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Abstract: The global spread of COVID-19 has not been effectively controlled. It poses a significant
threat to public health and global economic development. This paper uses a mathematical model with
vaccination and isolation treatment to study the transmission dynamics of COVID-19. In this paper,
some basic properties of the model are analyzed. The control reproduction number of the model is
calculated and the stability of the disease-free and endemic equilibria is analyzed. The parameters of
the model are obtained by fitting the number of cases that were detected as positive for the virus, dead,
and recovered between January 20 and June 20, 2021, in Italy. We found that vaccination better
controlled the number of symptomatic infections. A sensitivity analysis of the control reproduction
number has been performed. Numerical simulations demonstrate that reducing the contact rate of the
population and increasing the isolation rate of the population are effective non-pharmaceutical control
measures. We found that if the isolation rate of the population is reduced, a short-term decrease in the
number of isolated individuals can lead to the disease not being controlled at a later stage. The analysis
and simulations in this paper may provide some helpful suggestions for preventing and controlling
COVID-19.
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1. Introduction

COVID-19, caused by the SARS-CoV-2 coronavirus, has become a widespread epidemic, the
most dangerous infectious disease to people’s health in the recent decade. The first documented
instance of the sickness was in Wuhan, China, in December 2019, and subsequent cases have been
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recorded internationally [1]. On January 30, 2020, the World Health Organization (WHO) announced
an international public health emergency, and on March 11, 2020, it declared a pandemic. According
to the WHO, more than 536 million confirmed cases and more than 6.3 million deaths had been
documented worldwide as of June 19, 2022.

In comparison to other viral infections such as influenza, COVID-19 has the following
characteristics [2]: it has a long incubation period; the spread of this disease is difficult to control
because it can be transmitted by asymptomatic patients [3], and it can be detected by polymerase
chain reaction (PCR) tests. This virus can be fatal, especially in the elderly or those suffering from
underlying conditions such as cancer, diabetes, or arterial hypertension. The primary known
transmission mechanism is through direct social interaction between a vulnerable individual and an
infected person [4]. Susceptible individuals can also develop the virus by direct contact with
contaminated surfaces or objects, inhaling droplets ejected from the noses of symptomatic or
asymptomatic infected individuals while spitting, coughing, or sneezing [5]. An infected person
develops symptoms 5—6 days after the first infection, but the incubation period is usually 2—14
days [6,7]. A large proportion of patients with COVID-19 disease have no clinical symptoms or
negligible disease symptoms. However, common symptoms in infected persons include a dry
cough, high fever, discomfort, headache, severe weariness, and shortness of breath [8]. Patients
with the most severe symptoms may develop pneumonia or possibly organ failure.

This pandemic has tested the public health systems of all countries. In order to control the spread
of the disease, various countries have taken measures, such as quarantines, lockdowns, and social
evacuation measures. COVID-19 has wreaked havoc in many countries. In this paper, we will apply
our model to the case of COVID-19 transmission in Italy. Italy is one of the European countries most
severely affected by COVID-19. The first cases in Italy were reported at the end of January 2020. In
early March 2020, Italy was forced to carry out extensive containment and control to stabilize the
epidemic. On March 19, 2020, 41,035 detected cases were reported in Italy, more than China and Iran
combined, making it the country with the worst epidemic worldwide. As of March 19, 2020, the
number of deaths in Italy reached 3405, making it the country with the highest number of deaths due
to COVID-19 in the world. The Italian government has taken strong measures to avoid the continued
spread of the virus among the population. These actions include social evacuation, mandatory use of
masks, and temporary cancellation of cultural, sports, and educational activities.

Large-scale vaccination campaigns have been initiated in some countries, such as Italy, since
December 2020. However, the global distribution of the COVID-19 vaccine is a complicated and
lengthy process. Therefore, the effects of this fledgling vaccination campaign are not yet reflected in
the number of infections reported daily.

Mathematical models have an important role in the study of the spread of diseases. They can help
us to simulate, analyze and predict the spread of epidemics [9—14]. Many researchers have now used
mathematical models to study the transmission of COVID-19, such as the models in [15-23]. [24]
developed a stochastic discrete-time infectious disease model to evaluate the risk of COVID-19
resurgence in the second wave. [25] compared the situation and control measures during the outbreak
phase in Italy with Guangdong Province, China, and they concluded that the control measures in Italy
were not timely and effective at the beginning. [26] developed a SIFR model to investigate the spread
of COVID-19 in Harbin, China. [27] analyzed the effect of mask-wearing on the spread of COVID-19
in New York City. [28] studied the optimal control of COVID-19 in Saudi Arabia. [29] conducted an
in-depth study of nosocomial infections by developing a SEIHR mathematical model of COVID-19
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transmission dynamics. [30] studied the spread of COVID-19 in Spain by a new extended SEIR model.
There are also several studies on the effect of vaccination on the spread of COVID-19. [31] studied
a SE (Is) (Ih) AR model combining vaccine and antiviral control. [32] studied the long-term
dynamics of the IVRD model using efficient numerical methods. [33] proposed a mathematical
model to study the effect of two doses of vaccine and non-pharmaceutical prophylaxis on the spread
of COVID-19 in Bangladesh. In [34], the impact of vaccination on the control of COVID-19 in the
United States in 2021 is studied using a mathematical model. [35] evaluated the effect of age-specific
vaccination strategies on the number of infections and deaths using a SEIR model. [36] developed a
patch model with the vaccine to study the spread of COVID-19 in China based on the mechanism of
the spread of the COVID-19 epidemic. Several other studies have discussed vaccination
prioritization strategies, for example [37,38].

The motivation for the study in this paper is ongoing vaccination to control the spread of novel
coronaviruses in humans. Given the same rate of vaccine protection, how effective is vaccination in
controlling symptomatic and asymptomatic infected individuals, respectively? What is the relationship
between the rate of vaccine protection and the number of symptomatic infected persons, and the
number of dead cases? Do we need to take other measures besides vaccination to control the spread of
the epidemic? Here, we developed a SEIAR-based compartment model to simulate the spread of the
virus after vaccination.

In the study of this paper, we propose a SEIAHRV model containing a vaccination compartment.
The developed model is analyzed and numerically simulated to describe the propagation dynamics of
COVID-19. The next-generation matrix approach is applied to derive the control reproduction number.
We determine the uniqueness of the existence of disease-free equilibrium and endemic equilibrium
and also analyze the stability of equilibria. In numerical simulations, we analyze the control effect of
the vaccine on the number of asymptomatic infected, symptomatic infected, and fatal cases. We
perform sensitivity analyses on different parameters to identify the model parameters that significantly
impact the control reproduction number of COVID-19. The results of this paper provide
recommendations for policymakers on the effective mitigation of the COVID-19 epidemic.

The results of the analysis of the role of vaccines show that vaccination is more effective in
controlling the increase in the number of symptomatic infected individuals in the population; in
reducing the likelihood of people becoming symptomatic and dying after infection, we should choose
vaccines with a higher rate of vaccine protection. The results of the sensitivity analysis suggest that if
vaccination alone is not enough to stifle the spread of the epidemic in Italy in susceptible individuals,
manual interventions (e.g., wearing masks, maintaining social distance, strengthening quarantine of
the population, etc.) must be continued after vaccination for the spread of the virus to be significantly
limited. With no overload of medical resources, increasing the quarantine isolation rate for the
population to the original 150% would reduce the number of detected cases by 81.25% after 150
days; keeping the current quarantine isolation rate unchanged would reduce the number of detected
cases by 53.23% after 150 days; reducing the quarantine isolation rate to the original 50% would
only reduce the number of detected cases by 4.83% after 150 days. After the relaxation of the
quarantine of the population, the number of detected cases seemed to “decrease” in the short term
because the infected people in the population were not detected in time, so the disease would
spread rapidly after a while and eventually, the spread of the epidemic could not be controlled.

The rest of the paper is organized as follows. In Section 2, we present the established disease
transmission model. Section 3 presents the equilibria of the model and the control reproduction number.
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Section 4 analyzes the stability of the equilibria. Section 5 fits the model parameters to simulate the
epidemic’s spread and analyzes the parameters’ sensitivity. Finally, a brief discussion and model
conclusions are given in Section 6.

2. Spread model

According to the transmission characteristics of COVID-19 and preventive measures, we divided
the population into eight groups, as shown in Table 1. Individuals in group A or group [ are infected
and infectious. The transformation relationship between compartments is shown in model (1), the state
transfer schematic is shown in Figure 1, and the parameters are shown in Table 2. The range of
parameters in Table 2 is [0,1]. M is the number of new populations in the area per day, including the
number of births and population in-migration.

Table 1. Population classification.

Group Symbol Description
. People without antibodies and susceptible to COVID-19
Susceptible S . .
infection
Exposed E People who are infected but not infectious
. Symptomatic infected individuals who are neither detected nor
Symptomatic I o
hospitalized
) Asymptomatic infected individuals who are neither detected
Asymptomatic A .
nor isolated
Detected & Isolated Peop'le v.vho have detecteq p0s¥tlve for the virus and are in
hospital isolation or home isolation
Vaccinated \Y People who have been vaccinated with COVID-19
Recovered R People who recover from infection

Figure 1. The state transformation process of individuals.
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Table 2. Description of parameters.

Parameters  Description

(0] The proportion of infected individuals who have symptoms
B Basic transmission rate
o Quarantine rate of asymptomatic individuals being detected and isolated
Y Transmission rate of exposed individuals to asymptomatic and symptomatic
) Quarantine rate of symptomatic individuals being detected and isolated
A The cure rate of isolated individuals
K Death rate caused by COVID-19
n Vaccination rate
a Vaccine efficacy
u Natural death rate
T Correction factor for transmission rate of asymptomatic individuals
ds(t) S (1) +7A(t)
(8O _ - pZOUOTO) ) 1 ys(e) + (1 - a)V (),
dE(t) _ SO +TA®)
— = O +WE®) +B—
dI(t)
= = PYE@® = (6 + i),
| S = A= @WE® — (6 + AW, (M)
d’;i” = SI(t) + OA) — (A + Kk + wH(D),
= 2H(®) - pR(8),
av(t)
o =SSO - A —a+ V@),

where N=S+E+I+A+H+R+V.

For model (1), we have the following assumptions

(a) Individuals in compartment H are entirely isolated and therefore have no opportunity to
infect susceptible individuals. Asymptomatic individuals will be isolated at home immediately
after being detected. Symptomatic individuals will be isolated in the hospital immediately after
being detected.

(b) Individuals in compartment E, although infected with the virus, are still in the latent phase
and are not infectious. Individuals in compartments I and A are both infectious.

(c) Individuals in compartment V are vaccinated, but the vaccine may not protect everyone.
Individuals for whom the vaccine is effective will be protected from infection, while unprotected
individuals will return from compartment V' to compartment S, i.e., become susceptible again.

Let

T
U(t):= (S(&),E(t),1(2), A(t), H(t), R(2), V(1))
be the solution of model (1) through any @:= (@1, ©2, @3, P4, Ps, Pg, ©;)T € O, where

Q= {(@1, P2, O3, Q1 @5, 6, ©7)" ERL: 01 + @y + @3+ @4 + @5 > 0}
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with R, = [0, ).
For the well-posedness and dissipativeness of model (1), we have the following proposition
Proposition 1. Model (1) with any ¢ € Q has the unique non-negative bounded solution U(t) on

[0, @0).
Proof. From existence and uniqueness theorem of solutions of ordinary differential equations

(ODEs) [39], the solution U(t) = (Uy(t), Uy (1), Us(t), Uy (L), Us(t), Ug(t), U7(t))T with any ¢ €
Q1 is unique on its maximum interval [0,T,) of existence.

First, let us show that the solution U(t) is non-negative on [0,T,). For any given b € (0,T,),

and any given € > 0, U(t, ¢€) = (Ul(t, €),U,(t, ), Us(t, ), Us(t, ), Us(t, €), Ug(t, €), Uy (t, e))T is

the solution of the following model

( di_(tt)= M—ﬁw— Mm+wS®) + (1 —a)V (@),
O _ SO +7A®))
=~V +WEO+B— - — t¢&
d
% = QyE(t) — (6 + WI(t) + ¢,
\ dz_(tt) =1 —PYE(t) — (0 + WA(L) + ¢, 2)
O - 51(8) + 0AE) — (A + K + WH(D) +e,
di—(tt) = AH(t) —pR(t) + ¢,
d
\ E(f) =nSt) — (1 —a+ V() +¢

with @ € Q for t € [0, b]. According to the dependence of solutions of ODEs on parameters [39], the

solution U(t,¢) is uniformly existent on [0, b] for sufficiently small € > 0. Since % >0 if

U;(0,e) =0 forany i € I, = {1,2,3,4,5,6,7}, we can claim that U(t,e) > 0 on (0, b). We prove the
claim by contradiction. In fact, suppose that there exists a t € (0, b) such that U;(t,e) = 0 for some

i€l, and U(t,e) > 0 for t € (0,t), where t = 1rn,ir17{ti},tl- = supf{t € (0,b) | U;(x,e) > 0,x €
<I<

(0, t]}. Then, we have

du;(t,e)
s < o, 3)

Wedenote P=N—-H—-V=S+E+1+A+R.For t €[0,t], we can obtain

LD = L (Uy(t€) + Uy(t,€) + Us(t €) + Un(t,€) + Ug(t, £))

=4+ M+H+ (1 —-a)V—nS -6 —60A—uP
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>-—-S+S6I+0A+uP)=>—-ES+I1+A+P)=>-2¢P,
where & = max{n, 8,0, u}. Hence, we can obtain P(t,&) > P(0,€)e 2t > 0 for t € [0,f]. Since
du;(t,e)

U;(t,e) =0 and U(t, €) = 0, it follows from model (2) that —a 0. Clearly, this contradicts

Eq (3). Therefore, we have U(t,e) > 0, t € (0,b).

Now, let € —» 0%, then it follows that U(t,0) = U(t) = 0 for any t € [0,b). Consider any
arbitrary b € (0,T,), then it follows that U(t) = 0 for any t € [0,T,). By model (1), we obtain

dl;—it) =M — kH(t) — uN(t) < M — uN(t). From comparison principle, U(t) is bounded on R7.

According to the extension theorem of the solution of ODEs [39], T, = oo.

By the same argument as above, we can get Proposition 1.

Remark 1. From the proof of Proposition 1, it follows that the set (1 is positively invariant for
model (1).

3. Equilibria and control reproduction number
The equilibria and the control reproduction number of model (1) are discussed in this section.

It is clear that model (1) always has a disease-free equilibrium P, = (S,, 0,0,0,0,0,V,)”, where
_ MQA-a+tp) _ Mn
T u@-atptn)’ 0 T p(i-atpn)’

Next, we use the next-generation matrix method [40] to calculate the control reproduction number.
Let

0

S(I+tA)
B
F = 0 B

(r + WE
V= —pyE + (6 + p)I

—(1-d)E+ (0 +wA

The Jacobi matrices of F and V at the disease-free equilibrium P, are as follows

0 g 6
F=<0 0 0>,
0 0 O
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r+u) 0 0
—¢y (6+uw 0
—(1-9¢)y 0 0+

Thus, we can get the control reproduction number R, as follows

<N
Il

ey ¢ (1-¢)
RC = p(FV 1) - ﬁy ((5+M)(V+ﬂ) (9+M)(V+#)).

Let the right-hand sides of the equations in model (1) equal to 0, we can get

1=2p 4= = —— (6 2L+ 0 520, N
- % R = %H - m(aﬁu Iyl ¢)V)E.
Adding the first two equations in model (1) and then put Eq (4) into it, we can obtain
S = (1—a+w)[M—(y+u)E] V= ns  _ niM-(y+w)E] (5)

pu(-at+p+n) ' 1-atp p(l-atp+n)’

From Eqs (4) and (5), model (1) admits a unique endemic equilibrium P, =

(Se,Ee 1, Ap, He, R, V)T > 0 when and only when 0 < E, < % Since P= S+E+1+A+R,

putting it into the first equation of model (1), we get

_ SERc(y+uw) u(l—a+u+n)5 =0, 6)
S+qE 1-a+u

_ ¢y | (1-¢)y A Py | o=y : :
where q = 1+6+u+ oea +u(/1+fc+u) (66+u+9_9+u ) Putting Eq (5) into Eq (6) and

simplifying it, we have
[(Re — 1S —qE]E = 0. (7)
According to Eqs (5) and (7), there holds

([ + E - MI(R, — 1) + LB g

1-a+u
(8)
={{o +w® - 1) + LD g YR - D}E =

1-a+u

We can see that Eq (8) has a positive root

M(R.~1) M

_ 1y, au—atu+n) +
(r+i)(Re=1)+1E=000 vHu

when and only when R, > 1. Therefore, model (1) has a unique endemic equilibrium P, if and only
if R, > 1, where
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S = qM V. = n qM
e (y+”)(RC_1)+‘W:+:Z+’7)' e~ atn (y+”)(RC_1)+qu(1 Z:Zw),
MRc—1) _ % (1-¢)y
= = , E., =—F
(r+R)(Re—1)+LEZEHEY € T Sy
— 1 (1 ¢)Y A (1 ¢)y
He = Atr+u (6 6+u +0 )Ee’ Re uA+r+u) (6 6+u +0 )Ee'

By Eqgs (4), (5) and (8), we found that the disease-free equilibrium P, is unique.
Based on the above analysis, we have the following theorem.

Theorem 1. Model (1) has a unique disease-free equilibrium P,. And model (1) has a unique endemic
equilibrium P, if and only if R, > 1.

4. Stability analysis of equilibria

In this section, the stability of the disease-free equilibrium and the endemic equilibrium is
analyzed, with respect to R..

Theorem 2. The disease-free equilibrium P, is locally asymptotically stable if R, < 1 and unstable

if R, > 1.
Proof. The characteristic equation of the linearized system of model (1) at P, is
X+@+w —B —1B
X+w?X+x+2+wX+1—a+p —¢r X+ (6 +p 0 =0. (9)
-1 -y 0 X+(0+p

It can be seen that Eq (9) has at least four roots with negative real parts X; = X, = —u, X3 =
—(k+A+p), X, =—A —a+u). For simplicity, let k; =y +puk, =6+uwk;=60+u.
Therefore, we only need to discuss the roots of the following equation

X +k, -8B —1B
—¢r  X+k, 0 |=o0. (10)
—1=¢)y 0  X+k;

Equation (10) can be organized to obtain
X+k)X+k)X+ky) —PyX+u+¢d0+(1—9¢)5) =0. (11)
Simplifying Eq (11), we have X3 + a; X% + a,X + a; = 0, where a; =k, + k, + k3, a, =

(1-¢)t
koks + kiky(1 —Ry) + kik3(1 — Ry), az = kikks(1—R.), Ry = Byd) Rz = Byklk;b

. Obviously
if R, <1, a; >0 and az > 0, and thus easy to determine a,a, > as. Therefore, according to the
Routh-Hurwitz criterion it is known that the disease-free equilibrium is locally asymptotically stable
if R, <1.

Then consider that if R, > 1, Eq (11) can be written as
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X3 + (k1 + kz + k3)X2 + (k2k3 + k1k2(1 - Rl) + k1k3(1 - Rz))X + k1k2k3(1 - RC) = O.
Let X5, X¢ and X, be the three roots of Eq (11), and according to Veda’s theorem we have

{X5+X6 + X, =—(k;+k, +k3) <O, (12)
Xs - X¢ - X; = kikyk3(R, — 1) > 0.
There are two cases about X5, Xg and X, implied by Eq (12)
(1) All three roots are real numbers, two of them are negative, and the other is positive.
(i1) One of the three roots is real and positive, and the other two roots are conjugate complexes.
In summary, Eq (9) has a positive root if R, > 1, so the disease-free equilibrium is unstable.
Theorem 3. The disease-free equilibrium P, is globally asymptotically stable if R, <1 in Q.
Proof. By Theorem 2, we only need to prove that the disease-free equilibrium P, is globally
attractive for R, < 1. From the above we can get

U@):= (SO, E®), 1), A(t), H(®), R(D), V(t))T

is the solution of model (1) with any ¢ € (. To show that P, is globally attractive, we just need to
verify that w(@) = {P,}, where w(¢) is the w limit set of ¢. Let we define a function £ on Q
as follows,

K
L(@) = k2 + fo3 + ifr Py

The derivative of £ along U(t) is given by

LW ) = ko [FG2 — ko B| + BIOVE = ko) + 225 [(1 = @IVE = ks A

With some computations, we get

L(U(D) < kalBEA + D) = Iy E] + BISVE — kol] + "2 [(1 — $)YE — ks A]

(13)

_ Brei=9) | Brd .\ p _ _
= kyks R 1) E = kyk; (R — 1)E.

We can find that when R, < 1, L(U(t)) < 0. Hence if R, < 1, L is a Lyapunov function on
Q. By Corollary 2.1 in [41], we have £(¢) = 0 forany ¢ € w(p).

For any ¥ € w(¢), assume that U(t) = (S(t),E(t),I(t),A(t),H(t),R(t),V(t))T is the

solution of model (1) through . Then by the invariance of w(¢), we have that U(t) € w(¢p) for
all t € R. Next, by L(U(t)) =0 and Eq (13), we have E(t) = 0 for Vt € R. From the 3rd, 4th,
5th, and the 6th equations of model (1) and the invariance of w(¢), it holds I(t) = A(t) = H(t) =
R(t) = 0 for t € R. Therefore, model (1) can be simplified as
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BB _ M — (1 + p)SE) + (1 — )V (L),

dt
(14)
T =@ — (1= a+ V(o).

According to system (14), we can see that

as(e) dv(e)
at T Tar

M—u(S+V).

From the invariance of w(¢), it follows that S +V = % for t € R. Hence, system (14) and the

M(1-a+u)
p(l—a+p+n)
Therefore, w(¢p) = {P,}. Thus, the disease-free equilibrium P, is globally asymptotically stable.

Mn

=SO and V=m

invariance of w(¢) imply that S = =V, for teR

By the proof approach of Theorem 2.1 in [42], we can obtain the local stability of P,.

Theorem 4. The endemic equilibrium P, is locally asymptotically stable if R, > 1.
Proof. The characteristic equation of the linearized system at P, is given by

X+wX+r+aA+wp, =0, (15)

where

Jr, = X+ k)X + k)X + k3)(X + k) (X + ks) + 51X + k) (X + ko)X + k3)(X + ks) —
S3yT(1 — )X + k)X + k) (X + ks) — syd(X + k3)(X + ky) (X + ks),

ky=u+nks=1—a+y,

—1)2
Sl = (RC 1) > 0,
qRc
sy = B Byf(l—cb)(ljc—l) _ E(l _1yz(1-¢) Rc—l) >0,
RC quRC Rc q k3 RC
L= B BreRen) g( _1@%—1) S 0.
Rc qkzRc Re q k2 Rc

Obviously, Eq (15) has negative roots —u and —(x + A + u). The other eigenvalues satisfy

Jp, = 0. Next, we show that any root X of Jp, = 0 has negative real part by contradiction.

. X+b 1 .
Assume that X has a nonnegative real part. Then X—ia and Yo also have a non-negative real part

for a,b > 0. It follows from Ip, = 0 that

s1(X+k1) _ ssyt(1-9) | yos;
X +k)+ X+ks  X+ks + X+ky'
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By the properties of complex modulus and R, > 1, it holds that

|X + ey + 2tk

> ki,

and

s3yt(1—¢p) | vPs;

< s3yt(1-¢) | YPsz

< S3yT(1-9) + YPs2
- k3 ko

—k _ 2Bpt(1-9)y*(Rc—1)
o qkak3Rc?

_ . _ 2Per(-¢) R
1 koks (Re-1

551 < kj.

Clearly, this is a contradiction, and hence any root of Eq (15) has a negative real part. Therefore,
P, is locally asymptotically stable for R, > 1.

Theorems 2 and 3 show that if R, < 1, the number of people infected with COVID-19, I(t)
and A(t), will eventually be zero, i.e., the outbreak will be controlled. Theorem 4 shows that when
R.>1, I(t) and A(t) will be stable around positive constants, respectively. This implies that
COVID-19 will form an endemic disease. One certainly wants COVID-19 to disappear as soon as
possible, which means that the control reproduction number R, should be controlled below 1.

According to the expression of R., the following measures can help control the spread of
COVID-19:

(I) Strengthen the quarantine of the population so that the number of infected individuals (A and )
mixed in the population will be reduced (i.e., increase § and ).

(IT) Implement control measures such as maintaining social distancing and wearing masks to reduce
the rate of disease transmission (i.e., reduce f).

5. Numerical studies and analysis

In this section, parameters are fitted and simulated to the model using real case data from Italy,
and the role of vaccination is analyzed based on the simulation results. Then a sensitivity analysis of
the parameters of the control reproduction number is performed.

5.1. Parameter fitting

In this section, model (1) is used to simulate the spread of COVID-19 in Italy. Vaccination in Italy
officially starts on December 27, 2020. The brand of vaccination is mainly the Pfizer vaccine [43]. The
model simulation will use the protection rate of the Pfizer vaccine [44] as a parameter of the model.
More than 3000 fully vaccinated (two doses) people have been reported since January 17, 2021.
Therefore, we selected data from Italy from January 20, 2021, to June 20, 2021, for the simulation.
Daily data on detected cases of COVID-19 in Italy from 2020 to 2021 are shown in Figure 2(b). Italy
released an official ban [45] on non-essential population movements between regions, which came
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into effect on December 21, 2020. The point in time when the ban became effective, the point in time
when the ban was lifted [46], and the point in time when the emergency started [47] have been marked
in Figure 2(b). The case data used in the model include the number of cases that detected positive for
the virus (they are hospitalized or in-home isolation), the number of deaths due to disease, and the
number of recovered cases from the cure, all from actual data published in Italy [48]. We use D(t) to
denote the number of deaths due to disease, and the number of cases of death due to disease satisfies

the equation dz—it) = kH(t). With the increase in the number of medical personnel and supplies, as

well as the accumulation of experience in treatment, the rate of death from disease gradually decreases,
and the rate of cure increases. Therefore, it is assumed that both the mortality rate k = k(t) and the
cure rate A = A(t) are functions of time, which is more in line with the actual situation.

Table 3. Values of parameters.

Parameter Value Source Sensitivity index
¢ 0.05 Assumed —2.8913 x 10~*
B 0.0507 Fitted 1

0 0.0285 Fitted —0.9492

Y 0.2222 Fitted 0.0002

1) 0.0292 Fitted —0.0497

n 0.80 Assumed —

a 0.95 [44] -

U 3.34x107° Assumed [49] —0.0013

T 0.98 Assumed 0.0491

Most cases that are detected as positive for the virus are asymptomatic patients, and home
isolation will begin once they are detected as positive for the virus. Therefore, we assume that the
number of positive virus detections is the number of isolated cases. We used the least squares method
to fit the parameters of model (1). According to [49], the average life expectancy in Italy is 82, so we

~ 3.34 x 107°. The total population of Italy is estimated to be 59,325,000.

assume that u is
82x365

The population mobility decreases during the epidemic, while the birth rate in Italy [50] is about 7
newborns per 1000 people, so M is assumed to be 1170. The fitting results are shown in Figure 2(a),
where the dots indicate the actual data, and the curves indicate the fitting results of the model. The
fitted values of the parameters are shown in Table 3. The parameters of k(t) and A(t) are obtained
by least squares fitting based on the official statistics of the number of death cases and the number of
recovered cases. k(t) and A(t) are as follows

k(t) = 0.0011 - e—[0.0151(t—12.8045)]2'

0.1026
1+e(—0.0063(t—161.9412))"

At) =

The initial values of the states of each compartment are shown in Table 4. The mean relative error
can be used to evaluate the fitting effect, which is defined as follows
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Evre =

Nldij=1

X()

1X(@)-X®) % 100%

where X (i) is the true value, X(i) is the fitted value, and n is the amount of data. The mean relative
error of the model fit results for daily positive virus-detected cases can be calculated as Eppr = 4.21%.

Table 4. Initial conditions for simulations.

Population Value Source
S (0) 56,268,501 Estimated
E (0) 104,710 Estimated
[(0) 24,930 Estimated
A (0) 498,623 Estimated
H (0) 523,553 Estimated according to [48]
R (0) 1,806,932 Estimated according to [48]
vV (0) 14,070 Estimated according to [51]
N 59,325,000 Estimated according to [52]
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Figure 2(a). Daily detected cases fitting.
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Figure 2(b). Daily detected cases data for COVID-19 from 2020 to 2021.

The simulation results and the mean relative error show that the model can reflect the spread of
the epidemic well. Based on the results in Table 3, it can be calculated that R, =~ 1.7417 > 1,
indicating that the epidemic will continue to spread in Italy. This conclusion is consistent with the
realistic rebound of the epidemic in Italy in August 2021.

5.2. Analysis of vaccine effects

Vaccination is an essential tool for pharmacological interventions to reduce the number of
susceptible individuals and thus control the spread of diseases in the population. We introduced a
vaccination compartment in the proposed model. We hypothesized that completing two doses of the
vaccine implies only temporary immunity and that the individual may revert to the susceptible class
due to the loss of immunity. Currently, the Italian government uses several [43] vaccines (Pfizer,
Moderna, Johnson & AstraZeneca, etc.) against COVID-19. We used the symbols a and 7 to
model the effect of vaccination on the population, representing the vaccine protection rate for the
susceptible population and the vaccination rate for the susceptible population. We considered seven
different scenarios for the vaccine protection rate a, which were unvaccinated, with protection rates
a of 50%, 60%, 70%, 80%, 90%, and 95%. We considered six different scenarios for the vaccination
rate 7, 50%n, 75%n, 100%n, 125%n, 150% n and unvaccinated to simulate the spread of
the epidemic in the population. Figures 3 and 4 show the effect of vaccination on the spread of
COVID-19 transmission in Italy, respectively, indicating that the vaccine protection rate and
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vaccination rate have an important role in controlling the COVID-19 epidemic.

The time starting point in Figure 3(a)-3(h) is January 20, 2021, and the change in the number of
cases relative to January 20 is calculated every 25 days. The values of all parameters are shown in
Table 3, except for the different values of vaccine protection rate «. The values in Figure 3(i) are the
values in the first column of Figure 3(d) minus the values in the other six columns, and the values in
Figure 3(j) are the values in the first column of Figure 3(f) minus the values in the other six columns.

As can be seen in Figure 3(a),(b), the higher the vaccine protection rate «, the earlier the “turning
point” when the number of detected cases starts to decline, and the lower the peak number of detected
cases. In the case of a 70% in Figure 3(d),(f), for example, the number of asymptomatic infections
increased by 37.90% after 25 days relative to January 20, while the number of asymptomatic infections
without vaccination increased by 50.06% after 25 days relative to January 20, so the growth of
asymptomatic infections decreased by 50.06% — 37.90% = 12.16%; the number of symptomatic
infected individuals increased by 40.93% after 25 days relative to January 20, while the number
of symptomatic infected individuals at the time of unvaccinated increased by 53.66% after 25 days
relative to January 20. Hence, the growth of symptomatic infected individuals decreased by
53.66% — 40.93% = 12.73%. Similarly, in the case of the row with an interval of 25 days in
Figure 3(d),(f), the increase in the number of symptomatic infected relative to the unvaccinated
group decreased by 7.89%, 9.57%, 12.16%, 16.74%, 27.12%, and 39.76%, respectively, when the
vaccine protection rate a gradually increased; while the increase in the number of asymptomatic
infected relative to the unvaccinated group decreased by 8.26%, 10.01%, 12.73%, 17.53%, 28.39%,
and 41.61%, respectively, using the first column in Figure 3(d) minus the other six columns to
obtain Figure 3(i), and using the first column in Figure 3(f) minus the other six columns to obtain
Figure 3(j). By comparing the magnitude of the values, it can be found that the reduction in the
increase in the number of symptomatic infections is greater than the reduction in the increase in
the number of asymptomatic infections. Therefore, it can be seen that the vaccine is more effective in
controlling the growth of symptomatic infections in the population when the vaccine protection rate «
is the same. As can be seen in Figure 3(d),(f), the higher the vaccine protection rate «, the lower the
growth rate of asymptomatic and symptomatic cases. From Figure 3(g),(h), it can be seen that the higher
the vaccine protection rate a, the lower the growth rate of the number of fatal cases. Vaccines make it
possible to reduce the probability of a susceptible person becoming symptomatic after being infected and
can better reduce the harm people suffer.

The time starting point in Figure 4 is January 20, 2021, and the change in cases relative to January 20
is calculated every 25 days. The values of all parameters are shown in Table 3, except for the different
values of vaccination rate 7.
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From Figure 4(a),(b), it can be seen that the spread of the epidemic is controlled to some extent
as soon as vaccination is started, regardless of the vaccination rate. From Figure 4(a)—(h), it can be
seen that the higher the vaccination rate 7, the lower the peak number of detected cases, and the earlier
the “turning point” when the number of detected cases starts to decline, and the lower the number of
symptomatic patients, asymptomatic patients, and new deaths.

The vaccine worked as expected to stifle the spread of the epidemic and reduce the harm people
suffered. We must realize, however, that relying on vaccination alone will not completely control the spread
ofthe outbreak. As seen in Figure 2(b), the number of detected cases decreased after the vaccination started.
But after the ban on non-essential population movements between regions was lifted, the number of
detected cases began to rise rapidly. The detected cases decreased until March 27, 2021, when the Italian
Ministry of Health issued emergency measures. The above analysis shows that non-pharmaceutical

interventions are also necessary to control the outbreak.
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5.3. Sensitivity analyses

In addition to vaccination, to reduce the spread of COVID-19, it is necessary to consider which
control measures are most effective; in other words, which parameters should be analyzed to have the
greatest impact on the control reproduction number R.. This is the sensitivity of the parameters, which
refers to the relative changes in the variables of interest caused by changes in some parameters.
Assuming that the function f is differentiable concerning the parameter x, the sensitivity index of
f to x is defined as [53]:

x _0rx

f " ooxf
The sensitivity index Y reflects the robustness of the function f'to the variable x. Specifically,
with the values of other variables (or parameters) held constant, if Y > 0, when x increases (or

decreases) by 1%, f increases (or decreases) by Y7 %; if Y7 <0, when x increases (or decreases)

by 1%, f decreases (or increases) by —Y{*%. The sensitivity indicators of the control reproduction
number R, for each parameter are shown in Table 3. For example, the sensitivity index of R, to

p is 1 (YlfC = 1), which means that if f increases by 10% and the other parameters remain

unchanged, R, will increase by 10%. Similarly, since ch = —0.0497, § increases by 10%, then

R, decreases by 0.4%. As can be seen from Table 3, the parameters with larger absolute values of the
susceptibility index are 8, 8, §, T, 4, ¢ and y, in that order. This indicates that effective measures
to reduce R, include frequent hand washing, wearing masks, keeping social distance (reducing f);
strengthening the detection of infected patients, and isolating as many detected infected individuals as
possible, and ensuring that detected individuals are strictly isolated from susceptible individuals
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(increasing & and @). This is the same result as the analysis in Section 4.
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Figure 5. Curves of the number of cases in compartment H corresponding to different £.

Some parameters can be adjusted for simulation and comparison to visualize the effect of
corresponding prevention and control measures on COVID-19 transmission. According to the sensitivity
analysis, f has the greatest effect on the control reproduction number R, followed by 6. we first focus
on the effect of different f on the spread of COVID-19. Keeping the other parameters unchanged, let 8
be 100%, 80% and 50% of the original taken values, respectively. The simulation results are shown in
Figure 5. The corresponding control reproduction numbers are 1.7417, 1.3934 and 0.8709, respectively. It
can be seen that the smaller the S, the smaller the control reproduction number R, and the smaller the
number of detected cases. This indicates that preventive and control measures for the population are indeed
an effective way to control the spread of COVID-19.

Similarly, keeping the other parameters constant (where = 0.0507), the 8 are 50%, 100%,
and 150% of the original values, respectively. The corresponding control reproduction numbers are
calculated as 3.3929, 1.7417, and 1.1904, respectively. The simulation results are shown in Figures 6
and 7. The time starting point in Figure 7 is January 20, 2021, and the change in cases relative to
January 20 is calculated every 25 days. The values of all parameters are shown in Table 3, except for
the different values of quarantine isolation rate 8 for asymptomatic infected persons.

It can be seen that the larger 6 is, the smaller the control reproduction number R, is. It can be
found in Figure 6 that the larger 6 is in the early period, the more the number of detected cases; the
larger 6 is in the later period, the less the number of detected cases.

It can be found in Figure 7 that at the time interval of 25 days, with the increase of 8, the changes
in the number of detected cases relative to January 20 are a decrease of 18.54%, an increase of 2.22%,
and an increase of 15.79%, respectively; at the time interval of 150 days, with the increase of 6, the
changes in the number of detected cases relative to January 20 are decreased by 4.83%, by 53.23%,
and by 81.25%.

Combining the above analysis, we can get that the larger 6 is, the more asymptomatic cases are
detected and isolated in the early stage (the source of infection in the population becomes less), and
the fewer cases are detected in the later stage; the smaller 8 is, it seems that the number of detected
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cases decreases in the short term, but the number of detected cases will rise again in the later stage,
and the control effect brought by quarantine and isolation is poor. The above analysis suggests that
enhancing quarantine and isolation measures for the population is also an effective way to control the
spread of COVID-19. Our advice to policymakers is that the government should select a more efficient
vaccine and increase the intensity of quarantine [54] as much as possible while urging people to go out
less and take personal protective measures, provided that medical resources are not overloaded.
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Figure 6. Curves of the number of cases in compartment H corresponding to different 6.
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Figure 7. Percentage change in the number of cases in compartment H corresponding to different 6.
6. Conclusions

It has been more than two years since COVID-19 first appeared. Countless efforts and sacrifices
have been made to control COVID-19. However, COVID-19 is still in a global pandemic phase. In
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particular, several variants of novel coronaviruses have been identified in several countries in the last
year or so. These variants are more infectious, posing an even greater epidemic prevention and control
challenge. Although universal vaccination against new coronaviruses has been implemented in some
countries worldwide, vaccine capacity does not meet the current epidemic prevention needs. More
vaccines and preventive measures with strict non-pharmacological therapeutic interventions are
needed to prevent the further spread of the epidemic.

Based on this background, this paper develops a mathematical model to simulate the spread of
COVID-19 in some countries that have been vaccinated. This paper analyzes the uniqueness of the
existence of model disease-free and endemic equilibria and the stability of disease-free and endemic
equilibria. The model parameters were estimated using actual data from Italy, and the disease
transmission in Italy was simulated. The experimental results show that the model can simulate well
the transmission dynamics of COVID-19 within some countries that have been vaccinated. Analysis
of vaccine protection rates and vaccination rates revealed that vaccination better suppressed the
increase in the number of symptomatic patients in the population and that the higher the vaccine
protection rate, the greater the suppression effect. Increasing the vaccination rate was an effective
preventive and control measure to control COVID-19. Through parametric sensitivity analysis,
reducing population-to-population contact and increasing the rate of quarantine isolation of infected
individuals are effective non-pharmaceutical interventions to control COVID-19. Increasing the rate
of quarantine isolation of infected individuals will result in a significant increase in detected cases in
the short term, but in the long term will significantly reduce the number of infections and lower the
control reproduction number. If the rate of quarantine isolation of infected individuals is reduced, the
control of COVID-19 will be poor in the long term.

Through the modeling and analysis in this paper, we hope to provide some useful insights for
developing epidemic prevention measures to curb the spread of COVID-19. We must say that there
are still many undetected cases in the real situation and our model can only estimate to some extent
the number of infected people in the population. To build more accurate models to simulate and
predict the transmission dynamics of COVID-19, we will fully consider the population and virus
heterogeneity [55,56] in future studies and collect relevant real-world data.
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