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Abstract: We propose a model for cholera under the impact of delayed mass media, including human-
to-human and environment-to-human transmission routes. First, we establish the extinction and uni-
form persistence of the disease with respect to the basic reproduction number. Then, we conduct a
local and global Hopf bifurcation analysis by treating the delay as a bifurcation parameter. Finally, we
carry out numerical simulations to demonstrate theoretical results. The impact of the media with the
time delay is found to not influence the threshold dynamics of the model, but is a factor that induces
periodic oscillations of the disease.
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1. Introduction

In modern society, media coverage has become an important strategy for controlling and preventing
disease transmission. It can alter an individual’s behavior, such as wearing protective masks, vaccina-
tion, self-isolating or avoiding gathering activities, and hence reduce the possibility of contracting the
infection [1]. Additionally, the media coverage also influences the implementation of a public health
policy intervention and control polices [2]. Therefore, how to quantify this impact through mathemat-
ical modeling is an important issue for epidemics control.

Many mathematical models have been developed to investigate the impact of media coverage on
disease transmission and control. The most general approach to modeling the media impact is to
change the transmission coefficient as a nonlinear decreasing function with respect to the number of
infectious individuals (I). For example, Cui et al. [3] used a contact transmission rate ue™" to describe
the impact of media coverage, where i > 0 is the probability of baseline transmission and m > 0 reflects
the effect of the media. Li and Cui [4] employed % to reflect the reduced amount of contact rate due
to media coverage, producing the transmission rate of the form §; — n’%’ B1 > B > 0,m > 0). By

+1
considering the correlation between media impact and the number of infected individuals at different


http://http://www.aimspress.com/journal/mbe
http://dx.doi.org/10.3934/mbe.2023820

18469

disease stages, Liu et al. [5] devised the media impact function Be~1E~42/~4:H with E denoting exposed

individuals, I infectives, H hospitalized individuals and nonnegative constants a;, a,, a;. However, it is
noted that individuals can also change their behavior in response to the rate of change in case numbers.
Xiao et al. [6] used an exponentially decreasing function e~ & with M , %) = max{0, p,I + pz%}
to model such media impacts. For more studies on media impacts, we refer readers to [1,2,7-10] and
references therein.

However, as mentioned in [10], impact of media coverage on the population transmission dynamics
has lag, describing both the lag time of individuals’ response to the media and the lag time of media
reports about an infectious disease outbreak. Some studies have been conducted to investigate the
impact of delayed mass media, see [1,8, 10, 11]. In this paper, we will consider the time delay of the
media impact in the mathematical modeling of cholera, an acute intestinal infectious disease caused
by the bacterium Vibrio cholerae (or, V. cholerae). Several mathematical models have been proposed
to study cholera dynamics, including, but not limited to, [12-18]. However, to our knowledge, few of
these have specifically taken into account the response delay in media impacts.

Our model is inspired by the disease transmission models in [10, 13]. We divide the population into
three subclasses: Susceptible S (7), infectives I(¢) and recovered R(¢). The concentration of bacteria
V. cholerae in contaminated water is indicated by B(f). To study the lag effect of the impact of the
media on cholera transmission, we incorporate a decreasing factor e/*~? into the direct and indirect
incidence rate. That is,

ﬁle—mI(Z—T)S (t)](t) and ﬁze—H’II(Z—T)S (t)B([)

Here, B, and 3, are, respectively, the baseline direct and indirect transmission rate, 7 represents the
report delay and response time of individuals to the current infection and m is the weight of media
impact sensitive to the case number. The basic SIRB model under consideration is then

ds (r)

dr
% _ ﬂle—ml(t—‘r) SOOI + Ba gm0 g (OB(t) — (u+ Y1),

(1.1)
dR
d—y) =yI(t) — (u + o)R(2),

dB()
dr

=A — e IS (D1(1) ~ Boe™™ VS (DB(1) — puS (1) + TR(),

=¢1(1) = 6B(1),

where A stands for the influx rate of susceptible humans, y is the natural death rate, o is the immunity
waning rate, v is the recovery rate, ¢ denotes the rate of contribution to V. cholerae in the aquatic
environment and 6 = §; — d, > 0 is the net death rate of V. cholerae in the aquatic environment, where
01,0, are the natural washout rate and the natural growth rate of V. cholerae in the aquatic environment,
respectively. All the parameters of model (1.1) are assumed to be positive.

Note that the total population size N(¢) = S (¢) + I(t) + R() satisfies

dN(r)

= A —uN(®),
” UN(1)

and has a unique equilibrium N* = % that is globally stable in R,. We then consider the following
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limiting system:

? =B1e N = I(t) = RO)I(t) + Bae™ O (N™ = I(t) = R()B(X) = (u + Y)I(1),

? —yI() - (u + PRQ), (1.2)
B0 .

T —f[(l‘) o0B(1).

The remainder of this work is organized as follows. In Section 2, we first give the well-posedness
of system (1.2) and then establish its threshold dynamics concerning the basic reproduction number. In
Section 3, we are devoted to the stability and Hopf bifurcation analysis of the positive equilibrium. In
Section 4, we investigate the global continuation of a local branch. In Section 5, we perform numerical
simulations to illustrate our analytical results. The last section is a brief discussion.

2. Well-posedness of the model and threshold dynamics

LetC := C([-7,0],R*) and C* := C([-7,0],R?). Then (C, C") is an ordered Banach space equipped
with the supremum norm ||¢|| = sup_,_,, [#(0)| for ¢ € C. For any given continuous function u =
(uy, uz, u3) : [-7,p) — R* with p > 0, we define u, € C by

ut(g) = (ul(t + 9)7 Ltz(t + 0)’ I/l3(t + 9))’ Y0 e [_Ta 0]’
for any ¢ € [0, p). Set
[={p=(p1,¢2.93) €C": ¢1(0) + ¢2(0) < N, V6 € [-7,0]}.

We then have the following result.

Lemma 2.1. For any ¢ € T, system (1.2) admits a unique nonnegative bounded solution u(t, ) on
[0, 00) with uy = ¢, and u,(¢) € I', Yt > 0.

Proof. For any ¢ = (¢1, 2, ¢3) € I', we define

e DN = 01(0) — 02(0)(B1¢1(0) + Bog3(0) — (1 + ¥)¢1(0)
flp) = Y¢1(0) — (u + 0)p2(0)
Ep1(0) — 6¢3(0)

Obviously, f(¢) is continuous in ¢ € I' and Lipschitz in ¢ on each compact subset of I'. It follows
from [19, Theorems 2.2.3] that system (1.2) has a unique solution u(, ¢) on its maximal existence
interval [0, 7,) with uy = ¢.

For any given ¢ € I, one sees that if ¢;(0) = 0 for some i € {1, 2, 3}, then f;(¢) > 0. By [20, Theorem
5.2.1], we obtain u(t,¢) > 0 for all # € [0, 7,). Let H(¢) = I(¢) + R(?). Then one has

dH
dt(t) HO=N" (BN = HO)(1) + Boe™™ O (N* = H(1))B(t) — pH(t) — oR(1)] H()=N*

= —uN"—oR(t) <0, Vie(0,1,),

which implies that I, + R, < N* for ¢ € [0,1,), and hence, u,(¢) € I for all ¢ € [0, 7,). Moreover, by

the third equation of (1.2), one easily sees that us(z, ) is bounded on [0, #,). As a result, [19, Theorem
2.3.1] means that 7, = co.

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18468—18490.



18471

Note that the disease-free equilibrium of (1.2) is Ey = (0,0, 0). Since the R class do not participate
in the transmission of cholera, we only consider the infected equations of the linearization of (1.2) at
Eol

di(r) . .
4 =BIN"1(t) + BoN"B(t) — (u + Y)I(1),

B .
— 5 =¢1(0) = 3B

Based on the next generation matrix method [21], we define

_[BIN® BN* _(u+y O
F—(O O)andV—(_§ 6)'

2.1)

Hence, the basic reproduction number of system (1.2) is given by

:ﬁlN* N BrEN®
pty Su+y)

where r(FV~') is the spectral radius of FV~!, and R? (resp. R}, is the basic reproduction number for
the direct (resp. indirect) transmission in the absence of indirect (resp. direct) transmission.

Now we begin to study the local stability of the disease-free equilibrium. The Jacobian matrix of
system (1.2) at Ey has the form

Ro = r(FV™) =R + R,

BN —u—vy 0 BoN*
Y —u—o 0 |,
¢ 0 -5

and the corresponding characteristic equation is

X +bl +cl+d=0, (2.2)
where
b:5+y+a+(1—7€o)w+y)+ﬁ2§N*,
c:(/,t+0'+5)(,u+y)(1—R0)+W+U)(ﬁ2iN* +5),

d=6(u+o)u+y)1-Ro).
When R, < 1, one easily sees
b>0,¢c>0,d>0, bc—d>0.

Using the Routh-Hurwitz criterion, we know that all roots of (2.2) have negative real parts. Hence,
Ej is locally stable if Ry < 1. In the case where R, > 1, the Eq (2.2) has at least one positive root since
d < 0, and hence, E| is unstable. Now we proceed to the global stability of E.

Theorem 2.1. If Ry < 1, then E is globally asymptotically stable in T
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Proof. From the second and third equations of (1.2), we see

% <BINI(1) + BaN"B(1) — (u + y)I(1),
dB(1) _ _
S8 =1 - 5B()

which is equivalent to

o 1)
[@)S(F—V)(B(I)). (2.3)
dt

Since the matrix V~!'F is nonnegative, irreducible and Ry = r(FV~') = r(V~'F), there exists a
positive left eigenvector v such that
VWF = Ryv.

Define the functional L : ' — R as follows

L(¢) = vV (¢1(0), 63(0)", Vo = ($1, 2, 3) € T.
For any solution u(t, ¢) of (1.2) with uy = ¢ € I', with the help of (2.3), direct calculation yields

d o dI) dB()
g M) = vV ( i dr

= (Ro — Lyv( (1), B))"
<0.

) < v (F = V)UA®), B(#t)"
(2.4)

Thus, L is a Lyapunov functional on I relative to system (1.2).

Let M be the largest compact invariant subset in the set {¢ € T : L(l,z)(qﬁ) = 0}, where L(l,z)(qﬁ)
denotes the derivative of L along the solution of (1.2). It is easy to see from (2.4) that L(l.z)(gb) =0
implies that I(r) = B(t) = 0 for any ¢ > 0, and hence, M = {¢p € I' : ¢; = ¢3 = 0}. It then follows from
the LaSalle invariance principle (see, e.g., [22, Theorem 1]) that lim,_,.,(I(¢), B()) = (0, 0) and further,
lim,,., R(t) = 0. Therefore, E is globally attractive in I'. This, together with the local stability of E,
gives the desired result.

Next we are ready to show that the disease is uniformly persistent when R, > 1. To this end, we
need the following lemma.

Lemma 2.2. For any given ¢ € T, if there exists some ty > 0 such that I(ty, ¢) > 0 or B(ty, ¢) > O, then
I(t, ) > 0 and B(t,p) > 0 for all t > t,.

Proof. If I(ty, ¢) > 0 for some t,, then
1(t,¢) > I(tg, p)e” #0050, Vi > 1.

By the third equation of (1.2), we have

t
B(t,¢) = e B(ty, ) + / e (s, p)ds > 0, Vi > .

fo
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Similarly, if B(ty,¢) > 0 for some 7y, we obtain that B(t,¢) > 0 for all > #,. We will show that
H(t,p) := I(t,p) + R(t,) < N* for all ¢ > 1,. If the assertion was false, then there exists #; € (#j, )
such that

H(t,¢) < N*, ¥t € (ty,t;) and H(t;,¢) = N™.

Clearly, % > 0 must hold. However, in view of the first two equations of (1.2), we find
=n
dH(1,
(4, ¢) = —uN" — oR(t1,¢) < 0.
dr  li=n

This contradiction means that no such #; can exist. Accordingly, by the /-equation in (1.2), we have
1(t, ) 2”0 (1, )

t
+ / e W e METTO(N® — I(s, ) — R(s, 9))B(s, p)ds > 0

fo
for all ¢ > #,. Summarizing these two cases, we establish the desired result.

Theorem 2.2. If Ry > 1, then system (1.2) admits a unique componentwise positive equilibrium.
Moreover, there exists n > 0 such that for any ¢ € I' with ¢;(0) # 0 or ¢3(0) # 0, the solution
u(t, ) = (I(t, ), R(t, ¢), B(t, p)) satisfies

lim inf min{/(z, @), B(t, ¢)} = 7. (2.5)
t—00
Proof. Define the following two sets:

Io={pel': ¢i1(0) > 0and ¢3(0) > 0},
g =T \To={pel': ¢i1(0) =0ores30) =0}.

By the form of (1.2), it can be verified that both I" and I’y are positively invariant. Clearly, dl is
relatively closed in I'. Let ®(7) be the solution maps of system (1.2), namely

O(t)p = u(p), Vt>0, pel.

Note that for each ¢ > 7, ®(7) is continuous and compact (see [19, Theorem 3.6.1]). The ultimate
boundedness of solutions implies that ®(¢) is point dissipative. It then follows from [23, Theorem
3.4.8] that @(¢) has a global attractor K.

Let w(¢) be the omega limit set of the forward orbit through ¢ for ®(¢) and define

My = {(p edly: CD(I)QD € 0y, Yt > 0}.

Then the following claim holds true.
Claim 1. E is globally stable for ®(¢) in M.

For any given ¢ € My, we have O(t)p € dl'y, YVt > 0. Hence, for each ¢ > 0, either I(z,¢) = 0 or
B(t, ) = 0. We further show

My C My :={p €Ty : ¢1(0) = 0 and ¢3(0) = O}. (2.6)
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Suppose to the contrary that ¢ ¢ M. Then either ¢;(0) = 1(0,¢) > 0 or ¢3(0) = B(0, ¢) > 0. With
the help of Lemma 2.2, we have that I(¢, ¢) > 0 and B(¢, ¢) > 0 for all ¢ > 0, which contradicts the fact
that ¢ € M. Thus, (2.6) holds. It then follows that (¢, ¢) = 0 and B(t,¢) = 0 for all ¢ € My and t > O,
and further, lim;_,., R(t, ¢) = 0. Therefore, w(y) = E, for any ¢ € M,. In other words, Ej is globally
attractive for @(7) in M. Note that system (1.2) restricted to My becomes ? = —(u+ o)R(1). In view
of [24, Lemma 2.2.1], Ej is locally Lyapunov stable for ®(¢) in M. So, the above claim is proved.

Since R, > 1, we can choose € > 0 small enough such that

(B + RSN - 2¢) T
mty

Claim 2. lim sup,_, ., [|®(t)¢ — Eoll > €, Yo €T.
Suppose the claim is not true. Then there exists some ¢ € [y such that

Ry

lim sup || (1) — Eyl| < €.

t—00

Thus, there is 7 > 0 such that
0 <I(t, ), R, y¥),B(t,y) <€, Vtx>t.

It follows that for all ¢ > 7 + 7, we have

% >Bre"(N* = 20)1(1) + Bre™ " (N = 20)B(1) = (u + NI(1),
@,
—; =410 - 6BQ).

Let (x(#), y(¢)) be the solution of the following system:

dx(7)
dr

b® _,
& =Ex(1) — 0y(1),

=Bre”" (N = 2€)x(t) + e (N” = 2€)y(1) — (1 + y)x(1),
(2.7)

and its Jacobian matrix is

_ [Bre™(N" =2€) —pu—7y fre™™(N" = 2e)
= . s _

Recall that the stability modulus of M, is defined by

M.

s(M,) := max{ReA : A is an eigenvalue of M.}.

Since M. is quasi-positive and irreducible, it follows from [20, Corollary 3.2] that s(M,) is a simple
eigenvalue of M, with a strongly positive eigenvector v,. In particular, e*™<"y, is a solution of (2.7).
By using the proof of [21, Theorem 2], we know that s(M,) > 0 if and only if Rj > 1.

Since (I(t,¥), B(t,¥)) > (0,0) for all £ > 0, there exists k > 0 such that

(I, ¥), B(t,¥)) > ke*My,, Vte[f,f+ 1]
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Hence by comparison,
(It W), B(t,¥)) > ke"My,., Vt>F+1.

In view of s(M,) > 0, we see that I(¢,) and B(¢, ) tend to infinity as ¢+ — oo. This contradicts the
boundedness of solutions, and thus the claim holds.

Claim 1 shows that £, cannot form a cycle in dI'y, and claim 2 implies that E is an isolated invariant
setinI"and W*(Ey) NIy = 0, where W*(E)) is the stable set of E, for ®(¢). According to the acyclicity
theorem of the uniform persistence of maps (see, e.g., [24, Theorem 1.3.1, Remark 1.3.1 and Remark
1.3.2]), we conclude that ®(¢) : ' — T is uniformly persistent with respect to (I'y, dIy). Moreover,
by [25, Theorem 2.4], there exists a global attractor A, for ®(¢) in [ and system (1.2) has an stationary
coexistence state = (@1, $2, @3) € [y, and O(¢)p = @ for all ¢ > 0. Noting that ¢ is a constant function,
we let I = @1(0), R = $,(0) and B = $3(0). Then R € R, and (I, B) € int(R?). We further claim that
R € R, \ {0}. Suppose that R = 0. By the R-equation in (1.2), we then get 0 = yI, and hence, I = 0, a
contradiction. Therefore, E; = (I, R, B) is a componentwise positive equilibrium of (1.2).

Next, we show the uniqueness of the positive equilibrium. Suppose that (7, R, B) is the equilibrium
of (1.2). Then (I, R, B) satisfies

Bre " (N* =T = R)I + Bre™™ (N* =T = R)B — (u+y)[ =0,
yl = (u+ )R =0, (2.8)
- 6B =0.

Set S = N* — I — R. A direct verification yields
A —ﬁle_miﬁf —Bze_migé —,uS’ +oR =0.

This implies that (S, I, R, B) is the equilibrium of (1.1). In view of (2.8), we see that

N N . . N A +
S=Fh=N-F-—L—} and § =g():= o
u+o Bie™™ + Bre ™ ENS
Therefore, (1) is strictly decreasing in [ €R,, and G(I) is strictly increasing in TeR,. IfRy > 1,
then ¥(0) > G(0), which means that there is a unique intersection in R? between ¥ (h and G(D),

and thus (7, R, B) is the unique positive equilibrium of (1.2). Moreover, the uniqueness of positive
equilibrium also implies that of E;.

Finally, to derive the practical persistence, we define a continuous function p : I' = R, by

p(p) = min{g,(0), p3(0)}, Yy el

Clearly, I'y = p~'(0,00) and Iy = p~'(0). Since Ay is a compact subset of Iy, it follows that
infyeq, = minges, p(p) > 0. Consequently, there exists 7 > 0 such that

lim inf min{I(z, ¢), B(t, ¢)} = liminf p(®(¢)p) > n, Ve €T.
t—o0 t—o0
Moreover, for any given ¢ € I' with ¢;(0) # 0 or ¢3(0) # 0, Lemma 2.2 suggests that I(z, ¢) > 0 and

B(t,) > O forall t > 0. Fix a t, > 7. By using the fact ®(¢)p = O(t — 1o)(D(#y)p), YVt > 1y, we see that
statement (2.5) holds true.

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18468—18490.



18476

Remark 2.1. The uniqueness of the positive equilibrium E, can be obtained directly. In fact, from

(1.2) we get
mu+o) A
5 ot Mé_mf):mw”‘y”)e“*“”, R=—21 B=%I@
p+oT+yU Br+ B+ 0 +7) pto 0

Solving the above equation with respect to I gives rise to

_ + A 1
I = _HTT A —Lambert W
U+o+yu m

(mw+wW+wJ$%)
Bi+BHu+o+y) )

where the definition of Lambert W function is seen in [26]. It is positive (i.e. I > 0) provided

+ A
M— > Lambert W
HTOoTt+Y U

(m(,u + o)+ y)eZ"TJi??)
i+ P+ +y) )

which is equivalent to Ry > 1. In addition, this explicit expression makes the numerical approximation

of (I, R, B) more convenient.

3. Stability analysis and local Hopf bifurcations

In this section, we will consider the global stability of the endemic equilibrium E; and the existence

of local Hopf bifurcations of system (1.2).

3.1. Stability of E, for system (1.2) without delay
The linearized form of system (1.2) at E; = (I, R, B) is given by

—dfi(tt) =B1AI(1) — CI(t) — (u + Y)I(t) — m(u + Y)II(t — T) — CR(?) + BAB(1),
dR

T 1) -+ R

dB(1) B

—q ol - 0B),

(3.1

where A = e/ (N* — I — R) and C = B¢ + B¢ B. The characteristic equation of system (3.1) is

PAT) =B +agl® + a1 +a, + e T (bgA> + biA + by) =0,

where

aO:y+0'+C+ﬂ2A§+5, a1:C(y+6)+(,u+a)(ﬁ2A§+6+C),

a, = Co(u+ o +7), by = m(u + Y)I,
by =m(u+y)(u+o + ), by = mé(u +y)(u + o)l.
When 7 = 0, the equation (3.2) becomes

2+ (ag + bo) A% + (ay + b)A+ay + by = 0.

(3.2)

(3.3)

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18468—18490.
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In view of ag + by > 0 and

(ao + bo)(ar + by) — (az + by)

:Xz(/,t+0')+(,u+0')2X+Cy(ﬁ2A§ + C+m(u+Y)I +p+0)+ CX5+md(u + )X >0,
where X = ,82A§ +6 + C + m(u + y)I, we deduce from the Routh-Hurwitz criterion that all roots of
(3.3) have negative real parts. Hence, the following result holds true.

Theorem 3.1. Suppose that Ry > 1. Then the endemic equilibrium E,| of system (1.2) is locally
asymptotically stable when T = 0.

Now we present the geometric approach developed in [27] to study the global stability of E;. Con-
sider the following autonomous system

% = f(x), xeD, feC', (3.4)

where D C R" is a simply connected open set. Let x(z, xy) be the solution of (3.4) such that x(0, xy) =
xo. The second compound equation with respect to x(z, xo) € D is

dz of (2]
-V = t’ )
U Ox (x(t, x0))z
where g—ﬁ[z] is the additive compound matrix of the Jacobian matrix ?)—£ (see [28]).

Let P(x) be a k X k matrix-valued C! function, where k = %n(n — 1), and suppose P~!(x) exists for
x € D. Set
p] f [2]
=PP'+P= P!
Q f 0x

b

where P/ is the matrix obtained by replacing each entry p;; in P with its directional derivative in the
direction of f. The Lozinskii measure of Q with respect to the matrix norm | - | in R is defined as

. I+hQl-1
HQ) = fim == "—.
Define a quantity g, as

. 1 [
g» = lim sup sup - / H(O(x(s, x0)))ds,
0

t—oo  xpeK

where K denotes a compact absorbing set in D. The following result from [27, Theorem 3.5] is used
to prove the global stability of E;.

Lemma 3.1. Assume that system (3.4) has a unique equilibrium x* in D. Then x* is globally stable in
D lqu < 0.

Theorem 3.2. If Ry > 1, 7 = O and u +y > o, then E, is globally asymptotically stable in Q =
{I,R,B)eR3: I[+R<N*, 1>0, B>0}
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Proof. Note that system (1.2) is equivalent to

diit) A _,Ble_ml(t)s (I)I(t) _ﬁze—ml(t)s (t)B(t) — ﬂS ([) + O'(N* - S(t) - I(t))’

L0 =405 (1) + oS DB) ~ G + ), (5-3)
dB() ..

—— =¢1(0) - 5B,

Thus, under the condition R, > 1, the global stability of E; is equivalent to that of the unique
positive equilibrium £, of system (3.5), where £, = (N* — I — R, I, B). Define

Q={S.I,BeR}: S+I<N*, >0, B>0).

Clearly, Q is a simply connected region in R>. Similar to the arguments in Theorem 2.2, one can
prove that system (3.5) is uniformly persistent in Q. This, together with the boundedness of solutions
to (3.5), implies the existence of a compact absorbing set K ¢ Q. Therefore, by Lemma 3.1, it suffices
to show that there exists a matrix-valued function P(x) such that g, < 0.

Define the diagonal matrix P as

I 1
P(S.1.B) = di (1,—,—).
( ) = diag 3B

Then P is C' and nonsigular in Q. Let f denote the vector field of (3.5). Then

where ’ is the derivative with respect to time ¢. The Jacobian matrix J associated with a general solution
(S(1),1(1), B(t)) to (3.5) is

—8(,B)—p—0o  —Pie™S +mSg(,B) -0 —Pre™'S
J = g, B) Bie™S —mSgU,B)—pu—y oS |,
0 ¢ -5

where g(I, B) = B1e™™ 1 + B,e™™ B. The second additive compound matrix of J = (ji)3x3, denoted by
J12 is expressed by

Ju+ 2 J23 —J13
JP = J32 Jit + J33 Ji2 }
—J3l J21 Jo2 + 33
—g(I,B)—y—2u—o +Bie™S —mSg(l,B) Bae ™S Bae™™S
= £ -g(,B)—0—-u-46 —B1e™S +mSg(I,B) — o
0 g, B) Bie™S —mSg(I,B)—pu—y—6

As a result, the matrix Q = P;P~! + PJI?!P~! can be written in block form as follows:

_(On Qi
Q_(QZI sz)’
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where

Qu =—gU,B)~y-2u~0c+pie™S —mSg, B),
01 = (B2 pre's )
12 = € I, € ] 5
I T
0n = (5¢0) -

g(l, B) Bie™S —mSg(I,B)y—pu—-y-6+L-L£)

B
The vector norm | - | in R? is taken as

|(u, v, w)| = max{lul, [v[ + [wl}.
As described in [27], we have the following estimate
u(Q) < supigi, g},
with

B
g1 = (Q1) + 100l =-gU,B)—y—2u—o +pie™S —mSg(l, B) + ™S 7’

1
&2 = |0a1| + 1 (O22) = E‘f + 1 (O2) .

Here, |Q1,| and |Q;;] are matrix norms induced by the /; norm, and u; denotes the Lozinskil measure

concerning the /; norm. Moreover, using the method in [29], we calculate p;(Q7,) as

’ 4 4 4

1
m1(Q22) =maX{—,u—Cf—5+ 7 - HS. LB —p-y-6-0+5 -2 +|H(S,LB)

B 1

7 /

:—/1—0—6+7—§+sup{0,2H(S,I,B)—y},

where H(S, 1, B) = B1e™™S —mS g(I, B) + 0. In view of
1 r
82— & =,U1(Q22)+§§+g(1,3)+ﬂ+0'+m58(1,3)—7

I 1 I
>—pu—-oc—-0+—-—+=¢+g,B)+u+oc+mSgl,B) - —
2-p-0 7 gttt T8 Bt o +mSgl.B) - <

/ /

B B
:—,u—0'—6—E+6+§+g(1,B)+,u+0'+mSg(I,B)
=8, B) +mSg(l, B) > 0,

we have
u(Q) < supfgi, g} = &
i A |
C y—o_s+_ B 2H(S,I,B) -
u—o 5+I B+B§+Sup{0, (S,1,B) -y}

II
=p-o+ o+ sup{0,2B,e™™S — 2mS g(I, B) + 20 — v}
I/
=p-o+ o+ sup{0,2S (B1e™™ I — 2mSBre™ B + 20 — v}

1
<—u—-o+ 7 + sup{0,2S (B1e™™1) + 20 — y}.
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Define the function

0, if 2S(Bie™ Iy +20 -y <0,

f(S»I): —ml 7 . —ml 7\
285Bre ™D + 20—y, if 25Be ™) +20 -y > 0.

Along each solution (S (¢), I(¢), B(?)) to (3.5) such that (S (0), 1(0), B(0)) € K, we find that

1 [
lim sup " / f(S(s),I(s))ds =0 or 20—,
0

—o0

. (1 1(?) )
lim sup ;ln——,u—(r =—u-—o.

t—00

Here we have used the boundedness of solutions to (3.5). Observe that

% /0 Qs < %ln 10 o+ % /0 S (51, 1),
then g, has two possibilities:
1) gp<—u-0c<0; (4) pg<-pu—y+0<0 (duetou+vy>o),
for all (S(0), 1(0), B(0)) € K. Therefore, the desired result holds.

3.2. Local Hopf bifurcations

From Theorem 3.1, we know that if Ry > 1 and 7 = 0, E| is locally asymptotically stable. Further,
0 cannot be an eigenvalue of (3.2) due to p(0, 7) = a, + b, > 0 for any 7 > 0. Therefore, the stability of
E| changes only when at least a pair of eigenvalues of (3.2) cross the imaginary axis to the right. We
thus suppose that A = iw (w > 0) is a purely imaginary solution of (3.2) for some 7 > 0, that is,

(—0’ + a1w)i — ayw® + ay + e (=bow’ + ibjw + by) = 0.
Separating the real and imaginary parts, we obtain

—W® + a1w + byw? sin(wT) + byw cos(wt) — b, sin(wt) = 0,

—apw?* + ar — byw? cos(wT) + byw sin(wT) + b, cos(wt) = 0.
Equivalently,

_bw(@w - &) + (by = byw’)(a: — ayw?)

cos =G = ,
(wn) = 6w) (b2 — boa? + D20

3.6
: (by = bpw?)(@1w = ) = biw(a; = apw?) G0
sin(wt) = N(w) = R .
(by — bow?)* + bla)
Squaring and adding both equations of (3.6) yields
W + pw* + g +1r =0, (3.7)
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with
p=at-2a, -b}, q=al—2apa,—bt+2byby, r=a;-bj.
Let x = w?. Then equation (3.7) becomes
X+ pxt+gx+r=0.
Therefore, if iw is a purely imaginary root of (3.2), then the equation
h(x) =X +px> +qgx+r=0
has a positive root x = w?. Define the set W as
W =A(p,q,r) € R? | A(x) = 0 has only one positive real root x* and 4'(x*) > 0}.

By using the properties for the general cubic equations given in [30, Lemma A.2], we have (p, q,r) €
W if and only if one of the following conditions holds:

(C1) A =(pg—-9r?—4(p*-3q)(q* - 3pr) > 0,r <0;
Cc2)r=0,9=0,p<0;
(C3) A<0,g>0,p>0,r<0.
In the case where (p,q,r) € W, let wy = Vaxr. Solving (3.6) for T and w = w,, we obtain

) arccosGlwy) >0,
nn To = { - =0,1,2,---. (3-8)

Tp =To t ) 27r—arcg2)s G(wyp)
Wy — o Nwo) <0,

Then we have the following result.

Theorem 3.3. Let Ry > 1. For (p,q,r) € W, E; is locally asymptotically stable for T € [0, 1))
and unstable for T > 1. Besides, system (1.2) undergoes Hopf bifurcation at E\ when T = 1,, n =
0,1,2,---.

Proof. Differentiating both sides of equation (3.2) with respect to 7 yields
A" 32+2ad+a T . 2bod+ by
dr Mg B a2 —ad A b3+ b A%+ byA
Substituting T = 7, into the above equality, we obtain
dReA(r) ] a; - 30? + 2apwi . 2bowi + b,
dr (brw — byw?1) — byw?
,3w* + 20 (2ay + aj — by) + a7 — 2apas + 2bob; — by

W?[(by — byw?)? + biw?]

=Re 5 7 = ;
o aw? — w* + apw’1 — arwi
—tn

=W

B w? dh(x)
T W(by — bow?)? + B2?] dx |._
Since w*[(by — byw?)* + b2w?] > 0, we have
dReA(7) . ([dReAm)] _ (dh(x)
n = sign = sign =1.
=1, dr =T, dx x*=w?

Therefore, the transversality condition holds, and so the desired result follows.
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4. Global Hopf bifurcation

Theorem 3.3 states that periodic solutions can bifurcate from E; when 7 is near the local Hopf
bifurcation values 7,, n = 0,1,2,---. In this section, we use the global Hopf bifurcation theorem
(see [31, Therorem 3.2]) to study the global continuation of these locally bifurcating periodic solutions.
In the remainder of this section, we always assume that Ry > 1, u +7y > o and (p,q,r) € W.

Our arguments are similar to those in [1, 10,30, 32-35]. Let z(t) = (I(tt), R(tt), B(1))'. Rewrite
system (1.2) as the following functional differential equation

dz(t

% = F(ZNT’ T)’ (t’Ta T) EIR+ X(O’ OO)XR+9 (41)
where z; € Y := C([-1,0], Ri) with z,(0) = z(t + 0) for 8 € [—1,0], parameter T is the period of the
non-constant periodic solution of (4.1), and

e DN = 21(0) — 22:(0))(B121:(0) + Baz3:(0)) — (1 + ¥)z1,(0)
F(z;,7,T)=71 ¥21:(0) — (u + 0)22,/(0) 4.2)
£21,(0) — 6z3,(0)

with z, = (21, 221, 23:) € Y. Restricting F to the subspace of Y, we get a restricted function

N e (N = z1 — 22)(B1z1 + B2z3) — (U +Y)zy
F(z,7,T) := F|R3><(O,oo)><R+ =T Y21 — (U +0)22 .
fZ1 — 023

Clearly, F is twice continuously differentiable, that is, the assumption (A1) in [31] holds.
By Theorems 2.1 and 2.2, the set of stationary solutions of system (4.1) is given by

N(F) ={(Eo,7,T): (1,T) € (0,00) X R} U{(E,, 7, T) : (7,T) € (0,00) X R, }.
For any stationary solution (Z, 7, T) € N(F), the characteristic matrix is

A¢ery(A) = Ald — DF (2,7, T)(e"1d)

—T,B1A +7C + m(u+y)Zet+ry +Tu+ A C _Tﬂ2A~
- ~Ty TU+T0+ A4 0 1,
—7€ 0 0+ A

where Id is the 3 x 3 identity matrix, A = e (N* — %, — %,) and C = 8,e79%, + B¢ %;. Thus, for
any stationary solution (Z, 7, T'), the characteristic equation reads

det Az -1)(A) = 2+ Zzor/lz + 5117'2/1 + 512T3 + e_A(EOT/l2 + Elrz/l + 15213) =0,

where

aO:,u+a-+C’+,BZA§+6, &I:C’(y+6)+(p+a)(,82A§+6+C‘),
@ = Co(u+ o +7), bo = m(u + )z,

by =mu+y)u+o+0)Zz,  by=mo(u+y)(u+o)z.
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Under the condition R, > 1, 0 cannot be an eigenvalue of any stationary solution of (4.1). Therefore,
the condition (A2) in [31] holds. From Eq (4.2), it can be easily verified that the smoothness condition
(A3) in [31] is also valid.

As defined in [36], the stationary solution (Z, 7, T) of (4.1) is called a center if detA(Z’if)(ik%”) =0
for some positive integer k. A center is isolated if no other center exists in some neighborhood of
(z,%,T) and there are only finite pure imaginary eigenvalues of the form ik%”. Let J(Z,%,T) represent
the set of all such positive integers k. Theorem 3.3 implies that if (p, g, r) € W, for any integer n > 0,
(E1sTns = 2 o) Isan isolated center of (4.1), and there is only one pure imaginary root of the form ik273’
with k = 1 and T = 2% Therefore,

Jz,7,T) = {1}). 4.3)

Moreover, it follows from Theorem 3.3 that the crossing number at each of these center is

i (El,Tn, 2—”) — _sign (Red'(1,)) = —sign(H'(x")) = —1. (4.4)
WoTy,

Thus the condition (A4) in [31] holds.
Next, we define a closed subset Z(F) of ¥ X (0, c0) X R, by

X(F)=Cl(z,7,T) € Y x(0,00) X R, : zis a T-periodic nontrivial solution of (4.1)}.

For each integer n > 0, let C (E 1 Tno F) denote the connected branch of C (E 1 Tns F

) in 2(F).

Theorem 3.3 guarantees that C (E 1s Ths wm) is a nonempty subset of X£(F). The global bifurcation
theorem [31, Theorem 3.4] means that one of the following holds:

(i) C (El, Tps o ) is unbounded in Y x (0, 00) X R, ;

(ii) C(Ey.7,, 2= ) is bounded, C (E, ,, 2=) N N(F) is finite and
>, NG T) =0

ErT)C(Er s 22 JONCF)

forall k = 1,2,3,---, where y(Z,7,T) is the k-th crossing number of (Z,7,T) if k € J(Z, 1,T),
otherwise, v, (Z, 7, T) is zero.

Foreachn=1,2,---,(Z 7,T) € C(El,T,,, e ) based on (4.3) and (4.4), we see

> WG T) = NG T) = —1.

ErT)EC( Bty 25 JONCE)

Hence, (ii) fails and (i) holds. The following two lemmas help us confirm the boundedness of the
projections of C (E 1> Tns wz ) on z-space and T-space.

Lemma 4.1. For initial value ¢ = (¢1, ¢a, ¢3) € Y with ¢1(0) + ¢2(0) < %, VO € [-1,0], all periodic
solutions of system (4.1) are uniformly bounded.

The proof is a direct result of Lemma 2.1, and hence is omitted.
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Lemma 4.2. If Ry > 1 and u +y > o, then system (4.1) has no periodic solutions of period 1.

Proof. Suppose that z(t) = (z1(), z2(t), z3(2)) is the periodic solution of system (4.1) with period 1, then
z(¢) 1s a periodic solution of the following ordinary differential equations

d

zét(t) =1e" 1 O(N* = 21(1) — 220))Brz1 (1) + Baza (1) — T + )21 (1),
dzcit(t) =Tyz1(1) — T(u + )22(2), -
d

qu(t) =1£2,(1) - T623(0).

By Theorem 3.2, system (4.5) has a unique positive equilibrium that is globally stable, and thus no
periodic solutions appear. This leads to a contradiction.

Lemma 4.1 shows that for any integer n > 0, the projection of C (El,T,,, wzo—’;) onto z-space is
bounded. Lemma 4.2 implies that system (4.1) also has no periodic solutions of period ﬁ for any
n > 0, Moreover, with the help of (3.8), we obtain

1 2n

<
n+1 wet,

<1, n=12,---.

Therefore, the projection of C (E 1s Ths wzo—”) onto T-space is bounded. Accordingly, the projection

Tn

of C(E,, 1,, =) onto T-space is unbounded.
wo

Tn

Summarizing the above discussion, we arrive at the following result.

Theorem 4.1. Assume that Ry > 1, u+vy > o and (p,q,r) € W, then for any T > 1| system (1.2) has
at least one nontrivial periodic solution.

5. Numerical simulation

In this section, we carry out numerical simulations to demonstrate the theoretical results. Partic-
ularly, the global Hopf branches are computed by a Matlab package DDE-BIFTOOL developed by
Engelborghs et al. [37,38].

For illustrative purpose, we choose the parameters of system (1.1) as follows:

A =31, 8 =0.09, B =0.08, u =081,
m=0.1,0=03,y=0.1,£=05,6=02.

Direct calculation gives Ry = 12.1964 > 1 and (p,q,r) € W. By using (3.8), we further obtain
79 = 5.5131, 7y = 183517, 7, = 31.1903,---. Figure 1 shows that the endemic equilibrium E; =
(17.8880, 1.6115,44.7201) is asymptotically stable when 7 = 4 < 7, while Figure 2 displays that E;
loses stability and a Hopf bifurcation occurs when 7 = 8 > 7). These numerical results agree with the
result of Theorem 3.3.
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Figure 1. A solution converges to the stable equilibrium E; when 7 = 4 < 1.
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Figure 2. A solution converges to a stable periodic solution when 7 = 8 > 7.
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Moreover, we depict the global Hopf branches of periodic solutions emanating from the Hopf bifur-
cation points 7o, 7; and 7,. As seen in Figure 3, when 7y < 7 < 7y, system (1.2) has only one periodic
solution originating from 7o. When 7 lies between 7, and 7,, the periodic solutions from 7, and 7,
coexist. With the further increase of 7 and T > 7,, three periodic solutions originating from 7, 7; and
T, coexist.

35

30 [

25

Amplitude
= N
(6] o

10

L ‘ ‘ ‘ ‘ ‘
o © %0 T2 40 60 80 100 120

T

Figure 3. Global Hopf branches of system (1.2) at 7o = 5.5131, 7; = 18.3517, and 7, =
31.1903, respectively.

Finally, we use the delay as the bifurcation parameter to plot the bifurcation diagram. Figure 4
demonstrates the onset and global continuation of Hopf bifurcations as 7 varies.

30

N
v
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the min/max of periodic solution

-
o
T

Figure 4. Bifurcation diagram of (1.2) with respect to 7, where red dashed line represents
unstable equilibrium.

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18468—18490.



18487

6. Discussion

Models related to the impact of media coverage on disease spread have shown great popularity in
recent years. To study the effect of media coverage on cholera transmission, we considered a cholera
model with delayed media impact. We showed that the basic reproduction number R is an epidemic
threshold parameter that determines the extinction and uniform persistence of the disease. However,
this threshold phenomenon is not influenced by the delayed media impact, since R is independent of
m and 7. This observation motivates us to further explore the impact of media coverage. We proved
that the positive equilibrium E; is locally asymptotically stable when Ry > 1 and 7 € [0, 1), and is
unstable when 7 > 7 (see Theorem 3.3). Furthermore, system (1.2) undergoes a Hopf bifurcation at
E, along the sequence 7,, n = 0, 1,2,---. To examine the onset and termination of periodic solutions
bifurcated from E;, we use delay as the bifurcation parameter and establish the existence of global
bifurcation (see Theorem 4.1).

The local stability and the Hopf bifurcation analysis of the positive equilibrium E; are critically
dependent on the existence and distribution of the roots of the cubic equation A(x) = 0 [39]. In this
paper, we considered only case where 4(x) = 0 has only one simple positive root. Therefore, it is
exciting to study properties of the global Hopf branches that accompany the stability switch when
h(x) = 0 has exactly two or three simple positive roots. Another possible project is to consider a
spatial version of model (1.1). For such a model with multiple compartments, the investigation of
Hopf bifurcation is challenging. We leave these topics for future research.
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