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Abstract: In this paper, a mathematical model describing the hepatitis B virus (HBV) infection of
hepatocytes with the intracellular HBV-DNA containing capsids, cytotoxic T-lymphocyte (CTL), anti-
bodies including drug therapy (blocking new infection and inhibiting viral production) with two-time
delays is studied. It incorporates the delay in the productively infected hepatocytes and the delay in
an antigenic stimulation generating CTL. We verify the positivity and boundedness of solutions and
determine the basic reproduction number. The local and global stability of three equilibrium points
(infection-free, immune-free, and immune-activated) are investigated. Finally, the numerical simula-
tions are established to show the role of these therapies in reducing viral replication and HBV infection.
Our results show that the treatment by blocking new infection gives more significant results than the
treatment by inhibiting viral production for infected hepatocytes. Further, both delays affect the num-
ber of infections and duration i.e. the longer the delay, the more severe the HBV infection.

Keywords: delay model; drug therapy; HBV-DNA containing capsids; hepatitis B virus; immune
response; cytotoxic T-lymphocyte (CTL)

1. Introduction

Hepatitis B virus (HBV) infection is a significant worldwide health issue. It is a liver infection
caused by the hepatitis B virus. Generally, the infection is classified as either acute or chronic and can
lead to more serious long-term complications, such as liver inflammation, cirrhosis or liver cancer [1].
According to World Health Organisation (WHO) reports, HBV infection is mostly notified in Africa,
Southern Europe, Asia and Latin America. 257 million people were living with chronic HBV infection
in 2015 [2] and about 887,000 people died. In extremely endemic areas, hepatitis B is most commonly
spread from mother to child at birth or transmitted through contact with the blood or other body fluids of
an infected person. From the global epidemic situation, it is essential to have some effective prevention
and treatment measures for hepatitis B infection.
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HBYV can replicate within hepatocytes without causing direct cell damage, this can be seen in those
who are asymptomatic HBV carriers. Approximately 5-10% of HBV-infected adults may progress
to a chronic state. The immune responses to HBV antigens are responsible for both disease patho-
genesis and viral clearance. The adaptive immune response specifically the virus-specific cytotoxic T
lymphocytes (CTL) is shown to play a key role in eliminating the infected cells and inhibiting viral
replication [3—11]. Another adaptive immune response is the antibodies, which are produced by the
B cells, that neutralize virus particles and prevent the reinfection of cells [10, 12]. Further, the body’s
immune response would take time from being attacked by viruses to the cell becoming productively
infected, therefore time delay regarding to this circumstance should not be ignored [13-20]. In addi-
tion, HBV infections have shown some time delay in virus amplification and spreading through the
liver [21].

People with chronic hepatitis B infection are recommended to have some medication to reduce the
risk of disease progression, prevent transmission to others and decrease the risk of complications of
hepatitis B. There are two main types of drugs which are standard PEGylated interferon (PEG-IFN)
and nucleoside analogues (NAs). IFN has a role in suppressing viral protein synthesis, preventing viral
infection of cells and degradation of viral mRNA. The NAs play a role in elongating DNA in order
to inhibit HBV replication [21-23]. In addition, in some cases, the treatment may include antiviral
medications (e.g. lamivudine, adefovir, entecavir) and the interferon alfa-2b injection [24]. However,
mentioned drugs can hardly clear the viral covalently closed circular DNA (cccDNA) which is re-
sponsible for the persistence of HBV [25,26]. The alternative therapies have been recently in clinical
trials and proposed, they base on viral gene silencing by controlling the RNA interference (RNA1)
pathway which suppresses HBV replication and may result in disabling cccDNA during chronic infec-
tion [25,26]. With the fact mentioned above, although the HBV vaccines are widely used, safe and
effective and there are some drugs that could cure and greatly reduce the viral burden [27, 28], there
are limitations against chronic infection. Hence, HBV infection is still a major health problem around
the world.

Mathematical models have been shown to greatly contribute to a better understanding of HBV
infection. The work by Nowak et al. [29] is one of the earliest models about the HBV infection of
hepatocytes consisting of three variables which are the concentration of uninfected cells, infected cells
and free virus particles. There are a number of mathematical models that have been proposed after that
(e.g. [30-39]). Some models involve treatments or drug efficacy (e.g. [38,40,41]). In some studies,
the time delay has been considered. The models which involve the time delay from being infected to
the release of free virus particles and free movement of virus particles in the liver are of the works
by Gourley et al., 2008 [42]; Xie et al., 2010 [43]; Guo and Cai, 2011 [16]; Wang et al., 2008 [44].
Further, some studies involve the effect of humoral immunity or CTL-mediated cellular immunity e.g.
the work by Yousfi et al., 2011 [34] and Fisicaro et al., 2009 [45]. Recently, Sun et al., 2017 [46]
proposed a delay model with 6 variables including exposed state, CTL and alanine aminotransferases
(ALT), where the delay was put on the CTL process. In 2015, Manna and Chakrabarty, 2015 [47]
proposed a model which included the intracellular HBV DNA-containing capsids and a delay in the
production of the infected hepatocytes. Later on, Guo et al., 2018 [48] extended the work of Manna
and Chakrabarty, 2015 [47] by adding a delay during the time when the infected cells create new
intracellular HBV DNA-containing capsids due to the penetration by the virus. Furthermore, Aniji et
al., 2020 [49] proposed the model involves a delay as a time between antigenic stimulation and the
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production of CTL including a delay during the decay of CTL. With the important role of antibodies
against HBV infection, Meskaf et al., 2017 [18], Sun et al., 2017 [46] and Allali et al., 2018 [50] had
added antibodies as variables into their models. In addition, some researchers have developed HBV
models which involve both diffusion and delay (e.g. [51,52]). Among the above studies, in some studies
drug therapies have also been applied in the models e.g the work by Hattaf et al., 2009 [53], Manna and
Chakrabarty, 2018 [54] and in particular Danane and Allali, 2018 [20] had included the drug therapies
in their delay model. Further, some researchers have proposed models involving infection in the form
of fractional differential equations (e.g. [55,56]).

In this paper, we have developed a model for HBV infection which incorporates the intracellular
HBYV DNA-containing capsids, CTL and antibodies with a time delay from being attacked by the virus
to being infected hepatocytes and a time delay in the antigenic stimulation generating CTL. Further,
two drug therapies, i.e., blocking new infection and inhibiting viral production have been applied in
the model. The structure of the paper starts with a description of the proposed model in section 2,
followed by the model properties, the basic reproduction number, three equilibrium states and their
global stability. In section 3, the numerical simulations are presented and discussed. Finally, we end
this paper with conclusions in section 4.

2. Model formulation

We have developed a delay model describing the hepatitis B virus (HBV) dynamics involving im-
mune response and drug therapy by extending the work of Danane and Allali, 2018 [20] by adding the
delay time that an antigenic stimulation generating CTL, which is 7, in our model. This is because
we take into account the fact that the antigenic stimulation generates CTL cells may require a time lag
and in this model, we assume that CTL produced depends on infected cells. This model is described
by a system of delay differential equations (2.1), it includes six variables: the concentration of unin-
fected hepatocytes x(t), infected hepatocytes y(t), intracellular HBV DNA-containing capsids c(¢), free
viruses v(¢), antibodies w(¢), and CTL z(¢). The uninfected hepatocytes x(¢) are produced at a constant
rate A and die at a rate 0. The infection of hepatocytes in this model incorporates the uninfected be-
come infected hepatocytes by the free virus with a rate 8 with involvement of the efficiency of drug
therapy in blocking new infection u;. The ¢ is the probability of surviving hepatocytes in the time
period from ¢t — 7; to ¢, where m is a constant rate of the death average of infected hepatocytes which
are still not virus-producing cells. Time 7, is the delay in the productively infected hepatocytes. This
infection term is represented by the nonlinear term (1 — u;)e™ ' Bx(¢)v(t). The infected hepatocytes
y(t) are eliminated by the CTL, z(¢), with a rate ¢ and die at a rate o, which has the same rate as the
mortality rate of uninfected hepatocytes as we assume there is no increase in death rate of infected
hepatocytes due to an infection. The production of intracellular HBV DNA-containing capsids c(f)
incorporates the efficiency of drug therapy in inhibiting viral production u, with a production rate a,
described by the term (1 — uy)ay(t). The intracellular HBV DNA-containing capsids are transmitted
into the bloodstream to become free viruses at a rate @ and are decomposed at a rate §. The free viruses
are reduced by the neutralization rate of antibodies y and die at a rate u. The antibodies are enhanced
in response to the free viruses at a rate g and decay at a rate /4. Further, the second time delay in this
model cannot be ignored for the immune response, that is the activation of CTL producing antigens
may require a period of time 7,. Therefore, we propose the form ky(z — 7,)z(¢t — 7,) and the CTL decay
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at the rate €. The flow chart of the model is presented in Figure 1.

g ky(®)z(2)
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Figure 1. The flow chart of delays model of HBV infection with immune response and drug

therapy.

This model can be written into a form of system of delay differential equations as follows:

L = Ao~ (1~ uBrom)
d
d—f = (1 —up)Be™™ ' x(t — T)v(t — 11) — oY(1) — gy(1)z(t)
% = (1 —up)ay(t) — ac(t) — 6c(t) (2.1)
d
d—: = ac(t) — Y(OW(?) — pv(?)
dw
o = gv(Hw(t) — hw(t)
% = ky(t — 12)z(t — 12) — €z(1),
with initial condition
x(0) = 0,(0) > 0,¢(0) = 0,1(0) = 0,w(0) = 0,2(0) > 0, (2.2)

forty >0and 7, > 0. Here, 0 < u; < 1and 0 < u, < 1.

2.1. Model analysis
2.1.1. Initial conditions

The Banach space of continuous functions mapping the interval [-7,0] into R is defined by
C = C(-t,0],R%), where T = max[r;,7;]. For any ¢ € C([-7,0],R®) by the fundamen-
tal theory of functional differential equations (see [59]) there exists a unique solution P(z,¢) =
((x(t, @), ¥(t, @), c(t, ), v(t, @), w(t, ¢), z(t, ¢)) of the system (2.1), which satisfies Py = ¢. The initial
conditions are given by x(6) > 0,y(8) > 0,¢(8) > 0,v(0) > 0,w(6) > 0,z(0) > 0 with 8 € [-7,0] and
v(0), c(0), v(0), w(0), z(0) > 0.

2.1.2. Non-negative and boundedness of solution

For system (2.1) to be epidemiologically meaningful, we prove that all state variables are non-
negative. Since it is irrational to have a negative hepatocytes density and system (2.1) describes the
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Table 1. Parameters used in the model (2.1).

Parameter  Description Value Unit Ref
X the concentration of uninfected hepatocytes.
y the concentration of infected hepatocytes.
c the concentration of intracellular HBV
DNA-containing capsids.
Y the concentration of free viruses.
w the concentration of antibodies expansion
in response to free viruses.
z the concentration of cytotoxic T lymphocyte
(CTL) cells.
A the production rate of the uninfected hepatocytes. 4.0551 day'mm~? [46]
o the death rate of hepatocytes. 0.011 day™! [42]
) the efficiency of drug therapy in blocking 0.5 - assume
new infection.
U the efficiency of drug therapy in inhibiting 0.5 - assume
viral production.
B the infection rate of uninfected hepatocytes 0.0014 mm?virion~'day~'  [33]
by the free virus.
e the probaility of surviving of hepatocytes in
the time period from ¢t — 7 to ¢
T the delay in the productively infected hepatocytes. 5 day assume
T the delay in an antigenic stimulation 5 day assume
generating CTL.
m the constant rate of the death average of infected 0.011 day™! [18]
hepatocytes which still not virus-producing cells.
q the death rate of infected hepatocytes 0.001  mm*day™! [18]
by the CTL response.
a the production rate of intracellular HBV 0.15 day™! assume
DNA-containing capsids.
a the growth rate of virions in blood. 0.0693  day™! [29]
0 the clearance rate of intracellular HBV DNA-containing  0.053 day™! [19]
capsids.
b% the rate that viruses are neutralized by antibodies. 0.01 mm?>day ! [18]
u the death rate of free viruses. 0.693 day™! [42]
g the expansion rate of antibodies in 0.008 mm?®virion~'day™'  [57]
response to free viruses.
h the decay rate of antibodies. 0.15 day™! [18]
k the expansion rate of CTL in response to viral antigen 0.001 mm?>day ! assume
derived from infected hepatocytes.
€ the decay rate of CTL in the absence of antigenic 0.5 day™! [58]

stimulation.

dynamics of HBV infection of hepatocytes, we show that all state variables stay non-negative and the
solutions of system (2.1) with non-negative initial conditions will remain non-negative for fall > 0.
The following lemma is applied.

Lemma 1. Given that the initial solutions and parameters of system (2.1) are non-negative, the solu-
tions x(1), y(t), c(t), v(t), w(t) and z(t) stay non-negative for all t > 0.

Proof. Consider the first equation in system (2.1) we have,

dx

—=A-0ox—{ —u)Bxv

dt

@ + (o +(—-u)pv)x =A.

dt

Mathematical Biosciences and Engineering
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We multiply both sides of the differential equation by the integrating factor which is defined as
J = ph(o+d-unr(s)ds (2.4)
Multiply equation (2.3) by I, we have
(eh(@H1-uBr)ds) % 1 (eh@+1=mBOMsy (o 4 (] — yy)Br)x = (eb@HI-1B Ny A (2.5)

We integrate both side between 0 and ¢, then
' [ (o +(1=up)Bu(s)) ds dx(s) ' [ (o +(1=upBu(s)) ds
(eh ‘ ‘)(7 + o+ (- ul)ﬂv(s))x(s))ds = [ (eh D A\ dis.
0 0

Thus,  x(f) = (e~ b(@+1=0B) dsy () + fo’(efo’<a+<1—u1>ﬂv(s» “)Ads), leads to x(1) > 0.
Similarly,

!
Y(t) = e hrads () 4 f el @+ (1 Ve x(s — 71)W(s — 11)ds) = 0
0

c(t) = e @ (c(0) + f (1 — up)ay(s)e*ds) > 0
0

!
V(1) = e h () + f eb I (s)ds) > 0 (2.6)
0

w(t) = w(0)eh@©-nds > ()
2(1) = e (z(0) + f ky(s — 12)z(s — 12)eds) > 0.
0

Therefore, x(r) > 0, y(t) > 0, c(r) > 0, v(r) > 0, w(r) > 0, z(r) > O for all ¥ > 0 given that
x(0) >0, y(0) >0, c(0) >0, v(0) >0, wO) >0, z(0) > 0. O

Theorem 1. Under the given initial conditions, all solutions of system (2.1) are non-negative and
bounded for all t > 0.

Proof. First, we use the following function to help determining the boundness of the solutions of
system (2.1):

- q o o oy
N(@) = e " x(t - H+ —z(t —c(t t n. (2.7
()= "X =)+ 3O + L2 T2) 4 5O+ 3 s+ 5w, (27)
By differentiating (2.7) with respect to ¢ and with system (2.1), we have
dN(1) e, X —T1) N dy N qd z(t + 1) N o dc(t) N o dv(t)
— = _ _— —_
dt dt dt k dt 2(1 —upy)a dt 2(1 —upy)a dt

N oy dw(t)
2(1 —up)ga dt
=Ae™" —ge™"x(t —11) — (1 —u)Be " x(t — T )V(t — 1))

Mathematical Biosciences and Engineering Volume 20, Issue 4, 7349-7386.
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+ (1= up)Be ™™ x(t = T)W(t — 1) — (0 — g)y(r)

- qy(02(0) + ¥ — T-2(t + 1) - z(l(f_—z)cm
o) oa
) 20 - uz)ac(” * ST e " T e O~ T
oyh
* ST OO~ T g
=Ae™"" —oe"x(t—11) — %y(t) - %z(r + 73)
oo ou oyh
T e JEEraT e )gaw(t)
< Ae™M m1n(0' ok €0, 1, h)(e™ " x(t — 1) + y(t) + z(t +73)
g g gy
+ N ul)ac(t) + 2(1 ~una v(t) + —2(1 ~ ) w(?))
=Ae™" - mln(O' > , €0, 1, H)N(1). (2.8)
Let O = min(o, £ 556 0, i, h).
Thus, we have
d]:;t) < Ae™" — ON(1). (2.9)

By integrating both sides,

! dN(1) !
fo A — ON() ~ fo at

Ae™™ — ¢=@(Ae™™ — ONp)

N, < 0
By taking t — oo, we have
Ae—m‘l’l
No< =5 (2.10)
Hence, we have that N(¢) is bounded, which leads to the variables x(¢), y(¢), c(t), v(¢), w(¢) and z(¢) are
bounded. O

2.1.3. The steady states of system

In this section, we compute steady states of system (2.1). There are five steady states as follows.

1. The infection-free steady state Ej is (xo, Yo, Co, Vo, W0, 20) = (g, 0,0,0,0, 0).

2. The immune-free steady state E; is (xy, y;, ¢y, vy, 0,0) where

ou(a+o) (a+0)cy _ _acy .
X = Ao (-mpe ™ aa’ Y1 = (oua’ €1 = T2 ul)ﬁa(RO 1),v = o E, exists when Ry > 1.

3. The immune-activated infection steady state E; is (x3, y2, ¢2, V2, W2, 22) Where

Mathematical Biosciences and Engineering Volume 20, Issue 4, 7349-7386.
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_ Ag _ € _ (I—up)ae _ h _ (-up)acag p
X2 = oo ompn Y2 = 002 T v V2T W2 T TGropm Ty
_ (-u)BAhke™™ & : (-uw)aeag (1-uy)BAhke™™1
22 = (ogrtiungige o L2 €Xists when “TURRS > pand (S0 s > 0

4. The andibody-free steady state E3 is (x3, y3, c3, V3, 0, z3) where

_ A _ € _ (I-up)ays _ ac3 —
5= a3 T B0 T s o3 = 5w =0,

23 = “"‘”ﬁfqy;mr””. E; exists when o > (1 — u;)Bvs and (1 — uy)Be ™ x3v3 > 07y;.

5. The CTL-free steady state Ej is (x4, V4, C4, V4, W4, 0) where
A _ (I—up)Be™ 1 xqv4 _ (I-up)ayy _h _ acq—pvy _
X4 = o._(l_ul)ﬁm’}ﬁ - o ,Cq4 = (@+0) s V4 = g7W4 - Vs » 34 = O-

E, exists when o > (1 — u;)Bv4 and acy > uvy.

2.1.4. The basic reproduction number (Ry)

To calculate R,, we used the next-generation matrix method by van den Driessche et al., 2002 [60]
and we obtain

(1 —uy)Be™™ xv oy +qzy
F = 0 and V = |ac + 6¢c — (1 — up)ay]|. 2.11)
0 YW + uy — ac
Then we have
0 0 (I—-wu)Be™x o+qz 0 0
F={0 0 0 andV=| -(1-u)a a+d 0 . (2.12)
0 O 0 0 - yw+u

By substituting the infection-free equilibrium point (2.1.3) in the Jacobian matrices above, we get

0O 0 @a- ul)ﬁe‘m“(% o 0 0
F=]10 0 0 andV=| -(1-up)a a+6 0]. (2.13)
0 O 0 0 - U
Next,
ula +90) 0 0
e (1 - 0 : 2.14
i@t 0) u(l —uw)a  po (2.14)

(1 -u)aa aoc ola+9)

The next generation matrix is

(I—u)(1-)Be ™™ 1Aae  (1-u)Be™™1Aa  (1—up)Be ™LA

» o2 u(a+6) o2u(a+6) o2u
FV— = 0 0 0 . (2.15)
0 0 0

The basic reproduction number is given by p(FV!), thus

(T =u)(1 —up)Be™" Aaar

R
0 o2u(a + 6)

(2.16)
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2.1.5. Local stability of infection-free equilibrium point

Theorem 2. (local stability at Ey) If Ry < 1, then the infection-free equilibrium point (E,) is locally
asymptotically stable. Otherwise, it is unstable.

Proof. The Jacobian matrix of system (2.1) at Ej is

[ —0 0 0 —(1 — uy)Bxo 0O O
0 — 0 (1 —u)Be ™V7xs 0 0
0 l1—uw)a —(a+90 0 0 O
JE)=| ( 0 2Ja = N ) L o 0 (2.17)
0 0 0 0 -h 0
0 0 0 0 0 —€|

From Jacobian matrix above, we have the characteristic equation as
A+ e)A+h) A+ 0')((/1 +o)A+a+8)A+p) -1 —u) - uz)aaﬁe-“"”)“xo) =0. (2.18)

Thus, 4, = —-€<0, 1L, =-h<0, 3=-0<0.

Since, xo = 2 and R, = {mdmbe TAaa w0 \write the rest of the term as
o o u(a+9d)

A+ A+a+8)A+p) — (1 —u) - uz)aaﬁe-<m+ﬂ>ﬂ§ -0,
A+o0)A+a+0)A+u) =1 —u)l - uz)aaﬁe_(’"”)“ g,
A+ )X+ a+8)A+u) = uo(a + §)Rye ™. (2.19)

For Ry < 1, if A has a non-negative real part then the modulus of the left-hand side of equation (2.19)
satisfies

(A + )+ @ + 6) (A + )| = o(a + S)p. (2.20)

Consider the modulus of the right-hand side of equation (2.19),
luo(a + 6)Roe ™| < uo(a + 86)Ry < uo(a + 9), (2.21)

which is contradiction. Hence, when Ry < 1, the real part of A has no non-negative real part and the
infection-free state Ej is locally asymptotically stable.
For Ry > 1, we let

hD)=UA+o)Al+a+0)A1+uw) —uo(a+ 8Rpe 1. (2.22)

Then,
h(0) = uo(a + 6) — uo(a + 9)Ry < 0, (2.23)

By the continuity of h(1), there exists at least one positive root of 4(1) = 0. Thus, the infection-free
equilibrium point, Ej is unstable when Ry, > 1. This completes the proof. O
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2.1.6. Global stability of infection-free equilibrium point
Theorem 3. If Ry < 1, the infection-free equilibrium point (E,) is globally asymptotically stable.

Proof. Let the Lyapunov functions be

L= () 1) iy + L= 0BATED) | (= BAD | (L= By
Xo Xo po(a + 6) MO gHoT
!
+ (1 - ul)ﬁf x(s)v(s)ds, (2.24)
-7
where L is positive definite. The derivative of L along the solutions of the system (2.1) is
dL
e (1 - E)(A —ox—(1- ul)ﬁxv) + ™M ((1 —up)Be " x(t =Tt — 1)) — 0y — qyz)
X
1- A 1- A
M((l —upy)ay — (a + 6)c) + %(ac —yow — ,uv)
po(a +90) uo
1- A
+ w(ng - hw) +(1 - ul)ﬁ(xv —x(t =Tt - Tl)). (2.25)
8HT
Since,
de
o =A—-0x)— (1 —u)Bxevy = 0,we have A = ox. (2.26)
dL X0
Then, e (1 - ;)(a'xo —ox—(1- ul),va) + (1 = uy)Bx(t — t)v(t — 71) — oye"™ — gyze™™
N (1 —u)(1 — ux)BAaay B (1 — uy)BAac N (1 — uy)BAac B (1 — uy)BAyvw
uo(a + o) uo uo uo
_(—u)pAy (G —wBAyww (L= u)Ayhw
o uo guo
— (1 = u)Bx(t — T)v(t — 71)
—o(x — xp)? mr me (1 = u))(1 = up)BAaae™"! (1 — uy)BAyhw
=—————qyze""' +oye ]( —1)—
X o2u(a + 6) guo
o? (1= u)BAyhw

— —(x = x0)* — qyze™ + oye™ (RO - 1) (2.27)
xo

gpo

We obtain that ‘;—f < 0 when Ry < 1 and ‘;—f = 0 at Ey. Therefore, Ej is globally asymptotically stable
when Ry < 1. |

2.1.7. Local stability of the immune-free equilibrium point

Theorem 4. (local stability at E1) If 1 < Ry < 1 +inf{A;, A,},
where A = %;a“ﬁ;;“m and A, = (1_;—(;)}’/3, then the immune-free equilibrium point (E,) is locally

asymptotically stable. If Ry > 1 +inf{A, A,}, then E/ is unstable.
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Proof. We first set det(J(E;) — Al) = 0 to find eigenvalues, then we obtain det(J(E;) — Al)

—o— (1 —u)Bvy — A4 0 0 —(1 — uy)Bx; 0 0
(1 —uppyie ™V —g -2 0 (1 — uy)Be "7 x, 0 =gy
~ 0 (1-w)a —(@+6) -2 0 0 0
B 0 0 « | —yV 0
0 0 0 0 g —h—-2 0
0 0 0 0 0 ky e —e -2
(2.28)
o= —u)pvi -4 0 0 —(1 = up)Bx
B e L (1 — up)Byie ™V g -2 0 (1 — up)Bx e~ m+dm
= (kye ™ —e=(gn=h-A) 0 (1—uw)a —(@+8)—2 0
0 0 o —u—Aa
(2.29)
—o-A 0 (1 = up)Bx e m+n
= (kyje ™ —e—=D(gvi —h—-D(—o -1 —u)pvi —D| (1 —w)a —(@+6) -2 0
0 a —u—A
0 0 —(1 — uy)Bx;
— (kyre™™ —€e = D)(gvi —h— D1 —u)Bvie” ™V | (1 —up)a —(@+6) -2 0
0 a —u—A
(2.30)
= (kyie™™ — € = D)(gvy — h — (o + (1 — up)Bv; + V(o + A) ' (@ +a‘5) 4 —uO— A
— —(m+)7y
+ (kyie™™ —e = D)(gvi —h = V(o + (1 —u)Bvi + (1 — ur)a 2 a u1_),§x_1€/l
+ (kyre ™™ — € = D)(gvy — h— (1 = uy)(1 — uz)Bv e " 2 _(1_; ”f)fx‘ (2.31)

By calculating above expression, we have characteristic equation as
(ky e ™V — e — 1)(gv; —h — D|A* + a1 + a2 + azd + ag + (asd + aﬁ)e-ﬁﬂ] =0 (2.32)

where

a+o0+u+20+ {1 —u)pv,

a=Qo+ {1 —uppvi)a@+06+u + 0+ (1 —u)pvi)o+ ula +9),
as = Q2o+ (I —u)pvi)(a+ou+ (o + (1 —u)pvi)o(a +6 + p),
as = (0 + (I —uy)pvi)o(a + d)u,

a

as = —(1 —u))(1 — wp)Baax,e™",
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ag = —(1 —u)(1 — up)Baax;(o + (1 —up)pvy)e™"
+ (1 —u)*(1 = w)B*x viae™™. (2.33)

Therefore, it gives A; = ky;(t — 72)e ™ — e and A, = gv; — h.
First, we consider
A =kye '™ — €. (2.34)

ou(a+0)(Ro—1)

_ (1—uy)(1-up)eaBa _ . _
Fort, =0,If 1 <Ry < 1 + —=—". Then, we have A, = ky; — €, since y; = T —m)faa”

kop(a+6)
Thus,

LA LA
F = un)(1 - wp)Baa
_ kou(a +6)(Ry— 1) — €(1 — up)(1 —ur)Baa
- (I = u)(1 — up)Baa

(1=uy)(1-up)eafa
. kou(a +6)(1 + W —1)—e(l —u))(l — u)Baa 0

(I —u)(d - up)Baa

Thus, A4; < 0. This shows that 4; < 0 for 7, = 0. Next, we consider the case when 7, > 0. By letting
A1 = wi (w > 0) be a purely imaginary root for some w > 0, we have

(iw) —kye™™ +€=0
iw — kyi(cos(wty) —isin(wty)) +e€ =0

(iw) + € = ky (cos(wTy) — isin(wTy)).

Thus, this implies that € = ky; cos(wt;) and w = —ky; sin(wT,).
Then,

w* + € = (ky1)*(cos*(wT2) + sin*(wT,))
w* = (ky))’ - €
) (k(f,u(a/ +0)(Ry—1) )2 _ g
(1 = u)(1 — up)Baa '

(A —up)(1-u)eaBa

Sincel <Ry <1+ foRato)

, then

kou(a+0)

(I = u)(1 = up)Baa

kO',u(a/+6)(1 4+ dzuwd-w)eafe 1) )
a)2<( )

Thus, w? <0 which is contradiction.
Next, suppose that 1, = b + wi where b is positive real number and w > 0, we can write

A1 = h— €, where h = ky,e ™. (2.35)
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Then, the magnitude of 4 is as follows when b is positive real number,
|l = lkyre™ ") = ky e e,
Since
e~ = cos(wT,) — i sin(wt), andle ™| = 1, then|h| = ky,e "™ < ky;. (2.36)

Substituting y; into (2.36), we have
kou(a + 0)(Ry — 1)

(I = u)(1 — ux)aPa

1—uy)(1-u C
kop(a +0)(1 + Ciosde 1)

< = €. (2.37)

(1 = u)(1 — up)afa
Thus, |h| < € implie that h € B(0,€). If h = D + Ci where D > 0, then & is complex number in the
right-half of complex plane. However, if 71— € = D + Ci— €, then D — € is negative real part. Therefore,
we have h — € is a complex number in the left-half of complex plane, then consider the left hand side

of the equation (2.35) as

|h| <

A =b+ wi. (2.38)

Since we suppose that b > 0 and 4; = h — ¢, then A, will be a complex number on the right-half of
complex plane. We have
b+wi=D-€+Ci (2.39)

By assumption b > 0, but D — € < 0. This is contradiction, because b can not be a positive real part.

. 1=u) (1=
Therefore, A, has a negative real part, when 1 < Ry < 1 + %

Next, we consider 4, = gvi —h. If l <Ry < 1+ W, then

2 = (o-(Ro - 1)) o

8
(I —w)B
gO'(l + h(lg—obfl)ﬁ -1
—h=0
(I -—wu)B
Thus, A, < 0. Therefore, A, is negative when 1 < Ry < 1 + h“;%)ﬁ.
Then, we consider the characteristic equation where 7; > 0,
A+ a P+l + a3+ as + (asd + agle™™ =0 (2.40)
where a; — ag are defined in (2.33).
Thus, we have
I + a1 2 + a® + azd + ag* = lasd + ag|le™ . (2.41)

Suppose (2.40) has a purely imaginary root A = iw (w > 0), by substituting A = iw into (2.41) and
separating the real and imaginary parts, we have
—iwTy |2.

l(iw)* + a1(iw)® + ax(iw)? + as(iw) + as* = |as(iw) + agl*le
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Since |e7™™| = |cos(—wT;) + i sin(—wT;)| = \/COSZ(LL)T]) + sin’(wt)) = 1, then we have

lw* — a0’ — BW? + azi + as = |laswi + agl.? (2.42)

Thus, we have

35— ar? + azwi + asf = (W — 4101 — W* + a3 + ay)(W* + 4,01 — awW* — a3wi + ay)

= a)g — a2w6 + 040)4 + a%a)6 - a1a3w4 - a2w6 + a%w“ - a2a4w2

lw* — aqw

—aqyazwt + a%w2 + agw* — aa,w® + aﬁ, (2.43)
and
laswi + ag)® = (aswi + ag)(—aswi + ag) = a§w2 + aé. (2.44)
Thus, equation (2.42) becomes
8 6 4 2 _
W’ + D’ + Dyw" + Dyw”+Ds =0 (2.45)
where Dy = —2a, + af, D, =2a4 — 2aya5 + a%, Ds = a% —2ara4 — ag, D, = aﬁ - aé. (2.46)

We let X = w” and define a function G(X) as the left-hand side of (2.45), the above equation can be
simplified to
G(X) = X* + D X? + D,X* + D;X + D, (2.47)

Therefore, if the characteristic equation (2.40) has a purely imaginary root (4 = iw), it is equivalent to
the fact that G(X) = 0 has a positive real root (X = w?).

Theorem 5. If G(X) = 0 has no positive real roots, then the positive equilibrium point E, is locally
asymptotically stable for any T > 0.

Proof. 1If G(X) = 0 has no positive real roots, we obtain that X can be zero or negative root. Since
X = w?, so w can be either zero or bi for b > 0. But from the hypothesis that w > 0, we then have
w = bi, implying that (2.40) have negative roots i.e. 4 = wi = (bi)i = —b. Therefore, the equilibrium
E, is locally asymptotically stable for any 7; > 0 when G(X) = 0 has no positive real roots. O

Next, we consider E, being locally asymptotically stable for [0, 79) such that 70 = min{r{’lll <n<
i} where 7 is the number of roots of G(X).
Substituting A = iw into (2.40), we obtain the real part as

w* — arw* + ag + ag cos(wty) + asw sin(wt;) = 0 (2.48)
and the imaginary part as
a1’ — azw + ag sin(wt) — asw cos(wt;) = 0. (2.49)

Next, we solve for cos(wt;) and sin(wt;) from equation (2.48) and (2.49). Assuming that G(X) = 0
has (1 < 7i < 4) positive real roots, denoted by X,,(1 < n < #1). As VX, = w, (2.49) then becomes

ar(VX,)? — a3 /X, — as cos(\X, 1) = —ag sin /X,7,.
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Thus,

sin( yX,71) = a3 VX, + as cos( VX, 1) — a( \/)Tn)3.

(473

(2.50)
Substituting (2.50) into (2.48), we have

[(01615 — ag)X? + (aras — azas)X, — asag

X = . 2.51
cos(X,71) RN, & (2.51)

Then, substitute (2.51) into (2.50), gives

aras X, + azae VX, aaX—aa\/ —asa
sm(\/—n)_ 205 346 506 1a6(VX,)? 45

a6 + N (2.52)
Let
(aras — ag)X;; + (arae — azas)X, — asae
cos( \/)?,,Tl) =0, = 2 " a2 e
sin(\X.1,) = P, = _ masX, + azag \/_ asasX; — a1as(VX,)® - dyds (2.53)

a; + a: VX,

Therefore, for the imaginary root A = iw of (2.40), we have two sequences as follows:

i \/L)T(arccos(Qn) + 2jm), if P,>20
T = n .
1 \/L}T(Zn — arccos(Q,) +2jr), if P, <0

Wher61§n<fzandj—0 1,2,3,.

Assuming T(l = min{t (J)ll <n<nj=012}1ie.,T1 ) is the minimum value associated with the
imaginary solution iw of the characteristic equation (2 40). Therefore, the characteristic equation
(2.40) has a pair of purely imaginary roots +i VX,,.

For every integer j and 1 < n < 7, define 1Y(1)) = @ (1)) + iw" (1)) as the root of (2.40) near T
satisfying a/(ljn)(‘r(’)) = 0 and a)(J)(T(lj”)) = VX,.

©
(j)

Theorem 6. If G(X) = 0 has some positive real roots, then E, is locally asymptotically stable for
7 €[0,7) Oy ywhen T( ) = min{‘r(lfn)ll <n<#n,j=0,12,..1).

Proof. For T(O) = min{t, W< pn < n,j=0,1,2,..}, G(X) = 0 has no positive real roots when 7; €

[0, T(O)) Wthh means that all the roots of (2.40) have strictly negative real part when 7, € [0, T(O))
Therefore, E, is locally asymptotically stable for 7, € [0, T]O)) m|

Theorem 7. If X, is a simple root of G(X) = 0, then there is a Hopf bifurcation for the system as T,

()
increases past ‘I'l )
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Proof. The characteristic equation (2.40) can be written into the following form:
S + fi(De™™ =0, (2.54)

where fy(1) = A* + a1 2> + a2A% + a3 + a4 and f,(1) = asA + ag, and fy(1) and fi(1) are continuously
differentiable to A.
dRe(1)

Next, we determine sign{d—
T1

(0)}’ where sign is the sign function and Re() is the real part of A.
TI=T,

We assume that A(1) = v(1{) + ia)(;l) is the solution of (2.40) with respect to 7;. Suppose that one of
the roots of (2.54) is A(t1) = a(1)) + iw(7;), satisfying a(7;,) = 0 and w(1},) = wy for a positive real

number 7,.
Let
N N2
$(w) = |foliw)I” — | fiiw)|". (2.55)
Since
AN - .
lfoliw)” = (foliw))(fo(iw))
=+ a0 — 0 - 3% + a0t - a0’ + a%w6 + a1aW’i
- a1a3a)4 — a1aw’i — a2w6 — a1 + a%w4 + a2a3a)3i

— a2a4w2 + a3w5i — a1a3(u4 — a2a3w3i + a%wz + azaswi + a4w4

+ A Wi — araaw? — aza,wi + aﬁ. (2.56)
Then,

d(fy(iw)P) _

- 8w’ + (647 — 12ay)w’ + (4a; + 8ay — 8ajaz)w’ + (2a3 — daray)w. (2.57)

And since fi(iw) = as(iw) + ag = asiw + ag,

i)l = (fi(w)(fi(iw))

= (asiw + ag)(—asiw + ag)

= aiw’ + ag. (2.58)

. 2
Then, W = 2azw. m]
Thus, we have

1d¢ _ 1 d(f(iw) = Ifiiw)P)

2wdw 2w dw
:J{ﬂmmw_dmmmj
2\ dw dw

1 — e
= 2—( = 2Im(fo(iw) fo(iw)) + 2Im(f; 1(iw)f1(iw)))
w

ﬁm»mmmmm_ﬁmwwwﬁww
wfi(iw) wfoliw)

:m{
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, filiw)

2 fo(iw)

= I (i) Al (l.w)]. (2.59)
Because | fy(iwo)*> = |fi(iwo)|>, we have
1 d¢ a2 filiwy)  foliwo)
(%%)w:wo = o) Im[wofl(iwo) wofo(iwo)]. (2-60)
Next, differentiate both sides of (2.54) with respect to 7, we have
[ d/l [ d/l —At; _ ﬁ At _
fo(/l)d—Tl + fl(/l)d—ﬁe (/1 + 7 ar )fl(/l)e =0. (2.61)
We can write (2.61) as
( da )—1 _ o)+ ADe ™ — fi(DTie
dr,] Afi (e
Joe'™ + i) 7
_ _ T 2.62
Afi(D) A (2.62)
Since fy(iwy) + fi(iwy)e™ ™™ = 0, we obtain that
day! o [foliwe)e™™ + fi(iwo)
ke (d_ﬁ) ,1:,0] B ]
_ | foiwo)e ™™ filiex) ]
= el —; ; ; ;
i lwoﬁ(lwo) lwofl(lwp)
_ Re» 3 foliwp)e ™™ Siliwo) ]
iy foliwy)e™™  iwo fi(iwy)
[ foliwp)e™™ - filiwg) .
=R - —
¢ L wo fo(iwp)e o™ ® wo f1(iwo) (l)]
[ fiiwo) foliwo)
=7 - . 2.63
"o fiGieoo) wofo(iwo)] (269
From (2.60) and (2.63), we have
. _[dRe(d) L [(dA
sign| 2| =i rd (7] )]
= sign R ﬁ ]_1
-8 e—dTl T1=To
. [ fi(iwo) 3 foliwo)
= sign Rel | 220 - o |
. [ filiw))  foliwp)
- e R€>|f0(lu))| Im[wofl (iwo) wofo(iwo)”
L1 dg
= sign [(% X %) w:wo]. (2.64)
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When Re() = af,ﬁ(rl), we have

da(ty)
dTl

sign

] - sien () ol (2.65)

(0)

As X, is a simple root of G(X) = 0, we know G(X,,O) # 0. From (2.65), we know (d;”lo

+ 0). If

da! ) .. )
;TIO o < 0, then we obtain that the root of (2.40) has positive real part when 7, € [0, T(IO)) which
TI=T "0
In a(o) (O)
contrasts to Theorem 6. Hence, we can see that dT"lo o > 0. When 7, = 7, except for the pair of
)10

1=y,
purely imaginary root, the remaining roots of (2.40) have strictly negative real parts, so the system has
Hopf bifurcation. This completes the proof. O

2.1.8. Global stability of the immune-free equilibrium point

Theorem 8. The immune-free equilibrium point E, is globally asymptotically stable when 1 < Ry <

: _ (=up(-u)eafa _ (-uphp
1 +inf{A, Ay}, where A; = —opars and A, = o

Proof. We consider the function G(x) = x — 1 —In x (x > 0). Note that G(x) > 0, Vx and that G(x) = 0
if and only if x = 1. We define a Lyapunov function L, as follows:

L1:xl(i—l—ln£)+e””1yl(l—1—lnl)+(l_ul)ﬁxlvla(i_l_lni)

X X i i (@ +9d)cy 1 C
N (I —up)Bxivivy (1 - 1)+ (I —up)Bxiviyw N qe"'z
acy 1% Vi 8acy k
T (x()v(s) o
+ (1= up)Bxyvy G( )ds g™ | ye)xs)ds. (2.66)
-1 X1V =72
dL
o (1 _ ﬂ)(A —ox—(1- ul),va) n e""l(l - y—‘)((l —u)Be M x(t — Tt - T1)
dt X y
(1 — uy)Bxvic c
-0y = quz) + A 1 - (1 - wmay - (a+ 0c)
N (I —up)Bxivicy (1 B ﬁ)(ac —yw —uv) N (- Ml)ﬁxlvl?’(ng 3 hw)
(@ +9) V gac
i t— t— t— t—
+ ¢ (ky(t —T)z(t — 1) — ez) +(1- ul),Bxlvl( W M=)Vt =) +1n M= Tovit —7)
k X1V1 X1V1 Xv

+ ge""! (yz —y(t — 1p)z(t — 72)). (2.67)
Since % =0, then A = ox; + (1 — u;)Bx,v,. Therefore,
dL
=1 - (1 - ﬂ)(0’)61 + (1 —up)Bxvy —o—(1 - ul),va)
dt X

+ (1 = u)Bx(t — )t —11) —oe™y — g yz - %(1 — u)Bx(t — vt — 71)
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1- 1 -
+ O_em‘rlyl + qemle1Z+ ( ul)( l/lz)ﬁ)ﬁ\/lay _ (1 _ ul)ﬁxlvli
(@ + d)c; c1
1 —u))(1 —uy)Bxviayc c
_¢ 1 pxiviaye, + (1 —u)Bxivi + (1 — u)Bxvi—
(@ + d)cyc C1
(A —u)Bxiviyvw (1 —upBxivipy (1 — uy)Bxviac
acy acy ac|v
. (1 — u)Bxviyvw . (1 = up)Bxviu s (1 = up)Bxvivw
ac|v acy acy
_ (1 = uy)Bxyviyhw N qe"" ky(t — 12)z(t — T2) _ge"ez
gac k k
r— t— tr— tr—
- ul)ﬁxlvl( o x-my-T) XTI TI))
X1V1 X1V1 xv
+ qge"yz — g y(t — 1)z(t — T2). (2.68)
dL x—x1)? X
d—l = - 0'u +2(1 = w)Bxyvy — (1 = u)Bxyvi = + (1 — u)Bxyv
t X X
+ (I —u)px(t — vt — 7)) —oe™'y - yy—l(l — u)Bx(t — vt — 71)
(I = u)(1 — uz)Bxviay
+ 0"y + gy z+
e y1tge yig (@+0)c,
(A —u)(I —w)Bxiviayer (1 —u)Bxvipy (1= u)fxivie
(@ + d)cyc ac c1v
N (1 — uy)Bxyviyw N (1 — up)Bxviu (- upBxviyhw  ge™ez
acy acy gac k
x(t—Twv(it -1 xt—Tw(t—-71
+(1- ul)ﬁxlvl( _ TV g 2 TV 1)). (2.69)
X1V1 XV
. _ (I-w)ay (1=up)(1—wx)Bxyviaycy _  (1—up)Bxjviyc _ ac (1=up)Bxvipvy  _
Since ¢; = ~—=*, we have — (a+§)clc] foad g ly,cl D% and v, = 71 then #‘“‘ =(1-
uy)Bx,v; and % =0, we have (1 — u;)Bx;v; = oy e"".
Then,
dL - x)? t— t— t— t—
aby _ O_(x x1) +(1— M1),3X1V1(4— X1 yix(t — vt — 1) _yer vic +n x(t = )v( Tl))
dt X X yX1Vy yic vy Xy
ey ey (I —u)(I —w)Bxiviay (I —upBxijviywvy (I —up)Bxiviyhw  qe""ez
— "y + ge" My z + + - - .
(@ +9)c acy gac, k
(2.70)
Substituting x; = (l_ul)gﬁ(;zge)_mﬁm,cl = % and v| = % into W = ge™y. We have
V) = —fl(fif>l§ froml <Ry<1+ —(l_g‘é)gﬁ then v; < § and y; = —((1“_;?;‘(71”_(520);; from 1 < Ry < —(1—2()7(;(;?6))@5 <,
we have y; < f Then,
dL - x)? t— t— t— t—
aby _ O_(x x1) F(1- Ml)ﬁX1V1(4 I yix(t — T)v(t — 1) _yer vic t1n x(t —1)w( Tl))
dt X X VX1V yic  vcy XV
1- h
k ac g
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We obtain that 4 < 0 when 1 < Ry < 1+ inf{A;, A}, where A; = (=50cied and A, = =% and

% = (0 at E,. Therefore, E,; is globally asymptotically stable when 1 < Ry < 1 + inf{A;, A,}, where
_ (U-up(-ur)eafa _ (I-uphp

A]—WandAz—g—o_. O

2.1.9. Global stability of the immune-activated infection equilibrium point

Theorem 9. The immune-activated infection equilibrium point E, is globally asymptotically stable
when Ry > 1 and A > B (where A and B are defined in the proof).

Proof. We consider the function G(x) = x — 1 — In x (x > 0). Note that G(x) > 0, Vx and that G(x) = 0
if and only if x = 1. We define a Lyapunov function L, as follows:

1 -
L2 = )Cz(i —1-In i) + €mT1y2(l —1-In Z) + (M)Cz(i —1-In i)

X2 X 2 2 (@ +0)cr 2 &)
(I = u)Bxavs v v (I = u)Byxavy w w
¥ (—m )VZ(; —l-n v:) ¥ (—m )WZ(W—Z —l-n W—z)
ge™™ Z Z ! x(0)v(6) ey ! y(0)z(6)
n ( - )ZQ(Z—Z “1-In 5) + (1= u)Brovs f[_ G( - )de g€y, ft_ G( o )d@.
(2.72)
Then,
dL
Z2 = (1-2)(A- o - (1 - unprtomo) + 1 - yy—z)(a — w)Be (= TV = ) = 0y(0) ~ gy(02(0)
(1 = up)Bxava 1) (1 = u)Bxavs V2
+ (—(a e )(1 _ ?)((1 — un)ay(t) — ac(f) 6c(t)) + (—ac2 )(1 _ 7)(ozc(t) —(OW(t)
1 — mt]
- o)) + (%)(1 = 22 vt - ) + (£ )1 = 2ot - rta - ) - o)
x(Ov(t) x(t—T vt —-11) x(t—1)v(t—T11)
- ul)ﬁvaz( X2V B X2V *ln x()v(t) )
mry y0z(1) Yt — 1)zt = 72) y(t = 12)z(t — 72)
+ge y2z2( o - Fin T ) 2.73)

Since % = 0then A = ox; + (1 — uy)Bxpv; and y, = £, we have

dL (x—x)* x e
a’_t2 =- O'TZ - ;2(1 —up)Bxavy + (1 —u)Bxov + (1 — up)Bxvy, —oe™'y

- L1 = T =)+ + (1 =) = )Bxsvady

(a+ )y

¢ (1 —=u)(1 - u)Bxvay

— (I —up)Bxavo— — + (1 = u)Bxavs
CH (a+d)c
; (%)(1 - V—vz)(a/c(t) — (W) — ,uv(t))
+ (M)(l - @)(gv(t)w(r) - hw(t))
agc, w
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Z xt—-T (it -7
- zzqemﬁ)’(f —12)2(t — 72) + g€ y2z + (1 — up)Bxav2 In ( liv( )
Yt = 12)z(t — 72)
+ ge""y,25In 2.74
qe" "' 2o o0 (2.74)
dL - x)? t— t— t— t—
als _ _ O_(x x2) +(1— ul)ﬁxzvz(2 X }Qx( TVt —T1) _c +1n x(t —1)w( Tl))
dt X X oy XVo CH XV
t— t— t— t—
+ qemﬁy Zz(l _ Qy( TZ)Z( TZ) +1n Y( TZ)Z( TZ)) + (1 _ I/tl)ﬁXZV
Y222 ¥z
oI mr (1 —u))(1 —w)Bxovaay (1 —up)(l — up)Bxavray
y+oe"y, + -
(a+0)cr (@ +0d)c
1-
; (M)@ - 2)(ac(t) — (Ow(t) - /Jv(t))
acy v
1—
; (M)( - @)(gv(r)w(r) - hw(t)). (2.75)
age; w
From p p
2 (6]
—= =0 and — =0,
a My
we have
(1 = u)Bxavy — qyr20€™" = oe" " yrand(1 — ux)ay, = (a + 6)c,. (2.76)
Then,
dL - x)? t— t— t— t—
aln _ _ O_(X X2) +(1 - ul)ﬁxzvz(3 X2 )Qx( TVt —T1) _c +1n x(t =1t — 1) _ @)
dt X x oy XaVo CH Xxv (%)
t— t— t— t— e"y5z
+ gem (2_ Yo _Yi-m)At—1) | Y- T Tz)) N 3% + (1 = up)xgy + gzae™
»nz vz
c 1 —u)Bxov vy (1= up)Bxviyw
= 2" yr720 + (1 — uy)Bxyvy— — w — (1 = u)Bxyvy— + Wxavyy
Cr ac) (2% ac)
N (1 = up)Bxovop (I —u)Bxavopy . (1 —u)Bxovayvw (1 —upBxavayhw (1 — u)Bxovyywoy
ac) ac) ac) agcr ac)
1- h
N (1 = uy)Bxavay w2 (2.77)
age)
And since, dvf =0,yw, = M and v, = i3 k then
L, _ O_(x - x2)2 (- ul),b’xgvz(4 X pax-TE-T1) o oy il x(t —1)v(t - 7'1))
dt X X oy XVo oV cy2 Xy
t— t— t— r— e y32,
4 qem”y2Z2(2 N y(t = 12)z(t — 72) +1n y(t = 12)z( TZ)) + y + qem‘rlyZ2 _ 2quT1y222-
Wz Yz y
(2.78)

X y X2V v oy xv

y2z2

2 Yt=m)z(t-12) +1n Y(t=12)z(t=12)
y Y2z ¥z

) + 2ge"y,z, and B = ge"yz, + 2 Thus, the global stability
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of immune-activated steady state equilibrium point is globally asymptotically stable when R, > 1 and
A>B. O

Next, we perform numerical simulation for system (2.1) to confirm global stability of the three
above equilibrium points.
Case I: infection-free equilibrium point

In this case, we used B = 3 x 107!3, then the infection-free equilibrium point (E, =
(368.6455,0,0,0,0,0)) is globally asymptotically stable when R, = 2.9178 x 1071° < 1 as shown
in Figure 2.
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Figure 2. The solution x, y, c, v, w, and z of system (2.1) converge to the infection-free equi-
librium values in (a), (b), (c), (d), (e) and (f), respectively, when 7, = 5,7, = 5.

Case II: immune-free equilibrium point
In this case, 1 < Ry = 1.3616 < inf{A;,A,} = 2.1932 at 8 = 0.0014 and k = 0.001 the immune-free
equilibrium point (270.7360, 92.6698, 56.8294, 5.6829, 0, 0) is globally asymptotically stable as shown

in Figure 3.
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Figure 3. The solution x,y, c, v, w, and z of system (2.1) converge to the immune-free equi-
librium values in (a), (b), (c), (d), (e) and (f), respectively, when 7, = 5,7, = 5.
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Case III: immune-activated infection equilibrium point

The last critical point is the immune-activated infection equilibrium is globally asymtotically

stable
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when Ry = 13.6164 > 1 as shown in Figure 4.
(168.0870, 50,306.6211, 18.7500, 44.0279, 30.7616).
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Figure 4. The solution x,y, ¢, v, w, and z of system (2.1) converge to the immune-activated
infection equilibrium values in (a), (b), (¢), (d), (e) and (f), respectively, when 7 = 5,7, = 5.

3. Numerical simulation

In this section, the numerical simulations of the system (2.1) are performed with the use of parame-
ters values from Table 1. We divide the results into 4 cases as follows to investigate the impact of drug
therapy (u#; and u,) and to explore the dynamics of model in the different values of time delays.

(i)when u; variesand 7y =1, =0
(i1)when u, variesand 7y =7, = 0
(iii)when 7, varies and 7, = 5
(iv)when 7, varies and 71 = 5.

(i) when u; varies and 7 = 7, = 0.
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Figure 5. Simulation results of the HBV model (2.1) with both drug therapies (u; =
0.2,0.4,0.6 and u, = 0.5) when 7y = 7, = 0. (a) the concentration of uninfected hepa-
tocytes, (b) the concentration of infected hepatocytes, (c) the concentration of intracellular
HBYV DNA-containing capsids, (d) the concentration of free viruses, (e) the concentration of
antibodies and (f) the concentration of CTL. u, is the efficiency of drug therapy in blocking
new infection and u; is the efficiency of drug therapy in inhibiting viral production.

Figure 5 (a)—(f) shows the dynamics of the concentration of the uninfected hepatocytes, infected
hepatocytes, intracellular HBV DNA-containing capsid, free viruses, antibodies, and CTL, respectively
where they are treated by u; and u, representing the efficiency of drug therapy in blocking new infection
and the efficiency of drug therapy in inhibiting viral production, respectively. We choose u; = 0.2, 0.4,
0.6 and u, = 0.5. From Figure 5(a), we can see that a larger value of u#; can slow down the decline of
the concentration of uninfected hepatocytes when compare with the smaller u;. At the end, they tend
to reach the same equilibrium value. Figures 5(b) and 5(c) give a similar pattern, the concentration of
infected hepatocytes and intracellular HBV DNA-containing capsids rises since the beginning for all
values of u;. Figure 5(b) shows that the greater value of u;, the smaller the peak of the concentration
of infected hepatocytes with a slightly slower time for the peak to occur. In the case when u; = 0.2 and
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0.4, it tends to give the second peak in the period of 80th to 150th day, whereas when u; = 0.6 there is
no second peak. Further, it reaches a lower equilibrium value when compared with a smaller u#;. The
difference between Figure 5(c) and Figure 5(b) is that the first peak of all three cases are at the same
level. At the start in Figure 5(d), the concentration of free viruses decreases for a few days and goes up
sharply to reach a peak. When u; increases, the peak height is smaller, respectively with a slower time
for the peak to occur and reaches the smaller equilibrium value. Further, for the case u; = 0.2 and 0.4,
the second peak is observed between 50th-150th day. Figure 5(e) shows interesting results i.e. there
are two peaks of the concentration of antibodies when u#; = 0.2 and 0.4, where their second peak is
larger than their first peak. Only one peak of the concentration of antibodies is obtained for u; = 0.6.
Time for the peak to occur is slightly slower when u,; increases. The dynamics tend to reach a lower
equilibrium value with the larger value of u;. Interestingly, Figure 5(f) shows a significant reduction
of the concentration of CTL and a slower time for the peak to occur when u; increases. Further, in the
case of u; = 0.2, on the 100th day, the concentration of CTL rises again to reach a small peak ranging
the period of 50 days then goes down to zero. Overall, from the results above u; has been shown to
play a main role in significantly reducing the concentration of infected hepatocytes, free viruses and
CTL.

(i1) when u, variesand 7y =7, =0
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Figure 6. Simulation results of the HBV model (2.1) with both drug therapies (u, =
0.2,0.4,0.6 and u; = 0.5) when 7y = 7, = 0. (a) the concentration of uninfected hepa-
tocytes, (b) the concentration of infected hepatocytes, (c) the concentration of intracellular
HBYV DNA-containing capsids, (d) the concentration of free viruses, (e) the concentration of
antibodies and (f) the concentration of CTL. u, is the efficiency of drug therapy in blocking
new infection and u; is the efficiency of drug therapy in inhibiting viral production.

In Figure 6, the value of u, is varied by choosing u, = 0.2,0.4,0.6 and u; = 0.5. In Figure 6(a), our
results show that with an increase of u,, the concentration of uninfected hepatocytes decreases slightly
slower than the concentration of the smaller u, and it tends towards the same equilibrium value at the
end. Figure 6(b) demonstrates double peaks of the concentration of infected hepatocytes where the
higher value of u,, the lower peak height for both peaks. It reaches a peak at 1000 cells/ml in the case
u; = 0.2, whereas it reaches a peak at less than 900 cells/ml for u, = 0.6. After the first peak, they drop
down to between 200-300 cells/ml and gradually rise up again as the second peak on approximately
100th day. Figure 6(c) gives a very interesting result i.e. with u, = 0.2,0.4 and 0.6, the concentration
of intracellular HBV DNA-containing capsids go up to reach the peak at 800 cells/ml, 600 cells/ml
and 400cells/ml, respectively. Although when u, = 0.2 and u, = 0.4, it tends to give the second peak
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in the period of 100th to 150th day, with u, = 0.6 there is no second peak. Further, with the larger
value of u,, it tends to reach a lower equilibrium value. Figure 6(d) shows a significant decrease of the
concentration of free viruses when u, increases, and the time for the peak to occur is slightly slower.
Figure 6(e) shows the concentration of antibodies increases from the beginning for all u, values, there
is a double peak for u, = 0.2, it reaches the first peak at 400 cells/ml on the 45th day and slightly
declines to 350 cells/ml then it rises up again to the higher second peak. At u, = 0.4, the double peak
is smaller than the case of u, and than its first peak. With a higher value of u,, the concentration of
antibodies decreases largely, respectively and tends to reach a lower equilibrium value. Figure 6(f)
shows that when u, increases, the concentration of CTL decreases significantly, and the time for the
peak to occur is slightly slower, respectively. On the whole, from the results above u, has been shown
to play a main role in greatly reducing the concentration of intracellular HBV DNA-containing capsids,
free viruses, antibodies and CTL.

(iii) when 7 varies and 7, = 5
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Figure 7. Simulation results of the HBV model (2.1) with 7, and 7, represent the delay in the
productively infected hepatocytes and the delay in an antigenic stimulation generating CTL,
respectively. We vary the value of 7, to be 71 = 0.5, 5, 15 where 7, = 5. (a) the concentration
of uninfected hepatocytes, (b) the concentration of infected hepatocytes, (c) the concentration
of intracellular HBV DNA-containing capsids, (d) the concentration of free viruses, () the
concentration of antibodies and (f) the concentration of CTL.

In Figure 7, we vary the value of 7; where 7, is 5. From Figure 7 (a), we can see that the dynamics
of concentration of uninfected hepatocytes hardly changed when 7, varies. Figures 7(b) and 7(c) show
a similar pattern, the concentration of infected hepatocyte and intracellular HBV DNA-containing
capsids go up since the beginning for all values of 7,. They show that the higher the value of 7, the
smaller the peak and the longer it takes for the peak to appear. Further, it reaches a lower equilibrium
value when compared with a smaller 7;. Figure 7(d) shows double peaks in the concentration of free
viruses, the lower peak height for both peaks obtained with the larger value of 7. They drop down
after the first peak, then gradually rise to the second peak, which occurs between the 150th and 250th
day. Finally, it tends to reach a lower equilibrium value when 7; increases. Figures 7(e) and 7(f) show
that in the case when 7; increases, the concentration of antibodies and CTL decrease with a slower time
for the peak to occur, respectively. In summary, the result above 7; has shown to have an impact to
a reduction in the concentration of infected hepatocytes, intracellular HBV DNA-containing capsids,
free viruses, antibodies and CTL. Also, the epidemic peak occurs slower when 7, increases. (iv) when
T, varies and 7; = 5.
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Figure 8. Simulation results of the HBV model (2.1) with 7, and 7, represent the delay in the
productively infected hepatocytes and the delay in an antigenic stimulation generating CTL,
respectively. We vary the value of 7, to be 7, = 0.5, 5, 15, where 7; = 5. (a) the concentration
of uninfected hepatocytes, (b) the concentration of infected hepatocytes, (c) the concentration
of intracellular HBV DNA-containing capsids, (d) the concentration of free viruses, (e) the
concentration of antibodies and (f) the concentration of CTL.

When 7, increases, the concentration of uninfected hepatocytes drops faster on the first 100th day,
as shown in Figure 8(a). After that, however, the concentration of uninfected hepatocytes tends to
decrease slower than in the case of smaller 7,. Figure 8(b) and 8(c) give a similar pattern when 7,
increases, the concentration of infected hepatocytes and intracellular HBV DNA-containing capsids
largely increase, with a slower time for the peak to occur. Interestingly, with 7, = 0.5, there are two
peaks occurred, whereas only one peak observed in case 7, = 5 and 15. Further, with 7, = 15 it reaches
a lower equilibrium value when compared to 7, = 0.5, and 5. When 1, increases, the concentration of
free viruses increases to almost the same level of the peak as shown in Figure 8(d). However, it tends
to give the second peak for case 7, = 0.5 and 5, while in case 7, = 15 there is only one peak. At the
start in Figure 8(e), when 7, increases, the concentration of antibodies significantly increases with a
slower time for the peak to occur, with 7, = 0.5, after the 70th day, it goes up again to the small second
peak at a smaller level. On the other hand, Figure 8(f) shows a large reduction of the concentration of
CTL with a slower time for the peak to occur, when 7, increases. Further, in the case 7, = 0.5, on the
80th day, it tends to rise to give the second peak ranging the period of 70 days then goes down to zero.
On the whole, from the results above, 7, has shown to give an impact in boosting up the concentration
of infected hepatocytes, intracellular HBV DNA-containing capsids, free viruses, and antibodies with
a longer period of an epidemic time. However, it shows to play a main role in greatly reducing the
concentration of CTL. This means that the delay of antigenic stimulation generating CTL causes a
longer duration with a large quantity of the hepatitis B virus infection.

4. Conclusion

In this paper, different from other existing models we propose multiple delays within-host model
for HBV infection with 6 variables consisting of the uninfected hepatocytes, infected hepatocytes, in-
tracellular HBV-DNA containing capsids, free viruses, antibodies, and cytotoxic T-lymphocyte (CTL).
We incorporate the two delays which are the delay in the productively infected since viruses attack
and an additional delay in an antigenic stimulation generating CTL. The model also involves two drug
therapies. We have proved that all solutions are non-negative and bounded. Three equilibrium states
are determined in this model i.e. infection-free, the immune-free and the immune-activated infection.
The basic reproduction number is determined and becomes the threshold in determining the stability of
the infection-free equilibrium point. Further, the global stability of immune-free and immune-activated
infection equilibrium points are analyzed and presented in Theorem 8 and 9, respectively. Our numer-
ical simulations have shown that both drug therapies play a key role in reducing an HBV infection
overall. From Figure 7, we obtain that 7, affects the time for the peak to occur i.e. it is slower when 7,
increases. Also, a smaller epidemic is observed in a larger value of 7;. In addition, the results of Figure
8 obtained, they show that the greater the delay in an antigenic stimulation generating CTL (7,), the
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more severe HBV infection occurs. Our findings have confirmed the great role of both drug therapies
in reducing HBV infection as shown in the work of Danane and Allali, 2018 [20]. However, the greater
the delay in an antigenic stimulation generating CTL cells has been shown to make the HBV infection
more severe, this can be found in the work of Sun and Liu, 2017 [46] that this time delay gives a big
effect on the model dynamics. Overall, including both adaptive immune responses which are CTL and
antibodies with time delays would make this model more realistic and this could bring better under-
standing of HBV infection. As a future work, it might be reasonable to include spatial components and
diffusion for viruses into the model.
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