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Abstract: The reptile search algorithm (RSA) is a bionic algorithm proposed by Abualigah. et al. in
2020. RSA simulates the whole process of crocodiles encircling and catching prey. Specifically, the
encircling stage includes high walking and belly walking, and the hunting stage includes hunting
coordination and cooperation. However, in the middle and later stages of the iteration, most search
agents will move towards the optimal solution. However, if the optimal solution falls into local
optimum, the population will fall into stagnation. Therefore, RSA cannot converge when solving
complex problems. To enable RSA to solve more problems, this paper proposes a multi-hunting
coordination strategy by combining Lagrange interpolation and teaching-learning-based optimization
(TLBO) algorithm’s student stage. Multi-hunting cooperation strategy will make multiple search
agents coordinate with each other. Compared with the hunting cooperation strategy in the original RSA,
the multi-hunting cooperation strategy has been greatly improved RSA’s global capability. Moreover,
considering RSA’s weak ability to jump out of the local optimum in the middle and later stages, this
paper adds the Lens pposition-based learning (LOBL) and restart strategy. Based on the above strategy,
a modified reptile search algorithm with a multi-hunting coordination strategy (MRSA) is proposed.
To verify the above strategies’ effectiveness for RSA, 23 benchmark and CEC2020 functions were
used to test MRSA’s performance. In addition, MRSA’s solutions to six engineering problems reflected
MRSA’s engineering applicability. It can be seen from the experiment that MRSA has better
performance in solving test functions and engineering problems.
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1. Introduction

Optimization is the process of finding the optimal value. The optimization problem is usually
transformed into a minimum problem. The optimal global value is the minimum value within the
boundary and satisfies the constraint conditions. Traditional exact algorithms require gradient
information or derivative information [1-2]. Although the results are more accurate, the computational
complexity of traditional exact algorithms will grow exponentially with the increasing problem
dimensions. Scholars gradually favor Meta-heuristic algorithms (MAs) [3]. MAs will generate a group
of random solutions in the solution space and move in the solution space according to some
mathematical formulas. After a fixed number of iterations, an optimal solution is finally output.
Although the accuracy of the solution obtained by MAs is insufficient compared with the traditional
exact algorithms. When solving high-dimensional complex problems, MAs can obtain a relatively
optimal solution. Compared with traditional exact algorithms, MAs can save much computation. Based
on the characteristics of MAs, MAs have been widely used in solving modern practical problems. For
instance, the combination of modified reptile optimization algorithm and deep learning can effectively
complete the intrusion detection of the Internet of things and cloud environment [4]; Reference [5]
uses swarm intelligence optimization to build an Internet recommendation engine; Inspired by swqrm
intelligence, Forestiero et al. established a new way of Internet information reorganization and
discovery [6].

MAs can be roughly divided into four categories: based on swarm intelligence, based on genetic
variation, based on physical and chemical principles, and based on human behavior. For example, the
particle swarm optimization (PSO) [7] algorithm imitates birds’ behavior of population migration; grey
wolf optimizer (GWO) algorithm [8] is inspired by the hierarchy in the gray wolf population, and
GWO algorithm solves the global optimization problem by simulating the gray wolves’ hunting
behavior; monarch butterfly optimization (MBO) [9] algorithm simulates the migration behavior of
monarch butterfly between two regions; moth search algorithm (MSA) [10] establishes a mathematical
model through the phototaxis of moth and Levy flight. Hunger games search (HGS) [11] is designed
according to the hunger driven activities and behaviors of animals. Colony predation algorithm
(CPA)’s [12] inspiration comes from group hunting. The inspiration of genetic algorithm (GA) [13]
and differential evolution (DE) algorithm [14] is derived from genetic, crossover and mutation
operations; the gravitational search algorithm (GSA) [15] is inspired by Newton’s law of universal
gravitation and kinematics; the sine cosine algorithm (SCA) [16] solves the optimization problem
through the model of sine function and cosine function; The arithmetic optimization algorithm (AOA)
[17] is inspired by addition, subtraction, multiplication and division operators; The inspiration of
Welghted mean of vectors (INFO) comes from the weighted average in mathematics. [18] The
principle of social learning optimization (SLO) algorithm [19] is the evolution process of human
intelligence and social learning theory; The group teaching optimization algorithm (GTOA) [20]
simulates the behavior of group teaching in class through mathematical formulas to solve optimization
problems.

However, from the NFL theorem [21], one algorithm cannot solve all problems. To solve more
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problems, improving existing algorithms is also an important method. Common improvement
strategies include opposition-based learning [22], local escaping operator strategy [23], mutation
strategy [24], chaotic map [25], hybrid algorithm [26,27], etc. For example: Zhang et al. hybird the
sine cosine algorithm and harris hawks optimizer algorithm to improve the convergence speed of the
algorithm [28]. Zhao et al. uses piecewise linear mapping to increase the randomness of harris hawks
optimizer algorithm’s parameters [29]. In addition, the purpose of improving existing MAs is to solve
practical problems. The existing MAs cannot solve all engineering problems. Therefore, to solve
specific problems, scholars will modify the existing MAs. For example, in order to effectively solve
the problem of multiple image threshold segmentation, Emam et al. proposed an improved RSA by
combining RSA with RUNge Kutta optimizer (RUN) [30]. Then, they introduced scale factor to avoid
the imbalance between exploration and exploitation. Chakraborty et al. improved WOA by changing
some coefficients and variables [31]. The improved algorithm can effectively determine the severity
of the disease according to the chest X-ray photos of COVID-19. Sayed et al. combined convolutional
neural network and bald eagle search optimization algorithm for skin injury classification [32]. Piri et
al. improved HHO and proposed a multi-objective version of HHO algorithm by using the K-nearest
neighbor (KNN) method as a packaging classifier [33].

The reptile search algorithm (RSA) [34] simulates crocodiles surrounding and hunting prey. The
algorithm is divided into four parts: the exploration stage is divided into high walking and belly
walking, and the exploitation stage is divided into hunting coordination and cooperation. After finding
the prey in the middle and late stages, crocodiles will approach the prey. Although RSA has partial
optimization ability, when facing complex problems, if RSA does not find the approximate location of
the optimal solution in the early and middle stages, it will be challenging to converge in the middle
and late stages. To improve the performance of RSA, some scholars have modified the traditional RSA.

Almotairi et al. proposed a hybrid algorithm by integrating RSA and ROA to balance the
algorithm’s exploration ability and exploitation ability to solve data clustering problems [35]. Huang
and others improved RSA through the Levy flight and mutation crossover strategies, enhancing RSA’s
overall capability [36]. Although the above improvements modified RSA’s optimization ability, it is
still easy to fall into local optimization when facing high-dimensional complex problems. This paper
improves the Lagrangian interpolation [37] method to improve RSA’s ability to solve complex
problems. Then we propose a multi-hunting coordination strategy combined with the teaching-
learning-based optimization (TLBO) algorithm’s student stage [38] and Lagrangian interpolation. The
multi-hunting coordination strategy will use the current population’s random and optimal position to
update the positions. This mode not only significantly enhances the algorithm’s exploitation ability but
also improves the algorithm’s exploration ability. In addition, considering that RSA will fall into the
local optimum due to a lack of exploration ability in the later period, this paper adds lens opposition-
based learning (LOBL) [39] and restart strategy [40] to improve the algorithm’s global performance.
This paper proposes a modified reptile search algorithm based on the above improvements (MRSA).
If MRSA cannot effectively find the approximate position of the global optimum in the early stage, it
can jump out of the local optimum in the later stage.

The existing research on RSA only solves specific engineering problems, but few of them solve
complex high-dimensional problems. The MRSA proposed in this paper not only has significant
advantages in solving high-dimensional test functions, but also has good effects in classical
engineering problems.

The main work of this paper is as follows:
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eThe Lagrange interpolation method is modified and combined with the TLBO algorithm’s
student stage, and a multi-hunting coordination strategy is proposed. It is used to improve the hunting
coordination phase of RSA.

eAdd the LOBL strategy and restart strategy to prevent the population from falling into a stagnant
state and enhance the global performance of the algorithm.

eThe performance of MRA was tested through 23 benchmark functions in 30/200/500 dimensions
and CEC2020 functions, which reflects the advantages of MRSA.

e et MRSA solve six classical engineering problems.

The rest of the article follows: Section 2 introduces the original RSA. Section 3 introduces the
Lagrange interpolation, the TLBO algorithm’s student stage, the LOBL strategy, the restart strategy
and the specific details of MRSA. Section 4 introduces MRSA’s solution to 23 benchmark functions
and CEC2020 functions. Section 5 details MRSA’s specific performance in solving practical
engineering problems. Lastly, section 6 summarizes the full article.

2. The RSA

RSA is a meta-heuristic algorithm inspired by crocodiles’ foraging behavior in nature. Although
crocodiles appear to move slowly, they can attack quickly. As one of the top predators, crocodiles will
hunt in groups. The foraging behavior of crocodiles can be divided into two stages: encircle stage
(exploration) and the hunting stage (exploitation). Figure 1 shows the schematic diagram of crocodile
hunting.

prey

encircle hunting

Figure 1. The schematic diagram of crocodile hunting.
2.1. Initialization
RSA will generate N candidate solutions, and the dimension size of each solution is dim. The ith
solution is (X1, Xi2), ..., X, ... X@idim)). The initialization Formula of the ith solution in the jth

dimension is as follows:

X,

(i.))

= LB, +rand x(UB, —LB,,)) rand €[0,1] (1)

where LB lower bound and UBy is upper bound. rand is a random number.
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2.2. Encircle stage

Crocodiles will choose two different ways in the process of encircling prey: high walking and
belly walking. Crocodiles will stretch their legs and float their bodies on the water when looking for
prey. Crocodiles crawl around their prey when they find it. At this stage, crocodiles will frequently
move throughout the area and will not approach their prey.

2.2.1. High walking
The calculation formula for high walking is shown in formula (2):
X +1)=Best (t)x—n, (¢ +)x B=R, , (t+1)xrand t< % 2)

where X(,)(¢#+1) is the ith individual’s position in the jth dimension after updating. Best(t) is the optimal
position so far in the jth dimension. 7()(#+1) represents the ith individual’s hunting operator in the jth
dimension, and its value is calculated by formula (3), £ is the control the sensitive parameter to search
capability, its value is fixed as 0.005. R, (¢+1) is used to reduce the search area, and its size is
calculated by formula (4). ¢ represents the current number of iterations, and 7 represents the total
number.

Ny (& +1)=Best (1)< F,; ,(t+1)
Xip®O-M(X,)

Best (1)x(UB;, — LB ;) +¢&

R, @+ =a+

3)

dim

1
MX )=—) X, (¢
( (l)) dlm; (1’])()

where P (t+1) is the percentage difference between the optimal individual and the current individual
in the jth dimension. a can control the search accuracy, and its value is fixed as 0.1, X,)(¢) is the ith
individual's position in the jth dimension before updating. M(X()) is the average level of the ith
individual in each dimensional position, and ¢ is a minimum that prevents the denominator from being
Zero.

Best (1)- X, ;,(®)

R (t+D)= 4
wp+h) Best(t)+¢ )
where X(1,)(f) represents the random individual’s position.
2.2.2. Belly walking
Belly walking’s calculation formula is shown in formula (5):
T T
X p(t+1)=Best,(t)x X ,, ;, (1)< ES xrand ¢ > Z&&t < 7 (&)
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where X(2,)(¢) is the random individual’s position. ES controls the evolution direction and randomly
takes the decreasing value between 2 and —2. The value of ES is calculated as follows:

ES = 2><RAND><(1—%), RAND €[-1,1] (6)

2.3. Hunting stage

According to crocodiles’ hunting behavior, there are two strategies in the hunting stage: hunting
coordination and hunting cooperation. Unlike the encircle stage, the crocodiles will keep close to the
prey in the hunting stage to complete the predation.

The formula for hunting coordination is as follows:

X, (t+1)=Best ()< F, , (t+1)xrand t< 3%&8& > % (7)
The formula of hunting cooperation is:
T
Xt +1) = Best;(t) -1, (t+)xe =R, , (t+1)xrand t> 3Z (8)

RSA is implemented by the above method, and its pseudo-code is shown in Algorithm 1:

Algorithm 1. RSA’s pseudo-code

1. Initialization parameters: N, dim, T, a, f

2. Initialize population(X(), X, ... , Xa), ... , Xv)
3. Whilet<T

4. Calculate each individual’s fitness value of the population
5. Find the optimal position so far

6. Using Formula (6) to update ES

7. For each index by i

8. For each dim index by j

0. Using Formula (3 and 4) to update parameters #, P, and R.
10. If t <7/4 then

1. Do high walking by Formula (2)

12. Else if t > T/4 and ¢t < 7/2 then

13. Do belly walking by Formula (5)

14. Else if 1 <37/4 and ¢t > 7/2 then

15. Do hunting coordination by Formula (7)
16. Else

17. Do hunting cooperation by Formula (8)

18. End if

19. End for

20. End for

21. t=t+1

22. End while
23. Return the best solution
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3. Improvement strategies for RSA

The original RSA has a simple structure and excellent results when dealing with simple problems.
However, when facing complex problems, RSA quickly falls into local optimum and is challenging to
converge. Therefore, this paper improves RSA and the specific improvement strategies are as follows:

3.1. Multi-hunting coordination strategy

RSA will coordinate with the population in the hunting coordination stage, but it is difficult for
individuals with poor positions to adjust through the whole population, and this method is challenging.
Therefore, RSA is difficult to converge in the later period. In order to overcome this shortcoming, this
paper uses the TLBO algorithm to improve the hunting coordination stage of RSA. In the TLBO
algorithm’s student stage, the current individual and the random individual will coordinate, which can
be seen as the coordination between two individuals. However, the coordination between the two
individuals has some limitations. It is easy to make the algorithm jump out of the local optimum by
coordinating the current individual with multiple individuals. In this section, the TLBO algorithm’s
student stage is improved by Lagrangian interpolation.

3.1.1. Lagrange interpolation

Lagrangian interpolation can construct a polynomial similar to the objective function through
some given positions. The polynomial’s optimal solution is taken as the objective function’s optimal
solution. With the shrinking of the interval, the polynomial’s optimal solution will be closer to the
objective function’s optimal solution. The specific formula of Lagrange interpolation is as follows:

E@=Y (] ((j__fc)y ©)

where 7 is the number of selected positions. (xi, y:) is the coordinate of the ith position, and j is the
index value different from i.

When n = 1, the obtained polynomial is a constant function. When n = 2, the polynomial is a
linear function, and its similarity with the objective function is insufficient. When n > 4, the obtained
polynomial is at least a cubic function. Solving its optimal solution will consume huge costs. Therefore,
this paper let n = 3, and the obtained polynomial is as follows:

(x—x)(x—x,) + v X (x —x))(x—x,) + v X (x—x))(x—x)) (10)

(X —x)(xp = x,) : (x; = x)(x, = x,) ? (%, = x)(x, —x;)

P(x) =y, %

We set: aq, S — a, S | S— a, =% Then,itis easy to get the
(xg = x,)(x — X,) (3 = x0)(x; —x,) (% =X )(x, =X

optimal solution of P3(x) as follows:

x*:ao(xl+x2)+a1(x0+x2)+a2(x0+x1) (1)
2(ay+a, +a,)

Considering that the optimization problem is multi-dimensional, we have improved the above
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Formula and obtained the following formulas:

4 (X(r4)(t) + Best(t)) + a, (X(rs)(t) + Best()) + a, (X()'S)(t) + X @)

XL
2(a, +a, +a,)

(12)

a = S (X))

" (X (0= Xy (D)X ) (1) — Best(t))
L f(X )

L (X (0= X ) (O)(X ) (1) = Best(1))

"= f(Best(t))
2 (BeSt(t)_X(,,g)(t))(BeSt(t)_X(f’4)(t))

(13)

where XL is the new position obtained by Lagrangian interpolation. f{) is used to calculate the fitness
value, X(3)(¢) and X(4)(¢) are two random individuals’ positions, and Best(t) is the position of the current
optimal individual.

3.1.2.  Improve the TLBO algorithm’s student stage

A new position is generated by Lagrangian interpolation, and the new position is used in the
TLBO algorithm’s student stage:

_ {XU) (0)+rand x (X, ()= X)), f(X,) < f(X,(1)) (14)
01 X () + rand x (X, = X, (1), f (X, (1) < f(X,)

By comparing the fitness values of Xz and X7zs0, choose the better position to change the current
position.

3.2. The LOBL

The opposition-based learning (OBL) can generate an opposite position based on the current
position. By comparing the current position with the opposite position, choose the better position to
update the current position. However, due to the fixed distance between the opposite position and the
current position, OBL’s randomness is lacking. Therefore, OBL has produced many variants, such as
random opposition-based learning [41], quasi-opposition-based learning [42], joint opposite selection [43]
and so on. The inspiration for LOBL [39] comes from the lens imaging principle, as shown in Figure 2.
The object (x, y) on one side of the lens will generate an inverted reduced real image (x', ') on the
other side. The y-axis is considered a lens. The Formula of LOBL can be expressed as:

(LB+UB)/2-x _y

= (15)
x'-(LB+UB)/2 y'
Let 2=y /)" to get the following formula:
,:LB+UB+LB+UB_£ (16)

2 2h h

Considering that the optimization problem is multi-dimensional, Formula (16) can be improved
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to:

LB, +UB, LB, +UB; X;(®)

X, e+ = + 17)

2 2h h

Figure 2. The schematic diagram of LOBL.
3.3. Restart strategy

The restart strategy is an optimization strategy to prevent the population from falling into a
stagnant state. Its main idea is: when an individual stays in a poor position for too long, regenerate a
position to replace the current individual’s position. This paper refers to the idea in reference [40] and
records the stagnation state of ith individual by s(7). If s(7) is greater than the /imit, the ith individual
will generate two new positions through formulas (19)—(21) and replace the original position with the
better one. This paper’s limit is improved, as shown in formula (18). The condition for taking a restart
strategy in the later stage will be complex, and it can prevent individuals from leaving the optimal
position.

limit =t (18)

New, = (UB—LB)xrand + LB (19)

New2 = (UB + LB) x rand — Xi (20)

New, = (UB - LB)xrand + LB if New, >UB || New, < LB 1)

3.4. The proposed MRSA

The above three strategies proposed a modified reptile search algorithm with a MRSA. The new
algorithm improves the hunting coordination stage of RSA by combining the TLBO algorithm’s
student stage with Lagrange interpolation and then proposes a multi-hunting coordination strategy.
Benefiting from the proposed strategy, the algorithm’s comprehensive optimization ability is
effectively improved. At the same time, the LOBL and the restart strategy are added to improve RSA’s
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ability to jump out of the local optimum.The pseudo-code of MRSA is shown in Algorithm 2. MRSA’s
flow chart is in Figure 3.

Algorithm 2. MRSA’s pseudo-code

1. Initialization parameters: N, dim, T, o,

2. Initialize population((X), X, ... , X, .- » X))

3. Whilet<T

4. Calculate each individual's fitness value of the population
5. Find the optimal position so far

6. Using Formula (6) to update ES

7. Update population through LOBL strategy by Formula (17)
8. For each index by i

0. For each dim index by j

10. Using Formula (3, 4) to update parameters 7 and R, respectively
11. If t <7/4 then

12. Do high walking by Formula (2)

13. Else if t > T/4 and ¢t < 7/2 then

14. Do belly walking by Formula (5)

15. Else if t <37/4 and ¢t > 7/2 then

16. Use Formula (12) to generate Xnew (Lagrange interpolation)
17. Use Formula (14) to generate X750

18. Select the position with a better fitness value
19. Else

20. Do hunting cooperation by Formula (8)

21. End if

22. End for

23. Update s(i) for each individual

24, If (i) > limit

25. Generate New: and New2 by Formulas (19-21)
26. Select the position with a better fitness value

27. End if

28. End for

29. t=t+1

30. End while
31. Return the best solution
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and R by Formulas (3 - 4) Formula (6) | Formula (17) 7y Return the best position
No Hunting
cooperation by :
t=t+
- Yes Formula (8)
Yes No Generate X, and X730 by
Formulas (12 - 14) Calculate fitness for each
position
v ¢ A
High walking by Belly walking by Select the position with
Formula (2) Formula (5) better fitness value ek (e bermdates
I pull them back
\ 4 T
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> greater than that of the —> .
. . position by restart strategy
previous generation

Figure 3. The flow chart of MRSA.
3.5. Complexity analysis

Computational complexity is an essential criterion for evaluating an algorithm. In MRSA, the
complexity of initializing the population is O(N % D), where N is the population size and D is the
dimension size. The complexity of updating positions comes from many aspects. The complexity of
high walking, bell walking and hunting cooperation is O(1/4 x N x D x T), where T is the number of
iterations. The complexity of the multi-hunting cooperation strategy is O(1/2 x N x D x T). The
complexity of LOBL is O(N x D x T). The complexity of the restart strategy is O(2 x N x D x T/limit).
Through the above analysis, the complexity of MRSA is O(N x D x (9/4 x T + 2T/limit + 1)). The
complexity of traditional RSA is O(N x T x (D + 1)). Although the complexity of MRSA is improved,
the performance of MRSA is better than that of traditional RSA.

4. Experimental test and analysis

All experiments in this paper are completed in MATLAB R2021a on a PC with 2.50 GHz 11th
Gen Intel (R) Core (TM) 17-11700 CPU with 16 GB memory and a 64-bit Windows 11 OS.

In this section, we will use 23 benchmark functions and CEC2020 functions to verify the
performance of MRSA. At the same time, to show the improvement effect of MRSA clearly, we
selected reptile search algorithm (RSA) [34] and six representatives MAs for comparison. They are remora
optimization algorithm (ROA) [41], bald eagle search (BES) [45], Sine cosine algorithm (SCA) [16],
arithmetic optimization algorithm (AOA) [17], horse herd optimization algorithm (HOA) [46] and
sand cat swarm optimization (SCSO) [47]. In addition, we also add LMRAOA (a variant of AOA) [48]
as a comparison algorithm.To ensure the fairness of the experiment, we set each algorithm’s population
size to 30 and the number of iterations to 500. The parameter settings of MRSA and other algorithms
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are shown in Table 1. In addition, references are provided for comparing the algorithm’s parameter

settings.
Table 1. All algorithms’ parameter settings.

Algorithm Parameters Setting
MRSA a=0.1; f=0.005
RSA [34] a=0.1; f=0.005
ROA [44] C=0.1
BES [45] a=[1.5,2.0];r=1[0, 1]
SCA [16] a=2

MOP Max =1; MOP Min=0.2;4=15;
AOGA [17] Mu =0.499
HOA [46] w=1; phiD =0.2; phi =0.2
SCSO [47] SM =2

MOP Max =1; MOP Min=0.2;4=25;
LMRAOA [48] Mt = 0.499

4.1. Experimental results of 23 benchmark functions

This section will give the results of MRSA and compare the other algorithms on 23 benchmark
functions. The 23 benchmark functions are divided into 13 variable and ten fixed-dimension functions.
Where F1-F7 are unimodal functions and F8—F23 are multimodal functions. The specific information
is shown in Table 2. At the same time, to reflect MRS A’s ability to deal with high dimensional problems,
we tested F1-F13 in different dimensions, including 30, 200 and 500 dimensions.

The statistics of MRSA and compared algorithm running 30 times in 23 benchmark functions are
shown in Table 3. The bold data represents the best result. In the table, Best represents the optimal
fitness value, Mean represents the average fitness value and Std represents the standard deviation. In
unimodal functions F1-F7, except F6 and F7, MRSA can find the theoretical optimal value. In F6,
LMRAOA gain better sotions. In F7, although MRSA did not find the theoretical optimal value, the
result is still the best in all dimensions compared with other algorithms. MRSA is still superior to other
algorithms in multimodal functions F8—F13 with variable dimensions. In F12 and F13, LMRAOA is
superior to MRSA. However, the solution obtained by MRSA is still better than most of the comparison
algorithms. In the multi-dimensional functions with fixed dimensions, MRSA only has unsatisfactory
results in F18 and F20, but MRSA can still obtain the minimum Best. Only Mean and Std are not
minimum.

In addition to statistical data, the convergence curve is a meaningful way to evaluate the
performance of an algorithm. Figures 4—7 shows the convergence curve. MRSA has the fastest
convergence rate in unimodal functions F1-F5 and F7 with different dimensions. And thanks to the
multi-hunting coordination strategy, when solving F5 and F6, MRSA can converge continuously in the
middle of an iteration. In F6, only LMRAOA can convergence. In the multimodal function F8—F13 of
different dimensions, MRSA can constantly jump out of the local optimum and show excellent global
performance. Although MRSA’s convergence performance is poor in the early stage when solving
some functions in the multimodal functions with fixed dimensions, it can still continue to converge in
the later stage.
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Table 4 shows the Wilcoxon rank-sum test results of MRSA and other algorithms. p < 0.05
indicates that the results obtained by the two algorithms are significantly different. Otherwise, it can
be considered that the results are relatively similar. We have roughened the data with p > 0.05. It is
easy to see that, in F1-F4, FO—F11, most algorithms can find the optimal value, so there is no difference
between the results of MRSA and the comparison algorithm. In other functions, there is only a small
amount of p > 0.05. Through the comprehensive analysis of Tables 3 and 4, MRSA has a good effect
on 23 benchmark functions.

Further analysis sotuions in the 23 benchmark functions, MRSA has excellent performance
compared with other MAs and improved MAs. In unimodal functions, MRSA has a faster convergence
rate. For example, In F1-F5, although statistical data show that most algorithms can get the optimal
solution, but in the convergence curve, MRSA converges faster. In the multimodal function, benefiting
from the multi-hunting cooperation strategy, MRSA can continue to converge when it falls into the
local optimum in the medium term. In the convergence curves of F12 and F13, MRSA can continue to
converge in the medium term and beyond.

Table 2. Details of 23 benchmark functions.

Function Dim Boundary optimal value
F(x)=Y" x [~100, 100]

F(x)=>"" |x|+ 1 |x| [-10, 10]

F((x)= Z; (Z;1 x,) [~100, 100]

F,(x) =max{x,,1<i<n} [-100,100] 0

Fi(x) = 3" 1100(x;,, —x7) +(x, =1)"] (30, 30]

Fx)=Y" (x+5) [~100, 100]

F,(x)= z:':lix x! +random[0,1) [-1.28, 1.28]

Fx)=>" -x sin(y/] x; |) [-500,500]  —418.9829 x dim
Fy(x)=Y" [} —10cos(27x,)+10] [-5.12,5.12]

F,(x) = —20exp(-0.2 /%Z; X - exp(%z; cos(277x,)) + 20+ ¢) 30/100/500 [-32.32]

Fy(®) =" %2 ~T17, cos(L) +1
1

400 ~=17" Ji [~600, 600]
Fa@) =2 {10sinry, )+ 3 (3, = D[+ 108in* Gy, )1+ (0, = 1))
+>°" u(x,,10,100,4), where y, = 1+xl‘T+l, 0
k(x,—a)" x,>a
u(x,,a,k,m)=1<0 —a<x,<a [-50, 50]

k(=x,—a)" x;<-a
Fy(x) = 0.1(sin> B7rx, )+ D" (x; =1)*[1+sin’ B, +1)]

+(x, —1)’[1+sin*(27x,)]) + Z?Zlu(xl.,S,lOO, 4)

Continued on next page
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Function Dim Boundary optimal value
1 25 1
Fua(x)=(—+ Z g > )" ~
500 J ]j+Z,:, (xi _aij)6 2 [-65, 65] 1
2
1 x, (b} +b.x,)
F x) = a. — 1\7i i72
15 (%) Z,._l{ =Ny —— +xj 4 0.00030
Fo(x)=4x] —2.1x] +%x{5 +x,%, —4x3 +X) [-5, 5] 10316
51 , 5 2 1 2
F,(x)=(x,——x +—x,—6)" +10(1-——)cos x, +10 0.398
4z V4 8 ’
Fo(x) =[1+(x, +x, +1)>(19-14x, +3x} —14x, +6x,x, +33)]
X[30+(2x, —3x,)? x (18=32x, +12x2 +48x, —36x,x, +27:2)] 2.2 :
4 3
Fo(x)= —Z,.ZIC,- eXP(—ZjZ1 a;(x; = p;)?) 3 -1, 2] -3.86
4 6
Fy(x) == ¢ exp(=) o1 @ (3 -py)) 6 [0, 1] -3.32
5 —
Fy(x) ==Y [(X-a)X-a) +¢]" 10,1532
7 —
Fy(x)= —Zi:l (X —a)X-a) +c¢]" 4 [0, 10] ~10.4028
10 —
Fp(x)==) [(X=a)X-a) +¢]" 10,5363

Table 3. Statistics of MRSA and other algorithms in 23 benchmark functions.

Function Dim Statistics MRSA RSA ROA BES SCA AOA HOA SCSO LMRAOA
F1 30 Best 0.00x10"  0.00x10"  0.00x10"  0.00x10" 1.58x10%*  8.05x10"'* 7.90x10%° 5.70x10"* 2.93x10™"
Mean 0.00x10™  0.00x10™°  1.13x10°"*  9.96x107'% 1.58x10""  6.42x10%¢  9.56x10'* 2.79x10'"" 3.53x10™

Std 0.00x10"  0.00x10"  0.00x10"  0.00x10™ 2.61x10"" 3.52x10°°  5.17x10"*# 1.37x10"° 1.93x10%

200 Best 0.00x10"  0.00x10"  0.00x10"  0.00x10"" 6.37x10""  1.08x10""  7.35x10%% 3.97x10M" 1.16x10

Mean 0.00x107  0.00x10"  1.49x10°"  0.00x10™ 4.68x10"™  1.32x10"  7.10x10™° 4.90x10"° 4.46x10*

Std 0.00x10"  0.00x10"  0.00x10"  0.00x10™ 2.41x10"™ 1.71x10%* 3.89x10"* 2.56x10%°  1.70x10™

500 Best 0.00x10"  0.00x10"  0.00x10"  0.00x10™" 4.47x10"™ 5.60x10"" 3.86x107%* 6.39x10M!"  4.51x10%

Mean 0.00x10"  0.00x10"  3.01x10°™ 0.00x10™ 2.16x10""  6.39x10""  1.50x10"* 1.31x10%° 3.31x103*

Std 0.00x10"  0.00x10"  0.00x10"  0.00x10™ 9.75x10"™ 4.64x10°*  8.19x10"'* 5.33x10%°  1.00x10™

F2 30  Best 0.00x10"  0.00x10"  2.70x10'%  9.15x10%* 8.12x10™  0.00x10*" 8.44x10"* 2.26x10%  9.75x10%%
Mean 0.00x10"  0.00x10"° 1.24x10'%  2.53x10%3¢  1.33x10%*  0.00x10" 6.00x107¢  6.28x10%  3.78x10"*!

Std 0.00x10"  0.00x10"  0.00x10"  0.00x10™ 1.53x10*  0.00x10** 1.89x107° 3.31x10™%  2.07x104

200 Best 0.00x10™  0.00x10"°  1.81x10°* 555x102* 6.08x10"° 5.23x10°7  9.12x10'* 2.69x10%  8.89x10%°

Mean 0.00x10™  0.00x10"  3.00x10'"  2.01x10°* 3.18x10"" 2.02x10%°  1.03x10®  820x10™  1.31x103

Std 0.00x10"  0.00x10"  1.64x107'°  0.00x10™ 1.68x10™" 1.09x10"°  5.63x10%  3.19x10%*  2.34x10™

500 Best 0.00x10™  0.00x10™° 2.17x10°* 1.10x107* 3.43x10""  2.77x10™  6.11x10"%° 1.14x10%"  3.63x10™*

Mean 0.00x10™  0.00x10™  7.17x10'¢"  6.09x10°% 9.81x10""  1.03x10%  2.96x107"  8.15x10°"  2.86x10™"

Std 0.00x10"  0.00x10" 2.72x107'°  0.00x10" 3.20x10"" 1.31x10"  1.62x107° 3.33x10-49 6.51x10™"

F3 30  Best 0.00x10"  0.00x10"  1.50x10°% 0.00x10™" 6.88x10"2 1.03x10'*' 1.95x10%  3.16x10""* 6.94x10"%
Mean 0.00x10™  0.00x10"° 2.43x10%%  1.07x10%  9.99x10"®  6.06x10  8.23x10"" 1.12x10°7  1.08x10%°

Std 0.00x10"  0.00x10"  0.00x10" 5.84x10%  7.20x10""  1.04x10* 2.60x10" 6.05x10°7  4.22x10%°

200 Best 0.00x10"  0.00x10"  1.14x10°%  0.00x10™  7.65x10" 1.64x10"° 2.84x10%  6.68x10"% 3.25x10'¢!
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Function Dim Statistics MRSA RSA ROA BES SCA AOA HOA SCSO LMRAOA

Mean 0.00x10™  0.00x10"°  1.34x10%7 8.84x107'* 1.03x10" 4.13x10"°  6.27x10"®  5.74x10°°  5.34x10

Std 0.00x10°  0.00x10"  0.00x10" 4.84x10'%4 1.84x10" 2.34x10°° 1.42x10"* 1.97x10%  2.61x10™

500 Best 0.00x107  0.00x10"  3.38x10%*  0.00x10™ 4.71x10"  1.39x10"" 1.67x10M" 7.76x10°¢  1.57x107"%

Mean 0.00x10™  0.00x10" 1.95x10%? 1.61x10""  7.10x10" 9.97x10"® 8.48x10"™ 2.18x10™  1.12x107"°

Std 0.00x10"  0.00x10"  0.00x10"  6.95x10°®  1.24x10" 545x10"* 1.33x10"" 1.13x10™  7.25x10"%

F4 30  Best 0.00x10™  0.00x10"° 2.66x10°* 3.54x102% 1.11x10""  3.33x10%°  1.44x10°° 8.70x10%  8.89x10'¢
Mean 0.00x10™  0.00x10™° 2.64x10"* 1.02x10'% 3.64x10""  3.08x10% 5.42x10%* 9.61x10°"  3.00x10"?

Std 0.00x107  0.00x10"  1.45x107 0.00x10™ 1.18x10"" 1.82x10* 2.96x10°"  3.54x10°°  9.03x10™"2

200 Best 0.00x10™  0.00x10"°  1.13x10°* 4.71x107%¢ 9.33x10""  1.12x10°"  3.16x10'% 2.90x10°"  1.18x10™"*

Mean 0.00x10™  0.00x10™°  1.86x10"* 4.45x10'* 9.64x10""  1.33x10°" 2.70x10%  1.04x10*  2.73x10"%

Std 0.00x10"  0.00x10"  8.40x10°* 0.00x10™ 1.07x10"° 1.48x10"* 1.06x10%* 5.62x10*  5.41x10

500 Best 0.00x10™  0.00x10"°  1.13x10°* 2.59x1072° 9.82x10""  1.62x10°"  1.52x10'? 1.05x10%°  4.54x10"7

Mean 0.00x10™  0.00x10"°  9.84x10"* 1.21x10* 9.91x10"" 1.85x10°" 7.58x10°* 1.83x10*  3.34x10"

Std 0.00x10"  0.00x10"  3.93x10%7  0.00x10™ 2.27x10""  2.08x10* 3.35x10°"  7.23x10%  5.47x10

F5 30  Best 0.00x10™° 2.28x10%  2.66x10°" 1.44x10"" 8.85x10"? 2.80x10"" 2.89x10""" 2.72x10"" 2.17x10™
Mean 6.01x10°"  1.55x10""  2.72x10""  2.51x10™" 1.27x10% 2.85x10"" 2.90x10"" 2.82x10"" 1.67x10™

Std 1.25x10"°  1.47<10""  6.09x10°"  9.89x10" 5.09x10"° 3.34x10"" 528x10 8.01x10°"  1.02x10""

200 Best 0.00x10™  1.99x10"%  1.97x10"? 1.10x10" 3.43x10"%® 1.99x10"? 1.99x10"? 1.98x10"? 7.18x10™

Mean 1.26x10""  1.99x10%?  1.97x10"?  1.61x10"? 5.84x10"%® 1.99x10" 1.99x10°? 1.98x10"? 1.23x10"*"

Std 2.75x107"  0.00x10"°  1.70x10°"  7.57x10"" 2.05x10"% 5.24x10?  2.74x10"*  4.09x10""  9.33x10™

500 Best 0.00x10™  4.99x10"?  4.94x10"2  9.67x10"  1.39x10" 4.99x10"? 4.99x10"? 4.98x10"2 9.41x10™

Mean 4.46x10™  4.99x10"%  4.95x10"?  4.19x10"  1.90x10"° 4.99x10"? 4.99x10"? 4.98x10"2  3.78x10""*

Std 1.12x10""  0.00x10™  2.90x10""  1.77x107 547x10"%  1.23x10°"  2.38x10  1.64x10""  2.12x10"?

Fé 30 Best 0.00x10"  4.68x10"° 1.81x10%  4.80x10"°  4.83x10"° 2.42x10""  6.02x10"  1.03x10™  0.00x10*"
Mean 1.01x10%  7.24x10°°  9.90x10*  1.07x10" 1.81x10"" 3.22x10"° 6.72x10" 1.96x10"™  0.00x10""

Std 5.50x10%  6.04x10°"  8.75x10*  2.57x10"  3.14x10""  3.37x10°"  3.04x10""  5.00x10""  0.00x10"

200 Best 0.00x10"  5.00x107"  2.09x10°°  4.89x10  1.87x10"™ 4.10x10""  4.82x10™"  3.22x10™"  0.00x10*"

Mean 5.43x10%?  5.00x10""  5.18x10"°  1.41x10™" 5.22x10"* 4.20x10"" 4.89x10"" 3.61x10™"  0.00x10""

Std 1.73x10°"  0.00x10™  2.12x10"°  2.21x10""  2.61x10"*  8.18x10""  4.88x10°"  2.36x10™  0.00x10*"

500 Best 0.00x107  1.25x10"%  8.06x10°° 2.25x10%*  1.19x10"  1.15x10"? 1.23x10*  1.00x10"2  0.00x10*"

Mean 3.41x10°"  1.25x10"%  1.56x10""  3.12x10™"  2.06x10"°  1.16x10"% 1.24x10"2 1.05x10"?  4.14x10"!

Std 5.95x10°"  0.00x10™°  7.91x10"° 528x10"" 8.98x10"™ 1.26x10" 5.69x10""  4.18x10"° 1.58x10%

F7 30  Best 3.10x107  8.91x10%  4.40x10°  525x10™  8.75x10%  3.39x10%  1.54x107 1.24x10%  5.17x10%
Mean 5.82x10°%  1.27x10%  1.91x10%  5.13x10%  1.29x10°"  8.45x10%  6.74x10  1.46x10™  9.79x10"%

Std 4.72x10°%  1.09x10%  1.52x10%  4.13x10°  1.64x10°"  6.81x10% 3.94x10 1.72x10™  9.68x10""

200 Best 241x10%  6.53x10%  3.45x10%  2.81x10™  7.24x10"?  3.51x10% 2.71x10% 1.74x10%  1.76x10"%

Mean 6.82x10°%  1.39x10™  1.45x10%  6.29x10%  1.53x10"®  7.49x10  1.54x10°"  2.40x10" 2.49x10™

Std 6.40x10°%  1.26x10™  1.31x10% 3.51x10%  4.22x10"  6.49x10  1.08x10""  3.15x10™ 2.40x10™

500 Best 5.52x107  6.78x10%  9.84x10%  7.36x10™  7.65x10"®  1.39x10"  3.78x10"* 2.08x10"  1.61x10

Mean 5.62x10°%  1.69x10™  2.55x10%  6.82x10%  1.53x10"  8.39x10"  1.73x10°"  1.71x10%™  1.72x10™

Std 4.91x10%  1.78x10™  2.49x10% 3.24x10%  3.80x10"® 6.87x10"  1.33x10"" 2.39x10™ 1.36x10™

F8 30 Best -1.26x10" -5.65x10"%  -1.26x10"* -1.25x10"%* -4.57x10"" -6.22x10"% -5.04x10" -8.70x10" -1.08x10"*

Continued on next page
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Function Dim Statistics MRSA RSA ROA BES SCA AOA HOA SCSO LMRAOA

Mean  -1.26x10" -5.27x10"% -1.23x10"* -9.73x10"% -3.80x10"® -5.18x10"" -4.06x10"" -6.62x10"" -1.01x10"*

Std 3.36x102  5.22x10°2  4.58x10°2  1.71x10"®  3.49x10"2  4.40x10"2 553x10°2  8.50x107? 4.21x10"?

200 Best -8.38x10"%  -3.17x10°% -8.38x10°% -8.01x10"* -1.14x10"* -1.66x10"% -3.62x10°% -3.60x10°** -4.28x10°*
Mean  -8.38x10"™ -2.80x10"* -8.27x10"* -6.11x10"* -1.01x10"* -1.46x10"* -1.26x10"* -3.22x10"* -3.73x10"*

Std 8.55x10™2  2.17x10°®  2.09x10°®  1.13x10°%*  8.52x10°2 1.01x10"®  6.70x10°® 2.74x10°®  2.90x10°*

500 Best -2.09x10%%%  -7.63x10°%  -2.09x10°%  -2.09x10°%5 -1.77x10"* -2.59x10"% -1.39x10°% -6.63x10"* -6.09x10**
Mean  -2.09x10%% -6.45x10"% -2.07x10"% -1.59x10"% -1.54x10"* -2.25x10"* -3.50x10"* -6.05x10"* -5.06x10"*

Std 2.96x10™  5.96x10°®  7.32x10°®  2.72x10°% 9.38x10°2 1.56x10"® 2.95x10'% 3.43x10°® 5.63x10°*

F9 30  Best 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"®  1.26x10°®  0.00x10"  0.00x10" 0.00x10*"  0.00x10*"
Mean 0.00x10™  0.00x10"  0.00x10™ 1.74x10™" 4.61x10""  0.00x10"® 8.73x10°""  0.00x10**  0.00x10""

Std 0.00x10*  0.00x10*°  0.00x10*®  5.39x10°°"  2.72x10°°"  0.00x10"° 1.06x1072  0.00x10*"  0.00x10**

200 Best 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 1.82x10°  0.00x10"  0.00x10" 0.00x10*"  0.00x10*"
Mean  0.00x10*  0.00x10" 0.00x10™ 0.00x10™ 4.82x10"2  0.00x10* 0.00x10* 0.00x10**° 0.00x10**

Std 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 2.15x10°  0.00x10" 0.00x10" 0.00x10""  0.00x10*"

500 Best 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 4.84x10°  0.00x10" 0.00x10" 0.00x10"°  0.00x10**
Mean  0.00x10*  0.00x10"  0.00x10™ 0.00x10™ 1.37x10" 5.03x10°  0.00x10* 0.00x10**  0.00x10**

Std 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 5.31x10°2 5.28x10°  0.00x10" 0.00x10""  0.00x10*"

F10 30  Best 8.88x107'°  8.88x107"° 8.88x107* 8.88x10" 5.58x10"?  8.88x107¢ 8.88x107°  8.88x10'¢  4.44x10
Mean  8.88x107°  8.88x1076  8.88x10'¢ 8.88x107'¢ 1.46x10"" 8.88x107'° 5.51x107"° 8.88x10"°  4.44x10"S

Std 0.00x10*  0.00x10*°  0.00x10*® 0.00x10"® 8.68x10°®  0.00x10" 1.90x10"5  0.00x10""  0.00x10**

200 Best 8.88x10"°  8.88x10"¢ 8.88x107° 8.88x107°  7.65x10°° 3.02x10%  4.44x10"°  8.88x1076  4.44x10"°
Mean  8.88x107¢  8.88x107'¢ 8.88x107'¢ 9.52x102  1.88x10™" 4.92x10  5.98x10"'5  8.88x10™® 4.44x10'°

Std 0.00x10*  0.00x10"  0.00x10*° 521x10°"  4.28x10"® 7.67x10* 1.79x10"5  0.00x10™  0.00x10""°

500 Best 8.88x10"°  8.88x10"° 8.88x10"° 8.88x107° 1.08x10°*" 7.53x10%  8.88x10"° 8.88x1076  4.44x10"*
Mean  8.88x107¢  8.88x107'¢ 8.88x107'¢ 8.88x107'¢ 2.01x10" 8.07x10° 6.22x10"5  8.88x10™®  7.05x10°'*

Std 0.00x10*  0.00x10*  0.00x10"®  0.00x10"® 2.45x10°® 3.26x10% 2.03x10"°  0.00x10*° 1.60x10"'*

F11 30  Best 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 1.95x10%  1.50x10*2  0.00x10" 0.00x10*"  0.00x10*"
Mean  0.00x10*  0.00x10* 0.00x10™ 0.00x10™ 9.26x10°'  1.63x10°"  2.56x10°"  0.00x10**°  0.00x10**

Std 0.00x10™  0.00x10"  0.00x10™  0.00x10** 4.20x10°"  1.19x10°"  4.00x10"  0.00x10**  0.00x10""

200 Best 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 1.93x10°  1.98x10"  0.00x10" 0.00x10""  0.00x10*"
Mean  0.00x10*  0.00x10"  0.00x10™ 0.00x10™ 4.64x10"2 2.40x10"% 3.40x10  0.00x10*° 0.00x10**

Std 0.00x10™  0.00x10"  0.00x10™ 0.00x10** 1.78x10"% 3.82x10"? 1.86x10""  0.00x10**  0.00x10""

500 Best 0.00x10*  0.00x10*°  0.00x10*®  0.00x10"® 3.38x10°2  6.16x10°  0.00x10" 0.00x10""  0.00x10**
Mean  0.00x10*  0.00x10"  0.00x10™ 0.00x10™ 1.82x10"® 9.18x10"" 1.54x10%  0.00x10**°  0.00x10**°

Std 0.00x10™  0.00x10"  0.00x10™ 0.00x10** 7.28x10"? 2.51x10"® 8.44x10  0.00x10*" 0.00x10""

F12 30  Best 333x10"7  6.87x10°"  2.11x10%  1.88x10%7  1.13x10°®  4.32x10°"  8.29x10°"  4.60x10°2  1.57x10°%?
Mean 110107 1.58x107  1.05x10°  1.82x10°"  3.29x10"* 5.15x10°"  1.17x10°® 9.66x10%  1.57x10*

Std 4.40x10°7  2.56x10°"  524x10%  3.95x10°"  1.63x10"  4.86x10°  2.02x10°"  3.91x10%  557x10®

200 Best 2.36x10%F  1.25x10°°  1.15x10%  1.83x10%  9.59x10°® 9.87x10°"  1.14x10"® 4.57x10°"  2.36x10°%
Mean  6.39x10°°  1.25x10"°  3.36x10°2  2.48x10°  1.56x10" 1.01x10" [.18x10" 5.56x10°"  2.36x10™

Std 1.87x10°%%  4.52x10°'°  2.00x10°  4.99x10°"  527x10"%®  1.62x10"  4.12x10°  7.09x10%  6.96x10™

500 Best 9.42x10%  1.21x10°°  1.29x10%  8.11x10%  4.66x10°° 1.07x10"° 1.16x10"° 6.68x10°"  9.42x10"*

Continued on next page
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Function Dim Statisticc MRSA RSA ROA BES SCA AOA HOA SCSO LMRAOA
Mean 1.62x10%  1.21x10"°  4.20x10  2.03x10°"  5.90x10" 1.08x10"° 1.18x10" 7.87x10°"  3.08x10"%

Std 3.01x10%  4.52x10'¢  2.29x10?  4.56x10""  1.42x10"°  1.23x10?  1.70x10"*  5.70x10"*  6.70x10™%

F13 30 Best 6.16x1072  1.89x107°  6.03x10?  6.34x10™  3.67x10" 2.61x10"° 2.84x10"° 9.25x10""  1.35x10™2
Mean 4.07x103"  3.00<10°"  2.23x10""  1.23x10"°  7.89x10"*  2.79x10"° 3.08x10"° 2.38x10""  1.35x10"?

Std 2.06x10°"  9.15x10°"  1.23x10°"  1.46x10™ 2.11x10"  9.94x10% 2.30x10"" 4.88x10"" 5.57x10™*

200 Best 5.67x10°"  2.00x107"  1.28x10"°  2.39x10"  1.64x10"  2.00x10"" 2.00x10"" 1.96x10"" 1.35x102

Mean 1.05x103°  2.00x10""  3.07x10"®  6.75x10" 2.70x10" 2.00x10""" 2.00x10""" 1.98x10""  1.35x10"?

Std 1.20x103"  0.00x10™  1.58x10"®  9.40x10™ 7.19x10"%® 2.20x10%* 1.02x10°  1.04x10""  5.57x10*

500 Best 1.58x107°  5.00x107" 1.85x10" 1.62x10"  6.20x10"” 5.02x10""  5.00x10™"" 4.97x10""  1.35x10"?

Mean 2.05x10%°  5.00x10""  8.65x10"° 1.58x10™" 9.78x10" 5.02x10"" 5.00x10°"" 4.98x10™""  6.89x10"!

Std 9.47x10°2  0.00x10™  4.38x10"° 2.27x10"" 2.55x10" 4.39x10?  1.77x10%* 8.24x10"*  1.71x10%

F14 2 Best 9.98x10°"  1.03x10"° 9.98x10""  9.98x10""  9.98x10""  1.99x10°° 9.98x10""  9.98x10°"  9.98x10™!
Mean 9.98x10°"  4.24x10"° 3.93x10"°  2.98x10"  1.92x10"°  1.09x10"" 2.88x10"" 3.16x10"  6.50x10"®

Std 4.86x10"°  3.25x10"°  4.68x10"  1.60x10" 1.91x10" 3.21x10"° 2.34x10" 3.18x10"° 4.75x10"®

F15 4 Best 3.07x10%  9.09x10%  3.08x10™  3.27x10™ 597x10™  3.64x10%  1.02x10%  3.08x10™  3.07x10"*
Mean 4.25x10°%  3.19x10%  4.34x10%  9.48x10*  1.09x10  1.91x10%  7.93x10%  4.49x10™  3.57x10%

Std 1.27x10™  1.96x10  1.83x10*  9.80x10  3.89x10™  3.11x10*  8.13x10%  3.00x10"  1.04x10™

Fl16 2 Best -1.03x10"° -1.03x10"° -1.03x10"* -1.03x10"° -1.03x10"° -1.03x10" -1.03x10"° -1.03x10"° -1.03x10*°
Mean -1.03x10"° -1.03x10"° -1.03x10"* -9.27x10°" -1.03x10"° -1.03x10" -9.88x10°" -1.03x10" -1,03x10**

Std 2.00x10™  7.38x10™  4.09x10-08 2.62x10""  4.21x10%  1.24x107 4.39x10?  6.46x10-10 6.12x10°'¢

F17 2 Best 3.98x10"  3.98x10""  3.98x10"  3.98x10°" 3.98x10°%"  3.98x10°" 3.98x10" 3.98x10°""  3.98x10"!
Mean 3.98x10°"  4.24x10""  3.98x10""  6.01x10°"  4.00x10°"  3.98x10°"  3.99x10"" 3.98x10°""  3.98x10"!

Std 5.98x10M  2.87x10%  9.11x10%  3.41x10""  1.56x10  5.33x10-08 1.08x10"  1.66x10-08 0.00x10""

F18 5 Best 3.00x10%  3.00x10"° 3.00x10"  3.04x10"° 3.00x10" 3.00x10"° 3.02x10" 3.00x10"*  3.00x10""
Mean 3.90x10"°  1.06x10""  3.00x10"° 5.93x10" 3.00x10" 1.16x10"" 6.81x10" 3.00x10™ 1.02x10™

Std 4.93x107°  1.85x10""  3.93x10™  1.03x10"" 3.29x10**  1.98x10"" 1.55x10™" 1.63x10  1.21x10""

F19 3 Best -3.86x10" -3.86x10"° -3.86x10"" -3.86x10"° -3.86x10" -3.86x10"" -3.86x10"° -3.86x10"° -3.86x10"
Mean -3.86x10™ -3.76x10" -3.86x10"" -3.70x10"° -3.85x10"° -3.85x10"" -3.86x10"° -3.86x10"° -3.86x10"°

Std 8.74x10™"  8.82x10%  2.40x10%  2.57<10°"  8.46x10"  3.82x10%  6.12x10%  4.17x10%  2.55x10°'S

F20 6 Best -3.32x10"° -2.90x10"° -3.32x10" -3.13x10"° -3.11x10"° -3.14x10" -3.31x10"° -3.32x10"° -3,32x10"
Mean -3.21x107° -2.41x107%° -3.20x10"° -2.79x10"" -2.73x10" -3.04x10°° -3.22x10"" -3.09x10"" -3.29x10"

Std 6.40x10%?  5.76x10°"  2.09x10°"  3.84x10""  5.53x10°"  1.32x10°"  9.35x10*  4.04x10""  5.54x10™

F21 4 Best -1.02x10"" -5.06x10"° -1.02x10"" -1.01x10"" -5.76x10"° -7.41x10"" -1.01x10™" -1.02x10"" -1.02x10*"
Mean -1.02x10"" -5.02x10"° -1.01x10™" -6.43x10"° -2.74x10"° -3.85x10"" -9.55x10"" -5.40x10"° -1.02x10""

Std 2.74x10" 1.96x10°"  3.12x107  2.66x10"  1.86x10"°  1.09x10"° 9.82x10""  1.29x10"°  5.56x10°'

F22 4 Best -1.04x10"" -5.09x10"° -1.04x10™" -1.04x10"" -7.90x10"° -1.02x10"*" -1.03x10™" -1.04x10"" -1.04x10""
Mean -1.04x10"" -5.09x10"° -1.04x10"" -7.10x10%° -3.46x10"° -4.41x10"" -9.26x10™ -6.08x10" -1.04x10""

Std 2.14x10""  8.50x10%7  1.94x107  2.83x10"  2.07x10"  1.93x10"° 1.89x10"° 2.82x10"° 4.46x10'¢

F23 4 Best -1.05x10"" -5.13x10"° -1.05x10"" -1.05x10"" -8.73x10"° -7.88x10"" -1.05x10"" -1.05x10"" -1.05x10""
Mean -1.05x10"" -5.13x10"° -1.05x10™" -6.04x10"° -3.26x10"° -4.27x10"" -9.90x10"" -6.31x10"° -1,05x10""

Std 3.40x10" 1.65x10%  2.32x107  2.91x10" 1.87x10"°  1.60x10"° 5.74x10°"  2.73x10"°  3.28x10°'S
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Table 4. Results of wilcoxon rank-sum test in 23 benchmark functions.

Function ~ Dim  MRSA MRSA MRSA MRSA MRSA MRSA MRSA MRSA
Vs VS Vs 'S VS 'S VS VS

RSA ROA Bx10S SCA AOA HOA SCSO LMRAOA
F1 30 1.00x10* 1.00x10°°  1.00x10* 1.73x10°%  1.73x10% 1.73x107 1.73x10% 1.73x10%
200  1.00x10"" 2.50x10""! 1.00x10* 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
500  1.00x10"" 5.00x10™ 1.00x10* 17310 1.73x10% 1.73%10 1.73%10 1.73x10%
F2 30 1.00x10* 1.73x10% 1.73x107 1.73x10°  1.00x10""° 1.73x107 1.73x107 1.73x107
200 1.00x10™" 1.73x107 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
500 1.00x10™" 1.73x107° 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
F3 30 1.00x10* 2.56x107 5.00x10" 17310 1.73x10% 1.73x107 1.73x107 1.73x10%
200 1.00x10™" 1.73x107 1.25x10" 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
500 1.00x10™" 1.73x107° 3.13x10°? 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
F4 30 1.00x10* 1.73x107 1.73x10% 1.73x10%  1.73x10% 1.73%10 1.73x107 1.73x107
200 1.00x10™" 1.73x107° 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
500 1.00x10™" 1.73x107 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
F5 30 3.65x10 2.13x10% 9.32x10 1.73x10%  1.73x10% 1.73%109 1.73x10% 2.61x10%
200 4.18x10" 1.73%10 3.18x10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.89x10%
500  1.01x10° 1.73%10 3.52%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.97x10
F6 30 1.73%10 2.37x10% 1.13x10% 1.73x10%  1.73x10% 1.73%109 1.73x10% 3.79x10%
200 1.71x10 3.11x10% 2.41x10°% 1.73x10% 1.73x10% 1.73x10% 1.73x10% 2.56x10%
500 1.73x10° 2.13%10% 4.90x10% 1.73x10%°  1.73x10% 1.73%10 1.73%10 2.56x10%
F7 30 6.27x10 6.42x10% 1.73x107 1.73x10%  8.61x10™"! 1.73x107 2.30x10? 6.84x10%
200 3.11x10% 1.48x10% 1.73%10 1.73x10%°  8.22x10" 1.73%10 7.52x10™ 2.77x10%
500 1.25x10° 6.04x10 1.73%10 1.73x10%°  3.33x10* 1.73%10 1.16x10™" 1.74x10%
F8 30 1.73%109 1.73x10% 1.73%109 1.73x10%  1.73x10% 1.73%109 1.73x10% 1.73x10%
200 1.73x10° 1.73%10 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
500 1.73x10° 1.73%10 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
F9 30 1.00x10" 1.00x10*°  5,00x10"! 1.73x10°  1.00x10"" 1.95x10 1.00x10*°  1.00x10*"
200 1.00x10™° 1.00x10*°  1.00x10*" 1.73x10%°  1.00x10"®  1.00x10*" 1.00x10*°  1.00x10
500 1.00x10™" 1.00x10*®  1.00x10*" 1.73x10%°  4.38x10* 2.50x10™" 1.00x10*°  1.00x10
F10 30 1.00x10*® 1.00x10%" 1.00x10%% 1.73x10% 1.00x10* 9.03x10"7 1.00x10*% 4.32x10%
200  1.00x10"" 1.00x10*°  1.00x10*" 17310 1.73x10% 8.12x10"7 1.00x10"°  4.32x10%
500  1.00x10"" 1.00x10*®  1.00x10*" 17310 1.73x10% 8.21x10"7 1.00x10"®  6.25x10"7
F11 30 1.00x10" 1.00x10*®  1.00x10*" 17310 1.73x10% 6.25x10? 1.00x10*°  1.00x10*"
200 1.00x10™" 1.00x10*°  1.00x10*" 1.73x10%°  1.73x10% 5.00x10™" 1.00x10*°  1.00x10
500 1.00x10"° 1.00x10*" 1.00x10™" 1.73x10% 1.73x10% 1.00x10% 1.00x10* 1.00x10*"
F12 30 1.73%109 1.73x10% 1.73%109 1.73x10%  1.73x10% 1.73%109 1.73x10% 1.73x10%
200 1.73x10° 1.73%10 1.92x10 1.73x10%°  1.73x10% 1.73%10 1.73%10 5.61x10%
500 1.73x10° 1.73%10 4.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
F13 30 1.70x10 1.73x10% 1.70x10 1.73x10%  1.73x10% 1.73%109 1.73x10% 1.72x10%
200 4.32x10° 1.73%10 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 1.73x10%
500  4.32x10° 1.73%10 1.73%10 1.73x10%°  1.73x10% 1.73%10 1.73%10 3.59x10%
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Function Dim MRSA MRSA MRSA MRSA MRSA MRSA MRSA MRSA
VS VS VS VS VS VS VS VS
RSA ROA Bx10S SCA AOA HOA SCSO LMRAOA
F14 2 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.31x10%
F15 4 1.73x10% 1.59x10" 2.88x10% 1.73x10% 1.92x10% 1.73x10°% 1.17x10% 6.42x10
F16 2 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.58x10°%
F17 2 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.72x10°%
F18 5 2.84x10°% 3.11x10% 3.11x10% 3.11x10% 2.37x10% 2.60x10% 3.11x10% 2.03x10*
F19 3 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°%
F20 6 1.73x10% 5.19x10" 2.60x10% 1.73x10% 1.24x10% 1.40x10* 8.29x10™"! 1.73x10°%
F21 4 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°%
F22 4 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°%
F23 4 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°% 1.73x10°% 1.73x10% 1.73x10°%
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Figure 4. MRSA and other algorithms’ convergence performance of in functions F1-F13 (dim = 30).
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Figure 5. MRSA and other algorithms’ convergence performance in functions F1-F13 (dim = 200).
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Figure 6. MRSA and other algorithms’ convergence performance in functions F1-F13 (dim = 500).
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Figure 7. MRSA and other algorithms’ convergence performance in functions F14-F23.
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4.2. Experimental results on CEC2020 functions

Table 5. Statistics of MRSA and other algorithms in CEC2020 functions.

Function Statistics MRSA RSA ROA BES SCA AOA HOA SCSO
Best 1.00x10%2 5.99x10"% 1.82x10" 9.82x10"% 3.81x10"% 3.75%x10"% 1.41x10"% 6.40x10"
CEC1 Mean 2.23x10"% 1.14x10"° 1.38x10"% 4.65x10" 1.03x10*% 9.57x10"% 3.45x10"% 7.53x10""7
Std 2.08x10"" 3.90x10" 1.67x10%% 3.98x10%% 3.72x107% 3.75%x107% 1.63x10"% 1.92x10"%
Best 1.34x10"" 2.56x10"% 1.75x10%% 2.30x10" 2.34x1070 1.90x107% 2.40x10"% 1.49x10"%
CEC2 Mean 1.91x10"% 2.87x10"% 2.20x1070 2.64x1070 2.60x1070 2.30x1070 2.84x100 2.06x107%
Std 1.45x10* 1.80x10" 3.10x10%? 2.76x10" 2.51x1072 2.66x107? 2.37x10"? 3.27x10"?
Best 7.17x10" 8.01x10"" 7.70x10* 7.76x10"? 7.73x10%2 7.88x10"* 7.68x10" 7.43x10"?
CEC3 Mean 7.70x10" 8.15x10"” 7.96x10*” 8.13x10"” 7.87x10%2 8.05x10"* 7.83x10"2 7.76x10"
Std 2.03x10%! 1.30x10""! 2.30x10"" 2.48x10"" 1.52x10" 1.91x10"" 1.55x10°" 2.56x10""
Best 1.90x10"% 1.90x10" 1.90x10* 1.90x10* 1.90x10*" 1.90x10*" 1.90x10"" 1.90x10"
CEC4 Mean 1.90x10* 1.90x10"" 1.90x10*" 1.90x10%% 1.90x10*% 1.90x10*" 1.90x10* 1.90x10""
Std 0.00x10" 0.00x10"" 0.00x10*" 3.98x10! 1.07x10 0.00x10"" 2.21x107° 0.00x10""
Best 1.80x10* 3.76x10"% 4.34x1070 5.97x10%% 1.70x107% 2.24x107 1.86x107% 3.67x10"%
CEC5 Mean 1.17x107% 5.24x10%% 1.70x10%% 3.01x10%% 1.13x107% 5.39x107% 4.91x10 8.62x10""
Std 7.97x10"" 1.55x10"%* 2.45x10" 9.72x10%% 2.01x10%% 4.93x10"% 2.82x10"% 2.09x10"%
Best 1.60x10"% 2.06x10"% 1.75x10"% 1.80x10" 1.77x10%% 1.90x10* 1.92x10"% 1.72x10%%
CEC6 Mean 1.83x10%% 2.34x10"% 1.88x10"% 2.00x10" 1.86x10"% 2.19x10%% 2.18x10"% 1.84x10"
Std 1.23x10"* 2.58x10"” 1.39x10"2 1.36x10"2 1.02x10*2 2.48x10"? 1.46x10"* 1.27x10"*
Best 2.12x10%% 2.99x10%0 3.35%10"% 4.81x10" 7.27x107% 5.57x107% 7.27x107% 3.10x10"%
CEC7 Mean 7.88x10"" 1.92x10%0 1.62x10%% 3.70x10%% 2.12x107% 1.54x10%% 1.87x10*% 1.45%107%
Std 8.17x10" 3.27x107% 3.45%107% 7.20x10%% 1.99x107% 2.72x107% 1.95x107% 3.59x10"%
Best 2.21x10%% 2.87x10"% 2.32x1070 2.49x1070 2.36x1070 2.74x1070 2.30x10% 2.30x10"%
CEC8 Mean 2.31x10"% 3.33x10"% 2.47x10"% 2.82x10"% 2.47x10°® 3.18x10"% 2.38x10"% 2.36x10"
Std 1.24x10*" 4.28x10"? 2.18x10"? 4.38x10"? 3.16x10"2 3.67x10"2 1.53x10"* 1.80x10"*
Best 2.42x10"% 2.83x10"% 2.75x10"% 2.77x10"% 2.78%10"% 2.78x10"% 2.60x10"% 2.74x10"%
CEC9 Mean 2.66x10" 2.90x10"% 2.76x10"% 2.79x10"% 2.80x10"% 2.89x10"% 2.79x10"% 2.77x10"%
Std 1.46x10"* 8.32x10™ 7.55%10™! 5.52x10™! 9.77x10*" 9.35%10™! 1.14x10"? 5.43x10™
Best 2.60x10"" 3.25x10"% 2.95x10%0 3.00x10%% 2.96x1070 3.17x107% 2.94x10"% 2.92x10"%
CEC10 Mean 2.93x10%% 3.47x10"% 3.07x10%% 3.25%10%% 2.98x1070 3.48x107% 2.97x1070 2.96x107%
Std 2.25x10""" 2.29x10"? 1.59%10%% 2.66x107 3.88x10™! 2.91x107? 3.23x107! 4.32x107
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Figure 9. MRSA and other algorithms’ convergence performance in CEC2020 functions.
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To further verify MRSA’s performance, this section gives the statistical results of MRSA running
30 times in CEC2020 functions. Table 5 gives the specific results. CEC1 is a unimodal function,
CEC2-4 are essential functions, CEC5-7 are hybrid functions, and CEC8-10 are composition
functions. The dimension is 10. It is not difficult to see that MRSA is very effective in most
measurement functions. Especially in CEC1, MRSA’s effect is better than the compared algorithm.
Only in CECS the effect of MRSA is not very ideal. In order to show the statistical results’ distribution
of MRSA and compared algorithm, Figure 8 shows the box chart of statistical data. In Figure 8, the
lines above and below the box represent the data set’s maximum and minimum. The box’s upper and
lower sides represent the upper and lower quadrant, respectively. The lines in the middle of the box
represent the median value, and ‘+’ represent abnormal values. It can be seen that MRSA’s fluctuation
amplitude in most functions is small. The fluctuation range in CEC9 is extensive, and the reason is
that MRSA can frequently jump out of the local optimum.

Figure 9 shows MRSA’s convergence performance in the CEC2020 function. From the
convergence curve of CECI, 2, 5, 6, 7, 8, 9 and 10, it is not difficult to see that although MRSA’s
convergence ability is insufficient in the early stage, it can jump out of the local optimum in the middle
and late stages.

Table 6 shows the wilcoxon rank-sum test results of MRS A and compared algorithms in CEC2020
functions. In CEC4, several algorithms’ p-value is 1. As can be seen from Table 5, most algorithms
can find the optimal value stably, so the difference is slight. In other functions, the data set obtained
by MRSA is almost significantly different from that obtained by other algorithms. Combining Table 5
and Table 6, it is not difficult to see that MRSA can solve complex functions.

In CEC2020 funtions, from in-depth analysis of statistical results, the statistics obtained by MRSA
are significantly better than other comparison algorithms. It can be seen from the convergence curve
that MRSA can continue to converge in the middle and later stages thanks to the multi-hunting
cooperation strategy after it stagnates in the early stage.

Table 6. Results of wilcoxon rank-sum test in CEC2020 functions.

Function MRSA MRSA MRSA MRSA MRSA MRSA MRSA

'S VS VS 'S 'S VS VS

RSA ROA BES SCA AOA HOA SCSO
CECI1 1.73%10% 1.73x10% 1.73x10% 1.73%109 1.73%109 1.73x10% 1.73x10%
CEC2 1.73%10% 4.90x10% 1.73x10% 1.73%109 1.48x10% 1.73x10% 1.73x10%
CEC3 4.73%107 1.99x10™" 1.20x10°% 8.94x10" 1.59%10°% 3.29x10™" 6.34x10%
CEC4 1.00x10* 1.00x10*" 1.00x10% 5.96x10°% 1.00x10% 6.10x10% 1.00x10*"
CEC5 2.13%10% 8.73x10% 1.04x10% 4.07x10% 1.60x10% 8.19x10% 2.13%10%
CEC6 1.80%10 3.87x10? 1.20x10™" 3.87x10? 1.71x10% 1.15x10% 1.02x107%
CEC7 1.49%10 3.68x10? 8.19x10% 1.96x10 5.79%10% 4.68x10% 2.60%10
CECS8 1.73%10% 1.89x10% 1.73x10% 2.37x10 1.73%109 4.07x10% 1.73x10%
CEC9 1.80%10 230x1092  2.70x10 1.29%10 6.89%10 4.39x10% 2.84x10
CEC10 1.73%10% 1.48x10% 1.73x10% 4.45%10 1.73%109 4.11x10% 1.73x10%
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4.3. Ablation experiments

Table 7. Results of ablation experiments.

Function Statistics MRSA MutiRSA RSALOBL RSARS LMRAOA RSA
Best 1.00x10*" 1.01x1072 4.20x107° 7.87%10°% 2.24x107? 5.99x10"
CECI1 Mean 2.23x10%" 5.44x107 1.34x10%1° 1.61x10*10 3.79x10%% 1.14x101°
Std 2.08x10%" 2.98x107% 3.96x10% 3.71x10" 3.46x10"% 3.90x10%%
Best 1.34x10* 1.51x10" 2.34x107% 2.47x10°% 1.45x10°% 2.56x107
CEC2 Mean 1.91x10"% 2.31x10"% 2.81x10%% 2.80x10%% 1.72x10%% 2.87x10%0
Std 1.45%10%% 4.53x10"% 2.09%10%%2 6.80x10*"" 2.83x10" 1.80x10%2
Best 7.17x10"2 7.28x107% 7.97x107 7.93x 1072 7.49%1072 8.01x107
CEC3 Mean 7.70x10%" 7.82x107% 8.15%107 8.17x10™ 7.80% 1072 8.15%107
Std 2.03x10™ 2.52x10%! 8.57x10*" 1.11x10% 1.75%10% 1.30x10*"
Best 1.90x10*% 1.90x10*% 1.90x10* 1.90x10* 1.90x10* 1.90x10*
CEC4 Mean 1.90x10* 1.90x10%" 1.90x10* 1.90x10*% 1.90x10* 1.90x10*
Std 0.00x10*° 0.00x10**° 0.00x10*° 0.00x10"°° 0.00x10™" 0.00x10*%°
Best 1.80x10"% 3.78x10%% 2.04x10%% 3.55x10"% 2.03x10"% 3.76x10"%
CEC5 Mean 1.17x107% 1.96x10%% 4.80x10%% 5.24x10%% 4.25x10" 5.24x10%%
Std 7.97x10%0% 1.39x1015 1.03x10"% 6.45x10"% 4.58x10%% 1.55x10"%
Best 1.60x10* 1.60x10%3 2.02x1070 1.85x10" 1.60x10"% 2.06x10%%
CEC6 Mean 1.83x10*% 1.95x10% 2.33x1070 2.26x1070 1.88x107% 2.34x107
Std 1.23x10% 2.11x1072 2.19%107 2.17x107? 1.44x107 2.58%107?
Best 2.12x10%" 2.12x10% 3.19x10%* 1.67x10°% 2.12x10°% 2.99x10%*
CEC7 Mean 7.88x10"% 5.75%x10"% 2.66x107 1.94x10%0 2.45x10"" 1.92x107%
Std 8.17x10%% 2.87x10%% 2.67x10%% 1.84x10%% 3.86x10"? 3.27x10%%
Best 2.21x10%% 2.23x10%% 2.83x10% 2.75x10"% 2.30x10"% 2.87x10%%
CECS8 Mean 2.31x10% 2.39%10%% 3.19x107% 3.20x10%% 2.30x10%" 3.33x107%
Std 1.24x10"! 2.68x107% 2.34x10"% 2.86x1072 1.04x10° 4.28x10""
Best 2.42x10%% 2.50x10" 2.73x1070 2.82x1070 2.50x1070 2.83x107
CEC9 Mean 2.66x10% 2.76x10 2.87x107 2.94x107 2.73x107 2.90x107
Std 1.46x107 1.09%107%2 5.54x10™" 6.07x10%! 9.95x10! 8.32x10""!
Best 2.60x10"" 2.90x10% 3.22x10% 3.27x10%% 2.90x10°% 3.25x10%
CEC10 Mean 2.93x10"% 2.97x10" 3.45x107% 3.51x10%% 2.91x10%" 3.47x10%%
Std 2.25x10*" 1.28x10*? 1.89x1072 2.08x102 8.68x107! 2.29x10"

This paper adopts three strategies to improve RSA. To reflect the impact of a single strategy on
RSA, this paper uses the CEC2020 test functions to test. This section compares MRSA with MutiRSA,
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RSALOBL and RSALOBL. MutiRSA only adds the multi-hunting coordination strategy, RSALOBL
only adds the LOBL strategy, and RSARS only adds the restart strategy. In addition, this section also
introduces the variant of AOA (LMRAOA) for comparison, further reflecting MRSA’s performance in
solving CEC2020 test functions. The results of ablation experiment are shown in Table 7. It is not
difficult to see that the three strategies have improved the RSA’s performance. Moreover, the results
of MRSA also have some advantages over the variant of AOA (LMRAOA).

5. Solutions to constrained engineering design problems

The main goal of improving existing MAs is to solve practical problems. To verify the engineering
applicability of MRSA, six classical engineering problems are selected in this section. The problems
are welding beam design, pressure vessel design, tension/compression spring design, speed reducer
design, corrugated bulkhead design and multiple disc clutch brake design.

5.1. The welded beam design problem

The problem with the welded beam is finding the minimum weight to reduce the cost. It includes
four variables: the length of the beam (x1), the height of the beam (x2), the thickness of the beam (x3)
and the thickness of the weld (x4). At the same time, the shear stress, bending stress, beam bending
load, end deviation, etc., also need to meet the constraints. The model of the welded beam design
problem is shown in Figure 10.

Figure 10. Model of welded beams design.

The mathematical model of welded beam design is as follows:
Construct objective function:

£(x)=1.10471x x, +0.0481 1x,x,(14.0 + x,) (22)

Constraint condition:
€(3)=7(3) =7y <0 (23)
2, (X¥)=0(X)—0, <0 (24)
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max (25)
g, (¥)=x-x,<0 (26)
g (¥)=P-P(¥)<0 27)
26(%)=0.125-x,<0 (28)
g, (¥)=1.10471x7 +0.04811x,x, (14.0+x,) - 0.5 <0 (29)
Parameter solving:
r(X)= \/(r')z +21'r";—;+(r"),r' = \/21:?,1" =$ (30)
M=P£L+x—2),R: x—2+(—xl+x3] o(3) =% D
2 4 2 X, %5

J = Z{M[%Z'q—[_xl —;)%j :l}’é‘(f) _ 6P (32)

4.013Ex32xf
00 (| [ [, [E
EE)=—p ’(1 2L 4G}[1 2L 4G] 33)

P =60000b,L =14 in,s,, =025 in, E =30x10° psi (34)
Tom = 13600 psi,and o, =30000 psi (35)

Boundary constraint:
0.1<x,<2,i=1,4;,0.1<x,<10,i=2.3 (36)

Table 8 shows the experimental results of MRSA in solving the welded beams design problem.
When x1 = 0.205739392, x2 = 3.252967354, x3=9.036552395, x4 = 0.205732954, MRSA obtained the
best result (1.695257579). The solution obtained by other algorithms is obviously inferior to those
obtained by MRSA.
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Table 8. Different algorithms’ optimal solutions for the welded beam design problem.

Algorithm Optimal values for variables Optimum weight
X1 X2 X3 X4

MRSA 0.205739392 3.252967354 9.036552395 0.205732954 1.695257579

ROA [44] 0.200077 3.365754 9.011182 0.206893 1.706447

GWO [8] 0.205676 3.478377 9.03681 0.205778 1.72624

WOA [49] 0.205396 3.484293 9.037426 0.206276 1.730499

RO [50] 0.203687 3.528467 9.004233 0.207241 1.735344

MPA [51] 0.205728 3.470509 9.036624 0.20573 1.724853

MVO [52] 0.205463 3.473193 9.044502 0.205695 1.72645

AOA [17] 0.194475 2.57092 10 0.201827 1.7164

HHO [53] 0.204039 3.531061 9.027463 0.206147 1.73199057

IHS [54] 0.20573 3.47049 9.03662 0.2057 1.7248

RSA [34] 0.203687 3.528467 9.004233 0.207241 1.735344

5.2. The pressure vessel design problem

The pressure vessel design is to meet the production demand and reduce the cost. The problem
includes four variables: shell thickness (75), head thickness (7%), inner radius (R) and vessel length (L).
Ts and T are integral multiples of 0.625. R and L are continuous variables. The model of the pressure
vessel design problem is shown in Figure 11.

Figure 11. Model of pressure vessel design.

The mathematical model of the pressure vessel design problem is as follows:
We consider:

X=[x x, %, x,|=[T, T, R L] (37)
Construct objective function:

£ (%) =0.6224x,x,x, +1.7781x,x; +3.1661x; x, +19.84x] x, (38)
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Constraint condition:

g,(x) =—x,+0.0193x, <0
2,(x) = —x; +0.00954x, <0
- 2 2 4
g (x) =—7mxix, +§7sz +1296000 <0

g,(x)=—x,-240<0

Boundaries constraint:

0<x,<99,0<x,<99,10<x, <200
10 < x, <200

(39)

(40)

(41)

(42)

(42)

Table 9 gives the results of MRSA and other algorithms in pressure vessel design. When 75 is
0.758460965, Tris 0.377162354, R is 41.10831839 and L is 189.3046068, MRSA obtained the lowest

cost.

Table 9. Comparison of optimal solutions for the welded beam design problem.

Algorithm Optimal values for variables Optimum cost
T T R L

MRSA 0.758460965 0.377162354 41.10831839 189.3046068 5765.42006
SHO [55] 0.77821 0.384889 40.31504 200 5885.5773
MPA [51] 0.77816876 0.38464966 40.31962084 199.9999935 5885.3353
SMA [56] 0.7931 0.3932 40.6711 196.2178 5994.1857
HPSO [57] 0.8125 0.4375 42.0984 176.6366 6059.7143
GWO [8] 0.8125 0.4345 42.089181 176.758731 6051.5639
DE [58] 0.8125 0.4375 42.098411 176.63769 6059.7340
COOT [59] 0.77817 0.384651 40.319618 200 5885.3487
AEO [60] 0.8374205 0.413937 43.389597 161.268592 5994.5070
CsS [61] 0.8125 0.4375 42.103624 176.572656 6059.0888

5.3. The tension/compression spring design problem

The tension/compression spring design is to obtain the minimum weight of the spring under four
constraints. The problem has three variables: the average diameter of the spring coil (D), the diameter
of the spring wire (d) and the adequate number of the spring coils (N). The specific model of the

pressure spring problem is shown in Figure 12.
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Figure 12. Model of tension/compression spring design.

The mathematical model of the tension/compression spring problem is as follows:
We consider:

x=[xx,x, |<[d DN] (43)
Objective function:
F(x)=(x; +2)xx, xx; (44)
Subject to:
gl(x)=1—%so (45)
&)= 4?5226_6):):4)62 i 51081>< )cl2 1=0 (46)
g3(x)=1—Mg‘+):xlS0 (47)
g (=22 _1<0 (48)
Boundaries:

0.05<x, <2.0;025<x, <1.3;

49
20<x, <150 “49)

Table 10 shows the results of MRSA and other algorithms for the tension/compression spring
design. It can be seen that MRSA has a great effect on the tension/compression spring design. MRSA
obtained the optimal solution of 0.009913786, which is obviously superior to the basic RSA.
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Table 10. Comparison of optimal solutions for the tension/compression spring design problem.

Algorithm Optimal values for variables Optimum Value
D d n

MRSA 0.05 0.373434558 8.619033937 0.009913786

RSA [34] 0.057814 0.58478 4.0167 0.01176

MVO [52] 0.05251 0.37602 10.33513 0.01279

WOA [49] 0.051207 0.345215 12.004032 0.0126763

CSCA [52] 0.051609 0.354714 11.410831 0.0126702

AOA [17] 0.05 0.349809 11.8637 0.012124

RO [50] 0.05137 0.349096 11.76279 0.0126788

PFA [63] 0.051726 0.357629 11.235724 0.012665

5.4. The speed reducer design problem

The model of the speed reducer design problem is shown in Figure 13. This problem ensures that
the speed reducer can meet the constraint conditions and achieve the minimum mass. There are seven
design variables in this problem. We set the width of the tooth surface (x1), gear module (x2), the
number of teeth on the pinion (x3), length of the first shaft between bearings (x4), length of the second
shaft between bearings (xs), the diameter of the first shaft (x¢) and diameter of the second shaft (x7).

X7
T T 1
[ [ 1 54— !
s X2 X1 X3 X4
| T T T i
X6

Figure 13. Model of speed reducer design.

The mathematical model and constraints of the speed reducer problem are as follows:
Objective function:

F(F)=07854xx, xx,> x(3.3333% x> +14.9334x x, —43.0934) —1.508 x x, x

50
(x +x,7)+ 74777 x x> +x,° +0.7854x x, x x,” +x; X X, (50)
Subject to:
- 27
&) =——7—-1<0 (52)
XXX, XX,
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()= > 2—1<O
X, XX, XXy
_. 1.93xx,
& (X)) = 7—1<0
Xy X X3 X X,
- 1.93x x>
8,(X) = 7—1<0
X, XXy X X,

| 745
g, (%) = XJ( “X )2 116.9x10° ~1<0

3
110x x, Xy X Xy

4
(D) = |2 1695100 —1<0
85xx;, Xy XXy

XXXy

g, (¥)= 1<0

SLENR PR

gs(¥) =

1

() =—"1—-1<0

12xx,
1.5 1.9
g () =—2F% 7 1 <g 61)
Xy
. LIxx,+1.9
g (X)=—"T——-1<0
Xs

Boundaries:

26<x <3.607<x,<0817<x, <28,73<x, <83,73<x, <83,

29<x,<39,5<x,<55

(53)

(54)

(55)

(56)

(57)

(58)

(39)

(60)

(62)

(63)

It is not difficult to see that MRSA has a good effect on speed reducer design. Table 11 shows
MRSA’s solution in speed reducer design. The solution obtained by MRSA is X' = [3.476415091, 0.7,
17,7.3,7.8, 3.348630145, 5.276783057], which is obviously superior to RSA’s and other comparison

algorithms.
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Table 11. Comparison of optimal solutions for the tension/compression spring design problem.

Algorithm Optimal values for variables Optimal

X1 X2 X3 X4 X5 X6 X7 weight
MRSA 3.476415091 0.7 17 7.3 7.8 3.348630145  5.276783057  2988.271359
RSA [34] 3.50279 0.7 17 7.30812 7.74715 3.35067 5.28675 2996.5157
hHHO-SCA [64] 3.506119 0.7 17 7.3 7.99141 3.452569 5.286749 3029.873076
MROA [65] 3.497571 0.7 17 7.3 7.8 3.350057265  5.28553957 2995.437447
AAO [66] 3.499 0.6999 17 7.3 7.8 3.3502 5.2872 2996.783
APSO [67] 3.501313 0.7 18 8.127814 8.042121 3.352446 5.287076 3187.630486
MFO [68] 3.497455 0.7 17 7.82775 7.712457 3.351787 5.286352 2998.94083
WSA [69] 35 0.7 17 7.3 7.8 3.350215 5.286683 2996.348225
CS [70] 3.5015 0.7 17 7.605 7.8181 3.352 5.2875 3000.981
PDO [71] 3.497777468 0.7 17.00002761  7.300100314  7.800675175  3.351095015  5.296455378  2993.7
DMOA [72] 3.497599093 0.7 17 7.3 7.713534977  3.350055806  5.285631197  3010.4

5.5. The corrugated bulkhead design problem

The corrugated bulkhead design is a problem of minimizing the corrugated bulkhead’s mass. It
includes four design variables: width (x1), depth (x2), length (x3) and plate thickness (x4). The model
of this problem is shown in Figure 14.

Span

-

Width -

07

U

N

Figure 14. Model of the corrugated bulkhead design problem.

Its mathematical model and constraints are as follows:
Objective function:

fx) = 5-885x,(x; +x,) (64)

2 2
x4/l x5 x5 |

Constraints:
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€/(X) = —x,x,(0.4x,+ x—g) +8.94(x+ 1 x2 —x2) <0 (65)
€,(X) = —x,22(0.2x,+ f—;) +2.2(8.94(x, ++| 2= x)** <0 (66)
g4(X)=-x, +0.0156x, +0.15<0 (67)

2.(X) = —x, +0.0156x,40.15 <0 68)
g(X)=-x,+1.05<0 (69)

gy(X) = —x, + 1,50 (70)

Boundaries constraints:
0<x,x,,x,<100, 0 < x,<5 (71)

Table 12 shows that when X =[57.69230749, 34.14762033, 57.69230747, 1.05], MRSA obtained
the optimal solution (6.842958018).

Table 12. Comparison of optimal solutions for the corrugated bulkhead design problem.

Algorithm Optimal values for variables Optimal cost
X1 X2 X3 X4

MRSA 57.69230749 34.14762033 57.69230747 1.05 6.842958018

PDO [71] 4831191 54.78270401 61.92983 0.424913 6.9821

FA [73] 37.1179498 33.035021 37.1939476 0.7306255 7.21

LF-FA [73] 57.69231 34.14762 57.69231 1.05 6.95

LS-LF-FA [73] 57.69277 34.13296 57.55294 1.05007 6.86

AOA [72] 57.69277 34.13296 57.55294 1.05007 481.97

BBO [74] 57.69231 34.14762 57.69231 1.05 2.79 x 10"

5.6. The multiple disc clutch brake design problem
The multiple disc clutch brake design is a problem in finding the minimum mass and meeting

some constraints. It has five variables: the inner radius (x1), the outer radius (x2), the disc thickness (x3),
the driving force (x4) and the number of skin friction (xs). The specific model is shown in Figure 15.
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rO

Lopp

Figure 15. Model of multiple disc clutch brake design.

The mathematical model of multiple disc clutch brake design is as follows:

Objective function:
X=[xxxxx]=[rr tFZ]

Objective function:

f(x)=11(r] =17 )e(Z+1) p (p=0.0000078)

Subject to:

g (x) =1, —(Z+1)(t+5)=0

~ “max

g4 (x) = Rnaxvxr max _P % 2 0

rzsr

Variable range:
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(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)
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60 < x, 80,90 < x, <110,1 < x; <3,600 < x, <1000,2 < x, <9 (82)
Parameters:
32
M, =2urz "% p - L (83)
3 ro-r II(roz—riz)
211(r; -1} L1ln
Urz = ’T: .
90(r2 17 30(M, +M,) (84)
Ar =20mm, I, = 55kgmm’,P,, =1MPa,F, =1000N (85)
Toux =155,14=0.5,5 =1.5,M  =40Nm,M , = 3Nm (86)
n=250rpm,v,, . =10m/s,l . =30mm (87)

Table 13 shows the solutions of MRSA and other algorithms on the multiple disc clutch brake
design. MRSA obtained the minimum mass of 0.235242553 when X = [69.99999072, 90, 1,
635.6851083, 2].

Table 13. Comparison of optimal solutions for the corrugated bulkhead design problem.

Algorithm Optimal values for variables Optimum

X1 X2 X3 X4 Xs weight
MRSA 69.99999072 90 1 635.6851083 2 0.235242553
TLBO [38] 70 90 1 810 3 0.313656611
WCA [75] 70 90 1 910 3 0.313656
HHO [53] 70 90 1 1000 2.3128 0.259768993
CMVO [76] 70 90 1 910 3 0.313656
QSMFO [77] 80 101.3002 3 600 9 0.2902
RSA [34] 70.0347 90.0349 1 801.7285 2.974 031176

6. Conclusions

This paper proposed a multi-hunting coordination strategy by combining Lagrange interpolation
with TLBO’s student stage. Replace the original hunting coordination stage with the proposed multi-
hunting coordination strategy. It both enhanced the algorithm’s exploration and exploitation. At the
same time, the LOBL strategy and restart strategy are added to improve the global performance of the
algorithm. Through solving the test functions of different dimensions, the statistical data shows that
MRSA has great advantages in low dimensional simple problems and high dimensional complex
problems compared with other original algorithms and improved algorithms. When solving
engineering problems, the results obtained by MRSA are also significantly better than other algorithms.
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Although the MRSA proposed in this paper has greatly improved its performance compared with
RSA. However, MRSA also increases the computational complexity. In the future, we will continue to
improve the performance of MRSA and reduce its complexity. We also try to enable it to solve more
engineering problems such as path planning and multiple image segmentation. In addition, in order to
solve more practical problems, we will try to propose the multi-objective version of MRSA in the
future.
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