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1. Introduction

In this paper, we consider the following modified Schrodinger-Poisson system, which is usually
used to describe solitary waves for the nonlinear stationary Schrodinger equations interacting with an
unknown electromagnetic field (refer to [1-4] for more physical background):

{ —Au + V(xX)u + ¢(x)u — %uA(uz) = f(x,u), in R?, (1.1)

~A¢ =1, in R?,
where V(x) € CR?), V, := ;ng} V(x) > 0 and satisfies
(V): For any M, r > 0, there is a ball B,(y) centered at y with radius r such that
p{x € B(y) : V(x) < M}) — 0, as [y| — co.

In the past twenty years, there have been a lot of contributions about the following Schrodinger-
Poisson system
—Au+ V(x)u + ¢(x)u = f(x,u), in R?,
{ ~A¢ =12, lim ¢(x) =0, in R3, (1.2)


http://http://www.aimspress.com/journal/mbe
http://dx.doi.org/10.3934/mbe.2023163

3483

after the pioneering work in [2]. For example, Ruiz et al. gave some existence and nonexistence results
for the case V(x) = 1 and f(x,u) = |u|/’"2u, 2 < p < 6 in [5], while Azzollini [6] studied the existence
of a ground state solution of Eq (1.2) with the same f(x,u) but 3 < p < 6. And [7-9] focused on the
existence and multiplicity of nontrivial solutions with a superlinear and subcritical growth condition.
Amongst them a global Ambrosetti-Rabinowitz type condition is given as follow

0< F(x,u):= fu f(x,s)ds < %uf(x, u), y>4, (A-R)
0

which is only valid for f(x,u) = |u[’~>u with p > 4. Then in [10], Liu, Wang and Zhang provided a
supplement as p € (3,4). And we discussed for a more general nonlinearity f(x, u) without any growth
restrictions at infinity in [11].

On the other hand, some researchers also considered a quasilinear Schrodinger equation defined by

—Au+ V(x)u - AwPu = f(x,u), x e RY,

which arose in several models of physical phenomena, such as superfluid films in plasma physics (see
e.g., [12-14]). And it has received considerable attention in mathematical analysis in the last twenty
years (see [15-19]). Feng and Zhang in [20] added the quasilinear term A(u*)u to Eq (1.2) and found
that the new Eq (1.1) possesses at least one non-trivial solution by using perturbation method and
mountain pass theorem based on the following assumptions:

(F)): f € C(R? X R,R), |f(x,u) < Cy (lul + |ul"~") for some C; > 0 and p € (4,6);

(F>): f(x,u) = o(u) uniformly in x as u — 0;

(F3): there exists u > 4 such that

0 < uF(x,s) :,ufsf(x,t)dts sf(x,s), s € R\ {0}, xeR?;
0

(F4): there exists M > 0 such that

inf  F(x,u)> 0.
x€R3 Jul>M

After that, Chen L. et al. proved that Eq (1.1) possesses a sign-changing solution by a minimisation
on a Nehari-type constraint for the corresponding Euler-Lagrange functional if f satisfies the following
assumptions in [21]:

(FD: f € C'(R,R);

(F%): there exists u > 4 such that
0<uF(s) =4 [ f0 < 57(5) s € R\ (0]
0
(F}): % is increasing on (—oo, 0) and (0, o0), respectively.
Motivated by the above work, we discuss the existence of solutions for the modified Schrodinger-
Poisson Eq (1.1) with coercive potential and more general assumptions on f but not need to be C!.

Concretely, let f satisfy
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(f0): f € CR XR,R), |f(x,u)| < C3 (1 + [ul"~") for some C; > 0 and p € (4, 12);
(f2): f(x,u) = o(u) uniformly in x as u — 0;
(f3): F(x,u)/u* — oo uniformly in x as [u| — co, where F(u) = [ f(s)ds;
(fy): u — f(x,u)/u’ is positive for u # 0, strictly decreasing on (—oo,0) and strictly increasing on
(0, ).
Clearly, (f;) and (f>) show that for any & > 0, there exists C, > 0 such that

|f(x, u)| < elul + ColulP~" for all u € R and x € R>. (1.3)
Using (f>) and (f3), we have
F(x,u) > 0and f(x,u)u > 4F(x,u) > 0ifu # 0. (1.4)

Remark 1.1. (F3) and (F}) in [20, 21] can ensure the boundness of the Palais-Smale sequences of
the corresponding Euler-Lagrange functional. Although they are quite natural, (F3) and (F}) are
somewhat restrictive and eliminate many nonlinearities. For example, the function

f(x.0) = |t rlog(1 + )
does not satisfy (F3) and (F}) for any u > 4, but it satisfies (fi) — (fa).
Now, we give our first main result.

Theorem 1.1. Assume (V) and (f,) — (f4) hold. Equation (1.1) has a nontrivial solution.

For the proof of this theorem, we find that Eq (1.1) involves a second order derivative A(#*)u and
a nonlocal term ¢u, whose natural energy functional is not well defined in H'(R*) x D'*(R?) and
variational methods cannot be used directly. In this case, we will make use of the perturbation method
introduced in [22,23]. Since f is not assumed to be differentiable, we do not know whether the Nehari
manifold of the corresponding Euler-Lagrange functional is of class C! under our assumptions. Besides
these, compared with [20,21], we do not assume f satisfying the Ambrosetti-Rabinowitz condition (see
(F3)), so the boundness of Palais-Smale sequence (or minimizing sequence) seems hard to prove.

Remark 1.2. The condition (V) was firstly introduced by Bartsch, Pankov and Wang [24] to guarantee
the compactness of embeddings of the work space. The limit of condition (V) can be replaced by one
of the following simpler conditions:

(V)): V(x) € CR?), u({x € R? : V(x) < M}) < oo for any M > 0 (see [25]);

(V1): V(x) € C(R?), V(x) is coercive, i.e., lim V(x) = oo.

[x]— 00
Next, we study the multiplicity of solutions of the Eq (1.1). Genus theory gives that Eq (1.1) has
infinitely many high energy solutions.

Theorem 1.2. Suppose that (V), (f1) — (f4) are satisfied and f is odd in u. Equation (1.1) has infinitely
many pairs of solutions.

Remark 1.3. Although the condition (V) plays a role in guaranteeing the compactness of the
minimizing sequence for the energy functional I, the existence result can also hold when V is a
periodic potential because of the concentration-compactness principle.
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Suppose that Eq (1.1) has a periodic potential V and V satisfies
(V*): V(x) € C(R?) and is 1-periodic in x;, 1 <i < 3, V, := inf V(x) > 0

. x€R3
and f satisfies

(f): fe CR>%xR,R), fis 1-periodic in x; fori = 1,2,3 and |f(x, u)| < C; (1 + |u|P“) for some C, > 0
and p € (4,12).
Our third main result is

Theorem 1.3. Assume (V*), (f]) and (f>) — (fs) hold. System (1.1) has a nontrivial solution.

Remark 1.4. When V is a periodic potential and f is odd in u, [26] proved the Schrodinger-Poisson
has infinitely many solutions. But to the best of our knowledge, there is no result in the literature about
the multiplicity of solutions of Eq (1.1) with the periodic potential. While we can still obtain that the
perturbation functional of Eq (1.1) has infinitely many critical points by the method in [27]. But we
can not make sure their critical values limit to be infinity, which is necessary to find distinct solutions
of the Eq (1.1). For this reason, the multiplicity of solutions for the original problem with the periodic
potential seems hard to obtain.

Up to now, the functions f considered above is 4-superlinear at infinity (see (f3)), specially f(x,u) =
lulP~2u with 4 < p < 12. When p = 4, Nie and Wu [28] proved the existence of a non-trivial ground
state solution and two non-trivial solutions for the Eq (1.1) with f(x, u) = |u>u + h(x). However, when
f(x,u) = [ulP~?u with 1 < p < 4, due to the effect of quasilinear term and the nonlocal Poisson term, it
becomes quite complicated.

In the last part of our paper, we consider the following autonomous modified Schrodinger-Poisson
system

{ —Au+ u + ¢(x)u — %MA(MZ) = |ul"?u, in R?, (1.5)
~A¢ = 1, in R?,
where p > 1.
We have the following result.

Theorem 1.4. (1) If1 < p <3 or p > 12, problem (1.5) does not admit any nontrivial solution.
(2) If p € (4,12), problem (1.5) has a radial solution.

This paper is organized as follows. In Section 2, we describe the related mathematical tools. And
Sections 3—-6 give the proofs of Theorems 1.1-1.4, respectively.
In what follows, C and C; always denote positive generic constants.

2. Preliminaries and functional setting

We first recall some definitions and known facts which will be used. Let L”(R?) be the usual

Lebesgue space with the norm
1/p
lull, = (f Iul"dX) :
R3

And the Sobolev space W'P(R") is the space endowed with the follow norm

1/p
||u||W1,p:( f <|Vu|f’+uf’)dx) .
R3
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Moreover, D'#(R?) is the completion of Cy°(R?) with the norm

1/2
IIuIIDl.zz( f |Vu|2dx) :
R3

Due to the existence of quasilinear term uA(u*), we consider a family of the perturbation functional
I, (see Eq (2.3)), which is well-defined in

E = WHR?) n H(RY),
where

HL,(R) = {ue H'RY): f V(x)uldx < +co}

R3

and V(x) satisfies (V), which is a Hilbert space endowed with the following norm

12
g, = (f (IVMI2 + V(x)uz) dx)
R3

and W'4(R?) endowed with the norm
1/4
llly = ( f (Vuf + u4)dx) |
R3

1/2
2 2
lall = (Ileal, + llealF,) -

Notice that the embedding from H}(R?) into L*(R?) is compact (see [25]). Thus, by applying the
interpolation inequality, and so the embedding E < L*(R¥) is compact for any 2 < s < 12.

Next, the Lax-Milgram theorem (see [5]) shows that, for every u € H'(R?), there exists a unique
¢, € D"*(R?) such that

The norm of E is defined by

—Ap, = u*
and
f V¢, - Vvdx = f u?vdx, for all v e DV2(RY).
R3 R3
The following lemma gives some properties of ¢,. See [5].

Lemma 2.1. For any u € E C H'(R?), the following conclusions are true

(1) . 2 0;
(2) ¢tu = t2¢u: Vt € R;
(3) lpull?, = fRS uuldx < C3||u||‘1‘2/5 < Cyllul? _» where C3, C4 > 0 are constants;

(4) If u, — u weakly in H'(R®), then up to a subsequence, ¢,, — ¢, strongly in D'*(R*) and

f Gu, u>dx — f puu*dx.
R3 R3
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We look for a weak solution u € H},(R*) N L¥(R?) of system (1.1), such that for all ¢ € C*(R?),
satisfying

f (VuVe + V(x)uyp) dx+f u Vthpdx+f |Vu|2ug0dx
R3

(2.1)
f Puupdx — f f(x, u)pdx =
which is formally associated to the energy functional given by
1
Iw) = = f (IVul® + Vo + | VulP) dx + — f duu
2 R3 4 (2 2)

- f F(x,u)dx, foru € Hj,(R*) N L™(R?),

R3

where F(x,u) = [ f(x, s)ds.
Due to [, #*[Vul*dx is not well-defined in H},(R?), we take a perturbation functional of Eq (2.2)
given by

A
L) == f (IVul* + ) dox + I(u). (2.3)
4 R3
It follows from conditions (V), Eqgs (1.3) and (1.4), that I, € C'(E,R) and

(L(u), @) = /lf (qulZVuV(p + u390) dx + f (VuVep + V(x)up) dx + f MZVquodx
& & R (2.4)

+ f IVulPupdx + ¢ updx — f f(x,u)edx, forall p € E.
R3 R3 R3

For a proof, we refer to the Lemma 2.1 in [29].
3. Proof of Theorem 1.1

First of all, we discuss some properties of the perturbation functional 7, on N, which are useful to
apply the general Nehari theory.

Lemma 3.1. Assume (V) and (f1) — (f4) hold and A € (0, 1].
(1) For u € E \ {0}, there exists a unique t, = t(u) > 0 such that m(u) := t,u € N, and

[a(m(w)) = max L, (1u):

(2) For all u € N, there exists ag > 0 such that ||ul|lw = ao,
(3) There exists p > 0 such that c := iEfIA >infI; >0, where S, :={u € E : |lul| = p};
A

P

(4) If V C E \ {0} is a compact subset, there exists R > 0 such that I, < 0 on R*V \ Bg(0).
Proof. (1) For any u € E \ {0}, we consider A, (t) = [,(tu) for t € (0, c0),

art 4, 4 £ 2 2 t 21912
h(f) = — (quI +u )dx +— | (VuP + Voud)dx + = | @?|Vuldx
4 R3 2 R3 2 R3

4

+_
4

(3.1
¢uu2dx—f F(x, tu)dx.
R3 R3
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Combining Eq (1.3) and the Sobolev embedding E < L*(R?) for s € [2,12] is continuous, for
£ > (0 small enough, we obtain

At ? r t*
ho(8) > —lully, + IIMIIH + —f W |Vulrdx + —f P u*dx
4 v 2 4 R3

8t2
Iul

art
> —II ully + IIMIIHV = Cst”|lully.

Hence for ¢ > 0 small enough, we have A, (1) > 0.
On the other hand, using Lemma 2.1-(3), (f3) and Fatou’s lemma, it is easy to say that

aat o P 4y 4 4y 4
h, (1) < THMH + —||M||HV + Cot " ||ullzy, + Cot"|lullyy,

F(x,tu
—t4f ( 4)4dx—> —00,as t — oo.
R3 |t1/l|

Hence, there exists a ¢, = #(u) > 0 such that £/ (z,) = 0, h,(z,) 1s a positive maximum and 7,u € N,.
Next, we prove the uniqueness of 7. Otherwise, there exists 7, > 0 with ¢, # ¢, such that 2/ () = 0
Then we obtain

lully, Sx, tyu)
P 4 _ T hv } 2d 2‘[ 2V Zd :f > u 4d
llzellyy + ) + fR3¢ u-dx + R3u |Vu|“dx @y

lull, ACRAD)
Allully, + L,)Z f put’dx +2 fR W’ [Vul*dx = fR Ty u'dx.
1 fourw)  fnu)
o o C M e

which contradicts with (f3).
(2) From Eq (1.3) and u € N,, we see that for £ > 0 sufficiently small, there has

and

Then

0 = Allully + llully;, + f P udx +2 f W |Vul*dx — f f(x, uyudx
R3

> Allully, + IIMIIHV - —f ul*dx — —f |ul”dx

4
> Allullyy IIMIIHV Csllully,
> Allully, - Csllulllv’v-

The above result means that for any u € N,, there exists a constant &y > 0 such that ||u||ly > a¢ > 0.
(3) For any p > 0, let u € E \ {0} with ||u|| < p, there exists C > 0 such that

f W |VulPdx < Cp4.
R3
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By (V), (f1), (f2) and the Sobolev inequality, without losing generality, if we choose p < 1 small
enough and £ = 1, then for any |lu|| < p, we have

A 1 1 1
L(u) > Z||u||‘¢v + §||u||§,v +3 fR W Vuldx + 1 fR 3 Puu*dx

R3
1 3
iy + 7l + 5 f 2IVuPdx — Co ( f u2|vu|2dx) (3.2)
R3 R3

1
4 2
ey + 7 lleelz,

s f luPdx - C. | |u"dx
R3
1

\%

\
I~ Rl A

4
> —|lull”.

8

Owing to Lemma 3.1-(1), for any u € N,, we arrive at
Iy(u) = max I;(tu). 3.3)
teR*
Taking s > 0 with su € §,. From Eqs (3.2) and (3.3), we get
) Ay
Ly(u) > I;(su) > inf I,(v) > —p" > 0.
ves, 8

Therefore
c:=infl; >inf I, > 0.
N S,
(4) Suppose this is not true, there must exist u,, € V and v, = t,u, such that I,(v,) > 0 for all n and
t, — oo as n — oo. Without losing generality, we assume that ||u,|| = 1 for every u, € V. Passing
to subsequence, there exists u € E with ||lu|| = 1 and u, — u strongly in E. For u(x) # 0, we have
[v.(x)] = oo, it follows from (f3) and Fatou’s lemma that

F(xa Vn) 4
u,dx — oo, asn — oo,
R3

n

which, jointly with Lemma 2.1-(3), one has

Li(va)
0<
[Ivall*

R S PN SRR PN B (e F(x,v,) 4
= (4||vn||W+ 2||v,1||Hv+ 4‘11;3 oy, v,dx + 2 ). v,IVv,|“dx T u,dx

n

F(x,v,)
<Cp- ;nu:dx—>—ooasn—>oo_
R3 Vi

This is a contradiction.

Now we are in a position to study the minimizing sequence for I, on N.
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Lemma 3.2. For fixed A € (0, 1], let {u,,} C N, be a minimizing sequence for I1,. Then {u,} is bounded
in E. In addition, passing to a subsequence there exists u € E such that u, — u # 0 and u,, — u in E.

Proof. Let {u,} C N, be a minimizing sequence of I,. i.e.

Li(u,) — ¢ := i/{(lfl/l and (I} (uy), u,) = 0. (3.4)
By Eq (3.4), one sees that
1
¢+ o(l) = L(un) = 7XL3(un), ttn)

- 1
- Z”un”HV + j};g (Zf(xa un)un - F(.X, un)) dx.

Thus, we deduce |[u,||g, 1s bounded, which in turn means that ||u, || 1s bounded.
If {u,} is unbounded in W'*(R?), set w, = |lu,ll, u,, we have

w, — w weakly in WHR?), w, - w strongly in L’(RY), w, — wa.e.onxeR.

This proof can be split into two steps.
Step 1: If w = 0, it follows from Lemma 3.1-(1) that

I(u,) = max I,(tu,).
teR*
For any m > 0 and set v, = (8m)'*w,, since v, — 0 strongly in LP(R?), we infer from Eq (1.3) that

lim F(x,v,)dx =0. 3.5)

n—eo Jp3
So for n large enough, (8m)"/*||u,ll;,} € (0, 1), and

I/l(un) = I/l(vn)
2 2
vl Jos G170

= 2m + (2m)
[Tl lletallyy
Jos w2V, Pdx
+ 4m—4 - f F(x,v,)dx
llunlly, R

> Am.

Thus, for fixed 4 > 0, together with the arbitrariness of m, we can obtain that /,(u,) — oo. This
contradicts with I,(u,) — ¢ > 0.

Step 2: If w # 0, the set ® = {x € R? : w(x) # 0} has a positive Lebesgue measure. For x € ® and
|u,(x)| — oo, this together with condition (f3), implies

F(x, un(x))

4
e |w,(x)]" — o0 asn — oo,
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According to I(u,) — ¢, Lemma 2.1-(3), (f3), Sobolev inequality and Fatou’s Lemma, there holds
that
cto(l) _ A ot I, fR3 up u2dx . fos w2Vu,Pdx [ F(x, u,)dx
lually, 4 IIMnII4 Hlually, 2llunlly, lletally,
/l
4

C11—( f f )F(x PO, (ot + o(1)
w=0] (x|

A F(x,u,
<= +Cy - f wlwn(@l“dx — —co, as n — o,
4 w#0 |un(x)|

where C; is a constant independent of n. This is impossible.

In any case, we obtain a contradiction. It follows that {u,} is bounded in W'*(R?). Therefore, {u,}
is bounded in E, so u,, — u weakly in E after passing to a subsequence. If u = 0, since u, € N,, forn
sufficiently large, we see as in Eq (3.5) that

c+ 12w, > L(su,) > Ciys* — f F(x, su,)dx — Cy,s*
R3

4
for all s > 0, where C;, = f‘; (1%” IIuIIW) > 0, it is a contradiction. Hence u # 0.
UEN,

Owing to the fact that embedding E < L”(R?) is compact, similar to Lemma 3.1 in [20], it is easily
to obtain u, — u strongly in E.

Lemma 3.3. For fixed A € (0, 1], there exits u € N, such that I,(u) = iEf 1.

Proof. Let{u,} Cc N, be a minimizing sequence of /,, then by Lemma 3.2 we have {u,} C E is bounded.
Thus, passing to a subsequence we have u, — u # 0 weakly in E, as is known to all {/(u),u) = 0.
It follows that u € N,. Thus, I,(u) > ¢ > 0. To complete the proof, we just need to prove I,(u) < c.
Indeed, by Eq (1.4), Fatou’s lemma and the weakly lower semi-continuity of norm, it is clear that

1
c+o(l) = L(u,) - Z(I/,l(un), Up)
= Jllnly, + fR 3 (if(x, uuy = F(x, un>) dx
> 1||u||§iv + f (%f(x, wu — F(x, u)) dx + o(1)
R3
1
= Li(u) - 4—1(1}(14), uy +o(1)
= 1L(u) + o(1).

The proof is completed.

Let S be the unit sphere in E. Define a mapping m(w) : S — N, and a functional J(w) : § — R
by
m(w) = t,w and Jy(w) := [(m(w)),

where 7, is as in Lemma 3.1-(1). As Proposition 2.9 and Corollary 2.10 in [27], the following
proposition is a consequence of Lemma 3.1 and the above observation.
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Proposition 3.1. Assume (V) and (f1) — (f4). For fixed A € (0, 1], then
(1) J, € CY(S,R), and
Ji(w)z = [lm(w) KT (m(w)), z)

foranyzeT,S ={ve E:{(v,w)=0};

(2) {w,} is a Palais-Smale sequence for J, if and only if {m(w,)} is a Palais-Smale sequence for I,;

(3) w € S is a critical point of J, if and only if m(w) € N is a critical point of I,. Moreover, the
corresponding critical values of J, and 1, coincide and c = ilgf Ji= %lf I,

Finally, the proof of Theorem 1.1 is based on the following convergence result for the modified
functional ;.

Lemma 3.4. Let 4, — 0 and {u,} C E be a sequence of critical points of 1, satisfying Iﬁn(un) =0
and I, (u,) < C for some C independent of n. Then up to a subsequence u, — u weakly in H},(R*) as
n — oo and u is a critical point of 1.

Proof. The proof is similar to many existing literature (see [20,21]).

Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1 Let {w,} C S be a minimizing sequence for J,. By Ekeland’s variational
principle we may assume J'(w,) — 0 and J;(w,) — c as mentioned above. From Proposition 3.1-(2),
we have 1,(u,) — c and I'(u,) — 0, where u,, = m(w,). Therefore, {u,} is a minimizing sequence for
I, on N, by using Lemma 3.3, it is clear that there exists a minimizer u of I,|y,. Therefore
m~'(u) € S is a minimizer of J, and also a critical point of J,, we can obtain that u is a critical point
of I, by Proposition 3.1-(3).

Choose a sequence 4; — 0. Let {g;} C E be a sequence of critical points of I, with
I,(u;) = ¢y, < C. From Lemma 3.4, there exists a critical point u of I such that u € H},(R*) N L¥(R?).
Next, we need prove that u is a non-trivial critical point of /. Considering (I;i(u,-), u;y = 0, it follows
from Sobolev inequality and Young’s inequality that

0 = Ailleillyy + lleaillFy, + f G urdx + 2 f ur |V dx — f F(x, up)udx
R3 R3 R3

P> C
> il +2 | ?VuPdx == | |ufPdx— == | |uy)"*dx
Hy R3 ! 2 R3 p

R3
1 2 4 12
2 5||Mi||HV + Cialluilly, — Cralluill;3
4 12
> Cl3||”i||12 - C14||ui||12’

Cis

which implies ||u;]|;2 > (C14

)!/8. Recall that u; — u strongly in L'>(R?). Therefore, it is clear that u # 0.
4. Proof of Theorem 1.2
To prove Theorem 1.2, we need recall some concepts. Denote

I'={AcCE\{0}: Aisclosed,—A = A}.
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For A € I', we define the Z, genus of A as follows
v(A) = min{n € N : there exists a odd, continuous ¢ : A — R" \ {0}},

if the minimum does not exist, we let y(A) = +oco. In addition, set y(0) = 0.

Next, we notice that the nonlinearity f no longer meets Ambrosetti-Rabinowitz condition, so it
seems difficult to prove the boundedness of Palais-Smale sequences. Which is why, in what follows,
we need to illustrate the functional /, satisfies the Cerami condition. We say [, satisfies the Cerami
condition, if any (C).-sequence has a convergent subsequence in E. We know the (C).-sequence {u,}
in E at the level ¢ means,

Li(u,) — c and (1 + ||u, |1 (u,) — O.

Lemma 4.1. For all 1 € (0, 1), there exist a; < f3; independent of A such that a; — oo asi — oo and
the functional I, has sequence of critical points {u;(1)} with I,(u;(1)) € [a;, Bi].

Proof. We split the proof into two steps.
Step 1. For 0 < A4 < 1. Let {u,} C E be any Cerami sequence of 1, i.e.

L(u,) — cand (1 + [lu, DI (un)ll = 0 as n — oo. 4.1)

From Eq (4.1), we can obtain that
1
c+ 0(1) = I/l(un) - Z(I)(un)a un)
1 ) 1
= —llually, + — (X, wn)uy — F(x, u,) | dx.
4 v rs \4

Thus, ||u,||g, is bounded and then ||u,||w is bounded. Otherwise, if {u,} is unbounded in W'4(R?),
u, # 0 for all n. For t € R*, Lemma 3.1 implies that

a(t) = Li(tu,)
has a positive maximum. Take 7, € [0, 1],

I/l(tnl/ln) = max I/l(tl/t).
1€[0,1]

We show that {/;(¢,u,)} is bounded. Indeed, if 7, = O or #, = 1, it is obvious. Assume ¢, € (0, 1) for
all n € N. It follows from the condition (f;) and Eq (4.1) that

1
I/l(tnun) = I/l(tnun) - Z(I,ll(tnun)’ tn”n)

1 1

= _”tnunlllzll + f —f(x, tn”n)un - F(x, tnun) d-x
4 v R3 4
1 1

< _”un”]—[ + _f(-x7 un)un - F(X, un) dx
4 v R3 4

1
= I,l(lxln) - Z<I;l(u")’ un)

=c+0,(1).
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Then, set w,, = ||un||‘jv1 u,, up to a subsequence we have
w, — w weakly in WHRY), w, - w strongly in L’(R®), w, —» wa.e.on x € R’.

Case 1. w = 0. For any M > 0 and n sufficiently large, from ||u,|lw — +co, we obtain

1
L(tau,) = max L(tu,) = L(Mw,) > -M* - | F(x, Mw,)dx. 4.2)
t€[0,1] 4 R3

By Eq (1.3), we have

f F(x,Mw,)dx

Sstf widx+C€M”f |w,|Pdx.
R R3 R3

As n — oo, by the arbitrariness of &, we have | fR3 F(x, Mw,,)dx| — 0. It follows from Eq (4.2) that
4

M
liminf 1,(¢,u,) > R for all M > 0.

From the arbitrariness of M and the boundedness of {/,(z,u,)}, we have a contradiction.
Case 2. w # 0. The set ® = {x € R® : w(x) # 0} has positive Lebesgue measure. For x € © that
|u,(x)] — oo, which together with condition (f3) implies

F(x, un(x))

4
e |w, (X)[" — coasn — oo,

From I(u,) — ¢, Lemma 2.1-(3), (f3), Sobolev inequality and Fatou’s Lemma, we obtain

c+o(l) A Nl foduumdx  [upVudx [ F(xu,)dx
- 7 = + —
eI, leeally, * Aluall?, 2llueall3, leeall,

4

p F(x, uy

<Zi0s- f PO D), ()ifdx — —oo, asn — oo,
4 w#0 |I/tn(X)|

where C;5 is a constant independent on n. This is impossible.

Summing up the aforementioned arguments, we know that the Cerami sequence of 7, is bounded.
Since the embedding E < LP(R?) is compact, similar to Lemma 3.1 in [20], it is easy to check that
the sequence u, possesses a convergent subsequence in E.

Step 2. For all 0 < 4 < 1, we show that the functional 7, has a sequence of critical points {u;(1)}
with I;(u;(1)) € [a;,B:], and @; = o0 as i — oo.

Consider the eigenvalue problem

f (Vu -V + V(x)up)dx = f ugdx, for all ¢ € Hj(R>),
R3 R3

where y is a eigenvalue of the operator L = —A+V. From the compactness of the embedding H},(R?) <
L*(R?), we obtain that the spectrum o (L) = {uy, ta, -+ » iy, - - - } of L with

M <f2 S Sy <
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and y, —» +ocoasn — oo. Let e, € E be corresponding orthogonal eigenfunctions of y,. Denote by
E, = {e1,ez,--- ,e,}. Then the space E is decomposed as E = E, ® W, forn = 1,2,---, where W, is

an orthogonal complement to E, in H,(R?).
Hereafter, we use the following notations:

O,={uckE: ||u||%1v + f3 WA Vuldx < pz},
R

where p > 0;
D,=E,N Qr,,’

where r, is chosen in the following Claim 1; and

={¢p € C(D,,E) : ¢isoddand ¢lsg, g, = id}.

={p(D,\A): ¢ €G,,n>i,A=-ACE,NQ,, isclosed and y(A) < n — i},

where y(-) is the genus;
ci(A) = lignf supl(u), i=1,2,---

<li ueB

Claim 1. For n dimensional subspace E,, there exists r, > 0 such that

Iy<0onE,\ Q,,.
It suffices to prove that foru € E,,
L(u) — oo, as |lully, + [, w’|Vuldx — co.
For any {u;} C E, with [lul[}, + fR3 u?IVujlzdx — o0 as j — oo, then |ju;|| — co. Set

Uj

aj=—.
T gl

Clearly {a;} is bounded in E,, and there exists a € E, \ {0} such that

aj — a strongly in E,,,
aj — aa.e.on R
For x € {a # 0}, we obtain

|ut;(x)] — o0
Therefore, from condition (f3) and Eq (4.4), there is

F(x,u;) _ F(x,uj(x))
1 e Co)l*

la;(x)|* — coas j — 0.

By Fatou’s Lemma, we have

F(x,uj) F(x,u;) .
fRz llue 11 dx fa#)} K dx — +00, as ] — oo,

4.3)

4.4)
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and

1 = AlletlI3, ||uj||12qv . fR3 ¢uju§dx s &3 u?qudex ~ fR3 F(x,uj)dx
A T Al Tl Al l* 2ffulI* [l 11

F(xu])
<_+Cl6_ dx - —o0, asn — oo,
4
az0y) |

Claim 2. Foreach BeI;,if 0 <p <r,foralln >i, BN0Q, N Wi, #0.

For a rigorous proof of this Claim, readers can refer to the Lemma 2.4 in [22].

Claim 3. There exist constants a; < ; such that ¢;(1) € [a;,8;] and a; = +00 asi — oo.
Indeed, when p < r, for all n > i, from Claim 2 and the definition of c;(1), we obtain

ci(A)> inf L > inf I(u).

uEanﬂ Wi uEanﬂ Wi

For small £ > 0 and u € Q, N W_y, by (V), (f1), (f2), the Sobolev inequality and interpolation
inequality, there is
L(w) > I(u)

1 2 1 2 2 1 2
> S lully, + 5 fR o Vufdx + - fR b u’dx
—& f juPdx - C, f Juldx
R3 R3

I 1 219,12 f
> —|lullz, + = u’|Vu|"dx — C, ulPdx
4H Iz, 2.Jé3 [Vul Rs||
2
P (1-0)pyy. 1P
> — <lu u
1 Cellully ™ lleell
2 (= p
1 (—p
= p? (Z —Cg,u T ~Np+2 ),
p_ a-np
where ¢ € (0, 1) satisfies % = + =t Take p = p; satlsfymgp T o % ; - and choose r,, > p,.
2
Since y; — +o0 asi — oo, Id(u) > %f =@ — +ooasi — oo. By ci(d) < ¢i(1) := B;, we have

completed this claim.

Claim 4. ¢;(1),i = 1,2, -- -, are critical values of I;.

In fact, the Deformation Lemma still holds under the Cerami condition [30]. If ¢;(1) is not a critical
value of I,, by Theorem A.4 in [31], for 0 < € < min{e; : i = 1,2,---}, there exist € € (0,&) and
ne€ C([0,1] X E, E) such that
(@) n(t,u) = uforall t € [0, 1]if I}(u) ¢ [ci(1) — &, c;i(d) + €];

(b) n(1, I5V7%), where I¥V™° = {u € E : I)(u) < ci(d) — &);
(c) n(t,u) is odd in u.

Set ¢ = n(1,-), Eq (4.3) gives that ¢ = id on 0Q,, N E,, for all n. According to the definition of ¢;(1),

there exists B € I'; such that
sup I,(u) < ¢i(1) + &,

ueB
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which means A = ¢(B) € I';. By (b), we have

ci(A) <sup L(u) < ci(A) — e.

ueA

This is a contradiction.
Obviously, from previous discussions, for all 0 < A < 1, the functional 7, has sequence of critical
points {u;(1)} with I;(u;(1)) € [a;,5;], and @; — oo as i — oo.

We are ready to prove Theorem 1.2.
Proof of Theorem 1.2. By Lemma 4.1, for each A and i > 2, we have a sequence of critical values
c¢;(A) for which there are critical points u;(1) of I,. Since c;(1) € [a;, ;] for all A, by using Lemma
3.4, as 4, — 0, we obtain a critical point u; of I with the critical value in [«@;, 8;]. Because @; — +oo,
infinitely many pairs of geometrically distinct solutions +u; have been obtained.

5. Proof of Theorem 1.3

The proof of Theorem 1.3 is analogous to that in Section 3. From Lemma 3.1 and 3.2, we know
the functional 7, on N, has a bounded minimizing sequence {u,}. The question arises whether the
minimizing sequence is convergent or not. In this section, let E* := W'4(R*)n H'(R?), which endowed
with the norm

1/2
2 2
lall = (lelly + lell,)

Therefore, it is necessary to research some compact properties of the minimizing sequence for I,
on N,. Firstly, we can get the following result from P. L. Lions (see [32,33]),

Lemma 5.1. Let r > 0. If {u,} is bounded in E* and

hnlsupr‘ |u,|*dx = 0,
B:(y)

n—e0 3

we have u, — 0 strongly in L*(R?®) for any s € (2, 12).
Next we are in a position to study the minimizing sequence for 7, on N,.

Lemma 5.2. Let {u,} C N, be a minimizing sequence for I,. {u,} is bounded in E*. Furthermore,
after a suitable Z3-translation, passing to a subsequence there exists u € N, such that u, — u and
Ii(u) = inf I,.
) = inf Iy

Proof. Let ¢ = i/{/lf I,. Notice that {u,} is bounded from Lemma 3.2, u, — u weakly in E* after passing
1

to subsequence. If

IMmmf jundx = 0,
"R yer3 JB,(y)

due to Lemma 5.1, one has u,, — 0 strongly in L*(R?) for any s € (2, 12). From the above fact and Eq
(1.3), we have

f FO u)u,dx = o(||u,lw).
R3
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Therefore,
0= <I,,1(un)’ un>
:ﬂwm%+fKW%F+V@WQMW2j‘ﬁw%ﬁh+jﬁ%ﬂﬁx
R3 R3 R3

—ff(x,un)undx
R3

4
> Auallyy — ollunllw),

which implies ||u,|lw — 0. This is contradictory to Lemma 3.1-(2). Therefore, there exist r,é > 0 and
a sequence {y,} C R? such that

lim lu,|*dx > 6 > 0,
=00 J B, (yn)

where we suppose y, € Z*. Owing to the invariance of I, and N, under translations, {y,} is bounded in
Z°. Hence, passing to a subsequence we imply u, — u # 0 weakly in E and (I}(u), u) = 0. It follows
that u € N,. Thus, I,(u) > ¢ > 0.

It follows from Eq (1.4), Fatou’s lemma and the weakly lower semi-continuity that

1
c+o(l) = L(u,) - Z(G(un), Up)
= %Ilunllév + ng (if(x, )ity — F(x, un)) dx
> 1||u||§, + f (lf(x, wu — F(x, u)) dx + o(1)
g | \g

1
= Li(u) - ZU}(M), uy +o(l)
= Li(u) + o(1),
which implies 1,(«) < c.

Proof of Theorem 1.3 Using the similar methods of proving Theorem 1.1, by Lemma 5.2, we can
prove Theorem 1.3.

6. Proof of Theorem 1.4
Consider the problem

1
—Au+ u+ ¢p(x)u — EuA(MZ) = |ulP%u, in R3,
for p € [1,00) and (u,¢) € H'(R?) N L*(R?) x D'*(R?). In order to prove nonexistence results, we
need to build a related Pohozaev equality for Eq (1.5). With this equality, we can prove that there does

not exist nontrivial solutions of Eq (1.5) for 1 < p <2 or p > 12. For p € (2,3], we make use of the
trick introduced in [5] for the Schrodinger-Poisson system.
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Proof of Theorem 1.4 We divide this proof into three steps. First of all, we give the following two
nonexistence results. Finally, we prove that there exists a radial solution of Eq (1.5) for p € (4,12).
Step 1: When p € (2,3].
Suppose that (u, ¢) € H'(R*)NL*(R*)x D'*(R?) is a solution of Eq (1.5). Multiply the first equation
of Eq (1.5) by u and integrate, there is

f (IVul® + 1 + gu® + 207 Vul*) dx - f lulPdx = 0. 6.1)
R3 R3

By the definition of ¢, we have that

f putdx = f |Vo|*dx.
R3 R3

f lulPdx = f (Vo, V]ul)dx.
R3 R3

As in [32], we can easily conclude

1
lulPdx < f |Vul*dx + — f |Vo|*dx.
R3 R3 4 R3

Inserting this inequality into Eq (6.1), we obtain

On the other hand,

0= f (IVul® + 1% + |VgP + 207 |Vuul?) dx - f lulPdx
R3 R3

> fR (@ + luP — ) dx.

It is easy to check that, if p € (2, 3], the function I(u) = u? + |u|> — |u|’ is nonnegative and vanishes
only at zero. Therefore, u must be equal to zero.

Step 2: When1 < p<2orp>12.

For the general case, recall that (v, ¢) € H; (R®) x H. (R%) is a solution of Eq (1.5). Multiply the

first equation of the Eq (1.5) by x - Vu and integrate by parts on a ball Bg, we deduce

1 3 1 1
-3, |Vul’dx — 3 fB R uldx — 3 fB R w?(x - Vg)dx — 3 fR 3 \Vul*u?dx

3 3
- = ¢u2dx+—f lulPdx
2 Bg P Iy
1 R R
=— f Ix - VulPdo — = f |Vul’do — = f wdo (6.2)
R dBg 2 dBgr 2 0B

1 R
+—f u2|x-Vu|2dx——f u?|Vuldx
R (')BR 2 {)BR

R R
——f ¢u2da'+—f |u|Pdo.
2 Jong P Josg
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Multiply the Possion equation by x - V¢ and integrate on Bg, we obtain

f w(x - Vg)dx = f —Ad(x - Vop)dx

Bgr Bg
1

1 R
=— | |VolPdx - — f Ix - Vo[’ do + — f Vo> do.
2 Bgr R 0B 2 0Bg

This together with Eq (6.2) implies

1 f ( , 1 2 3 2 1 2.2 3 2
- = [Vu|” — <|Ve|” |dx — = udx — = \Vul“u"dx — = ou-dx
2 Br 2 2 Br 2 Bgr 2 Br

3 1 R 1
+ = lulPdx = T |x - Vul*do — ) LBR (lvul2 - §|V¢|2) do

p BR aBR

R 1 R
- —f w*do + —f u?|x - Vul*dx — —f W |Vul>dx
2 BBR R BBR 2 aBR

R R
- = pu*do + —f lulPdo.
2 Josg P JoBg

(6.3)

(6.4)

A similar method used in [34] can show the existence of a sequence R, — +oo such that the right

hand side of Eq (6.4) vanishing. Hence

1
f (|Vu|2——|V¢|2)dx+3 f uPdix + f VuPudx
R3 2 R3 R3

6
+3 ¢u2dx - — f lulPdx = 0.
R3 P Jr3

fquSlzdx:f ¢u2dx,
R3 R3

By

and Eq (6.5) we get

12
-2 f |Vuldx — 6 f wrdx -2 f IVul*u?dx - 5 f putdx + — f ulPdx = 0.
R3 R3 R3 R3 P Jr3

On the other hand, because (u, ¢) € H?

loc

f |Vul>dx + f wdx + 2 f IVul>u*dx
R3 R3 R3
+ f putdx — f lulPdx = 0.
R3 R3

Isolate the third term in Eq (6.7) and substitute it in Eq (6.6), we have

12
- f VuPdx - 5 f wdx — 4 f puldx+ (= —1) | Judx =0,
R3 R3 R3 p R3

which indicates that fR3 ¢u*dx > 0. Hence, if p > 12, u = 0 is valid from Eq (6.8).

(R?) x H; (R?) is a solution of Eq (1.5),

(6.5)

(6.6)

(6.7)

(6.8)
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Then we isolate the second term in Eq (6.7) and substitute it in Eq (6.6),
2 2.2 2 12
4 |[Vu|“dx + 10 |Vul"u“dx + ou“dx + (— —6) |ulPdx = 0. (6.9)
R3 R3 R3 p R3

If 1 < p <2,Eq(6.9) combining with Lemma 2.1 implies u = 0.
Step 3: When4 < p < 12.
Denote by

H(RY) := {u € H'(R) : u(x) = u(|x)}

and consider the problem

1
—Au+ u+ ¢(x)u — EuA(uz) = |ulPu, in R3,
—A¢ = u?, u € H'(R>) n W'4(R?), in R3.

It is well known that the embedding H!(R*) N W'*R3) — LP(R?) is compact for 2 < p < 12.
Owing to the symmetric critical principle and the perturbation method, the existence result of
Theorem 1.4 is as same as Theorem 1.1. However, now we have the fact that Nemyskii operator
corresponding to the nonlinearity f is still compact and the nonlinearity f(x,u) = |u|’~u (p € (4,12))

satisfies Ambrosetti-Rabinowitz condition, so some parts of the proofs become simpler than Theorem
1.1. The details are omitted.
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