ

)
sin

(√
2ζ

)
=

1
2

sinh
(
2
√

2ζ
)
−

i

2
sin

(
2
√

2ζ
)
±

1
2

si−
(√

2ωζ
)
∓ i ·

−i

2
si+

(√
2ωζ

)
=

1
2

si−(2ζ) ∓ i sin (2ωζ) . □

By Lemma A.1, we have the following equalities for ζ ∈ C.

s+(2ζ) = s+(ζ) c+(ζ) + s−(ζ) c−(ζ) = si+(ζ) ci−(ζ) + si−(ζ) ci+(ζ), (A.2)
s−(2ζ) = s+(ζ) c−(ζ) + s−(ζ) c+(ζ) = si+(ζ) ci+(ζ) + si−(ζ) ci−(ζ), (A.3)
c+(2ζ) = c2

+(ζ) + c2
−(ζ) − 2 = 2 s+(ζ) s−(ζ) + 2 = si2

+(ζ) + si2
−(ζ) + 2 = 2 ci+(ζ) ci−(ζ) − 2, (A.4)

c−(2ζ) = s2
+(ζ) + s2

−(ζ) = 2 c+(ζ) c−(ζ) = 2 si+(ζ) si−(ζ) = ci2
+(ζ) + ci2

−(ζ), (A.5)
si+(2ζ) = s+(ζ) ci+(ζ) + s−(ζ) ci−(ζ) = c+(ζ) si+(ζ) + c−(ζ) si−(ζ), (A.6)
si−(2ζ) = s+(ζ) ci−(ζ) + s−(ζ) ci+(ζ) = c+(ζ) si−(ζ) + c−(ζ) si+(ζ). (A.7)
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B. The matrices A(z), B(z), C(z), D(z)

By Definition 2.1 and (2.1),

sinh (ωz) cosh (ωz) =
1
2

{
sinh

(√
2z

)
+ sinh

(
i

√
2z

)}
=

1
2

si+(z),

cosh (ωz) sinh (ωz) =
1
2

{
sinh

(√
2z

)
− sinh

(
i

√
2z

)}
=

1
2

si−(z),

cosh (ωz) cosh (ωz) =
1
2

{
cosh

(√
2z

)
+ cosh

(
i

√
2z

)}
=

1
2

c+(z),

sinh (ωz) sinh (ωz) =
1
2

{
cosh

(√
2z

)
− cosh

(
i

√
2z

)}
=

1
2

c−(z),

(B.1)

hence,

sinh (ωz) cosh (ωz) ± i cosh (ωz) sinh (ωz)

=
1
2

si+(z) ±
i

2
si−(z) =

ω±1

√
2

sinh
(√

2z
)
±
ω±1

√
2

sin
(√

2z
)
=
ω±1

√
2

s±(z), (B.2)

cosh (ωz) cosh (ωz) ± i sinh (ωz) sinh (ωz) =
1
2

c+(z) ±
i

2
c−(z)

=
ω±1

√
2

cosh
(√

2z
)
+
ω∓1

√
2

cos
(√

2z
)
=
ω±1

√
2

{
cosh

(√
2z

)
∓ i cos

(√
2z

)}
=
ω±1

√
2

ci∓(z). (B.3)

Lemma B.1. For z ∈ C, det A(z) = − i
√

2
s+(z), det B(z) = i

√
2

s−(z), det C(z) = −i c+(z), det D(z) =
i c−(z). The following hold for z ∈ C such that the respective right hand sides are defined.

A(z)−1 =

√
2

s+(z)

(
ω sinh (ωz) −i cosh (ωz)
ω sinh (ωz) i cosh (ωz)

)
, B(z)−1 =

√
2

s−(z)

(
ω cosh (ωz) −i sinh (ωz)
−ω cosh (ωz) −i sinh (ωz)

)
,

C(z)−1 =
1

c+(z)

(
cosh (ωz) −i cosh (ωz)
cosh (ωz) i cosh (ωz)

)
, D(z)−1 =

1
c−(z)

(
sinh (ωz) −i sinh (ωz)
− sinh (ωz) −i sinh (ωz)

)
.

Proof. By Definition 5.2, and (2.1), (B.1), (B.2),

det A(z) = ω cosh (ωz) sinh (ωz) − ω sinh (ωz) cosh (ωz)

= −ω {sinh (ωz) cosh (ωz) + i cosh (ωz) sinh (ωz)} = −ω ·
ω
√

2
s+(z) = −

i
√

2
s+(z),

det B(z) = −ω sinh (ωz) cosh (ωz) + ω cosh (ωz) sinh (ωz)

= −ω {sinh (ωz) cosh (ωz) − i cosh (ωz) sinh (ωz)} = −ω ·
ω−1

√
2

s−(z) =
i
√

2
s−(z),

det C(z) = −2i cosh (ωz) cosh (ωz) = −2i ·
1
2

c+(z) = −i c+(z),

det D(z) = 2i sinh (ωz) sinh (ωz) = 2i ·
1
2

c−(z) = i c−(z),

hence

A(z)−1 =
adj A(z)
det A(z)

=
i

√
2

s+(z)
·

(
ω sinh (ωz) − cosh (ωz)
−ω sinh (ωz) cosh (ωz)

)
=

√
2

s+(z)

(
ω sinh (ωz) −i cosh (ωz)
ω sinh (ωz) i cosh (ωz)

)
,
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B(z)−1 =
adj B(z)
det B(z)

= −
i

√
2

s−(z)
·

(
−ω cosh (ωz) sinh (ωz)
−ω cosh (ωz) sinh (ωz)

)
=

√
2

s−(z)

(
ω cosh (ωz) −i sinh (ωz)
−ω cosh (ωz) −i sinh (ωz)

)
,

C(z)−1 =
adj C(z)
det C(z)

=
i

c+(z)
·

(
−i cosh (ωz) − cosh (ωz)
−i cosh (ωz) cosh (ωz)

)
=

1
c+(z)

(
cosh (ωz) −i cosh (ωz)
cosh (ωz) i cosh (ωz)

)
,

D(z)−1 =
adj D(z)
det D(z)

= −
i

c−(z)
·

(
i sinh (ωz) sinh (ωz)
−i sinh (ωz) sinh (ωz)

)
=

1
c−(z)

(
sinh (ωz) −i sinh (ωz)
− sinh (ωz) −i sinh (ωz)

)
. □

Lemma B.2. The following hold for z ∈ C such that the respective right hand sides are defined.

(a) A(z)−1B(z) = 1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
.

(c) C(z)−1D(z) = 1
c+(z)

(
si+(z) 0

0 − si−(z)

)
.

(e) C(z)A(z)−1 = 1
s+(z)

(
s+(z) 0
− s−(z)

√
2 c+(z)

)
.

(g) D(z)B(z)−1 = 1
s−(z)

(
s−(z) 0
− s+(z)

√
2 c−(z)

)
.

(b) B(z)−1A(z) = 1
s−(z)

(
ci+(z)

√
2ω

−
√

2ω − ci−(z)

)
.

(d) D(z)−1C(z) = 1
c−(z)

(
si−(z) 0

0 − si+(z)

)
.

(f) A(z)C(z)−1 = 1
√

2 c+(z)

(√
2 c+(z) 0
s−(z) s+(z)

)
.

(h) B(z)D(z)−1 = 1
√

2 c−(z)

(√
2 c−(z) 0
s+(z) s−(z)

)
.

Proof. By Definition 5.2, Lemma B.1, and (2.1), (B.1), (B.2), (B.3),

A(z)−1B(z) =

√
2

s+(z)

(
ω sinh (ωz) −i cosh (ωz)
ω sinh (ωz) i cosh (ωz)

)
·

(
sinh (ωz) − sinh (ωz)
ω cosh (ωz) −ω cosh (ωz)

)
=

√
2

s+(z)

ω · ω√2
ci−(z) ω

−ω −ω · ω√
2

ci+(z)

 = 1
s+(z)

(
ci−(z)

√
2ω

−
√

2ω − ci+(z)

)
,

C(z)−1D(z) =
1

c+(z)

(
cosh (ωz) −i cosh (ωz)
cosh (ωz) i cosh (ωz)

)
·

(
sinh (ωz) − sinh (ωz)
i sinh (ωz) i sinh (ωz)

)
=

1
c+(z)

(
si+(z) 0

0 − si−(z)

)
,

C(z)A(z)−1 =

(
cosh (ωz) cosh (ωz)
i cosh (ωz) −i cosh (ωz)

)
·

√
2

s+(z)

(
ω sinh (ωz) −i cosh (ωz)
ω sinh (ωz) i cosh (ωz)

)
=

√
2

s+(z)

 ω · ω√2
s+(z) 0

−ω · ω√
2

s−(z) c+(z)

 = 1
s+(z)

(
s+(z) 0
− s−(z)

√
2 c+(z)

)
,

D(z)B(z)−1 =

(
sinh (ωz) − sinh (ωz)
i sinh (ωz) i sinh (ωz)

)
·

√
2

s−(z)

(
ω cosh (ωz) −i sinh (ωz)
−ω cosh (ωz) −i sinh (ωz)

)
=

√
2

s−(z)

 ω · ω√2
s−(z) 0

−ω · ω√
2

s+(z) c−(z)

 = 1
s−(z)

(
s−(z) 0
− s+(z)

√
2 c−(z)

)
,

which shows (a), (c), (e), (g).
(b) follows from (a) and (A.4), since B(z)−1A(z) =

{
A(z)−1B(z)

}−1
. (d) follows from (c) and

(A.5), since D(z)−1C(z) =
{
C(z)−1D(z)

}−1
. Since A(z)C(z)−1 =

{
C(z)A(z)−1

}−1
and B(z)D(z)−1 ={

D(z)B(z)−1
}−1

, (f) and (h) follow respectively from (e) and (g), and the proof is complete. □

Lemma B.3. The following hold for z ∈ C such that the respective right hand sides are defined.
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(a) A(z)JA(z)−1 = i

s+(z)

(
s−(z) −

√
2 c+(z)

√
2 c−(z) − s−(z)

)
.

(c) A(z)KB(z)−1 = ω
s−(z)

(
0 s−(z)

− s+(z)
√

2 c−(z)

)
.

(e) A(z)K−1B(z)−1 = ω
s−(z)

(√
2 c+(z) − s+(z)
s−(z) 0

)
.

(g) C(z)K±1D(z)−1 = ω∓1
√

2 c−(z)

(
s±(z) ± s∓(z)
∓ s∓(z) s±(z)

)
.

(i) D(z)KA(z)−1 = ω
s+(z)

(
0 s+(z)

−
√

2 c−(z) s−(z)

)
.

(k) C(z)KB(z)−1 = ω
s−(z)

(
0 s−(z)

−
√

2 c+(z) s+(z)

)
.

(b) B(z)JB(z)−1 = i

s−(z)

(
s+(z) −

√
2 c−(z)

√
2 c+(z) − s+(z)

)
.

(d) B(z)KA(z)−1 = ω
s+(z)

(
0 s+(z)

− s−(z)
√

2 c+(z)

)
.

(f) B(z)K−1A(z)−1 = ω
s+(z)

(√
2 c−(z) − s−(z)
s+(z) 0

)
.

(h) D(z)K±1C(z)−1 = ω∓1
√

2 c+(z)

(
s∓(z) ± s±(z)
∓ s±(z) s∓(z)

)
.

(j) A(z)K−1D(z)−1 = ω
√

2 c−(z)

(
s−(z) − s+(z)
√

2 c−(z) 0

)
.

(l) B(z)K−1C(z)−1 = ω
√

2 c+(z)

(
s+(z) − s−(z)
√

2 c+(z) 0

)
.

Proof. By Definitions 2.3, 5.2, Lemma B.1, and (2.1), (B.1), (B.2),

A(z)KB(z)−1 =

(
cosh (ωz) cosh (ωz)
ω sinh (ωz) ω sinh (ωz)

) (
1 0
0 i

)
·

√
2

s−(z)

(
ω cosh (ωz) −i sinh (ωz)
−ω cosh (ωz) −i sinh (ωz)

)
=

√
2

s−(z)

(
cosh (ωz) cosh (ωz)
ω sinh (ωz) ω sinh (ωz)

) (
ω cosh (ωz) −i sinh (ωz)
−ω cosh (ωz) sinh (ωz)

)
=

√
2

s−(z)

 0 ω
√

2
s−(z)

i · ω√
2

s+(z) ω · c−(z)

 = ω

s−(z)

(
0 s−(z)

− s+(z)
√

2 c−(z)

)
,

B(z)KA(z)−1 =

(
sinh (ωz) − sinh (ωz)
ω cosh (ωz) −ω cosh (ωz)

) (
1 0
0 i

)
·

√
2

s+(z)

(
ω sinh (ωz) −i cosh (ωz)
ω sinh (ωz) i cosh (ωz)

)
=

√
2

s+(z)

(
sinh (ωz) − sinh (ωz)
ω cosh (ωz) −ω cosh (ωz)

) (
ω sinh (ωz) −i cosh (ωz)
ω sinh (ωz) − cosh (ωz)

)
=

√
2

s+(z)

 0 −i · ω√
2

s+(z)
− ω√

2
s−(z) ω · c+(z)

 = ω

s+(z)

(
0 s+(z)

− s−(z)
√

2 c+(z)

)
,

C(z)K±1D(z)−1 =

(
cosh (ωz) cosh (ωz)
i cosh (ωz) −i cosh (ωz)

) (
1 0
0 ±i

)
·

1
c−(z)

(
sinh (ωz) −i sinh (ωz)
− sinh (ωz) −i sinh (ωz)

)
=

1
c−(z)

(
cosh (ωz) cosh (ωz)
i cosh (ωz) −i cosh (ωz)

) (
sinh (ωz) −i sinh (ωz)
∓i sinh (ωz) ± sinh (ωz)

)
=

1
c−(z)

∓i · ω±1
√

2
s±(z) ±ω

∓1
√

2
s∓(z)

∓ω
∓1
√

2
s∓(z) ∓i · ω

±1
√

2
s±(z)

 = ω∓1

√
2 c−(z)

(
s±(z) ± s∓(z)
∓ s∓(z) s±(z)

)
,

which shows (c), (d), and (g). (e), (f) follow from (d), (c) respectively, since A(z)K−1B(z)−1 ={
B(z)KA(z)−1

}−1
, B(z)K−1A(z)−1 =

{
A(z)KB(z)−1

}−1
. (h) follows from (g) and (A.5), since

D(z)K±1C(z)−1 =
{
C(z)K∓1D(z)−1

}−1
. By (h), (g), and Lemma B.2 (e), (g),

D(z)KA(z)−1 = D(z)KC(z)−1 · C(z)A(z)−1 =
ω

√
2 c+(z)

(
s−(z) s+(z)
− s+(z) s−(z)

)
·

1
s+(z)

(
s+(z) 0
− s−(z)

√
2 c+(z)

)
,
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C(z)KB(z)−1 = C(z)KD(z)−1 · D(z)B(z)−1 =
ω

√
2 c−(z)

(
s+(z) s−(z)
− s−(z) s+(z)

)
·

1
s−(z)

(
s−(z) 0
− s+(z)

√
2 c−(z)

)
,

hence (i) and (k) follow by (A.5). (j), (l) follow from (i), (k) respectively, since A(z)K−1D(z)−1 ={
D(z)KA(z)−1

}−1
and B(z)K−1C(z)−1 =

{
C(z)KB(z)−1

}−1
. By (c), (d), and (2.2),

A(z)JA(z)−1 = A(z)KB(z)−1 · B(z)KA(z)−1 =
ω

s−(z)

(
0 s−(z)

− s+(z)
√

2 c−(z)

)
·
ω

s+(z)

(
0 s+(z)

− s−(z)
√

2 c+(z)

)
,

B(z)JB(z)−1 = B(z)KA(z)−1 · A(z)KB(z)−1 =
ω

s+(z)

(
0 s+(z)

− s−(z)
√

2 c+(z)

)
·
ω

s−(z)

(
0 s−(z)

− s+(z)
√

2 c−(z)

)
,

hence (a) and (b) follow by (A.5). Thus the proof is complete. □

Lemma B.4. The following hold for z ∈ C such that the respective right hand sides are defined.

(a)
{
A(z)JA(z)−1 + B(z)JB(z)−1

}−1
=

s+(z) s−(z)
4 ci+(z) ci−(z)

{
A(z)JA(z)−1 + B(z)JB(z)−1

}
.

(b)
{
A(z)K±1B(z)−1 + B(z)K±1A(z)−1

}−1
= 1

2 c−(2z)

{
s2
−(z)A(z)K∓1B(z)−1 + s2

+(z)B(z)K∓1A(z)−1
}
.

(c)
{
C(z)K±1D(z)−1 + D(z)K±1C(z)−1

}−1
= 1

2 c+(2z)

{
c2
−(z)C(z)K∓1D(z)−1 + c2

+(z)D(z)K∓1C(z)−1
}
.

(d)
{
C(z)A(z)−1 + D(z)B(z)−1

}−1
= 1

2 s−(2z)

{
s−(z) c+(z)A(z)C(z)−1 + s+(z) c−(z)B(z)D(z)−1

}
.

(e)
{
A(z)C(z)−1 + B(z)D(z)−1

}−1
= 1

2 s−(2z)

{
s+(z) c−(z)C(z)A(z)−1 + s−(z) c+(z)D(z)B(z)−1

}
.

(f)
{
D(z)KA(z)−1 + C(z)KB(z)−1

}−1
= 1

2 s+(2z)

{
s−(z) c−(z)A(z)K−1D(z)−1 + s+(z) c+(z)B(z)K−1C(z)−1

}
.

(g)
{
A(z)K−1D(z)−1 + B(z)K−1C(z)−1

}−1
= 1

2 s+(2z)

{
s+(z) c+(z)D(z)KA(z)−1 + s−(z) c−(z)C(z)KB(z)−1

}
.

Proof. By Lemma B.3 (a), (b), and (A.2), (A.3), (A.5),

A(z)JA(z)−1 + B(z)JB(z)−1 =
i

s+(z)

(
s−(z) −

√
2 c+(z)

√
2 c−(z) − s−(z)

)
+

i

s−(z)

(
s+(z) −

√
2 c−(z)

√
2 c+(z) − s+(z)

)
=

i

s+(z) s−(z)

 s2
+(z) + s2

−(z) −
√

2 {s+(z) c−(z) + s−(z) c+(z)}
√

2 {s+(z) c+(z) + s−(z) c−(z)} −
{
s2
+(z) + s2

−(z)
} 

=
i

s+(z) s−(z)

(
c−(2z) −

√
2 s−(2z)

√
2 s+(2z) − c−(2z)

)
,

hence{
A(z)JA(z)−1 + B(z)JB(z)−1

}2

= −
1

s2
+(z) s2

−(z)

(
c−(2z) −

√
2 s−(2z)

√
2 s+(2z) − c−(2z)

) (
c−(2z) −

√
2 s−(2z)

√
2 s+(2z) − c−(2z)

)
= −

c2
−(2z) − 2 s+(2z) s−(2z)

s2
+(z) s2

−(z)
· I.

Thus follows (a), since − c2
−(2z) + 2 s+(2z) s−(2z) = c2

+(2z) − 4 = {c+(2z) + 2} {c+(2z) − 2} =
2 ci+(z) ci−(z) · 2 s+(z) s−(z) by (A.4). By Lemma B.3 (c), (d), (e), (f), and (A.2), (A.3), (A.5),

A(z)KB(z)−1 + B(z)KA(z)−1 =
ω

s−(z)

(
0 s−(z)

− s+(z)
√

2 c−(z)

)
+
ω

s+(z)

(
0 s+(z)

− s−(z)
√

2 c+(z)

)
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=
ω

s+(z) s−(z)

 0 2 s+(z) s−(z)
−

{
s+(z)2 + s−(z)2

} √
2 {s+(z) c−(z) + s−(z) c+(z)}

 = ω

s+(z) s−(z)

(
0 2 s+(z) s−(z)

− c−(2z)
√

2 s−(2z)

)
,

s2
−(z)A(z)K−1B(z)−1 + s2

+(z)B(z)K−1A(z)−1

= s2
−(z) ·

ω

s−(z)

(√
2 c+(z) − s+(z)
s−(z) 0

)
+ s2
+(z) ·

ω

s+(z)

(√
2 c−(z) − s−(z)
s+(z) 0

)
= ω

(√
2 {s+(z) c−(z) + s−(z) c+(z)} −2 s+(z) s−(z)

s+(z)2 + s−(z)2 0

)
= ω

(√
2 s−(2z) −2 s+(z) s−(z)
c−(2z) 0

)
,

A(z)K−1B(z)−1 + B(z)K−1A(z)−1 =
ω

s−(z)

(√
2 c+(z) − s+(z)
s−(z) 0

)
+
ω

s+(z)

(√
2 c−(z) − s−(z)
s+(z) 0

)
=

ω

s+(z) s−(z)

√2 {s+(z) c+(z) + s−(z) c−(z)} −
{
s+(z)2 + s−(z)2

}
2 s+(z) s−(z) 0

 = ω

s+(z) s−(z)

( √
2 s+(2z) − c−(2z)

2 s+(z) s−(z) 0

)
,

s2
−(z)A(z)KB(z)−1 + s2

+(z)B(z)KA(z)−1

= s2
−(z) ·

ω

s−(z)

(
0 s−(z)

− s+(z)
√

2 c−(z)

)
+ s2
+(z) ·

ω

s+(z)

(
0 s+(z)

− s−(z)
√

2 c+(z)

)
= ω

(
0 s+(z)2 + s−(z)2

−2 s+(z) s−(z)
√

2 {s+(z) c+(z) + s−(z) c−(z)}

)
= ω

(
0 c−(2z)

−2 s+(z) s−(z)
√

2 s+(2z)

)
,

hence {
A(z)KB(z)−1 + B(z)KA(z)−1

} {
s2
−(z)A(z)K−1B(z)−1 + s2

+(z)B(z)K−1A(z)−1
}

=
ω

s+(z) s−(z)

(
0 2 s+(z) s−(z)

− c−(2z)
√

2 s−(2z)

)
· ω

(√
2 s−(2z) −2 s+(z) s−(z)
c−(2z) 0

)
= 2 c−(2z)I,{

A(z)K−1B(z)−1 + B(z)K−1A(z)−1
} {

s2
−(z)A(z)KB(z)−1 + s2

+(z)B(z)KA(z)−1
}

=
ω

s+(z) s−(z)

( √
2 s+(2z) − c−(2z)

2 s+(z) s−(z) 0

)
· ω

(
0 c−(2z)

−2 s+(z) s−(z)
√

2 s+(2z)

)
= 2 c−(2z)I,

from which follows (b). By Lemma B.3 (g), (h), and (A.2), (A.3), (A.5),

C(z)K±1D(z)−1 + D(z)K±1C(z)−1 =
ω∓1

√
2 c−(z)

(
s±(z) ± s∓(z)
∓ s∓(z) s±(z)

)
+
ω∓1

√
2 c+(z)

(
s∓(z) ± s±(z)
∓ s±(z) s∓(z)

)
=

ω∓1

√
2 c+(z) c−(z)

(
s±(z) c+(z) + s∓(z) c−(z) ± {s±(z) c−(z) + s∓(z) c+(z)}
∓ {s±(z) c−(z) + s∓(z) c+(z)} s±(z) c+(z) + s∓(z) c−(z)

)
=

√
2ω∓1

c−(2z)

(
s±(2z) ± s∓(2z)
∓ s∓(2z) s±(2z)

)
,

c2
−(z)C(z)K∓1D(z)−1 + c2

+(z)D(z)K∓1C(z)−1

= c2
−(z) ·

ω±1

√
2 c−(z)

(
s∓(z) ∓ s±(z)
± s±(z) s∓(z)

)
+ c2
+(z) ·

ω±1

√
2 c+(z)

(
s±(z) ∓ s∓(z)
± s∓(z) s±(z)

)
=
ω±1

√
2

(
s±(z) c+(z) + s∓(z) c−(z) ∓ {s±(z) c−(z) + s∓(z) c+(z)}
± {s±(z) c−(z) + s∓(z) c+(z)} s±(z) c+(z) + s∓(z) c−(z)

)
=
ω±1

√
2

(
s±(2z) ∓ s∓(2z)
± s∓(2z) s±(2z)

)
,
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hence, by (A.5),{
C(z)K±1D(z)−1 + D(z)K±1C(z)−1

} {
c2
−(z)C(z)K∓1D(z)−1 + c2

+(z)D(z)K∓1C(z)−1
}

=

√
2ω∓1

c−(2z)

(
s±(2z) ± s∓(2z)
∓ s∓(2z) s±(2z)

)
·
ω±1

√
2

(
s±(2z) ∓ s∓(2z)
± s∓(2z) s±(2z)

)
=

s2
+(2z) + s2

−(2z)
c−(2z)

· I = 2 c+(2z) · I,

from which follows (c). By Lemma B.2 (e), (f), (g), (h), and (A.2), (A.3), (A.5),

C(z)A(z)−1 + D(z)B(z)−1 =
1

s+(z)

(
s+(z) 0
− s−(z)

√
2 c+(z)

)
+

1
s−(z)

(
s−(z) 0
− s+(z)

√
2 c−(z)

)
=

1
s+(z) s−(z)

 2 s+(z) s−(z) 0
−

{
s2
+(z) + s2

−(z)
} √

2 {s+(z) c−(z) + s−(z) c+(z)}

 = 1
s+(z) s−(z)

(
2 s+(z) s−(z) 0
− c−(2z)

√
2 s−(2z)

)
,

s−(z) c+(z)A(z)C(z)−1 + s+(z) c−(z)B(z)D(z)−1

= s−(z) c+(z) ·
1

√
2 c+(z)

(√
2 c+(z) 0
s−(z) s+(z)

)
+ s+(z) c−(z) ·

1
√

2 c−(z)

(√
2 c−(z) 0
s+(z) s−(z)

)
=

1
√

2

(√
2 {s+(z) c−(z) + s−(z) c+(z)} 0

s2
+(z) + s2

−(z) 2 s+(z) s−(z)

)
=

1
√

2

(√
2 s−(2z) 0
c−(2z) 2 s+(z) s−(z)

)
,

A(z)C(z)−1 + B(z)D(z)−1 =
1

√
2 c+(z)

(√
2 c+(z) 0
s−(z) s+(z)

)
+

1
√

2 c−(z)

(√
2 c−(z) 0
s+(z) s−(z)

)
=

1
√

2 c+(z) c−(z)

(
2
√

2 c+(z) c−(z) 0
s+(z) c+(z) + s−(z) c−(z) s+(z) c−(z) + s−(z) c+(z)

)
=

√
2

c−(2z)

(√
2 c−(2z) 0
s+(2z) s−(2z)

)
,

s+(z) c−(z)C(z)A(z)−1 + s−(z) c+(z)D(z)B(z)−1

= s+(z) c−(z) ·
1

s+(z)

(
s+(z) 0
− s−(z)

√
2 c+(z)

)
+ s−(z) c+(z) ·

1
s−(z)

(
s−(z) 0
− s+(z)

√
2 c−(z)

)
=

(
s+(z) c−(z) + s−(z) c+(z) 0
− {s+(z) c+(z) + s−(z) c−(z)} 2

√
2 c+(z) c−(z)

)
=

(
s−(2z) 0
− s+(2z)

√
2 c−(2z)

)
,

hence {
C(z)A(z)−1 + D(z)B(z)−1

} {
s−(z) c+(z)A(z)C(z)−1 + s+(z) c−(z)B(z)D(z)−1

}
=

1
s+(z) s−(z)

(
2 s+(z) s−(z) 0
− c−(2z)

√
2 s−(2z)

)
·

1
√

2

(√
2 s−(2z) 0
c−(2z) 2 s+(z) s−(z)

)
= 2 s−(2z) · I,{

A(z)C(z)−1 + B(z)D(z)−1
} {

s+(z) c−(z)C(z)A(z)−1 + s−(z) c+(z)D(z)B(z)−1
}

=

√
2

c−(2z)

(√
2 c−(2z) 0
s+(2z) s−(2z)

)
·

(
s−(2z) 0
− s+(2z)

√
2 c−(2z)

)
= 2 s−(2z) · I,

from which follow (d) and (e). By Lemma B.3 (i), (j), (k), (l), and (A.2), (A.3), (A.5),

D(z)KA(z)−1 + C(z)KB(z)−1 =
ω

s+(z)

(
0 s+(z)

−
√

2 c−(z) s−(z)

)
+
ω

s−(z)

(
0 s−(z)

−
√

2 c+(z) s+(z)

)
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=
ω

s+(z) s−(z)

(
0 2 s+(z) s−(z)

−
√

2 {s+(z) c+(z) + s−(z) c−(z)} s2
+(z) + s2

−(z)

)
=

ω

s+(z) s−(z)

(
0 2 s+(z) s−(z)

−
√

2 s+(2z) c−(2z)

)
,

s−(z) c−(z)A(z)K−1D(z)−1 + s+(z) c+(z)B(z)K−1C(z)−1

= s−(z) c−(z) ·
ω

√
2 c−(z)

(
s−(z) − s+(z)
√

2 c−(z) 0

)
+ s+(z) c+(z) ·

ω
√

2 c+(z)

(
s+(z) − s−(z)
√

2 c+(z) 0

)
=
ω
√

2

(
s2
+(z) + s2

−(z) −2 s+(z) s−(z)
√

2 {s+(z) c+(z) + s−(z) c−(z)} 0

)
=
ω
√

2

(
c−(2z) −2 s+(z) s−(z)
√

2 s+(2z) 0

)
,

A(z)K−1D(z)−1 + B(z)K−1C(z)−1 =
ω

√
2 c−(z)

(
s−(z) − s+(z)
√

2 c−(z) 0

)
+

ω
√

2 c+(z)

(
s+(z) − s−(z)
√

2 c+(z) 0

)
=

ω
√

2 c+(z) c−(z)

(
s+(z) c−(z) + s−(z) c+(z) − {s+(z) c+(z) + s−(z) c−(z)}

2
√

2 c+(z) c−(z) 0

)
=

√
2ω

c−(2z)

(
s−(2z) − s+(2z)
√

2 c−(2z) 0

)
,

s+(z) c+(z)D(z)KA(z)−1 + s−(z) c−(z)C(z)KB(z)−1

= s+(z) c+(z) ·
ω

s+(z)

(
0 s+(z)

−
√

2 c−(z) s−(z)

)
+ s−(z) c−(z) ·

ω

s−(z)

(
0 s−(z)

−
√

2 c+(z) s+(z)

)
= ω

(
0 s+(z) c+(z) + s−(z) c−(z)

−2
√

2 c+(z) c−(z) s+(z) c−(z) + s−(z) c+(z)

)
= ω

(
0 s+(2z)

−
√

2 c−(2z) s−(2z)

)
,

hence {
D(z)KA(z)−1 + C(z)KB(z)−1

} {
s−(z) c−(z)A(z)K−1D(z)−1 + s+(z) c+(z)B(z)K−1C(z)−1

}
=

ω

s+(z) s−(z)

(
0 2 s+(z) s−(z)

−
√

2 s+(2z) c−(2z)

)
·
ω
√

2

(
c−(2z) −2 s+(z) s−(z)
√

2 s+(2z) 0

)
= 2 s+(2z) · I,{

A(z)K−1D(z)−1 + B(z)K−1C(z)−1
} {

s+(z) c+(z)D(z)KA(z)−1 + s−(z) c−(z)C(z)KB(z)−1
}

=

√
2ω

c−(2z)

(
s−(2z) − s+(2z)
√

2 c−(2z) 0

)
· ω

(
0 s+(2z)

−
√

2 c−(2z) s−(2z)

)
= 2 s+(2z) · I,

from which follow (f) and (g), and the proof is complete. □
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