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Abstract: This work examines a stochastic viral infection model with a general distributed delay.
We transform the model with weak kernel case into an equivalent system through the linear chain
technique. First, we establish that a global positive solution to the stochastic system exists and
is unique. We establish the existence of a stationary distribution of a positive solution under the
stochastic condition R* > 0, also referred to as a stationary solution, by building appropriate Lyapunov
functions. Finally, numerical simulation is proved to verify our analytical result and reveals the impact
of stochastic perturbations on disease transmission.
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1. Introduction

In the past few decades, there has been a lot of interest in mathematical models of viral dynamics
and epidemic dynamics. Since viruses can directly reproduce inside of their hosts, a suitable model
can shed light on the dynamics of the viral load population in vivo. In fact, by attacking infected
cells, cytotoxic T lymphocytes (CTLs) play a crucial part in antiviral defense in the majority of virus
infections. As a result, recent years have seen an enormous quantity of research into the population
dynamics of viral infection with CTL response (see [1-4]). On the other hand, Bartholdy et al. [3] and
Wodarz et al. [4] found that the turnover of free virus is much faster than that of infected cells, which
allowed them to make a quasi-steady-state assumption, that is, the amount of free virus is simply
proportional to the number of infected cells. In addition, the most basic models only consider the
source of uninfected cells but ignore proliferation of the target cells. Therefore, a reasonable model
for the population dynamics of target cells should take logistic proliferation term into consideration.
Furthermore, in many biological models, time delay cannot be disregarded. A length of time 7 may be
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required for antigenic stimulation to produce CTLs, and the CTL response at time ¢ may rely on the
antigen population at time ¢ — 7. Xie et al. [4] present a model of delayed viral infection with immune
response

X' (1) = A = dx(x) = Bx(1)y (1),

Y (1) = Bx(O)y(1) — ay(t) — py(1)z(?), (1.1)

Z(t) = cy(t — D)zt — ) — bz(2),
where x(#), y(f) and z(¢) represent the number of susceptible host cells, viral population and CTLs,
respectively. At a rate of A, susceptible host cells are generated, die at a rate of dx and become infected
by the virus at a rate of Sxy. According to the lytic effector mechanisms of the CTL response, infected
cells die at a rate of ay and are killed by the CTL response at a rate of pyz. The CTL response occurs
proportionally to the number of infected cells at a given time cy(f — z)(t — z) and exponentially decays
according to its level of activity bz. Additionally, the CTL response time delay is 7.

The dynamical behavior of infectious diseases model with distributed delay has been studied by

many researchers (see [5 — 8]). Similar to [5], in this paper, we will mainly consider the following viral
infection model with general distribution delay

dx

5 = A dx®) = By,

d

d_f = Bx(0)y(t) — ay(t) — py(0)z(0),

% — Cf F(t — 1)y(t)z(r)dT — bz(1).

The delay kernel F : [0, 00) — [0, o) takes the form F(s) = S"“";ie_“ for constant @ > 0 and integer
n > 0. The kernel with n = 0, i.e., F(s) = ae ® is called the weak kernel which is the case to be
considered in this paper.

However, in the real world, many unavoidable factors will affect the viral infection model. As a
result, some authors added white noise to deterministic systems to demonstrate how environmental
noise affects infectious disease population dynamics (see [9—12]). Linear perturbation, which is the
simplest and most common assumption to introduce stochastic noise into deterministic models, is
extensively used for species interactions and disease transmission. Here, we establish the stochastic

infection model with distributed delay by taking into consideration the two factors mentioned above.

dx(f) = |1 = dx(o) - ,Bx(t)y(t)]dt + oy x()dB) (8),

dy() = ﬁX(I)y(I) —ay(t) - py(l)z(t)]dt + oy(DdBy (1), (1.2)

dz(¥) = -c f F(t — 1)y(t)z(t)dT — bz(t)]dt + 032(1)dB5(1).

(o9

In our literature, we will consider weight function is weak kernel form. Let

w(t) = f e y(1)z(1T)drT.

(8¢

Based on the linear chain technique, the equations for system (1.2) are transformed as follows
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dx(r) = >/l —dx(t) - ﬂx(t)y(t)]d(t) + o1 x(1)dB (1),

dy(r) = »ﬁX(t)y(t) —ay(t) - Py(t)Z(t)]dt + 02y(NdBy (1),
3 (1.3)

dz(t) = | ew(s) — bz(t)]dt + or32(£)dBa(1).

dw(?) =

ay(Dz() - aw(t)]dt.

For the purpose of later analysis and comparison, we need to introduce the corresponding deterministic
system of model (1.3), namely,

dx(®) = >/l —dx(t) - ,Bx(t)y(t)]dt,

dy(1) = |Bx(t)y(r) - ay(r) - py(t)z(t)]dt,
: (1.4)

dz(r) = |ew(r) - bz(t)]dt,

dw(r) = [a/y(t)z(t) - afw(t)]dt.

Using the similar method of Ma [13], the basic reproduction of system (1.4) can be expressed as
Ry = AB/ad. If Ry < 1, system (1.4) has an infection-free equilibrium E, = (4,0, 0,0) and is globally
asymptotically stable. If 1 < Ry < 1 + bB/cd, in addition to the infection-free equilibrium Ey, then

system (1.4) has another unique equilibrium E; = (X,y, Z, w) = (g,ﬁ {;;d,o, 0) and is globally
asymptotically stable. If Ry > 1 + f—ﬁ, in addition E, and E, then system (1.4) still has another unique

infected equilibrium E, = (x*, y*, z*, w*) = (Cdcfbﬁ, lg’, Cﬂj;;ii;;bﬂ, ”(i’zf;;’ii,’,;fﬂ))

We shall focus on the existence and uniqueness of a stable distribution of the positive solutions to
model (1.3) in this paper. The stability of positive equilibrium state plays a key role in the study of the
dynamical behavior of infectious disease systems. Compared with model (1.4), stochastic one (1.3) has
no positive equilibrium to investigate its stability. Since stationary distribution means weak stability in
stochastic sense, we focus on the existence of stationary distribution for model (1.3). The main effort is
to construct the suitable Lyapunov function. As far as we comprehend, it is very challenging to create
the proper Lyapunov function for system (1.3). This encourages us to work in this area. The remainder
of this essay is structured as follows. The existence and uniqueness of a global beneficial solution to
the system (1.3) are demonstrated in Section 2. In Section 3, several suitable Lyapunov functions are

constructed to illustrate that the global solution of system (1.3) is stationary.

2. Existence and uniqueness of a global positive solution

Theorem 2.1: For any initial value (x(0),y(0),z(0), w(0)) € R?, there is a unique solution
(x(1), ¥(1), z(t), w(t)) of system (1.3) on ¢ > 0 and the solution will remain in Ri with probability 1, i.e.,
(x(), y(£), z(2), w(t)) € R?* for ¢ > 0 almost surely (a.s.).

Proof. In light of the similarity with [14], the beginning of the proof is omitted. We only present
the key stochastic Lyapunov function.
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Define a C?>-function Q(x, y,z, w) by
Ox,y,z,w) = x — ¢y —clln£+y—c2—czlnl+z— 1-Inz+csw—1-Incsw.
Cq C

where c, ¢;, c3 are positive constant to be determined later. The nonnegativity of this function can be
seen from
u—1—-Inu >0 forany u > 0.

Using It6’s formula, we get
dQ = LOdt + o(x — ¢1)dB; + 02(y — ¢2)dB; + 03(z — 1)dBs,

where

c c 1
LO=(1- ;1)(/1 —dx —ﬁxy) +(1- f)(ﬁxy —ay— pyz) +(1- E)(CW - bz)
1 1, 1 5, 1,
+(c3 - ;)(ayz - aw) + €107 + 56202 + 593
A 1 1
:/l—dx—ﬁxy+cl(——+d+,6’y+50‘%)+,6’xy—ay—pyz+cz(—,8x+a+pz+50‘%)
X
cw

1 a
+cw—bz——+b+—0'§+C3(ayz—aw)—lz+a
Z 2 w

1 1 1
<A+cd+ 0150'% + ca + 5020% +b+ 50’% +a+ (cif—a)y+ (c2p —b)z+ (c3a — p)yz

+ (¢ — cza)w.

Let ¢; =;—;, = %, 0<cs Smin{s,ﬁ}suchthatclﬁ—a:0,czp—b:O,C3a—pS0,c—C3a§0.
Then,

1 1 1
LQS/l+c1d+clia%+cza+ 56‘20'§+b+ 50‘§+a = k.

Obviously, ky is a positive constant which is independent of x, y,z and w. Hence, we omit the rest
of the proof of Theorem 2.1 since it is mostly similar to Wang [14]. This completes the proof.

3. Existence of stationary distribution

We need the following lemma to prove our main result. Consider the integral equation:

dX(r) = X(tp) + f b(s, X(s))ds + Zf (s, X(5))dB,(s). 3.1
fo =1 Y10

Lemma 3.1 ([15]). Suppose that the coefficients of (3.1) are independent of ¢ and satisfy the
following conditions for some constant B:

b(s, x) = b(s, y)| + Z o (s, %) = o(s, ¥)I < Blx =y,

n=1

[b(s, 01 + > lora(s, 0] < B(L + ),

n=1

(3.2)
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in D, € R? for every p > 0, and that there exists a nonnegative C>-function V(x) in R? such that
LV < —1 outside some compact set. 3.3)

Then, system (3.1) has a solution, which is a stationary Markov process.
Here, we present a stationary distribution theorem. Define

s .

2 Ad- 0'%)(1” — 0?2

B 2

A 8c?r? 2[(1+(d—a'%)(”—o'%))o_%x_'_)_’(a_'_(d—o'%)(r—o'%))_’) 2]’
)

2r2 2 72

where A = ¢y — (b + %) >0, r =d A a, and we denote a A b = min{a, b}, a V b = max{a, b}.

Theorem 3.1. Assume R* > 0, d — o7 > 0 and r — 03 > 0. Then there exists a positive solution
(x(1), ¥(1), z(t), w(t)) of system (1.3) which is a stationary Markov process.

Proof. We can substitute the global existence of the solutions of model (1.3) for condition (3.2)
in Lemma 3.1, based on Remark 5 of Xu et al. [16]. We have established that system (1.3) has a
global solution by Theorem 2.1. Thus condition (3.2) is satisfied. We simply need to confirm that
condition (3.3) holds. This means that for any (x,y,z, w) € Ri\De, LV(x,y,z,w) < —1, we only need
to construct a nonnegative C>-function V and a closed set D,.. As a convenience, we define

(r— 3’ +a(y—§—§lnx)+ @-or- o) x=i+y -7

€1
Vi(x,y, zw) = —Inz — 221 +l[
%y, 2w) = —lnz = Inw 2 B y 2 2

L@y apy 7+ apyc ]

b8~ abB "
a (d—oD)(r—-o3)
= +l[U +-U,+ Us + ]
O 1 B 2 2,2 3+ 03
=01+ U002+ 03),
where e, is a positive constant to be determined later, / = (d(j)r(ﬁ’ U, = (x_)'c)Z’ Uy=y-y%-7yln §,

(d—o )(r 0'2)

U3 - x+)—y) Q] ——lnz—%lnw, Q2=U1 aU2+
Since /1 dx = Xy = ay, we apply Itd’s formula to obtam

apy apyc
Us, Q5 = —Z + b w.

[ 1
LU, =(x—-X)|1— dx—,Bxy] + 20’%x2

_ (x—)'c):—d(x—)'c)+,8()'cjz—xy)] ; %a%(x—mx)z

+ %O'%(x - X+ X)* (3.4)

= (x—)'c)>—d(x—)‘c)+,B()'C)7—5cy+5cy—xy)
< —d(x - 0% =B = B’y = Bx = Dy - DX + 07 F + o (x — )

—d(x — x) —alx—Xx)(y— y)+0'1(x x) +0'2 2

= —(d— oD(x = %)’ —a(x = By~ ) + o1 ¥
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y 1_
LU, =(1- ;)(ﬂxy —ay — pyz) + Eyffi

_ 1 ,_
=(y-yBx—a-pz)+ ch%y

1
= (V= I)Bx = pT+ B¥ — a - p2) + 503y

= =B -0 - pa) + 303 "
=B =D =)~ py-Pz + %aéy
<Blx -0 =) + piz + 303
and
LU; = ( - i+ y)(/l dx —ay — pyz) + %a}xz + %0‘%}/2
( )(/1 dx + d% — d¥ — ay — pyz) ; ;O'Ix ; %agyz
(v ey =3)—der= 9 - atr=)- pre) + 25— 7] + Zly-5+5)
< —(d/\a)(x—)'c+y—)7) p(x—fc+y—y)yz+a§(x—x)2+a§xz+a§(y—y)2+a§y2
= —(d A a)(x - x)z - (d A a)(y - y)2 - 2(d A a)(x - )_c)(y - y) + p(x + jz)yz + U%(x - x)2
(3.6)

2
222 2 S 2-2
+ 07X +0'2(y—y) + o5y

= —(r— of)(x - )'c)z —(r- a’%)(y - 5))2 - 2r(x - )'c)(y - )7) +

222 252
+ 01X+ o5y

p(a2 + LA —ad)
ap 2

(r —20'3)(}] ~ )_])2 N 2r? : (x _ )_6)2 . p(a® +5’8/l —ad) .

2
< —(r- (T%)(y - )7) +
r—o;
+ 0'%)?2 + 0'5372
(= 0'%)( _)2 272 ( _)2 p(a@® + BA — ad)
= - -y + x—Xx| +
2 2 af

}"—0'2

vz + 0'%)?2 + 0'3522,

where r = d A a, we also use the basic inequality (a + b)> < 2(a® + b*) and Young inequality. It follows
from (3.4)—(3.6) that
d-oDr=03) o, @=-0Dr=0) p@+pA-ad)  apy
LO, < - -y + +
O < 47 S ) 2 % i+ =gz
+(1+(d—0'%)(r— )) 222 +(a+(d—0'?)(r—0'§))7)0'2§)7,

2r2 71 B

B ?
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Making use of Itd’s formula to Q5 yields

LOs = @(cw —bz) + apy <

0B o (@yz — aw)
B bp
Therefore,
d-opr—-o03)  _ acy  (d—od)(r— od)(@® + A — ad)
L(Qy+ Q3) < - -+ B(—y + 1 = )yz
4r B\ b 2réa 3.7)
{ d-oD)(r=03)\ ,, (a (@=0o)(r—03)y\o5y .
+(1+ 2 X+ |-+ 2 )2.
In addition,
1
LQI :—ﬂ—%+el+b+—0€
Z w 2
1
< —2+ycey +e +b+ 50‘%
1
= 2+\jce, +e +b+ 50’% —2+cer(\y = V).
Letting e; = ¢ - y, by virtue of Young inequality, one gets
1 2c\yly -y
LO < —cy+b+ =03+ 2wyl _yl
2 VDV + A
< —A+2cly -]
2¢? 5
< ——+ =@ -y~
S—5+ R 0-D
Together with (3.7), this results in
2r*acy 2+ BAl—ad\ 4c?
LVls—Rs+( rzacy 2+a + 5 a) czp -
b(d - o3)(r — o?) a (r—o3)AB (3.8)
= -R’ + qyz,
where
B ( 2rtacy . a* + BA - ad) 4c’p
= \bd - -2 a (r—oDap’
Define
Vo(x) ==Inx, Vi;(w)=—-Inw.
Then, we obtain
LV, = ——+d+py+ =07,
X 2
and .
LVs = -2 ta. (3.9)
w
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Define

1 p_.p
Va(x,y,z,w) = (x+y+—z+=w)"*,
Y 6+2 Y 2c a
0'2 0'2 (Tz
. - o . d-=t a2 b-3
where 6 is a constant satisfying 0 < 6 < min{—%, —5, —5}. Then,
d+—4 a+= b+

0+1 b
LV4:(x+y+£z+£w) (/l—dx—ay—p—z—gw)
2¢c  « 2c 2

0+1 b
LV4:(x+y+£z+£w) (/l—dx—ay—p—z—l—)w)
2c a 2c 2
6+1 p P\ P o
5 (x Tyt goat EW) (oﬁx2 + 05y + (2—0) 0_§Z2)
6+2
TP o (3.10)

p ot 0+2 0+2 P \6+2 _g+2
+ + +
S/l(x+y+%z+aw) —dx""" —ay _b(Z) s

+

0+1 o
e oo B o i
2¢ a 2¢

0+2 6+2 D \0+2 p42
< F, —dox"" — aby —bH(Z) g Y

in which

p_ p \™ P \6s2
Fy= sup {ﬂ(x +y+ 7+ _W) —d(1 - 0)x" —a(1 - )™ = b(1 - O)(-)" "
2c a 2¢

(x.y.zw)eRY

1 p+? 6+1 0
_oP ey (x +y+ £z + Bw) ((J‘%x2 +03y* + (ﬁ)zo'gf)} < o0,
2 2c a 2c

Construct
G(-x’ v, Z, W) = le(xa v, Z, W) + VZ(X) + V3(W) + V4(xa v, Z, W)’

where M > 0, satisfies

—-MR’ + F, < -2,
and
_ _ a_Q 0+2 1 2
F, = sup {8y yii4+d+a+ o+ Fig. (3.11)
yeR, 2 2
Note that G is a continuous function and lim inf G(x,y,z,w) = +o0, where Q, = (%, n) X

n—00,(x,y,z.W)ER\Q,
1 1 1 . . . . . . 4
(;,n) X (+,n) X (,n). Thus, G(x,y,z,w) has a minimum point (xo, Yo, 20, wo) in the interior of RY.

Define a nonnegative C? -function by

V(x,y,z,w) = G(x,y,z,w) — G(xo, Yo, 20, Wo)

In view of (3.8)—(3.10) and (3.11), we get

1 0 1 0+2
LV<-MR' +Mqyz — — — Y doxt*? - a—y9+2 - bé(ﬁ)ng+2 S AR F,, (3.12)
X 2 2c 4 o1
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One can easily see from (3.12) that, if y — 0" or z — 0%, then
LV < -MR’ + F, < -2;
ifx > 0*orw— 0" orx - +o00o0ory— +o00or z— +0o or w — 400, then
LV < —oco0.

In other words,
LV < -1 for any (x,y,z,w) € R*\D,,

where D, = {(x,y,zw) e Rt te<x<le<y< é,E <z< %,63 <w< E%}andeisasufﬁciently

small constant. The proof is completed.

2550 081
—— Stochastic solution

40 —— Deterministic solution 05F
AZSSO
5 L e M 041

2520

2510 02

2500 L L L L L L L L L I

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 2523 2524 2525 2526 2521 2528
Time t Frequency histogram of x(t)

501

—— Stochastic solution

08 —— Deterministic solution
08
=
04
02
0 L L L L L L L L L I
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 042 04 046 048 05 05 054 0% 058
Timet Frequency histogram of y(t)
i o
—— Stochastic solution
— Deterministic solution Kilg
1
g ar
05
f 10
O L L L L L L L L L I 0
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 042 044 046 048 05 0% 054 0% 058
Timet Frequency histogram of z(t)

Figure 1. The solution(x(?), y(¢), z(¢)) in system (1.4) and stochastic system (1.3) with the
white noise 0y = 0 = 03 = 0.0001 are numerically simulated in the left-hand column. The
frequency histograms for x, y and z in system (1.3) are displayed in the right-hand column.

Remark 3.1. In the proof of above theorem, the construction of V; is one of the difficulties. The
term Q3 in V| is is constructed to eliminate “%y zin LQ,. The item I(Q; + Q3) is used to eliminate
2 — .
X (y—y7?in LQ.

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18018-18029.
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Remark 3.2 . From the expression of R*, we can see that if there is no white noise, R* > 0 is

equivalent to Ry > 1 + %.

4. Numerical simulations

Using the well-known numerical method of Milstein [17] , we get the discretization equation for
system (1.3)

2
[p.9%
Xir1 = X + (/l — dxk —,Bxkyk)At + 01Xk VAIN i + IT(Tﬁ,k — I)At,
o3V 2
Vi+l = Y + (ﬁxkyk —ayy — pykzk)m + 0y VA + T(nz,k - Dat,
2
(V4"
Zk+l = 2kt (CWk - bZk)N + 3% VA3 i + %(U%,k — D)At,

Wil = Wi + (CY)’ka - afWk)At-

where the time increment A¢ > 0 and ;; (i = 1, 2, 3) are three independent Gaussian random variables
which follow the distribution N(0, 1), equivalently, they come from the three independent from each
other components of a three dimensional Wiener process with zero mean and variance Af, for k =
1,2,--- . According to Xie et al. [4], the corresponding biological parameters of system (1.3) are
assumed: A = 255, = 1,d = 0.1, =0.002,a =5,p =0.1,c =02,b=0.1,r =d ANa=0.1, 0, =
o, = 03 = 0.0001. The initial condition is (xg, Yo, 20, Wo) = (2600, 0.5,0.5,0.25). Then, we calculate
that R® = 0.05 > 0. Based on Theorems 2.1 and 3.1, we can conclude that system (1.3) admits a
global positive stationary solution on R?, see the left-hand figures of Figure 1 and the corresponding
histograms of each population can be seen in right-hand column.

5. Conclusions

In this paper, we consider a special kernel function F(¢) = ae™® to investigate the continuous delay
effect on the population of stochastic viral infection systems. We derived the sufficient conditions for
the existence of stationary distribution by constructing a suitable stochastic Lyapunov function. In
addition, we only consider the effect of white noise on the dynamics of the viral infection system with
distributed delays. It is interesting to consider the effect of Lévy jumps. Some researchers [18,19]
studied the persistence and extinction of the stochastic systems with Lévy jumps. Furthermore, it
should be noted that the system may be analytically solved by using the Lie algebra method [20,21].
In our further research, we will study the existence of a unique stationary distribution of the stochastic
systems with distributed delay and Lévy jumps. Also, it may be possible to solve the stochastic model
via the Lie algebra method.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18018—18029.



18028

Acknowledgement

This work is supported by Hainan Provincial Natural Science Foundation of China (No.121RC554,
122RC679) and Talent Program of Hainan Medical University (No. XRC2020030).

Conflicts of interest

No potential conflict of interest.

References

I. S. Wang, X. Song, Z. Ge, Dynamics analysis of a delayed viral infection
model with immune impairment, Appl. Math. Modell., 35 (2011), 4877-4885.
https://doi.org/10.1016/j.apm.2011.03.043

2. C. Bartholdy, J. P. Christensen, D. Wodarz, A. R. Thomsen, Persistent virus infection
despite chronic cytotoxic T-lymphocyte activation in Gamma interferon-deficient mice
infection with lymphocytic choriomeningitis virus, J. Virol, 74 (2000), 10304-10311.
https://doi.org/10.1128/JV1.74.22.10304-10311.2000

3. D. Wodarz, J. P. Christensen, A. R. Thomsen, The importance of Iytic and
nonlytic immune response in viral infections, Trends Immunol., 23 (2002), 194-200.
https://doi.org/10.1016/j.apm.2009.11.005

4. Q. Xie, D. Huang, S. Zhang, J. Cao, Analysis of a viral infection model with delayed immune
response, Appl. Math. Modell., 34 (2010), 2388-2395. https://doi.org/10.1016/j.apm.2009.11.005

5. C. M. Cluskey, Global stability for an SEIR epidemiological model with varying infectivity and
infinite delay, Math. Biosci. Eng., 7 (2009), 603—610. https://doi.org/10.3934/mbe.2009.6.603

6. Q. Liu, D. Jiang, N. Shi, Stationarity and periodicity of positive solutions to stocahstic SEIR
epidemic models with distributed delay, Discrete Contin. Dyn. Syst. B, 22 (2017), 2479-2500.

7. X. Sun, W. Zuo, D. Jiang, Unique stationary distribution and ergodicity of a
stochastic logistic model with distributed delay, Phys. A, 512 (2018), 864-881.
https://doi.org/10.1016/j.physa.2018.08.048

8. T. Caraballo, M. E. Fatini, M. E. Khalifi, Analysis of a stochastic distributed delay epidemic
model with relapse and gamma distribution kernel, Chaos Solitons Fractals, 133 (2020), 109643.
https://doi.org/10.1016/j.chaos.2020.109643

9. M. Liu, C. Bai, A remark on a stochastic logistic model with Levy jumps, Appl. Math. Comput.,
251 (2015), 521-526. https://doi.org/10.1016/j.amc.2014.11.094

10. M. Liu, D. Fan, K. Wang, Stability analysis of a stochastic logistic model with
infinite delay, Commun. Commun. Nonlinear Sci. Numer. Simul., 18 (2013), 2289-2294.
https://doi.org/10.1016/j.cnsns.2012.12.011

11. Y. Liu, Q. Liu, Z. Liu, Dynamical behaviors of a stochastic delay logistic system with
impulsive toxicant input in a polluted environment, J. Theor. Biol., 329 (2013), 1-5.
https://doi.org/10.1016/;.jtbi.2013.03.005

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18018—18029.


http://dx.doi.org/https://doi.org/10.1016/j.apm.2011.03.043
http://dx.doi.org/https://doi.org/10.1128/JVI.74.22.10304-10311.2000
http://dx.doi.org/https://doi.org/10.1016/j.apm.2009.11.005
http://dx.doi.org/https://doi.org/10.1016/j.apm.2009.11.005
http://dx.doi.org/https://doi.org/10.3934/mbe.2009.6.603
http://dx.doi.org/https://doi.org/10.1016/j.physa.2018.08.048
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.109643
http://dx.doi.org/https://doi.org/10.1016/j.amc.2014.11.094
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2012.12.011
http://dx.doi.org/https://doi.org/10.1016/j.jtbi.2013.03.005

18029

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

@ AIMS Press

. C. Lu, X. Ding, Persistence and extinction in general non-autonomous logistic model
with delays and stochastic perturbation, Appl. Math. Comput., 229 (2014), 1-15.
https://doi.org/10.1016/j.amc.2013.12.042

Z. Ma, Y. Zhou, J. Wu, Modeling and Dynamic of Infectious Disease, Higher Education Press,
Beijing, 2009.

Y. Wang, D. Jiang, Stationary distribution of an HIV model with general nonlinear
incidence rate and stochastic perturbations, J. Franklin Inst., 356 (2019), 6610-6637.
https://doi.org/10.1016/j.jfranklin.2019.06.035

R. Khasminskii, Stochastic Stability of Differential Equations, Springer Science & Business
Media, Netherlands, 1980.

D. Xu, Y. Huang, Z. Yang, Existence theorems for periodic Markov process and stochastic
functional differential equations, Discrete Contin. Dyn. Syst., 24 (2009), 1005-1023.
https://doi.org/10.3934/dcds.2009.24.1005

D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential
equations, SIAM Rev., 43 (2001), 525-546. https://doi.org/10.1137/S0036144500378302

G. Liu, X. Wang, X. Meng, S. Gao, Extinction and persistence in mean of a novel delay
impulsive stochastic infected predator-prey system with jumps, Complexity, 2017 (2017), 1-15.
https://doi.org/10.1155/2017/1950970

X. Leng, T. Feng, X. Meng, Stochastic inequalities and applications to dynamics analysis
of a novel SIVS epidemic model with jumps, J. Inequalities Appl., 2017 (2017), 138.
https://doi.org/10.1186/s13660-017-1418-8

Y. Shang, Analytical solution for an in-host viral infection model with time-inhomogeneous rates,
Acta Phys. Pol. B, 46 (2015), 1567. https://doi.org/10.5506/APhysPolB.46.1567

Y. Shang, A lie algebra approach to susceptible-infected-susceptible epidemics, Electron. J. Differ.
Equations, 233 (2012), 1-7.

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Mathematical Biosciences and Engineering Volume 20, Issue 10, 18018—18029.


http://dx.doi.org/https://doi.org/10.1016/j.amc.2013.12.042
http://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2019.06.035
http://dx.doi.org/https://doi.org/10.3934/dcds.2009.24.1005
http://dx.doi.org/https://doi.org/10.1137/S0036144500378302
http://dx.doi.org/https://doi.org/10.1155/2017/1950970
http://dx.doi.org/https://doi.org/10.1186/s13660-017-1418-8
http://dx.doi.org/https://doi.org/10.5506/APhysPolB.46.1567
http://creativecommons.org/licenses/by/4.0

	Introduction
	Existence and uniqueness of a global positive solution
	Existence of stationary distribution
	Numerical simulations
	Conclusions

