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Abstract: The purpose of the article is to investigate Dirichlet boundary-value problems of the frac-
tional p-Laplacian equation with impulsive effects. By using the Nehari manifold method, mountain
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1. Introduction

The article is concerned with the solvability of Dirichlet problems of the fractional p-Laplacian
equation with impulsive effects, as follows:

{D7¢p(0Diu(n) + a(g,(u(n) = Af (¢, u(®), t #1;, ae. 1 €[0,T],
AGDS ' ¢ Dfw)(t) = plf(u(t)), j=1,2,-+-,n, n€N, (1.1)
u(0) =u(T) =0,
where § D? is the left Caputo fractional derivative, D¢ and ,D$. are the left and right Riemann-Liouville
fractional derivatives respectively, a € (1/p,1], p > 1, ¢, (x) = IXP2x (x £ 0), ¢,(0)=0,1>0,
u € R al) € C(0, T],R), f € C(0, T]XR,R), T >0,0=1t <t <th < - <t, <ty =T,
I; € C(R,R), and
AGDT' ¢, DIw)(ty) = Df~' ¢, (§ DY u)(e7) = DT~ ¢, (G D)),
D7 ¢y DI)(E}) = lim Dy, (G Dfw)(0), Dy~ (G DF)(E) = lim (D78, (G DI u)(2).
Fractional calculus has experienced a growing focus in recent decades because of its application to
real-world problems. This kind of problem has attracted the attention of many scholars and produced
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a series of excellent works [1-8]. In particular, left and right fractional differential operators have
been widely used in the study of physical phenomena of anomalous diffusion, specifically, fractional
convection-diffusion equations [9,10]. Recently, the equations containing left and right fractional dif-
ferential operators have become a new field in the theory of fractional differential equations. For
example, the authors of [11] first put forward the following fractional convection-diffusion equation:

—aD (poD;” + q.D}) Du(t) + b (1) Du(t) + c D u(t) = f, ae.te[0,T], 0<B<1,
u () = u(T) = 0.

The authors gained the relevant conclusions about the solution of the above-mentioned problems by
using the Lax-Milgram theorem. In [12], the authors discussed the following problem:

4 (LoD} ' (1) + L,DF (0 (1)) + VF(t,u () =0, ae.r€[0,T], 0<p <1,
u(0) = u(T) = 0.

By applying the minimization principle and mountain pass theorem, the existence results under the
Ambrosetti-Rabinowitz condition were obtained. The following year, in [13], the authors made further
research on the following issues:

DI DYu(t)) = VF(t,u(1), ae.1€[0,T], 1 <a<l,
u(0) = u(T) = 0.

Use of impulsive differential equations is an effective method to describe the instantaneous change
of the state of things, and it can reflect the changing law of things more deeply and accurately. It
has practical significance and application value in many fields of science and technology, such as
signal communication, economic regulation, aerospace technology, management science, engineering
science, chaos theory, information science, life science and so on. Due to the application of impulsive
differential equations to practical problems, more and more attention has been paid to them in recent
years, and many scholars at home and abroad have studied such problems. For example, in [14,15],
using the three critical points theorem, the authors discussed the impulse problems as follows:

DS DY) + a(tyu(r) = Af(tu(e), t # 1), ae. t€[0,T], a € (3.1,
AGDE ' EDew) (1)) = ul(ult)), j=1,2,--- ,n,
u(0) = u(T) =0,

where A,u > 0, I; € C(R,R), a € C([0, T]) and there exist a; and a, such that 0 < a; < a(f) < a». In
addition,
AGDS (S Dw)(t)=D5 " D) (e) D5~ § Diu)(ry),

D D)) = im( D5 GDyu). Dy D)) = (D (§ Dfu)(n).

The p-Laplacian equation originated from the nonlinear diffusion equation proposed by Leibenson
in 1983, when he studied the problem of one-dimensional variable turbulence of gas passing through
porous media:
ou™
ax

Uz

_o (o
~ox\ ox

u—1
), m=n-+1.
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When m > 1, the above equation is the porous medium equation; When O < m < 1, the above
equation is a fast diffusion equation; When m = 1, the above equation is a heat equation; However,
when m = 1,u # 1, such equations often appear in the study of non-Newtonian fluids. In view of the
importance of such equations, the above equation has been abstracted into the p-Laplacian equation:

(@, () = f(t,w),

where ¢,(x) = IxP~2x (x # 0), ¢,(0) =0, p > 1. When p = 2, the p-Laplacian equation is reduced
to a classical second-order differential equation. Ledesma and Nyamoradi [16] researched the impulse
problem with a p-Laplacian operator as below.

D (|0D?u(t)|p_2oD?u(t))+a(t)|u(t)|p_2u(t) = f(tut)1 # 1,260 € [0,T],
A (,I}‘“ (|0Df‘u(tj)|p_20Df‘u(tj))) = L), j=1,2, 0, neN, (1.2)
u(0) =u(T) =0,
where a € (1,11, p > 1, f € C(10, T x R, R), I; € C(R, R) and
A (t[}—a (|0Dfu(tj)|p_20Df‘u(tj)))
= 1y oDyt ) oDsute)) = a1 (oDt oD utey)),

; I’;—(l (

—a a —\|P2 @ - : —a (7 -2 @
g (|OD, u(r;)|” thu(tj)):tlLrtr_l g (|OD,u(t)|” oD,u(t)).
J

(01 -2 (04 : - (o4 -2 (04
oDu(e))|” OD,u(t;T)):tlLrtr} g (OD,u(z)|” OD,u(z)),
J

By using the mountain pass theorem and the symmetric mountain pass theorem, the authors acquired
the related results of Problem (1.2) under the Ambrosetti-Rabinowitz condition. If @ = 1 and a(¢) = 0,
then Problem (1.2) is reduced to the p-Laplacian equation with impulsive effects, as follows:

~(W 1Py = f(tu®), t#t,ae.tel0,1],
u(1) = u(0) = 0,

uty) = u(r;), j=1,2,---,n,

A @) "w @) = L)), j=1,2,---n.

This problem has been studied in [17] and [18]. The main methods used in the above literature are
the critical point theory and the topological degree theory. To show the major conclusions of literature
[16], the following assumptions are first introduced below:

(F1) Thereare 6 > pand r > 0, sothat 0 < OF (¢,&) < éf (t,€), Yt e [0, T], || = r;

(F2) f(t,€) = o(€l"™"), & — 0, for V1 € [0, TT;

(F3) For V j, there are ¢; > O and y; € (p — 1, 6 — 1) so that |I,(¢)| < ¢l

(F4) For u large enough, one has I;(£)¢ < Gfou [;(&)dé, Vj=1,2,--- ,n.

Theorem 1. ([16]). If the conditions (F)—(F4) hold, then the impulsive problem (1.2) possesses one
weak solution.
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The research work of this paper is to further study the impulse problem (1.1) on the basis of the
above work. To compare with Theorem 1, the supposed conditions and main results are given as below.

. . . T DY 17d
(Ho) a(t) € C([0, T], R) satisfies essinf,co rja(t) > —4;, where 4; = inf folgf—”(’”t
’ weESP\(0)  Jy o dt

(H)) ForV1 €R, j=1,2,-++ ,m, meN, ;1) satisfies [} [,(s)ds > 0;
(H,) There are a;, d; > O and y; € [0, p — 1) so that |[;(t)| < a; + d,lf", Vt € R;
(H3) The map s — 1 j(s)/ s|”~! is strictly monotonically decreasing on R\ {0};

b

(H4) The map s — f(t,s)/ Is]P~ ! is strictly monotonically increasing on R\ {0}, for V¢ € [0, T];
(Hs) f(t,u) = o(Jul’™) (|lu| = 0), uniformly for V¢ € [0, T];
(Hg) There are M > 0, L > 0 and 6 > p so that

uf(t,u) — OF(t,u) > —Mlul|’, Yt € [0,T], |u| > L,
where F (t,u) = [" f (¢, 5)ds;

(H7) lim £%9 = co, uniformly for V¢ € [0, T).

6
|| =00 [l

Theorem 2. Let f € C' ([0, T] xR, R) and I ;eC Y(R,R). Assume that the conditions (Hy)—(H7) hold.
Then, Problem (1.1) with A = u = 1 has at least one nontrivial ground-state solution.

Remark 1. Obviously, the conditions (Hg) and (H;) are weaker than (F) of Theorem 1. In addition,
for this kind of problem, the existence of solutions has been discussed in the past, while the ground-
state solutions have been rarely studied. Therefore, our finding extends and enriches Theorem 1 in

[16].

Next, further research Problem (1.1) with the concave-convex nonlinearity. The function f €
C ([0,T] xR, R) studied here satisfies the following conditions:

f(tau) :fl(tau)+f2(t7u)’ (13)

where fi(¢,u) is p-suplinear as |u| — oo and f,(¢, u) denotes p-sublinear growth at infinity. Below, some
supposed conditions are given on f; and f5, as below:

(Hs) fi(t,u) = o(lul”™") (Ju] — 0), uniformly for V¢ € [0, T];

(Hy) There are M > 0, L > 0 and 6 > p so that

ufl(t’ u) - QFl(t, l/i) > _M|u|p9 Vt € [O’ T]a |l/l| > L,

where Fi(t,u) = [\ fi (t,5)ds;
(H1o) |llim 6w — oo, uniformly for ¥z € [0, TT;

e

(Hyy) Thereare 1 <r < pand b € C([0,T],R*), R* = (0, 00), so that
Fy(t,u) 2 b (@) |ul", Y(t,u) € [0,T] X R,

where F»(t,u) = fou L, s)ds;
(H\,) There is by € L'([0, T],R") so that |f>(¢, u)| < by(®)lul™", Y(t,u) € [0,T] X R;
(H3) There are a;, d; > 0 and y; € [0, 6 — 1) so that |[;(0)| < a; + djif]"?, Yt € R;
(Hi4) For t large enough, I;(¢) satisfies 6 fot Ii(s)ds > I;(0)t;
(His) For Vt € R, I(¢) satisfies fot Ii(s)ds > 0.
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Theorem 3. Assume that the conditions (Hy) and (Hg)—(Hs) hold. Then, the impulse problem (1.1)
with A = u = 1 possesses at least two non-trivial weak solutions.

Remark 2. Obviously, the conditions (Hy) and (Hyy) are weaker than (Fy) of Theorem 1. And, the
condition (Hy3) is weaker than the condition (F3) of Theorem 1. Further, the function f studied in
Theorem 3 contains both p-suplinear and p-sublinear terms, which is more general. Thus, our finding
extends Theorem 1 in [16].

Finally, the existence results of the three solutions of the impulse problem (1.1) in the case of the
parameter u > 0 or u < 0 are considered respectively. We need the following supposed conditions.
(Hy¢) There are L, Ly,--- ,L,>0,0<B<p,0<d;<pand j=1,---,nso that

F(t,x) < L(1+xf),=J;(0) < L; (1 +1xd%), ¥ (,x) € [0, T] xR, (1.4)
where F(t,x) = [" f(t, s)ds and J;(x) = [ I(t)d;

(Hy7) There are r > 0, and w € E;" so that I—ljllwllp > 7, fOT F(t,w@)dt >0, Y, J(w(t;)) > 0 and
J=1

Hewlt” ;
A= ——————— <A = — : (1.5)
F(t, w(t))dt ma F(t,x)dt
Jy Ft, () me%m<m

Theorem 4. Assume that the conditions (Hy) and (H,¢)—(H,7) hold. Then, for every 1 € A, = (A}, A,),
there is

r—A4 g max F(t,x)dt/l

T 1
b W<Aw(pr) /7 |y Ft, wydt - Sllwll?

7y = min - ) - (1.6)
max Y, (=J,(x) > Ji(w(t)
<A (pr)? =1 =1
so that, for each u € [0, y), the impulse problem (1.1) possesses at least three weak solutions.
(Hg) There are L, Ly,--- ,L,>0,0<B8<p,0<d;<pand j=1,---,nso that
F(t,x) SL(1+x). J;(0) < Ly (1+ 1x1Y): (1.7)

(Hy9) There are r > 0 and w € E;” so that %lelp > r, fOT F(t,w(t))dt > 0, i Ji(w(t)) < 0 and
=1
(1.5) hold.

Theorem 5. Assume that the conditions (Hy) and (Hg)-(Hy9) hold. Then, for every 1 € A, = (A, A,),
there is

T

A max F @ x)dt—r

. h <A w(pr)!? R A

v* := max - ,
max > Ji(x)

Lo
<A (pr)? /=1

T
Jy Ftwydt = Ljwll”

5% Ji(w(t)
j=1

so that, for each u € (y*, 0], the impulse problem (1.1) possesses at least three weak solutions.
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Remark 3. The assumptions (Hy¢) and (H;g) study both 0 < B < p and B = p. When p = 2, the

assumptions (H¢) and (H,g) contain the condition 0 < 8 < 2 in [14,15]. In addition, this pTaper allows

a(t) to have a negative lower bound, satisfying essinf ¢ rja(t) > —A,, where ; = inf M
ueEST\(0)  Jy lu(dr

0, and a(t) in [14,15] has a positive lower bound satisfying 0 < a; < a(t) < a,. Thus, our conclusions

extend the existing resullts.

This paper studies Dirichlet boundary-value problems of the fractional p-Laplacian equation with
impulsive effects. By using the Nehari manifold method, the existence theorem of the ground-state
solution of the above impulsive problem is given. At the same time, the p-suplinear condition required
for the proof is weakened. This is the research motivation for this paper. There is no relevant research
work on this result. In addition, the existence and multiplicity theorems of nontrivial weak solutions to
the impulsive problem are given by means of a variational method. In the process of building the proof,
the conditions of nonlinear functions with the concave-convex terms are weakened and the conditions
of impulsive terms and variable coefficient terms are weakened. Our work extends and enriches the
existing results in [14—16], which is the innovation of this paper.

2. Preliminaries

Here are some definitions and lemmas of fractional calculus. For details, see [19].

Definition 1. ([19]). Let u be a function defined on [a,b]. The left and right Riemann-Liouville
fractional derivatives of order 0 <y < 1 for a function u denoted by ,D]u(t) and D, u(t), respectively,
are defined by

aDZu(t):%aD,"lu(r)— ! d( f (t—s)_yu(s)ds),

T T -y)dt
d - 1 d([( _
Dyult) = =D "u(r) = vl _7)5( ft (s—1) Vu(s)ds),

where t € |a, b].

Definition 2. ([19]). Let 0 < v < 1 and u € AC([a, b)), then, the left and right Caputo fractional
derivatives of order vy for a function u denoted by ¢D!u(t) and ,CDZu(t), respectively, exist almost
everywhere on [a, b]. D’ u(t) and ,CDZu(t) are respectively represented by

CDTu(t) = D]l (1) = ml_y) f ()7 (s)ds,

b
,CDZu(t) = —,Dz_lu’(t) = _F(l 1_ ” f (s —0)7"u'(s)ds,

where t € [a, b].

Definition 3. (/20]). Let 0 < @ < 1 and 1 < p < oo. Define the fractional derivative space E*P as
follows:
E*" ={ue LF([0,T],R)|bDfu € L” ([0,T],R)},

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.
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with the norm 1

) @2.1)
where ||lul|;, = (fOT lu ()P d1)'/? is the norm of L? ([0, T1,R). E;” is defined by closure of C3 ([0, T],R)
with respect to the norm ||u||ge..

Proposition 1 ([19]). Let u be a function defined on [a, b]. If {D]u(t), ¢ D, u(1), .D]u(t) and D] u(t) all
exist, then

lellgor = (llly, + [Jo DY

n—1 j
oDl u(t) = .D]u(r) - Z %(f —a)”, tela, b,
=0

)
n—1 i
Dl = Dy - S —H Oy
‘Dju(r) = Dju(t) ;r(j_y+1)(b 0’7, rela, bl

wheren e Nandn—-1 <7y <n.

Remark 4. For any u € E;”, according to Proposition 1, when 0 < & < 1 and the boundary conditions
u(0) = w(T') = 0 are satisfied, we can get {Dju(t) = (D} u(t) and { Dju(t) = Dyu(t), t € [0, T].

Lemma 1. (/20]). Let 0 < @ < 1 and 1 < p < co. The fractional derivative space E;” is a reflexive
and separable Banach space.

Lemma 2. ([13]). Let0 < a < land 1 < p < co. Ifu € E;”, then

Ta/ (04
el < mllw, ul,,- (2.2)
If a > 1/p, then
lltlleo < CusljoDu] 2.3)
where ||ull., = maxco.r; |u (1) is the norm of C ([0,T],R), Coo = —-"— > 0and q = £ > 1.
’ T(a)(ag—q+1)d p
Combined with (2.2), we think over E;*” with the norm as below.
T » .
lltllpar = ( f oD u )| dtyr = ||oDful,,. Yu € Ey”. (2.4)
0

Lemma 3. ([13]). If 1/p <@ < 1 and 1 < p < oo, then E;" is compactly embedded in C ([0,T],R).

Lemmad. ([13]). Let 1/p <a < 1l and 1 < p < co. If the sequence {u;} converges weakly to u in E;”,
ie,u, —u thenu, - uin C((0,T],R), ie., |lux —ull, = 0, k — oo.

To investigate Problem (1.1), this article defines a new norm on the space Eg’p , as follows:
T » T .
llul| = (f oD% u (0)]"dt + f a()lu P dr)r.
0 0

) ) " oDu()|"d
Lemma 5. (/16]). I essinf,qoria(f) > —Ay, where A, = inf o kil
ueESP\(0)  Jy ot

10 ||ul| o, i.e., there are Ay, Ay > 0, so that A|lullger < |lull < Asllullper and Yu € EgP, where ||ul|ge, is
defined in (2.4).

> 0, then ||u|| is equivalent

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.
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Lemma 6. Ler0 < @ < land 1 < p < co. Foru € E;”, by Lemmas 2 and 5 and (2.4), we have

Ta
lleellr < m”uﬂmw < Apllull, (2.5)
where A, = #{;1) Ifa > 1/p, then
1
T
llulleo < Fllullger < Ao lul (2.6)
I'(@)(ag—q+ 1D
Wl
where Ay, = —L1-"—+ g= p’%l > 1.

AiT(@)ag—g+1)7
Lemma?7. ([19]). Leta >0,p>1,g>land l/p+1/g<1+a,0orp# 1,qg# land1/p+1/qg=1+a.
Assume that the function u € L? ([a,b],R) and v € L ([a, b],R), then,

b b
f [D;Cu®)]|v(t)dt = f u() D, (1)]dt. 2.7

By multiplying the equation in Problem (1.1) by Yv € E;” and integrating on [0, 7], one has

T T T
f D70, Dy u@®))v(t)dt + f a(t)g,(u@)v(t)dt — /lf f(t,u()v(t)dt = 0.
0 0 0

According to Lemma 7, we can get
T n lj+1
f Db, (D u(e)v(Dde =~y f V(OdLD5 6, DFu())]
0 j=0 V1
n . n fie1
== > DE G DUV + Y f B (oD u(D), DI V(1)
j=0 j=0 Y1
n T
= 3 LDF G, DRV — Dy, (D u()V(E )] + f 6 (oDl u(), DI V(D)dt
j=1 0
n T
= Y L)) + f 60D u(0), D v(r)dL.
J=1 0
Definition 4. Let u € E;” be one weak solution of the impulse problem (1.1), if

T T n T
f(; &0 D7 u(1)) D v(t)dt + j; a()e,(u())v(H)dt + u Z Li(u(t)v(t) — AL ft,u(®)v(t)dt =0
=1

holds for ¥v € E;".

Define a functional ¢ : E;” — R as below:

1 m u(t ;) T
o =l + wy fo I(t)dt - A f Ft, u()dt, 2.8)

j=1 0

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.
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where F(t,u) = fou f(t,s)ds. According to the continuity of the functions f and I}, it is easy to prove
that ¢ € C'(E;”, R). In addition,

T T
(@' (w),v) = fo ¢, (0D u(1)) D v(t)dt + fo a(®)¢,(u(®)v()dt
n T (2.9)
+u Z Li(u(t))v(t;) - /lf f@,u@)v()dt, Yu,veE;".
0

J=1

Thus, the critical point of ¢(u) corresponds to a weak solution of the impulse problem (1.1). The
ground-state solution here refers to the minimum energy solution of the functional ¢.

Definition 5. (/21]). Let X be a real Banach space, ¢ € C' (X,R). For V{u,},a C X, {U,} e possesses
one convergent subsequence if ¢ (u,) — ¢ (n — o) and ¢’ (u,,) — 0 (n — o0). Then, p(u) satisfies the
(PS).. condition.

Lemma 8. (/21]). Let X be a real Banach space and ¢ € C' (X, R) satisfy the (PS), condition. Assume
that ¢(0) = 0 and
(i) there exist p, 1 > O such that ¢lsp, > n > 0;

(ii) there exists an e € X@ such that ¢(e) < 0.

Then, ¢ has one critical value ¢ > n. Moreover, ¢ can be described as ¢ = ing n%(a)l)f] @ (g (s)), where
g€l s€(0,
I'={geC(0,1],X):g(0) =0, g(1) =¢}.

Lemma 9. ([22]). Let X be one reflexive real Banach space, ® : X — R be one sequentially weakly
lower semi-continuous, coercive and continuously Gateaux differentiable functional whose Gdateaux
derivative admits one continuous inverse on X* and ¥ : X — R be one continuously Gateaux dif-
ferentiable functional whose Gdateaux derivative is compact such that }Crel)g Ox)=d0) =Y =0.

Suppose there are r > 0 and x € X with r < ® (x) so that

(i) sup {¥ (x) : @ (x) < 7} < rg3,

(ii) for each 1 € A, = (%, WW) , the functional ® — AY is coercive.

Then, for each A € A,, the functional ® — AY possesses at least three distinct critical points in X.
3. Main results
3.1. Proof of Theorem 2

Define N = {u € E;"\ {0} IG(u) = O}, where G(u) = (@' (w),u)y = |ull’ + g}l Li(u(t)u(t;) —

! (t, u(t))u(t)dt. Then, any non-zero critical point of ¢ must be on N. For j = 1,2,--- ,m and
0
t € [0,T], by (H3) and (Hy), one has

I j(u()u()) < (p = DLw@)ult), (p =1 f(Eu@)u(r) <

Of G u®) G.1)
ou

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.
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So, foru € N, by (3.1), we get

' (afa, wn)

(G'(u), uy = pllull” + ; (' ey (2)) + 1;(u()uz;)) —f o

0

() + f(t, u(t))u(t))dt

Of (tu(t))
ou

M=

T
I j(ut ) (t)) = (p = DIu(t)u(t))) + fo ((p = Df (@ u@®)u() - uz(t))dt <0.

j=1

(3.2)

The formula indicates that AV has one C' structure, which is a Nehari manifold. Here are some
necessary lemmas to verify Theorem 2.

Lemma 10. Let the assumptions given in (Hz) and (Hy4) be satisfied. Additionally, we assume that
u € N is one critical point of |y, then, ¢’ (u) = 0. In other words, N is one natural constraint on ¢(u).

Proof. If u € N is one critical point of ¢|y, there is one Lagrange multiplier 4 € R such that
¢’ (u) = AG’'(u). Therefore, (¢’'(u), u) = A{(G'(u), uy = 0. Combining with (3.2), we know that 1 = 0, so
@) =0

To discuss the critical point of ¢|u, let us examine the structure of N.

Lemma 11. Let the assumptions given in (Hy) and (H;) be satisfied. For Yu € Eg’p \ {0}, there is one
unique y = y(u) > 0 so that yu € N.

Proof. The first step is to show that there are p, o > 0 such that
() > 0, Yu € B,(0)\{0}, ¢(u) > o, Yu € 0B,(0). (3.3)

It is easy to know that O is one strict local minimizer of ¢. By (Hs), for Ve > 0, there is 6 > 0 so
that F(t,u) < elul’, lu| < 6. So, foru € E;”, |lull = p, llullo < A llull = 8, by (H;), one has

1 m (i) T 1 T 1
o) = ~lull? + f I(0dt - f F(t,u(t)dt > ~|ull? f F(t,u(D)dt > —|lull” — sTALlull”.
p 0 0 p 0 p

=

Select € = R ; A7 one has ¢(u) > = ||u||p Letp = = and o = o Ap . Therefore, we can conclude
that there are p, o > 0 so that, for Yu € B >\ {0}, one has go(u) > 0, and for Yu € 6B B, one has ¢(u) > o.
Second, we prove that ¢(yu) — —oo as y — oo. In fact, by (H7), there exist ¢y, ¢; > 0 so that

F(t,u) > c1|ul’ — ¢y, (t,u) € [0,T] xR.

P m m C
By (H,), we have that p(yu) < llull” + ¥ a;,Cuyllull + ¥ d y”“7+l el = e1y” lullfy + Tea.
j=1 j=1

Because y; € [0,p—1), p > 1, 6 > p, p(yu) — —oo, asy — oo. Let g(y) := ¢(yu), where
y > 0. From the above proof, it can be seen that there exists at least one yu = y(u) > 0 so that
gy, = max gly) = max e(yu) = @(y,u). Next, we show that, when y > 0, g(y) possesses one unique

critical pomt which must be the global maximum point. In fact, if y is the critical point of g, then

m T
&) = (@' u),uy =y |lull” + Zl Jou(t))ult;) — fo f @, yu()u(de = 0

J=1
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By (3.1), we obtain

T of(t yu)

2
0w u-(t)dt

§'0) = (p= Dyl + ) 1ttt - [
j=1

1 « ,
= 7 ; (I ju(t)yu(t)))* — (p — DIiou(t;))yu(t))) 34)
af (t, yu(®))

) 2
P Ou(n)) )dl

1 T
t2 f ((P = D f(@, yu(t)yu(r) —
Y= Jo
< 0.

Therefore, if y is one critical point of g, then it must be one strictly local maximum point, and the
critical point is unique. In addition, according to

1
g = yu),uy = ;(so’(yu),yu% (3.5)

if yu € N, then y is one critical point of g. Define m = infx¢. By (3.3), we have thatm > inf ¢ > o > 0.

By,

Lemma 12. Assume that the conditions (Hy) and (H7) hold; then, there is u € N so that ¢(u) = m.

Proof. According to the continuity of /; and f and Lemma 4, it is easy to verify that ¢ is weakly
lower semi-continuous. Let {x;} € N be the minimization sequence of ¢ that satisfies ¢(u;) — infyp =
m, SO

e(u) =m+o0(1), Gy = 0. (3.6)

Now, we show that {u} is bounded in E;”. Otherwise, [[ul| — oo as k — co. For u € E;"\ {0},
choose v, = ”Zﬁ; then, ||v]| = 1. Since Eg”’ is one reflexive Banach space, there is one subsequence

of {v,} (still denoted as {v;}) such that vy — v in Eg’p ; then, vy — vin C([0,T],R). On the one hand,
combining (2.8) and (H,), one has

T 1 m wi(t}) 1 m m AZ!)-H |
f F(t,wdt = — "+ f 1dt—p(u) < — lagllP+ > ajAellugli+ > dy==—lul"*' + M,
where M; > 0. Because y; € [0,p — 1), p > 1, 6 > p, we have that
T
F(,
f M) 4y < o(1), k- co. (3.7)
0 ol
On the other side, according to the continuity of f, there is M, > 0 so that
luf(t,u) — OF(t,u)l < My, ¥ |u| <L, te[0,T].
Combining the condition (Hg), we have
uf(t,u) — OF(t,u) = —Mlu|” — M,, ¥Y|ul € R, t € [0,T]. (3.8)
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Combining the conditions (H;) and (H,), we get

m uy () T
m+o(l) = p(u) = —IIukllp Zj(; Ij(t)df—j(; F(t, ux(r))dt

j=1

1 1 (T M,T
>~ [lugll” ~ - f
p
11 M,T
S R Z L (1) (1)) - 7 L, - ;
1 1 1 M T
L1 p_ 1 _ v+l _ P _ 2
> (o = )l Zajnuknw Zd et = 2 gz ;

j=1

This means that there is M5 > 0 so that ]}im Vil = ]}ml ”l”l’:”ﬁ" M; > 0. Therefore, v # 0. Let

Q) = {te[0,T]:v+#0}and Q, = [0, T]\Q;. According to the condition (H7), there exists M, >
0 so that F(t,u) > 0, V¢t € [0,T] and |u| > M,. Combining with the condition (Hs), there exist
Ms, Mg > 0 so that F(t,u) > —Msu” — Mg, ¥t € [0,T], u € R. According to the Fatou lemma, one has

liminf [ dr > —co. Combining with the condition (H), for ¢ € [0, 1, one has

"F@ t, 1,
lim inf f ©4) 41~ Yiminf f PO, vars lim inf f P&, Par — .
0 Q -

k—co {1774 ko0 iy |° o lwl

This contradicts (3.7). So, the sequence {u;};c; 1S bounded. Assume that {u; ), possesses one
subsequence, still recorded as {uy}iey; there exists u € Ej” so that uy — win Ej”, so uy — u in
C([0,T],R). For the last step, we show that u # 0. According to the condition (H5) for Ye > 0, there
exists 0 > 0 so that

ft,wu < glul?, Y(t,u) € [0,T] X [-6,6]. 3.9

Suppose that |[ux|l, < 0; for u, € N, by (H,) and (3.9), we obtain

A Nl < el —f J @, w () ()dt — Zl(uk(t ()

j=1
m

v+l
<&l wll?, - ajlludl, - Z d; 5

j=1 j=1
There is one contradiction in the above formula, so the hypothesis is not valid, namely, ||u||, =
gim llllo = 6 > 0, so u # 0. According to Lemma 11, there is one unique y > 0 so that yu € N.

Because ¢ is weakly lower semi-continuous,

m < p(yu) < lim p(yuy) < hm e(yuy). (3.10)

k—o0

For Yu; € N, by (3.4) and (3.5), we get that y, = 1 is one global maximum point of g, so ¢(yu;) <
¢©(u;). Combined with (3.10), one has m < p(yu) < gim ¢(uy) = m. Therefore, m is obtained at yu € N.

The proof process of Theorem 2 is given below.

Proof of Theorem 2. By Lemmas 11 and 12, we know that there exists u € N so that p(u) = m =
infx¢ > 0, i.e., u is the non-zero critical point of ¢ |[5. By Lemma 10, one has ¢’(#) = 0; thus, u is the
non-trivial ground-state solution of Problem (1.1).
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3.2. Proof of Theorem 3

Lemma 13. Let f € C([0,T] X R,R) I; € C(R,R). Assume that the conditions (Hy) and (Hg)—(H,s)
hold. Then, ¢ satisfies the (PS), condition.

Proof. Assume that there is the sequence {u,},ox C E;” so that ¢ (u,) — c and ¢’ (u,) — 0
(n — o0); then, there is ¢; > 0 so that, for n € N, we have

e @l < ci, g @l gy < c1, (3.11)

where (Eg”7 )* is the conjugate space of E;”. Next, let us verify that {u,},cy is bounded in Ej”. If not,
we assume that [lu,|| — +o0 as (n — o0). Let v, = s then, [v,|| = 1. Since E;" is one reflexive
Banach space, there is one subsequence of {v,} (still denoted as {v,}), so that v, — v (n — o) in Eg”’ ;
then, v, = vin C([0, T],R). By (Hy,) and (H,;), we get

1
L2t w) - ul < byl 1F2 (G u)| < —bi@lul’. (3.12)

Two cases are discussed below.

Case 1: v £0. Let Q = {r € [0, T]||v(¢)| > 0}; then, meas(2) > 0. Because ||u,|]| = +o0 (n — o)
and |u, (1)] = v, ()] - |lu,ll, so for t € Q, one has |u, (f)] = +oo (n — o0). On the one side, by (2.6),
(2.8), (3.11), (3.12) and (H,3), one has

T 1 Mmoo (i) T
f Fl (l, un)dt = - ”un”p + Z f Ij(t)dt - f FZ(t’ un)dt - ()O(un)
0 p 0 0

J=1

m m
yitl L T
<l + ) ahollill+ ) AL ™ + = AL llallll + 1.

1
p j=1 j=1

Sincey; € [0,0-1), 6>p>r>1,

T Fi(t,u,
limf lll( T;)dt < o(1), n — oo. (3.13)
n—00 O un

On the other side, Fatou’s lemma combines with the properties of 2 and (H,(), so we get

T

F tv n . F t9 n . F t’ n
lim f B&8) 4 tim f B&8) 4y — i f B, s = +oo.
e do o lull e Jo lul| = Jo o fuy (0

This contradicts (3.13).

Case 2: v = 0. From (Hy), for Ye > 0, there is Ly > 0, so that |fi(z, u)| < elul’t, |u| < L. So, for
lu| < Ly, there is &y > 0 so that |ufi(t,u) — OF(t,u)| < & (1 + ) u”. For (t,u) € [0, T] X [Ly, L], there is
¢ > 0 so that |ufi(¢, u) — 6F(t,u)| < c;. Combined with the condition (Hy), one has

ufi(t,u) — 0F (t,u) > —eo (1 + O)u? — ¢y, Y (t,u) € [0, T] X R. (3.14)

By (Hy4), we obtain that there exists c3 > 0, such that

m

m Mn(lj)
0y j; 1i(0dt = " Tiun(t))un()) = =c. (3.15)
= =
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By (2.6), (2.8), (2.9), (3.11), (3.12), (3.14) and (3.15), we get that there exists ¢, > 0 such that
9C1 + Cy ”Mn” > 9‘10 (un) - <‘P’ (un) s un>

(7 - |74
9 1 Zy ) N
_ (; _ 1) n TP 9;]; 1(t)dt — ;Ij(un(tj))un(tj)

T
f [Man (t’ Mn) - 9F2 (t, I/tn)] dt
0

o(l) =

T
f [unfl (ta un) - eFl (l‘, un)] dt +
0

+
G G
0 1 fT 1 /6 T 1
> (2 1)+ oo (1 + 0)ul — o] di - (—+1)f (Ol dt — ——c
P NG =2 2] ]l \ 7 o lall?
9 | nlp (&) 1 0 1
>(2-1)-s (1+0>f (—+1)||b [ ——
P ’ o ||un||" ltll” \ 7 e el
0 Tcoy 0 0
>(Z-1 —so(l+9)f al?dr — —2 (—+1)||b1||L.A;||u,,||’—Pz(——l), n— oo,
p [174] r p

It is a contradiction. Thus, {u,},«y is bounded in E;”. Assume that the sequence {u,},cy possesses
one subsequence, still recorded as {u,},«y; there exists u € E;” so that u, — uin E;”; then, u, — u in
C([0,T],R). Therefore,

<‘;D/ (un) - 90/ (l/t),l/tn - u> - 0, n — oo,

T
f [f (&, u, () = f (&, u(@)] [u, (1) —u(H)]dt - 0, n — oo,
0
3 3.16
Z (Ij(”n(tj)) - Ij(u(lj))) (un(fj) - u(tj)) — 0, n— oo, ( )

=1

T
fo at) (#p(un(1)) = 6,(u(t)) (1) = (@)t — 0, n — co.

Through (2.9), we can get
T
(¢ (up) — ¢ (), uy — u) = f (600D un(1)) = B0 DY (1)) (6D 14y (1) = DY u(t))dlt
0

T
f a(t) (¢ (un (1)) - ¢p<u(t)>)<un(r>—u(r))dr+2 Tiun(1) = 1(u(t) (uat)) = u(t))  (3.17)

j=1
T
—f [f (t,un ) = f (6, u ()] [u, (1) — u (D] dt.
0

From [23], we obtain

T
fo (6p0DF (1) — 8, (0DFue)) (oD (1) — oD u(n)) dt

{ cly |0D u, () — o Du(r)|"dt, p > 2, (3.18)

f oD un()—0 D2 u(o)|
0 (JoDun(®)|+]oDu(®)|)

—dt, 1 < p<2.
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If p > 2, by (3.16)—(3.18), one has ||lu, — u|| = 0 (n = o). If 1 < p < 2, by the Holder inequality,
loD2 (0= D2 u(o)|
Dty ()| +o Dut)] )"

2 pQ-p
one has j(;T |0D§”un(t) - 0D§”u(t)|pdt < c(fOT T dt) (Nl + ||u||)%. Thus,

T
fo (8p(0DE (1)) = G, 0D u(t)) (6D 1s(1) = oD u(t)) dit

2
! r
< o @ p
= W(ﬁ |0Dt u,(t) — oDy u(t)| d;) )

By (3.16), (3.17) and (3.19), one has ||u, — u|| — 0 (n — o0). Hence, ¢ satisfies the (PS), condition.
The proof of Theorem 3.
Step 1. Clearly, ¢(0) = 0. Lemma 13 implies that ¢ € C! (Eg’p , R) satisfies the (PS), condition.
Step 2. For Ve, > 0, we know from (Hg) that there is 6 > 0 so that

Fi(t,u) < glul’, Yt €[0,T], |u|l <. (3.20)

For Yu € Ej”, by (2.5), (2.6), (2.8), (3.12) and (H,s), we get

(3.19)

1 Mmoo eu(t) T 1 T
o(u) = —||ull” + Zf I;(t)dt —f F(t, u@)dt > —||ul|” —f F(t,u(t))dt
p — 0 p 0

=10
Lo ' p e r Lo e — L r (3.21)
> —|ull” —& | |wfdi—="| bi@®lul'dt = —[lull” — e AJllull” = =61l llulls '
0 rJo p r
Ar

p
1 oo -
> (— — &1 A) = ==yl lull ") el
p r
_a 1A 2 |17 oy —a—— = 50"
Choose & = gz one has () = (5 = 11l ) . Let p = (s ) " andn = 350

then, for u € dB,, we obtain ¢(u) > n > 0.
Step 3. From (H), for |u| > L, there exist &, £ > 0 such that

Fi(t,u) > elul’ - &. (3.22)
By (Hy), for |u| < Ly, there exist &4, & > 0 such that
Fi(t,u) > —g4u’ — &s5. (3.23)
From (3.22) and (3.23), we obtain that there exist g5, &7 > 0 so that
Fi(t,u) > &lul’ — sgu” — &7, V1 € [0,T], u € R, (3.24)

where g¢ = gsz_p + &4. For Yu € E;"\{0} and ¢ € R*, by (H}3), (2.5), (2.6), (2.8), (3.24) and the
Holder inequality, we have

P n mn T
¢ (&u) < ‘%nun" + D aEAG Nl + ) d@ ALl eng? f jul’dt + e ASE"lull” + &7T
0

j=1 j=1
1 P\ epi 12 N N AL AV oyt of e [ p '
<+ oo |l + D asehlull + D g ALl = en (T | o]+ T
j=1 =1 0
< (; + sﬁAz)anun" + > aEA Nl + Y. d@ ALl = o T |l + 9T
= J=1
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Since > p > 1 and y; + 1 € [1,0), the above inequality indicates that p(§ou) — —oo when & is
large enough. Let e = &yu; one has ¢(e) < 0. Thus, the condition (ii) in Lemma 8 holds. Lemma 8

implies that ¢ possesses one critical value ¢V > 5 > 0. The specific form is ¢V = inlf max ¢ (g(s),
g€l s€(0,

where I' = {g € C([O, 1],Eg’p) :2(0)=0,g(1) = e} . Hence, there is 0 # u'” € E;” so that
o(u®)=cP2n>0, ¢ (u)=0. (3.25)

Step 4. Equation (3.21) implies that ¢ is bounded below in B,. Choose o € E{” so that o*(¥) # 0 in
[0,T]. For V [ € (0, 4+00), by (2.6), (2.8), (Hy0), (H11) and (H,3), we have

i n " , T
o) < ol + D il + ) dit " AL P - f Fs (t, o (1)) dt
=1 =1 0

lp m m T (326)
< Slrll + ) aithslirll+ D i AL el - f b @l @) dr.
j=1

j=1 0

Thus, from 1 < r < p and y; € [0,0 — 1), we know that for a small enough [, satisfying [|loo|| < p,
one has ¢ ([oor) < 0. Let u = [yo; we have that ¢® = infp (u) < 0, |lul| < p. Ekeland’s variational
principle shows that there is one minimization sequence {vi ;e C B, s0 that ¢ (v;) — ¢® and ¢’ () —
0, kK — oo, i.e., {Vi}rey 18 One (PS), sequence. Lemma 13 shows that ¢ satisfies the (PS), condition.
Thus, ¢® < 0 is another critical value of ¢. So, there exists 0 # u® € E;” so that ¢ (u(z)) =c? <

0. )] <.

3.3. Proof of Theorem 4

Proof. The functionals @ : Eg’p —Rand V¥ : Eg’p — R are defined as follows:
| T U~
O = Al W) = | P = 5 ) Ji(ut:

then, ¢(u) = @ (1) — A¥ (u). We can calculate that

ueE0

T n
i u
inf ®(u)=®(0)=0,¥(0) = fo F(t,0)dr -~ ; J0) = 0.

Furthermore, ® and ¥ are continuous Gateaux differentiable and

T T
(D' (u),v) = fo &0 D7 (1)), D v(t)dt + ‘fo‘ a(t)¢,(u(®)v(t)dt, (3.27)
T n
¥ (), vy = f Fau@wde =53 L)), Yu,v € By, (3.28)

In addition, @’ : E;”" — (Eg’p ) is continuous. It is proved that ¥’ : E”” — (Eg’p ) is a continuous
compact operator. Suppose that {u,} C Eg”’ , U, — u, n — oo; then, {u,} uniformly converges to u
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on C([0,T]). Owing to f € C([0,T] x R,R) and I; € C(R,R), we have that f(¢,u,) — f(¢,u) and
Ii(u,(t;)) — Ij(u(t;)), n — oo. Thus, ¥'(u,) — ¥ (u) as n — oo. Then, ¥ is strongly continuous.
According to Proposition 26.2 in [24], ¥’ is one compact operator. It is proved that ® is weakly semi-
continuous. Suppose that {u,} C Eg’p, {u,} — u; then, {u,} — uon C([0,T]), and linm_)glfllu,,ll > ||ul.

So, liminf ® (u,) = lim inf(%llunllp) > %llullp = @ (u). Thus, ® is weakly semi-continuous. Because

® (1) = L||ul|” = +oc0 and ||u|| = +o0, @ is coercive. By (3.27), we obtain
p

T
(D () =D (v),u—v) = j; (¢p(oD§’u(t)) - ¢p(oD§’V(t))) (oD7u(t) — oDy v(1))dt
T
+ f a(t) (¢p(u(t) = ¢,(v(0) (u(t) = v(t)dt, Yu,v € E”.
0
From [23], we know that there is ¢ > O so that

T
fo (@0 (0DIu()) = Bp(oDIV()) (D u(t) — oDYV(2)) dt

{ ¢ [ oDsu@) - oDiv)|dt, p > 2,
>

T |oDCu(—oDMv()|
c ! L —dt, 1 < p<?2.
fo (|0Dfu(z)|+|oD;’v(t)|)2’ p

(3.29)

If p > 2, then (@' (u) — D" (v),u—v) > c|lu—v||’. Thus, @ is uniformly monotonous. When
1 < p < 2, the Holder inequality implies

T
f oD u(®) — oDfv(t)|"at
0

T @) — D) Do =
< [f ( |ODz l/l(t) ODt V(t)| dt] (f (|0D;IM(Z)| + |OD;lV(t)|)pdl‘)
0 0

oDeu(o)| + oDvo)|)”

T | Du(t) — oDV : L
< cl{f |0 zu(t) 0 zV(t)| zpdt] (”u”p+ ”v”P)ZT,
0 (JoDru(e)| + |oD3v(0)))

where ¢; = ZW > (0. Then,
2 2
T |,DYu(t) — oDV() T ;
f b2 oDV di > ¢ 2_p( f loDCu(t) — oDIv(o)|’ dt) ,
0 (JoDru@] + [oDsv(0)) (llull + IVID* 77 \Jo

where ¢, = l; Combined with (3.29), we can get
p

S

T
( f |0Df‘u(t)—oD?v(t)|pdt) .
0

T
fo (8p(DEu®) = $,(0DFV(1) (LD u(t) = oDIV(D)) i >
(3.30)

C
>
(el + 1VID™
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Thus, (@’ (1) — D' (v),u—v) > (”C”";v”z So, @’ is strictly monotonous. Theorem 26.A(d) in [24]

ull+HMD>P

implies that (@)"! exists and is continuous. If x € Eg’p satisfies @ (x) = %lell” < r, then, by (2.6), we
obtain @ (x) > pz\;” |lx]|Z, and

" 1 1
{x €E;’ d(x) < r} C {x: pA—” Ixll2, < r} ={x:|Ixl|Z, < prAZ} = {x e < Aoo(pr)/'}.

o0

Therefore, from A > 0 and u > 0, we have
T ,U n
sup (W (x) : @ (x) < r} = sup { f F(t,x(O)dr = 5 DTy s @ (x) < r}

5]5 max F(t,x)dt+'% max 1Zn:<—fj(x))~

1 1
[XISAc(pr)P [XISAw(pr)P j=1

If max i (—Jj(x)) =0,by 1 < A,, we get

L
<A(pr)? /=1

sup{W(x): d(x) <r}< —. (3.31)

~|=

n r=af) max ,,, Fendr
. X|<Aco(pr)t/P
If max Y (=Jix)>0,foru € [0,7),y =min sk , =
|x|sAw(pr)% j=1 max | jZI(—Jj(X)) ng Ji(w(z)))
[x|<Aco(pr) P

T 1
A, F(t,w)dt——||wl|?
b L , we have

n

T
sup{¥(x): ®(x) <r} < f max F(t, x)dt + # max Z (—Jj(x))
1
0 M<Aw(pr)? <A(pr)? j=1
r—A4 J(;T max i F(t,x)dt
[x|<Aco(pr) P
- max i El (—Jj(x))
X|<Aoo(pr) P
<f max 1F(t,x)dt+ SEl 1 X  max 1Z:(—Jj(x))
0 |x<Aw(pr)? X<Aw(pr)? j=1
T
r—/lj(; max F(t,x)dt

1
IX<Aw(pr)?

A

n

T
< f max F(t, x)dt +
0 <

1
Ac(pr)?

T , T
= f max F(t,x)dt+ — — f max F(t,x)dt
0 <Au(pr)? Ao

1
Aco(pr) [X<Ao(pr)?

~|=

Thus, (3.31) is also true. On the other side, for u < 7y, one has

D (w)
R

T n
¥ (w) = fo F(t, w(1))dt — % ; Ji(w(t;)) > (3.32)
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Y(w) > 1 > sup{¥(x):®(x)<r}

) y . . This means that the

By combining (3.31) and (3.32), we obtain that
condition (i) of Lemma 9 holds.

Finally, for the third step, we show that, for any 4 € A, = (A;, A,), the functional ® — A¥ is coercive.
By (1.4), we obtain

T T
f F(t,x()dt < L f (1+x(t)f)dt < LT + LT |1xf, < LT + LTAZ|IxI, x€ E5”. (3.33)
0 0

and
— J(x(t)) < L; (1 + |x(z,-)|"f) < L (1+11xll0) < L; (1 + AZIIxI"). (3.34)

By (3.34), we get

n

D (=Tie) < >0 Ly (1+ ALINIY). (3.35)
=1

=
If £ > 0, for x € E*", by (3.33) and (3.35), we have

W (x) < LT + LTAL || + ’“‘ZL (1+ ALY = LT+’UZL +LTAﬁ||x|r3+“ZLA’||x||df
J=1 j=1 j=1

Thus, ® (x) — AY(x) > lllxllp /I(LT+ ZL + LTAY, ||x||ﬂ+ ZLA 7| ), Vx € EjP. If

0<pandd; < p, then hm (D (x)—AY (x)) = +c>o A > 0. Thus, CI) /l‘I’ is coercive. When 8 = p,

max F(t,x)dt

, b
® (x)-A¥ (x) 2 (£ - /lLTAfo) Ix” A (LT +4 21 Li+% ,Zl L,-Af,’gnxndf) .Choose I < —X&=n?
J= J=

prTAf;,

We have that% —ALTA?, >0, forall A < A,. If0 < dj < p, we have that|| ﬁim (D (x) — A¥ (x)) = +o0,
X||—+00

forall 4 < A,. Obviously, the functional ®— A is coercive. Lemma 9 shows that ¢ = ®—A¥ possesses
at least three different critical points in E;”.

4. Conclusions

This paper studies the solvability of Dirichlet boundary-value problems of the fractional p-
Laplacian equation with impulsive effects. For this kind of problems, the existence of solutions has
been discussed in the past, while the ground-state solutions have been rarely studied. By applying the
Nehari manifold method, we have obtained the existence result of the ground-state solution (see The-
orem 2). At the same time, by the mountain pass theorem and three critical points theorem, some new
existence results on this problem were achieved (see Theorems 3-5). In particular, this paper weakens
the commonly used p-suplinear and p-sublinear growth conditions, to a certain extent, and expands
and enriches the results of [14—-16]. This theory can provide a solid foundation for studying similar
fractional impulsive differential equation problems. For example, one can consider the solvability of
Sturm-Liouville boundary-value problems of fractional impulsive equations with the p-Laplacian op-
erator. In addition, the proposed theory can also be used to study the existence of solutions to the
periodic boundary-value problems of the fractional p-Laplacian equation with impulsive effects and
their corresponding coupling systems.

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.



5113

Acknowledgments

This research was funded by the Natural Science Foundation of Xinjiang Uygur Autonomous Re-

gion (Grant No. 2021D01A65, 2021D01B35), Natural Science Foundation of Colleges and Univer-
sities in Xinjiang Uygur Autonomous Region (Grant No. XJEDU2021Y048) and Doctoral Initiation
Fund of Xinjiang Institute of Engineering (Grant No. 2020xgy012302).

Conflict of interest

The authors declare that there is no conflict of interest.

References

1.

10.

J. L. Zhou, S. Q. Zhang, Y. B. He, Existence and stability of solution for nonlinear differ-
ential equations with -Hilfer fractional derivative, Appl. Math. Lett., 121 (2021), 107457.
https://doi.org/10.1016/j.aml1.2021.107457

J. Li, X. N. Su, K. Y. Zhao, Barycentric interpolation collocation algorithm to
solve fractional differential equations, Math. Comput. Simul., 205 (2023), 340-367.
https://doi.org/10.1016/j.matcom.2022.10.005

T. T. Xue, W. B. Liu, T. F. Shen, Extremal solutions for p-Laplacian boundary value problems with
the right-handed Riemann-Liouville fractional derivative, Math. Methods Appl. Sci., 42 (2019),
4394-4407. https://doi.org/10.1002/mma.5660

J. L. Zhou, S. Q. Zhang, Y. B. He, Existence and stability of solution for a
nonlinear fractional differential equation, J. Math. Anal. Appl., 498 (2021), 124921.
https://doi.org/10.1016/j.yjmaa.2020.124921

C. L. Tian, T. Jin, X. F Yang, Q. Y. Liu, Reliability analysis of the un-
certain heat conduction model, Comput. Math. Appl., 119 (2022), 131-140.
https://doi.org/10.1016/J.CAMWA.2022.05.033

T. T. Xue, X. L. Fan, J. Zhu, A class of deterministic and stochastic fractional epi-
demic models with vaccination, Comput. Math. Methods Med., 1797258 (2022), 1-22.
https://doi.org/10.1155/2022/1797258

T. Jin, X. F. Yang, Monotonicity theorem for the uncertain fractional differential equation
and application to uncertain financial market, Math. Comput. Simul., 190 (2021), 203-221.
https://doi.org/10.1016/J.MATCOM.2021.05.018

T. Jin, X. F. Yang, H. X. Xia, D. Hui, Reliability index and option pricing formulas of the first-
hitting time model based on the uncertain fractional-order differential equation with Caputo type,
Fractals, 29 (2021). https://doi.org/10.1142/S0218348X21500122

D. A. Benson, S. W. Wheatcraft, M. M. Meerschaert, Application of a frac-
tional advection-dispersion equation, Water Resour. Res., 36 (2000), 1403-1412.
https://doi.org/10.1029/2000WR90003 1

D. A. Benson, S. W. Wheatcraft, M. M. Meerschaert, The fractional-order governing equation of
levy motion, Water Resour. Res., 36 (2000), 1413—-1423. https://doi.org/10.1029/2000WR900032

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.


http://dx.doi.org/https://doi.org/10.1016/j.aml.2021.107457
http://dx.doi.org/https://doi.org/10.1016/j.matcom.2022.10.005
http://dx.doi.org/https://doi.org/10.1002/mma.5660
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2020.124921
http://dx.doi.org/https://doi.org/10.1016/J.CAMWA.2022.05.033
http://dx.doi.org/https://doi.org/10.1155/2022/1797258
http://dx.doi.org/https://doi.org/10.1016/J.MATCOM.2021.05.018
http://dx.doi.org/https://doi.org/10.1142/S0218348X21500122
http://dx.doi.org/https://doi.org/10.1029/2000WR900031
http://dx.doi.org/https://doi.org/10.1029/2000WR900032

5114

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

. V. J. Ervin, J. P. Roop, Variational formulation for the stationary fractional advec-
tion dispersion equation, Numer. Methods Partial Differ. Equations, 22 (2006), 558-576.
https://doi.org/10.1002/num.20112

F. Jiao, Y. Zhou, Existence of solutions for a class of fractional boundary value
problems via critical point theory, Comput. Math. Appl, 62 (2011), 1181-1199.
https://doi.org/10.1016/j.camwa.2011.03.086

F. Jiao, Y. Zhou, Existence results for fractional boundary value problem via critical point theory,
Int. J. Bifurcation Chaos, 22 (2012), 1-17. https://doi.org/10.1142/S0218127412500861

G. Bonanno, R. Rodriguez-Lépez, S. Tersian, Existence of solutions to boundary value prob-
lem for impulsive fractional differential equations, Fract. Calc. Appl. Anal., 17 (2014), 717-744.
https://doi.org/10.2478/s13540-014-0196-y

R. Rodriguez-Lopez, S. Tersian, Multiple solutions to boundary value problem for im-
pulsive fractional differential equations, Fract. Calc. Appl. Anal., 17 (2014), 1016-1038.
https://doi.org/10.2478/s13540-014-0212-2

C. E. T. Ledesma, N. Nyamoradi, Impulsive fractional boundary value problem with p-
Laplace operator, J. Appl. Math. Comput., 55 (2017), 257-278. https://doi.org/10.1007/s12190-
016-1035-6

I. Bogun, Existence of weak solutions for impulsive p-Laplacian problem with su-
perlinear impulses, Nonlinear Anal. Real World Appl, 13 (2012), 2701-2707.
https://doi.org/10.1016/j.nonrwa.2012.03.014

J.E Xu, Z. L. Wei, Y. Z. Ding, Existence of weak solutions for p-Laplacian problem with impul-
sive effects, Taiwanese J. Math., 17 (2013), 501-515. https://doi.org/10.11650/tjm.17.2013.2081

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Chichester: Elsevier, Amsterdam, 2006.

D. Idczak, S. Walczak, Fractional Sobolev spaces via Riemann-Liouville derivatives, J. Funct.
Spaces, 2013 (2013), 1-15. https://doi.org/10.1155/2013/128043

P. H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential
Equations, CBMS Regional Conference Series in Mathematics, 65 (1986).

G. Bonanno G, S. A. Marano, On the structure of the critical set of non-differentiable
functions with a weak compactness condition, Appl. Anal., 89 (2010), 1-10.
https://doi.org/10.1080/00036810903397438

J. Simon, Régularité de la solution d’un probléme aux limites non linéaires, Ann. Fac. Sci.
Toulouse, 3 (1981), 247-274. https://doi.org/10.5802/AFST.569

E. Zeidler, Nonlinear functional analysis and its applications, Springer New York, NY, 1990.
https://doi.org/10.1007/978-1-4612-0981-2

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5094-5116.


http://dx.doi.org/https://doi.org/10.1002/num.20112
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.03.086
http://dx.doi.org/https://doi.org/10.1142/S0218127412500861
http://dx.doi.org/https://doi.org/10.2478/s13540-014-0196-y
http://dx.doi.org/https://doi.org/10.2478/s13540-014-0212-2
http://dx.doi.org/https://doi.org/10.1007/s12190-016-1035-6
http://dx.doi.org/https://doi.org/10.1007/s12190-016-1035-6
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2012.03.014
http://dx.doi.org/https://doi.org/10.11650/tjm.17.2013.2081
http://dx.doi.org/https://doi.org/10.1155/2013/128043
http://dx.doi.org/https://doi.org/10.1080/00036810903397438
http://dx.doi.org/https://doi.org/10.5802/AFST.569
http://dx.doi.org/https://doi.org/10.1007/978-1-4612-0981-2

5115

Appendix
Proof of Theorem 5

Proof. This is similar to the proof process of Theorem 4. Since A > 0, i € (y*, 0], one has

T n
sup{¥ (x) : ®(x) < r} =sup f F(t, x(t))dt — K Z Ji(x(t)) : ®(x) < r
0 14

T n
i
< j; max F(t, x)dt — 1 max Z J(x).

1 1
[X|<Ac(pr)P [¥I<A(pr)?  j=1

If max Z Jj(x) =0,by A < A,, we obtain
<A (pr)? =1

sup{P(x): d(x) <r}< (A.1)

A-al‘:

For u € (y*,0],if max Z Jj(x) > 0, then (A.1) is also true. On the other hand, for u € (y*,0],
<A (pr)? I
we have

(w)

¥ (w) = f F(, w(t))dt——ZJ( ) > (A.2)
0

Combining (A.1) and (A.2), we get gg“’i 1 > M , which shows that the condition (i) of
Lemma 9 holds. Finally, we show that ® — /l‘I’ is coercwe for VA € A, = (A, A,). For x € E0 , by

(1.7), we get

T
f F(t,x(0)dt < LT + LTAE ||xlP’, J;(x(2) < L; (1 + Axll"). (A.3)
0
So,
Do) < L (1 + AIIY). (A4)
j=1 j=1

For x € E;”, if —£ > 0, then, by (A.3) and (A.4), we have

u n 4 n 4 .
W () < LT + LTAL I = 1 Li(1+ A1) = LT - = Z L+ LT AL |Ixdf - Z LAZ .
£ =

Thus, for Vx € E;”, we get

1 & .
O (x) =AY (x) > —||x|]” = A|LT - = § L+ LTAZ || - § LjAffguxnd-f).
p —
]—1

If 0 < gand d; < p, then hm (D(x)—A¥Y(x)) = +o0, A > 0. Thus, ® — AY is coercive.

[Ixl|—

When B = p, @ (x) = A% (x) = (£ — ALTAL) 1" - /l(LT “ENL-4 Y Lin.’g||x||df). Choose L <
j:

J=1
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max F(t,x)dt

0

'X‘<A°°(r”Tr)/]\/ﬁ . We have that — ALTAL, > Ofor A < A,. If 0 < d; < pforall A < A,, one has
| ﬁlm (D (x) AY (x)) = +oo. Obv1ously, the functional ® — AY is coercive. Lemma 9 shows that
x||—+00

¢ = ® — AY possesses at least three different critical points in E" P
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