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Abstract: This research deals with formulating a multi-species eco-epidemiological mathematical
model when the interacting species compete for the same food sources and the prey species have
some infection. It is assumed that infection does not spread vertically. Infectious diseases severely
affect the population dynamics of prey and predator. One of the most important factors in population
dynamics is the movement of species in the habitat in search of resources or protection. The
ecological influences of diffusion on the population density of both species are studied. The study
also deals with the analysis of the effects of diffusion on the fixed points of the proposed model. The
fixed points of the model are sorted out. The Lyapunov function is constructed for the proposed
model. The fixed points of the proposed model are analyzed through the use of the Lyapunov
stability criterion. It is proved that coexisting fixed points remain stable under the effects of
self-diffusion, whereas, in the case of cross-diffusion, Turing instability exists conditionally.
Moreover, a two-stage explicit numerical scheme is constructed, and the stability of the said scheme
is found by using von Neumann stability analysis. Simulations are performed by using the
constructed scheme to discuss the model’s phase portraits and time-series solution. Many scenarios
are discussed to display the present study’s significance. The impacts of the transmission parameter y
and food resource f on the population density of species are presented in plots. It is verified that the
availability of common food resources greatly influences the dynamics of such models. It is shown
that all three classes, i.e., the predator, susceptible prey and infected prey, can coexist in the habitat,
and this coexistence has a stable nature. Hence, in the realistic scenarios of predator-prey ecology,
the results of the study show the importance of food availability for the interacting species.
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1. Introduction

Competition is the fundamental relation of ecological systems in which species of one kind have
to fight for limited resources in some particular habitat. These sorts of competitions become severe
when the potential biological needs exceed the resources. The predator-prey populations are
reasonably the building blocks for dynamic ecosystems. In ecology, among different kinds of
relationships between species, the most important relationship is the predator-prey relationship.
Mathematical models governed by differential equations are more appropriate for modeling the
interaction in which populations are overlapped. Lotka and Volterra first put forward the fundamental
predator-prey model in the early twentieth century. This basic model comprises two first-order
nonlinear ordinary differential equations. Since then, researchers have presented many models
covering several issues regarding the complex natural relationship. Consider

au

E = aq U — a, uv (1)
av
E S 0{3 UV - (X4 V (2)

where U and V respectively indicate the populations of prey and predator; ay,a, a; and a, are
the positive real parameters. Holling introduced the density-dependent response [1], after which
several researchers came forward to contribute their valuable research using density-dependent
responses. The main concern in the population dynamical models is the stability of fixed points.
Many mathematical models have been presented and fixed-point stability has been studied [2]. The
stability of the predator-prey model has been brought into the discussion by many researchers [3—5].
The other targeted area is the positivity of the solution of the prey-predator relation [6]. During the
last few decades, many species have faced extinction due to limited resources, over-exploitation,
pollution and predation exercise. Mostly, the extinction of some species occurs due to transgression
of the environment or ecological structure. To impede species from extinction, external supporting
trends are the refuge and restriction of the population to a specific area [7-9]. Considering the issue
of extinction, many researchers have formulated models to deal with the problem and discussed the
factors in detail. A mathematical model of two prey and one predator was considered by Takeuchi
and Adachi [10]. Equilibrium points were investigated, and a mathematical analysis of equilibrium
points was performed. Another important issue is bifurcation, which is the critical behavior of fixed
points. Bifurcation analysis for interacting predator-prey models has been provided by many
investigators [10—13]. In [14], the authors investigated the influence of nonlocal competition among
the species. The study was further enhanced to investigate the effects of such competition on the
stability of equilibrium points. Due to the overuse of chemicals for the higher production of crops
and other factors, infectious diseases are spreading among the human population and animals.
Researchers have published several articles on the problem of population density dynamics.
Whenever a disease spreads in an environment, it seriously affects the population dynamics and
disturbs the whole ecosystem. A model was presented by Haque [15] to discuss the impact of the
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diseased predator on the population dynamics of predator and prey. He showed that the absence of
prey has a moderately strong impact on the predator population when there exists an infection in
the predator. The mathematical model for infected predator and prey, as presented by the author, is
as follows:

au U
== aU(1 - ﬁ) —cV U — cqV, 3)
‘;—i =rF(1—- g) + ecV, U + ecqV,U 4)
W= - EOF - (@ + 2y, A Ly, tecriU (5)
dt K k F
dVZ VZ ,BV]_VZ (1—9)TF
E:FVZ(l_?)-I_T_VVZ_(d-I_ p W, + ecqV,U (6)

Here, P and F =V, +V, respectively represent the prey and predator populations (susceptible and
infected). Fang and Wang discussed the interaction between two species when the predator and prey
use common food resources. Moreover, the predator is also consuming the prey species. The model
suggested by them is as follows [16]:

au _ af _

i U(_aU+bV + o,V —m) (7)
av bf

ac (aU+bV —aU—n) (8)

where U and V respectively represent the population of predator and prey, f is the common
resource, a and b are the consumption rates of resources by predator and prey, respectively, and m
and n are the natural death rates of predator and prey, respectively. Fang and his co-author discussed
the global stability of the above dynamical system with the additional effects of diffusion. A detailed
discussion was provided on the effects of diffusion by the authors. They discussed the instability of
equilibrium points due to the involvement of diffusion. Moreover, to carry out the stability of the
system the Lyapunov method was employed. Inseba et al. studied the nonlinear interaction of
multi-species, taking into account diffusion and prey taxis. The authors also investigated the
linearized stability of the system [17]. Chen and Yu discussed the multi-species predator-prey
diffusive system. They showed the pattern formation of the bifurcating system in which the
conversion rate was taken as a bifurcation parameter [18]. Djilali discussed the effect of the prey’s
social behavior on the diffusive predator-prey system. He also discussed the bifurcation and stability
analysis [19]. In [20], Ferreira et al. studied the stability of the cross-diffusive system for the
three-species interacting model. The equilibrium points were examined to perform a local stability
analysis. Kant and Kumar studied the interacting model of species in which predator and prey are
diseased. They showed that, for the basic reproductive number R, > 1, the disease spread [21].
Owolabi formulated a numerical scheme to deal with the fractional diffusion system of interacting
species. He applied the Caputo fractional operator rather than the first-order time derivative [22].
Song et al. presented a qualitative approach to study the diffusive predator-prey system. They also
discussed the system’s instability when cross-diffusion was introduced [23]. Zhang et al. discussed
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the influence of diffusion on predator-prey predators’ hyperbolic mortality. The turning instability
region was also found by linear stability [24]. Ghosh et al. investigated the stability and performed a
bifurcation analysis of Bozykin’s prey-predator model. The authors also discussed some properties of
the solution, like uniqueness and boundedness [25]. In [26], Owolabi formulated a numerical scheme
for the computation of fractional (time) derivatives by using the finite difference and Fourier
algorithm. Many researchers have discussed the effects of diseased species on the evolution of
population dynamics when prey, predator or both have some infection. The authors have investigated
the models by using core characteristics like the existence and positivity of equilibria and local and
global stability. Some authors have also discussed the bifurcation parameters in the model. Such
studies have been supported by simulating the models via numerical schemes [27-31].

Recent years have seen a rise in the application of fractional differential calculus to solve
critical and practical problems. In [32], a prey-predator model with three species is examined within
the framework of a fractional operator. Two species, both of which grow logistically, are represented
in the model. A competitor is considered to fall behind the third group due to their Holling type II
functional response. To represent the interplay between tumor growth and the immune system, the
authors of [33] provided some new approximate solutions to a computational formulation by using
numerous fractional and fractal operators.

In [34], the researcher looked at a computer model to investigate the spread of a viral infectious
disease that is more common in children, i.e., hand, foot, and mouth syndrome. A contribution of [35]
is the development of a new, time-saving method for obtaining exact fractional solutions to local
fractional equations. Equation of Gardner on Cantor sets defined by efficient numerical methods
are studied.

In [36], the authors study the stability of a disease model with susceptible prey and infected
predators around an internal steady state. The Mittag-Leffler kernels from the Liouville-Caputo idea,
which are used to calculate fractional derivatives, have been considered for this purpose. In [37], the
researchers looked at one realistic application from the current state of edge detection research. To
achieve this goal, they first suggested two overarching structures that can be used to create
brand-new fractional masks. Then, the Atangana-Baleanu operator, a fractional integral, was used to
assess the roles of the various parts in these two architectures.

In [38], the authors suggested a predator-prey model with a Michaelis—-Menten functional
response and split prey into susceptible and infected subpopulations. The researchers presented an
eco-epidemiological model of an infected predator-prey system [39]. Incorporating prey refuge ensures
that a portion of the diseased prey is available for ingestion by the predator. The authors of [40]
suggested a predator-prey model in which the prey population is affected by a disease. Here, healthy
prey species exhibited defense mechanisms in response to a predator attack. A Leslie-Gower
predator-prey model incorporating disease in the predator has been developed [41]. The genetic
repercussions of the Lesli-Gower model allow it to be considered an evolutionary version of the
Lotka-Volterra model. In [42], the authors created an eco-epidemic model with two prey populations
and one predator population, where only the first prey population is affected by an infectious disease.
More literature on predator-prey models can be seen in [43—47].

In the present research work, we formulate a multi-species eco-epidemiological model. Two
major aspects of ecology are discussed, i.e., food resources and infection in the species. These factors
bring drastic changes in the population density of the species under consideration. It is shown that
this kind of interaction leads to system stability even under self-diffusion. It is also proved that the
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system becomes unstable when cross-diffusion is considered. A two-stage numerical scheme is also
applied in the present work, and numerical simulations support the theoretical findings. The stability
of the proposed scheme is presented by using the von Neumann stability criterion. It is proved that
the scheme is conditionally stable.

2. Model formulation

The ecosystem refers to a natural complex structure in which interacting species affect the
population density of one another on a large scale. At the same time, the interacting species are in
danger of infectious diseases in the real environment. Numerous mathematical models present the
interaction among species with infection in some species. The infections are so critical that they
disturb the whole ecosystem. The population density of all species is affected badly, as they depend
on one another directly or indirectly. This problem has motivated several investigators to develop
their model to study population dynamics effectively. Here, we propose a model to study the
predator-prey system in which both species use the same food resources and there is a fatal infectious
disease in the prey population. Suppose that U,V respectively represent the predator and prey
populations at any time ¢. Here, we assume that V = Vs +V;, where Vs AV, respectively denote the
susceptible and infected prey.

au _ af _
at (aU+bV5+cV1 taiVs +arV —m) ©)
av bf
@ = VsGomrma, ~Wimal-mn (10)
dVI _ Cf _ _
at V’(au+bV5+cV, +yVs — axU — 1) (11)
where
¢$o ={U(0) =Uy =0,Vs(0) = V5o =0,V;(0) =V; o =0} (12)

is the set of initial conditions. Here, m, n,; and n, are the death rates of the predator and preys, and
n, =n; + 6 displays the sum for the related natural and infectious disease.

3. Stability for the predator-prey system of equations
The present section deals with the computation and stability of the equilibria of the system
described by (9)—(11). By solving the system when the rate of change of population becomes zero, it

is easy to obtain the equilibria of the system, which are seven in number for the present case. The
equilibria of the system are described as follows:

f f f
El = (Oln_llo)l EZ = (01 O'n_z)'E3 = (ZIO' 0)

E, = (Uy, Vs,4’ V1,4)’ Es = (Us, Vs,s: VI,S)' E¢ = (U, Vs,e: VI,6)' E, = (U7, Vs*’ VI*) (13)

where
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—bny%+cfy+cng

N, __ bfy-bny np+cn,?

U4_ =O, VS,4 = —

_ans®+bfa;-bmny

U5 - » VS5

ay (anqy—bm)

any?+cfa,—cmn,

y (bny—cny)

__afajtam ;—bm?

Vi.=
» LA y (bng—cny)

'VI,S = O

a; (ang—bm)

af ay+amny—cm?

U =0,V¢ =
6 a, (any—cm) ' S 17 L6 a, (any—cm)
* Cnl_an fy (14)
ay—cai+ba, my—-npya+nqia;
—cm+an a
Ve = 2 S (15)
ay—caq+ba, my—-np,a,+nqa;
bm—an a
VI* — 1 _ f 1 (16)

ay—cai+ba; my—-np,a,+nqa;

In the present section, we study the stability of the fixed point, which deals with the coexistence
of all species. The existence condition for the coexistence equilibrium point E, is

frOat ay) > 6,(y m+¢§1), fa,(xot bay) > —6,(ny aj +¢5),

fa,(x3+ ca;)>—-63 (n, a;—¢&;) and af >0 (17)

where

6= bn,—cny, 6, = an,—cm, 63 = any,—bm, & = ny a, —n, A,

&=y m—n; a1, §3= Yy m+n a, a=y m+§;, f=ay+ x,

X1 =ba; —cay, X2 =ay —cay, Y3 = —ba, —ay

Theorem 1: Let a,b,¢, f,a,,a,,m,n; and n, be positive; then, (U*, V¢, V") is globally stable in

w ={(U,Vs,V)):U > 0,Vs > 0,V, > 0}.
Proof: We construct the Lyapunov function to determine the stability of the coexistence equilibrium
point. Consider the following

W,V V) = [y T dn + [ S aw + ) g (18)
By taking derivative with respect to 7, we have
T (19
L=w-u (ﬁ;wﬁ a,Vs + azV; —m)
+(Vs = Vs+) (#fsﬂv, —oaU—yV - nl)
F V= Vi) ey — @2U Vs = m3) (20)
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After some simplification, we get

aU*+bVg+cVy—aU—bVs—cV;
(aU+bVs+cV)(aU*+bVe+cV))

== U-U"af

aU*+bVg+cVy—alU-b s—cV;
(aU+bVs+cv)(aU*+bVi+cVy')

+(Vs — Vs)bf

aU*+bV¢+cV)'—aU—bVg—cV]

+(Vi = V)cf (aU+bVs+cV)(aU*+bVE+cV))

aw f (aU+bVs+cVi—(aU*+bV§+cV;))?
dac (aU+bVs+cVy)(aU*+bVe+cVy)

<0 (21)

L= 0 iff aU + bVs +cV; = aU* + bVs + cV;

Using the values from (16)—(18) and applying further simplification of (9) leads to the following
result

au
prily

a;cC

W =0)+ =)V = V) (22)

aja
b

Then U—U* and V;—V;" when t—oo provided that U(0) = 0. Similarly Vs—V{; hence, the

largest invariant set {U, V,Vs € w: Cfi—v: = 0} has the unique positive equilibrium (U*, V¢, V).

According to the LaSalle theorem (U™, Vs, V[") is globally stable in w.

Phase portrait for non-diffusive system

0.1533
0.1533
0.1533
0.1533
0.1533

0.1533

0.1532

0.1532

0.1532

Figure 1. Phase portrait for the systems (9-11) at U(0) = 0.60,V5(0) = 0.06,V,(0) =
0.73.

Mathematical Biosciences and Engineering Volume 20, Issue 3, 5066—-5093.



5073

Corollary 1. For the equilibrium points E; (i = 1,2,3,...,6), we have the following results.

(a). E;, E, and E; always exist and are globally stable.

(b). E, existsif n,8, > cfy and n,8; > cfy, and it is globally stable.
(c). Es and E¢ do not exist.

Proof:

(a). The results are straightforward from Eqs (13) and (22).

(b). Consider E, = (Uy, Vg4, V;4), where

bfy—-bn, ny+cn,?
y (bny—cnq)

—bny?+cfy+c 1 ny

Us=0 Vsa=——"00 00

) VI,4:

—bny%+cfy+cny n,
y (bny—cnq)

Vs,4 = -

bny?—cfy— 1 ny
y (bny—cnq)

We can rewrite as

VS,4 == L;:fy = Tl251 > ny
Similarly,

__ bfy—b 1 np+cn,?
Via= —
y (bny—cny)

= bfy >n6;

The global stability is obvious from Eq (22).
(c). Consider Es = (Us, Vs,V 5), where
af +amn,—bm?

Vs = Vis =0

a; (ang—bm)

an,?+bfa,—bmn,

U5:

ay (anqy—bm)

an,?+bfa,—bmn,

U5=

= U5 = —be(l - n163< 0

a, (any—bm)

Hence, the result, similarly, E, does not exist.

4. Global stability for a diffusive system

In the dynamical population model, random walking plays a central role in the structure of the
habitat. The movement of species can vary from region to region depending on the distribution of
food resources in the habitat. In addition, the species can vary with respect to density in the area
where they live. The following section deals with the influence of diffusion on the coexistence of

fixed points.
4.1. Global stability for the self-diffusive system

The self-diffusive system for (9)—(11) can be written as
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af

—DllAU+U(m+a1V5+a2V,—m), xe,t>0 (23)
s = Dyy AV + Ve(—L— —yV, —aU —1ny), xe€Q,t>0 (24)
dt 22 2 Vs T Vsuivgrer, V1T " 1/ ’

cf
’r —D33AV1+V1(m+VV5—a2U_n2)a xef,t>0 (25)

oU _ Vs _ Vi _
535 =35 =0x €00t > 0 (26)

with the following initial condition
$(0) ={U(0) = Up =2 0,Vs(0) = Vs = 0,V;(0) = Vo = 0} (27)

where the self-diffusion coefficients D;;,D,,, D33 are non-negative. According to Hollis’ results, the
solution to the above system has global existence and boundedness [47]. The self-diffusive system
has an equilibrium point E; = (U*, Vs, V,") under the assumption of (17)

Theorem 2: Let a,b,c,Di1,Dz5, D33, f, g, mny,ny,1,a, and y be positive; then, (U*,Vs,V[")is
globally stable in o = {(U,V,V,):U > 0,Vs,V; > 0}.

Proof. It is obvious that {(U, Vs V)):U =0}, {(UVsV,):Vs=0} and {(U,ViV,):V, =0} are the
invariant manifolds. We establish the Lyapunov function to determine the global stability of the
self-diffusive system as follows

W, Vs V) = [, I = " dndX + |, fos =2 5 drdX + ), fN”‘ Y dedx (28)
Now, taking derivative with respect to ¢ on both sides, we get

d—W:fUuaUdX-l-fVSVSaVSd +fVIVIaVIdX
t U adt vy dt

aU+bVs+cVy

=J‘QU_TU*<D11AU+U(L+Q1VS+a2V1_m)>

Vs—Vs bf
o (Dzz AVs +Vs (==L —yV, - ayU —n1)>

aU+bVs+cVp

V= cf
+Jo T Dss AV + Vi + Vs — @2U —12)

aU+bVs+cV;
‘;—”t’zz M, + M, + M; + M, (29)
where
M, = =Dy, U* [, = |VU|?dX < 0 (30)
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* 1
M, = =Dy, Vs [, V—£|VV52|dX <0 (31)
* 1 2
My = =D3V; [, = |VV71dX < 0 (32)
M4 = f (U U )[(m+a1V5+a2Vl—m)] dX
+f (VS VS) [(m VVI - 0(1U - ‘I’ll)] dX
* cf
+Jo V=V Gyyarar; T ¥V — @U = 12)]dX <0 (33)
U+bVs+cV—(aU*+bVs +cV]))?
M4,:_fﬂf(a stcVi—(a SCI))SO (34)

(aU+b s+cV)(aU*+bVs+cVy)

It is obvious that

aw

i <0 (35)
aw . * * *
E=O iff aU+bVs+cV;=aU" +bVs + cV;

Further simplification of (23) by using the values of the coexistence equilibrium point (U*, V¢, V)")
leads to the following

F=DuHUEEU -+ (B —a) (7 - V)

It is well known that the above equation represents a gradient system, where every orbit converges to
a unique steady state U =U" and V; =V, [47]. Thus, Vs — V¢ since (U,Vs,V;) is on T =
{(U, Vs, V)):aU + bVs + cV; = aU* + bV§ +cV', U =2 0,Vs > 0,V; 20} . Therefore, positive
solution (U™, V¢, V[") is globally asymptotically stable.

Phase portrait for self-diffusive system
~

Figure 2. Phase portrait for the self-diffusive system atU(0) = 0.53,Vs(0) = 0.0101,V;(0) =
0.70.
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4.2. Induced stability for the cross-diffusive system

The predator is attracted to its prey in search of food resources. This attraction causes prey taxis,
which is the predator’s movement as controlled by the density of prey, and on the contrary, the prey
is repelled by the predator. This results in the cross-diffusion of species in the habitat. Consider the
following system of equations:

d_lt]=DllAU‘l‘DlzAVS+D13AVI+U(L+Q1VS+QZV1_m)’

d aU+bVs+cVy
x et >0 (36)
Vs _ ) Y VA _
7 — D21 A U + D22 A VS + VS (aU+bV5+cV1 YVI 0(1U nl),
x et >0 (37)
dV[ _ Cf _ _
E — D31 A U + D33 A VI + VI (—aU+bV5+cV1 + YVS azU nz),
x et >0 (38)
U _ Vs _ V1 _
5—aﬁ—aﬁ—0,xeaﬂ,t>0
$(0) ={U0)=Uy=0,V5(0) =V50=0,V;(0) =V; =0}, xeQ,t>0 (39)

One can see that the coexisting equilibrium point also holds for the cross-diffusive system. The
self-diffusive system does not induce instability, but the Turing instability can be seen in the
following section. The above system, as described by Eqgs (36)—(38), can be written in the following
way:

RO=DA®+Jd (40)
¢(t, x) D11 Dy; Dys Ay A Ags
O(t,x) = |@t,x)|,D =Dy Dy 0 | and J=|Az Az Aps
Y(t, x) D3; 0 D Azy Azy  Asz
where
a’fu*
A = (av*+cv;+bve)”
A = — abfu* U*
12 (aU*+cvy+bve)* T U
_ acfU* "
A1z = (aU*+cv;+bve)° +az U
Aoi = — abfVvg _ Ve
21 (aU*+cvy +bve)* %1 Vs
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_ b2 fVs
AZZ - = . N2/
(aU*+cVi +bVe)
bCfV; *
Apy=—""""—=—-v Vs,
(aU*+cVi +bVe)
acfv;y
Ay = ——————a, V,
1 S
(aU+cV;+bVg)?2
bCfVI* *
App=—————""—"—=+Vv V],
(aU*+cVi +bVe)
— cfvi
Azz = — — (41)
(aU*+cVi +bVe)

If all of the eigenvalues of the operator R are negative, then (U*, Vs, V) is asymptotically
stable [47]. Next, it is clear that — A under the Neumann boundary condition has eigenvalues

0=po<py Spp <

and u; — o when ¢t — oo. It is also known that v is the eigenvalue of the operator R if and only if
it is the eigenvalue of J; = —u;D + ] for i >0. Moreover, we obtain

trace(J;) = —p;(D11 + Dy, + D33) + trace(J)
It is obvious from (41) that
trace(J) = Ay + 45, + Az <O

Next, we prove Turing instability for the cross-diffusive system described by (36)—(38).
Theorem 3: Let a,b,c,D11,D55,D33,f, 9, m,nq,n3,a1,2, and y be positive and

det(D) = (D11 Dy D33 — D1z Dyy D3z + Dig Dy D3q) >0

then, there exists an unbounded region where s; < s, + 53 + 54
such that (U*, V¢, V") is unstable in the region where the above condition holds.
Additionally,

g F(].D)—J 3 det(D)f(J,0)+(F(J,D))*

S det(D) J*det(D)
1 FU.D)= 3 det(D)f(J.D)+(F(J.D))*
SZ = [g \/ det(D) ]ZFUrD)
F(J,D)— 3 det(D)f(J,0)+(F(J,D))
s3 =[1/3 J ot) 1f(,D)

Sy = Ayq Ay Azz — Aqq Az Azy — Aqp Ay Asg
+A1; Az Az + A1z Az Asp — Az Azp Asq
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Proof. It is clear from the value of J; that trace(J;) is negative. To show the instability of
(U, Vs, V"), we shall prove that det(J;) > 0 for somei, where i > 1. As

det(Jo) = —Aq1 Ay Aszz + Ay Ay Asg
+A1, Az Agy — A1 Azz Az

+A13 Ay Azp — Az Az Asq (42)
—U; Dyy + A1 —u Dip+ Ay, —p; Dz +Ags

det(J;) = |—ti Da1 +Az1 —p; Dyy + Az, Az (43)
—U; D31+ Az Az —HU; D33+ Azs

det(J;) = —D11 Dyy D3z p;® + A1y Dy D3z pi® + Ayy Dig D3z pi® + Ass Diq Dyp iy
—Ayy Az D33 py —Ayg Asz Dyp py — Azz Aszs Dig pi +Azz Ay Dig
+ D1z Dyy D3z w;® — A1z Dyy D3z pi® — Apy Dip D3z pi® + Asp Dig Dy
— A3z Dip Dy wi® +Asp Azy D3z py+ Ay Ass Day pt; — Az Asy Doy iy
— Ay Asp Diz Wi +Az; Asz Dip py+ Diz Dyp D3y pti® — Az Dyy Dy iy
— Azp Di3 D3y wi® +Azs Dip D3g gy — Asq Dz Dyp pti® — A1y Aps D3q i
+ Az Azz D3y py+ Agz Aszr Dyp py+ Azp Azy Diz py — Azz Azq Dip
— Ay Azy Azz +Agz Ay Asp +A1p Axz Azg — Az Azp Az + 411 Agp Azs
— Ay Axz Az

By collecting the terms containing u;, we obtain

det(J;) = (=Di1 Dyy D33+ Dip Dyy D33+ Diz Dyy D3y’

+ (A11 Dyp D33+ Ay; Diy D3z + Asz Dig Doy — Ayp Dyy D3z — Ayy Dip Das
+ A3z D1z Dy — Aszz Dy Dyy —Agz Doy D3y — Ay Dyz D3g + Azz D1y D3y

— A3y Di3 D)y’

+ (—A1y Ayp D33 — Ayq Az Dyp — Ayp Ass Dy + Az Asp Dig+Agp Ay Dis
+ Ay Aszz Dy — A1z Azp Dy —Azy Aszy Dz + Ay Azz Dip — Aip Az Dayg

+ A1z Ayp D3q+Ayz Ay Dyp + Agy Azq Diz — Azs Asq Digdpy + Ayg Agp Ass
— Ayy Azz Azp — A1p Apy Aszz + A1z Axz Az + A1z Ay Aszp — Agz Az Az

det(J;) = —p;>det(D) + p;*F(J, D)
+ﬂi f(],D) +A11 AZZ A33 _All A23 A32 _A12 A21 A33
+A12 A23 A31 +A13 A21 A32 _A13 AZZ A31 (44)
where
det(D) = (D11 Dy D33 — D1z Dyy D3z + Dig Dy D3y) >0

A11 Dy D33+ Ay Diy Di3
F(,D) = +A33 Dy Dyp — A1z Dyy D3z — Ay Dip Dis
’ +A3; Dy3 Dyy — Azz D1y Doy —Ayz Dyy D3y — Azy Diz Dag
+A433 Dy; D3y —A3zq D1z Dy

(45)

fU,D) = —Ay; Ay D33 — Ayy Aszz Dyy — Ay Asz Dyy
+Az3 Azp D1y + A1z Az Dss
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+A1p Asz Dag — A1z Az Dy —Apy Aszz Dis
+Az1 Azz D1z —A1x Azz D3y +Agz Ay D3y
+A13 A3y Dy + Azz Azq D13 — Apz Azr Dy (46)

The above equality of (44) leads to its minimum value min,, . g+ det(J;) at

F(],D)—\/S’ det(D)f(J,D)+(F(J,0))”
det(D)

u= 1/3

After substituting the above value in (44), we get

F(J,D)—Js det(D)f(J,D)+(F(J,0))*
det(D)

Det(J;) = —[1/3 13det(D)

FUD)- 3 det®IFUDI(FUD)
+[1/3 otD) 1°F(J, D)

1 F(J,D)—Js det(D)f(J,D)+(F(J,0))*
*3 det(D) fU.D)

+A11 Ay Azz — Aqq Ayz Azy — Agp Azy Asg
+A1; Az Az + A1z Az Asp — Az Azp Asq
det(J;) = —s; + 5, + 53+ 5,4 47)

For the instability of the system, we must have det(J;) > 0. Therefore above the equilibrium point
(U™, Vg, V") isunstable in the region where s; < s, + s34+ S4.

5. Construction of numerical scheme
A numerical scheme is constructed for solving Eqs (23)—-(27). The scheme’s construction
discretizes the time variable, and suitable difference formula can be adopted to discretize the space

variable. The scheme is the two-stage explicit scheme. The scheme is constructed on three-time
levels. Consider the following equation:

v 4
5= 0V (48)

The first stage of the scheme is written as
T =V 4 A GDT (49)
The second stage of the scheme contains three unknowns. Their values will be found later. The
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second stage is written as
n+l _ n+1 n—1 av\tl ov v n—l}
V=2 (7 4V )+At{a1(a )i + by (5 ) +C1(6t)i (50)

To find the values of unknowns a;,b; and c¢; , the Taylor series expansions for

—1 [\l av\* 1 .
v yrt, (—) and (—) are given as
l l

ot ot
n+l _ pn av\" @02 (at\" | (ap? (93v\" 4
vt = v ae(5) + G (55), + S (55). + oo (51)
RV (AL CO G (AN O (AN 4
vet=ve-ae(%) + 5 tz)i > (5z). +o@n® (52)

l (a—"):l +0((a0)%) (53)
G, =), (atz) + 5 (

Substituting Taylor series expansions (51)—(54) into Eq (50), we obtain the following

6—") +0((AD)?) (54)

n
Comparison of coefficients of uj', At ( ) , (At)? ( 5 1;) and (At)3 ( 5 1;) leads to the following

1—1+a c
2 4 1M (55)
1_ 1 C1
6 12 2

as

3 1 1
a1=zlb1=—Z:C1=§ (56)

5.1. Stability analysis

The stability condition of the proposed scheme for the parabolic Eq (48) von Neumann stability
criterion is applied. For applying the stability analysis, some transformations are substituted into
difference equations. For the considered problem, the transformations are given as follows.

Using a second-order central difference formula for the diffusion term, the first stage of the
proposed scheme for the linearized equation is given as

— 1 —
Vin+1 =V + Zu:l 14 d(Vi, =2V =vr) (57)

where
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At
T (M%)2

According to von Neumann'’s stability criterion, consider the following transformations

Vin+1 — En+1eue’ Vir-}-l — Ene(Lil)Ie’ u?{f — En+1e(111)16

where I =+/—1 (58)

Substituting the transformations of (50) into Eq (49), the following is obtained:
E™!' =E" +d(e'® -2+ e '%)E"
E™1 = (1 + 2d(cosd — 1))E™ (59)

By using the second-order central difference formula for the diffusion term, the second stage of the
proposed scheme for the linearized equation is given as

a, (VY — 20+ vt
1,5 —
VI =S VT +d g b (Vg - 2V + V)
+C1(Vir-l+_11 —2

VT VED) (60)

Substituting the transformations of (58) into (60) and dividing the resulting equation by e?, we get

a;(e® — 2+ e 19)EMH1 4
EM = S (EP + EP) +d by(ef® —2+ e 0)E" +
c,(e!® —2 + e 10)En-1
Collecting the coefficients of E™*1 on the left-hand side of Eq (61) provides
ETtl = (% + 2a,d(cosf — 1)) E™1 + 2bd(cosf — 1)E™ + (% + 2¢,d(cos8 — 1)) En1

E™1! = A,E™ + BE""1 (61)

A= (% + 2a,d(cos6 — 1)) (1 + 2d(cos6 — 1))+2b;d(cosf — 1)

B, = % + 2c,d(cosf — 1)

E™ = E™ + 0E™1 (62)

Equations (61) and (62) can be written in matrix form as

[E;] =[5 W (63)
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The stability conditions can be imposed on the eigenvalue of the coefficient matrix, and these

conditions are expressed as

A+ /A12+4131
— 5 <1 and

(64)

Ai— /A12+4B1
—N " <1
2

The proposed scheme will be stable if it satisfies inequalities of (64).

6. Numerical simulations

The spatial terms in (23)—(25) are discretized by using the classical central difference formula to
apply the proposed scheme for the considered diffusive model. The discretized equations for the

model are given as

D11 (Ul+1
UMttt =Ult + At Lun ( af

Dzz (Vsr,li+1 -

n n n
aU; +bVS,L'+CVI,i

207" + Uiy)/ (Bx)?

+ o, Vs + apV]; — m) (63)

ZVST,li + Vsr,li—1)/(Ax)2

Tl+1 _—ypyn
Vsi ~ =Vg; + At Uz, (W — a Ul —yV — n1) (66)
2 S,i Li
VIt =V + At ¥ (Vﬁit; Y Vi) /(67 (67)
! i (W — U =YV, — nz)
[ Dyy (URAE = 207 + UMD /(Ax)? + .
a, n+1 (aUﬂ+1+bVa’{+1+cVI’}+1 + a, VI +1 4 ann"'l m) +
UM = Ut + At b D1y (Ul:l'; 207 + UL/ (8x)* + N
Nyr <W + oy Vs + oV — m)
Dy, (URTE = 22Ut + UMD /(Ax)? +
[ D2, ( Snttrll - 2]757,11_+1 + Vsr,litﬁ)/(Ax)z +
- " (aﬁf+1+b;§€+1+c17,’}“ +a Vit + eV - nl) '
Vn+1 v n+l 4 Ap b, D22 (Vsr'li; —2Vg; + Vsr,li—1)/(Ax)2 + N
e (W + aler'li + O(zVIT,ll- — n2>
Dy (VIh — 2V37" + V3TY) /(82 +
: N Ui (aU?‘1+bll;;‘1+cV,’_z‘1 +a Vg gV - "2>
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Figure 3. Solution for t =5 and y = 0.20,0.30, 0.35, 0.45.
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Figure 7. Contour plot for the predator.
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Figure 9. Contour plot for the infected prey.
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7. Results and discussion

T he present research yielded an eco-epidemiological model for the predator-prey system. We
considered two classes of prey species, i.e., susceptible and infected prey. It is supposed in this study
that the transmission of infection is non-vertical. Predation activity influences the biological
environment on a large scale. Here, we considered that there is no disease transmission due to
predation. The populations of two classes of prey species face disturbance due to infection. Figures 1
and 2 show the stability of the coexisting equilibrium point for the original and self-diffusive systems.
The parameters used for the simulation in Figure 1 area = 0.45,b =0.64,¢c=0.53,f =
0.53,a; =0.14,a, = 0.27,m = 0.56,n; = 0.55,n, = 0.49,y = 0.49, whereas, in Figure 2,
the values of all of the parameters are the same as in Figure 1, with the diffusion coefficients Dqq =
0.10,D;;, =0.20 AD33 =0.10 . Figure 3 shows the solution of the system for y =

0.20,0.30,0.35,A 0.45. Other parameters have the same values as in Figure 1. Figures 4—6 show
time-series solutions for the self-diffusive system with Dyqy = 0.01,D5, = 0.06 A D33 = 0.07
for different resource values (f = 0.40,0.45,A 0.50); the values of the other parameters were the
same as in Figure 1. For Figure 3, the initial condition was (0.1, 0.1, 0.1), whereas, for all Figures 4—6,
the initial condition was (0.6096, 0.2060, 0.1533). The Figures 4—6 results indicate that the
oscillation produced in the system dies out, resulting in the stability of the species’ coexistence.
Figures 7-9 present contour plots for the predator, susceptible prey and infected prey, respectively.
The values of the parameters werea = 0.91,b =0.50,c¢ =0.55,f=0.91,a; =0.77,a, =
0.95,m =0.06,n; =0.85,n, = 0.055,y = 0.60. The values of the diffusion parameters were
D{1 =0.02,D4;, =0.84,D43=0.5, D31 =0.4,D35 =0.07,D53 =0, D3; =0.2,D3, =0 A
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D33 = 0.01. In Figures 1 and 2, it is evident that the systems described by (9)—(11) and (23)—(25)
turn to the coexistence of the fixed point, which is biologically important. Figure 3 shows the direct
impact of y on the infected prey population. When the value of y is raised from 0.20 to 0.45, there is
a significant increase in the said population. In the time-series plots, it is interesting to note that
increased values of the food parameter f'lead to a remarkable increase in the predator and susceptible
prey populations. Still, a reverse effect is obvious on the infected population of prey species. Figures
10-12 show a comparison among the systems presented in (9)—(11), (23)—(25) and (36)—(38). The
population density of all species is remarkably affected by the inclusion of self- and cross-diffusion.
The values of the parameters taken in Figure 9 area = 0.1,b = 0.50,¢ =0.05,f = 0.01,a, =
0.0177,a, =0.95,m =0.06,n, = 0.185,n, = 0.055,Ay = 0.60. In Figure 10, all of the
parameters have the same value, except ay = 0.0177, and the diffusion coefficients are Dqq =
0.46,D,, = 0.7 AD33 = 0.71. All of the parameters have the same values as those applied in
Figure 9, except D1 =0.31,D43 =0.75AD31 =0.14,D,3 =0, D3; =0.65A D3, = 0.

8. Conclusions

In the present article, we have formulated a dynamical nonlinear eco-epidemiological
population model considering two species, i.e., the predator and prey, taking into account the species'
dependence on the same food resources. Moreover, it is assumed that a fatal infectious, transmissible
disease is present in the prey species. The equilibria of the proposed model have been found. We
analyzed the global stability of the coexistence equilibrium point for the non-diffusive and diffusive
cases by establishing the Lyapunov function. We have proved in Theorems 1 and 2 that the
coexisting equilibrium point (U*, Vs, V") is globally stable for the original and self-diffusive models,
respectively. Also, it is proved in Theorem 3 that Turing instability of the system for the
cross-diffusive case exists conditionally. Phase portraits were drawn to support the theoretical results
and show the equilibrium point’s stability for the non-diffusive and self-diffusive cases. Moreover, a
two-stage explicit numerical scheme was constructed, and the stability of the proposed scheme was
evaluated by using the von Neumann stability criterion. The impacts of parameters like the disease
transmission parameter y and food resource f have been analyzed through the use of plots. It is
obvious from the plots that increasing the disease transmission parameter y enhances the infected
population density, and vice versa. The solution of the self-diffusive system for different values of
the resource parameter f/ has been obtained, and it is shown that the increment in the food resource
affects the population size.
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Appendix A

For the proof of (22):

W YEE U -0+ (EE - )V — V)

We consider

aU + bVs + cV; = aU* + bVg + cV/f

alU+bVs+cVy=a

(afy2+bfy ay—by mny—bn, n, az+bny?a;—cfy a;+cy mni+cn,?a,—cn, nzal)
(ay+baz—cai)(y m+ny; a;—n; aq)

4h (afy az+ay mny+an,; n, az—any?ai+bfaz?—cfa; a;—cy m?—cmn; az+cmn, al)
(ay+baz—cai)(y m+ny az—n; a;)

afy a,+ay mni+an,?ay—an,; n, a,+bfa, a,—by m?—bmn, az+bmn, a;—cfa,?

+c(—

)

(ay+bay—ca)(y m+ny a,—n, aq)

flay+bay—cay)
(y m+ny az—nz ag)

(ay+bay,—-caq)
bV = Laytbdazca) - aiy oy,
(y m+ny az—ny ay
Ve = aqf(ay+bay—caq) ajal  aqcVy
17s — ¥y m+ny az—n; ag) b b

Using above value in (9) and applying simplification leads us to the following result:

auv

= U U =D+ G~ a) (V7 — )

Appendix B

To prove the value of M; = —D;,U" |VU |2dX < 0 in (28), we proceed as follows:

QUZ

As My = [, =5 Dy, AUdX

By using Green’s first identity, we have

v .UdX)

= Dy [, UV vudx
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= Dy [, % (1 - 5) nudx
Further simplification leads to the following:
= —Dy [, = |VU|?dX
So, we have
My = =Dy, U* [, = |VU|?dX < 0

Similarly, (31) and (32) can be proved.
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