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Abstract: Objective: To explore the influence of the blood flow-diameter scaling laws of QαDଷ, 
QαDଶ.଻ and QαD

଻
ଷൗ  on the numerical simulation of fraction flow reserve based on CTA images and 

to find the optimal exponents. Methods: 1) 26 patients with coronary artery disease were screened 
according to the inclusion criteria; 2) Microcirculation resistance (Rm) was calculated under the 3, 2.7 
and 7/3 power of the flow-diameter scaling law, which were recorded as 3Rm, 2.7Rm and 7/3Rm, 
respectively; 3) 3Rm, 2.7Rm and 7/3Rm were used as exit boundary conditions to simulate FFRCT, 
quoted as 3FFRCT, 2.7FFRCT and 7/3FFRCT, respectively; 4) The correlation and diagnostic 
performance between three kinds of FFRCT and FFR were analyzed. Results: The p-values of 
comparing 3Rm, 2.7Rm and 7/3Rm with FFR were 0.004, 0.005 and 0.010, respectively; the r value 
between 7/3FFRCT and FFR (0.96) was better than that of 3FFRCT (0.95) and 2.7FFRCT (0.95); 
the 95% LoA between 7/3FFRCT and FFR (-0.08~0.11) was smaller than that of 3FFRCT (-0.10~0.12) 
and 2.7FFRCT (-0.09~0.11); the AUC and accuracy of 7/3FFRCT [0.962 (0.805–0.999), 96.15%] were 
the same as those of 2.7FFRCT [0.962 (0.805–0.999), 96.15%] and better than those of 3FFRCT 
[0.944 (0.777–0.996), 92.3%]. The prediction threshold of 7/3FFRCT (0.791) was closer to 0.8 than 
that of 3FFRCT (0.816) and 2.7FFRCT (0.787). Conclusion: The blood flow-diameter scaling law 
affects the FFRCT simulation by influencing the exit boundary condition Rm of the calculation. With 
𝑄𝛼𝐷

଻
ଷൗ , FFRCT had the highest diagnostic performance. The blood flow-diameter scaling law 

provides theoretical support for the blood flow distribution in the bifurcated vessel and improves the 
FFRCT model. 
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1. Introduction  

The coronary fraction flow reserve (FFR) represents the gold standard for the evaluation of 
myocardial ischemia [1–4]. However, it is measured through an invasive operation with adenosine 
injection; this represents a limitation in some patients who are intolerant to adenosine [3,5]. The 
rapid advancements in computational fluid dynamics and medical images made it possible to 
perform a personalized hemodynamic simulation based on medical images. By combining the 
advantages of computed tomography imaging (CTA) and FFR, a new non-invasive technique 
(FFRCT) was proposed to assess the coronary artery stenosis from both anatomical and functional 
aspects [6–9]. The consistency of FFRCT and FFR was evaluated in the multi-center, early 
prospective study of DISCOVER-FLOW (Diagnosis of Ischemia-Causing Stenoses Obtained Via 
Noninvasive Fractional Flow Reserve) [7,10,11]. The results showed a good consistency. 

Taylor et al. laid the foundation for the numerical calculation of FFRCT in HeartFlow NXT [4, 
9–13]. Calculating FFR based on the coronary CTA image includes five basic processes: 1) Based on 
the CTA images, the patient’s accurate and personalized anatomical model of the epicardial coronary 
artery is constructed; 2) Based on the assumption that there is no vascular stenosis, the total coronary 
flow and the flow of each branch in the resting state are accurately evaluated; 3) Coronary 
microcirculation resistance is calculated at rest; 4) The change in the coronary microcirculation 
resistance is quantified under maximum hyperemia; 5) The control equation (N-S equation) of the 
coronary fluid is numerically calculated to obtain the flow rate and pressure in the coronary artery in 
the resting and hyperemic states, and FFR is calculated. Combining anatomy, physiology and 
computational fluid dynamics makes it possible to calculate the blood flow and pressure in the 
coronary arteries in a hyperemic state. However, in the second step, the coronary artery branch flow 
cannot be measured in the clinic, so the subsequent calculations cannot be performed. To solve this 
problem, the most commonly used method is based on the assumption of the blood flow diameter 
scaling law to evaluate the flow in bifurcated vessels. 

The power-law scaling relationship has been assumed to be ubiquitous in biology and it is 
relevant to the domains of medicine, nutrition and ecology [14–16]. Eighty years ago, Murray 
proposed a compromise between the frictional and metabolic cost, expressed as a cost function. 
Murray’s law predicts a universal exponent that is invariant (3.0) for all vascular trees with internal 
flows obeying laminar conditions [15,17,18]. Unlike Murray’s law, Zhou et al. showed that the 
exponent of the blood-diameter scaling law is not necessarily equal to 3.0, but it depends on the ratio 
of the metabolic to viscous power dissipation of the tree of interest [19,20]. Subsequently, Lucian et 
al. proposed several power coefficient values (ranging from 2.1 to 3) based on the assumption that 
blood flow requires minimal energy, and they verified their suggestions with a bifurcated asymmetric 
vascular tree [21]. Eventually, 2.7 was extrapolated as the best exponent of the blood-diameter 
scaling law. Besides, Yunlong Huo et al. did not reference empirical parameters when constructing 
the coronary artery tree. They derived that the blood flow of the bifurcated vessel is proportional to 
the 7/3 power of the diameter based on the relationship between the predicted volume and diameter 
of the intraspecies scaling theory index 3.0 [17,22,23]. The above-mentioned widely used blood 
flow-diameter scaling laws are obtained by performing least-squares fitting of various organs 



3129 

Mathematical Biosciences and Engineering  Volume 19, Issue 3, 3127-3146. 

through a variety of animal experiments. However, for many blood flow diameter scaling laws, 
which one is suitable for the blood flow distribution of human coronary bifurcation vessels and how 
to perform the numerical calculation of FFRCT [24–26]. 

This study retrospectively calculated the microcirculation resistance under different blood 
flow-diameter scaling laws of 3, 2.7 and 7/3 and used it as the exit boundary condition of FFRCT in 
the simulation calculation. The accuracy of FFRCT was evaluated with invasive FFR as the standard, 
which derived the optimal blood flow-diameter scaling law that is suitable for the FFRCT simulation 
calculation. This provides a theoretical basis for the blood flow distribution of coronary bifurcation 
vessels and is significant for modifying the 0D/3D coupling model to improve the accuracy of FFRCT. 

2. Materials and methods 

In this study, an open-loop 0D/3D geometric multi-scale model was used to numerically 
simulate FFRCT under different blood flow diameter scaling laws. The accuracy of the simulation 
results of the three methods was evaluated with the clinically measured FFR as the evaluation 
standard. The whole research process included four main parts: the collection of physiological 
parameters and structural parameters, Rm calculation, the 0D/3D multi-scale model setting and 
comparative analysis of the simulation results, as shown in Figure 1. 

 

Figure 1. Flow chart of the research framework. 

2.1. Study population and design 

This study was designed as a retrospective study and approved by the ethics committee of 
Peking University People’s Hospital. The coronary artery disease (CAD) patients enrolled in the 
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group signed an informed consent form. 
The entire enrollment and exclusion process is shown in Figure 2. In detail, the inclusion and 

exclusion criteria of 50 stable and unstable CAD patients should meet the diagnostic criteria of 
local CAD patients. 9 patients were excluded due to clinical instability, 1 patient had arrhythmia, 3 
patients had poor CT image quality resulting in incomplete reconstruction of the coronary artery 
tree, 7 patients were excluded due to stenosis before the first bifurcation node (the stenosis of 5 
patients was located in the left main stem, while the stenosis of 2 patients was located in the 
proximal right coronary segment), 2 patients were excluded due to incomplete ultrasound results, 2 
patients were excluded due to diabetes with suspected microcirculation dysfunction. Finally, 26 
patients were enrolled in the group. Among which 19 patients had non-myocardial ischemia and 7 
patients had myocardial ischemia. 

 

Figure 2. Enrollment and exclusion process of the study population. 

Before invasive FFR measurement, multiple clinical examinations were required, such as 
brachial artery blood pressure measurement, CTA examination, ultrasound examination and 
biochemical examination. The FFR value was obtained in standard operating procedures. The 
patients were all in the supine position, and under the digital subtraction angiography machine (DSA, 
PHILIPS, Netherlands), adenosine triphosphate was injected at a uniform rate of 140~180 
g/kg/min to make the coronary blood vessels reach the maximum hyperemia state. The interval 
between various inspections should not exceed 30 days. 

2.2. Rm calculation under three kinds of flow-diameter scaling laws 

The necessary information for the calculation of Rm was the physiological parameters of the 
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patient and the structural parameters of the coronary arteries. The patient’s physiological parameters 
mainly included the heart rate (HR), systolic blood pressure (SP), diastolic blood pressure (DP), left 
ventricular end-systolic volume (ESV) and left ventricular end-diastolic volume (EDV), which could 
be retrieved from the Hospital Information System (HIS). As for the structural information of the 
coronary artery, it included the length of the blood vessel (Lv) and its cross-sectional area of the 
blood vessel (Av), which were measured from the coronary artery reconstructed based on the 
patient’s CTA images.  

The reconstruction of the three-dimensional (3D) model was based on the patient’s computed 
tomography image (CT). In this study, all coronary CTA examinations were performed on CT 
scanners with ≥ 64 detector rows (Revolution, GE, USA) and double cylinder high-pressure syringe 
(STELLANT, MEDRAD Inc., USA). The CT images in DICOM format were imported into Mimics 
Version 19.0 (Materialise, Inc., Belgium) software. Two professional technicians manually 
reconstructed the coronary artery tree and performed cross-checking. Coronary angiography was 
used as a control, and coronary vessels with a diameter of more than 1 mm were preserved. If the 
reconstructed model was different, then a third professional technician would perform the 
reconstruction. Finally, physicians with more than 10 years of clinical experience were invited to 
check all reconstructed 3D models to ensure the accuracy of the models. 

 

Figure 3. Coronary artery 3D reconstruction. (A) 3D reconstruction based on the patient’s CT 

images. The stenosis was located in the left anterior descending branch (LAD), and vessels with a 

diameter of 1 mm or more were preserved. (B) The length from the root of the coronary artery to 

the first bifurcation was denoted as L5, the length from the first bifurcation to the second 

bifurcation was denoted as L6 on LAD, and the length from the first bifurcation node to the end 

of the blood vessel was denoted as L11 on the left circumflex (LCX). (C) After the first 

bifurcation, we measured the cross-sectional area of the blood vessel perpendicular to the center 

line, avoiding the stenosis, and marked the areas as A6 on the LAD and A11 on the LCX. 

Each bifurcation of a blood vessel was represented as a node, and the distance between every 
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two nodes was defined as the length of the vessel. The centerline measurement method was more 
accurate, which could avoid the error caused by the blood vessel surface measurement. The size of 
the cross-sectional area was the size of the area where the diameter of the blood vessel did not 
drastically change after each node. It was necessary to ensure that the cross-section was 
perpendicular to the centerline of the blood vessel as much as possible [27,28], as shown in Figure 3. 

The numerical calculation of Rm was carried out in an ideal state, i.e., the blood vessel was not 
narrowed. Based on the pressure drop and the mean blood vessel flow, the equivalent resistance for 
each coronary artery tree could be calculated, as shown in Eq (11). However, the pressure drop and 
flow could not be directly obtained in the real coronary artery model, and the calculation needed to 
be started from the coronary artery root. 

Taken the model in Figure 4A as an example, the stenosis was located in the proximal part of 
LAD, and the resistance of the arterioles and capillaries after the bifurcation of the blood vessel was 
R6m. The entire left coronary artery could be simplified as shown in Figure 4B. According to the 
principle of blood vessel modeling, the bifurcated blood vessel was equivalent to a parallel circuit [29], 
as shown in Figure 4C. 

 

Figure 4. Rm calculation model. (A) There was a large number of small arteries and capillaries 

in the posterior segment of the blood vessel, which represented the main part of the Rm; (B) The 

simplified model of the left coronary artery. The resistance of each segment of the blood vessel 

was recorded as R5, R6 and R11. R6m and R11m represented the Rm at the back end of the 

blood vessel; (C) The resistance on the same blood vessel was a series circuit, and the bifurcated 

blood vessel was a parallel circuit. 

In this process, the pressure of the right atrium was assumed to be 0 mmHg. The cardiac output 
Qco could be obtained through ultrasonic measurement of EDV and ESV, assuming that the coronary 
flow Qcor was 4% of the cardiac output, and the left coronary flow Ql represented 60% of coronary 
flow [2,9,10,30]. The pressure P of the coronary artery was the mean arterial pressure, as shown in 
the Eqs (1)–(4). 
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The resistance of normal blood vessels was mainly caused by the blood viscosity. Coronary 
vessels were divided according to the bifurcation nodes, and the resistance of the vessels between 
each two nodes, such as R5, R6 and R11, could be calculated according to Eq (5). 
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where Lv denoted the length of the blood vessels of two branch nodes, Av was the cross-sectional 
area at the beginning of the vessel, and  represented a blood viscosity 0.0035 Pa·s. 

The blood flow was proportional to the power of the diameter, and the flow of bifurcated blood 
vessels was obtained by Eq (6), in which i represented the number of forked nodes, i.e., the number 
of forked layers (i = 1, 2, 3...), and j represented the number of bifurcated vessels on a bifurcation 
node (j = 1, 2, 3...). In this study, the Rm values when α was 3, 2.7 and 7/3 were calculated and 
recorded as 3Rm, 2.7Rm and 7/3Rm, respectively. 
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By subtracting the pressure drop of the blood vessel from that of the coronary artery root, the 
pressure of the coronary microcirculation could be obtained in LAD. Rm was calculated by Eq (7). 
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2.3. Simulation calculation under different power-law scaling 

A widely recognized open-loop 0-3D geometric multi-scale model was used for FFRCT 
simulation calculation, as shown in Figure 5. 
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Figure 5. Open-loop 0-3D geometric multi-scale coupling model. 

2.3.1. 3D model settings 

In this study, all models were meshed using the tetrahedral meshing method in the ANSYS 
workbench 14.5 software. The simulation parameters were set in the ANSYS CFX 14.5 software. 
The material properties of blood were set as adiabatic, isotropic, incompressible Newtonian fluid 
with a density of 1050 kg/m3 and a viscosity of 0.0035 Pa·s. The blood vessel wall was defined as a 
non-slip rigid wall. 

2.3.2. 0D model settings 

In the geometric multi-scale model, the zero-dimensional (0D) part (lumped parameter model) 
was mainly composed of three modules: the heart module (inlet boundary conditions), systemic 
circulation module (systemic circulation exit boundary conditions) and coronary artery module 
(coronary exit boundary conditions). In each of these modules, the resistance (R) was used to 
simulate the flow resistance, the capacitance (C) was used to simulate the vascular compliance, and 
the inductance (L) was used to simulate the blood inertia. In the heart module, the heart valve was 
simulated by the diode, and the left ventricle was simulated by the variable capacitance C(t). At the 
same time, a left ventricular module (LV) was added at the distal end of the coronary module to 
simulate the effect of myocardial contraction on the coronary blood flow. 

The pressure-volume relationship was used in the ventricular module to describe the change in 
the variable capacitance in a cardiac cycle [27,31], as shown in Eq (8). 
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where E(t) denoted the time-varying elasticity (mmHg/ml), which was the reciprocal of the variable 
capacitance C, V(t) and P(t) represented the time-varying ventricular volume (ml) and pressure 
(mmHg), respectively, and V0 (ml) denoted the reference solvent. Mathematically, Eq (9) was used 
to describe E(t): 

𝐸ሺ𝑡ሻ ൌ ሺ𝐸௠௔௫ െ 𝐸௠௜௡ሻ ⋅ 𝐸௡ሺ𝑡௡ሻ ൅ 𝐸௠௜௡                      (9) 

En(tn) represented the normalized time-varying elasticity, expressed in Eq (10): 
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where 𝑡௡ ൌ
௧

೘்ೌೣ
, ctT 15.01.0max  , and tc denoted the cardiac cycle (s). 

In the coronary artery module, the coronary exit boundary conditions were Rm, mainly 
consisting of the coronary arterial resistance Ra, coronary arterial microcirculation resistance Ra-m 
and coronary venous microcirculation resistance Ra-v. According to literature, their proportions 
were 0.32, 0.52 and 0.16, respectively. When the patient transitioned from a resting state to a 
hyperemic state, the Rm became 0.24 times that of the resting state [10,27]. 

2.3.3. Coupling model settings 

The upstream and downstream blood vessels of the 3D model were represented by a lumped 
parameter model and solved by the displayed Euler method. The two models were connected by 
interface conditions (pressure and flow were continuous). To realize the 0D/3D coupling, the 
software development was performed. The secondary development system was a user-defined 
subroutine based on the FORTRAN language. 

2.3.4. Multi-method simulation settings 

In order to verify the influence of the power law scaling of the blood flow diameter on the 
simulation results, we repeated the FFRCT simulation with 3Rm, 2.7Rm and 7/3Rm as the exit 
boundary conditions without changing any other settings, the simulation program or FFRCT 
measurement position. The results were recorded as 3FFRCT, 2.7FFRCT and 7/3FFRCT, respectively. 

2.4. Statistical analysis 

Statistical analysis was performed using the SPSS Version 23.0 (IBM, New York, USA) and 
MedCalc Version 15 (MedCalc Software, Ostend, Belgium) software. In the demographic analysis, 
continuous data were represented by the mean ± standard deviation and the correlation between 
continuous variables and FFR was expressed by ANOVA. Qualitative data were represented by the 
statistical frequency and percentage, and the chi-square test was used to express the correlation 
between qualitative variables and FFR. In the correlation analysis, a p-value of less than 0.05 
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indicated statistical significance. 
The simulated FFRCT and the clinically measured FFR were continuous values, and the 

Bland-Altman diagram was chosen to analyze the consistency of the two methods. If the difference 
between the two measurement results was clinically acceptable, within the 95% limits of agreement 
(95% LoA), then a good agreement could be considered between the measurement results of the two 
methods. The smaller the 95% LoA, the better the consistency. The area under the curve (AUC) 
value of the receiver operating characteristic (ROC) was used as the criterion to evaluate the 
diagnostic performance. The closer the AUC to 1, the better the diagnostic performance. 

3. Results 

3.1. Patient characteristics 

As shown in Table 1, there was a clear correlation between the Rm calculated under the three 
powers and the clinically measured FFR value. The average values of 3Rm, 2.7Rm and 7/3Rm 
were 146.02 ± 80.73, 149.13 ± 80.94 and 154.17 ± 83.59 mmHg/ml/s, and their p-values were 0.004, 
0.005 and 0.010, respectively. Subsequently, the p-values of the correlation between gender, age, HR, 
SP, DP, EDV, ESV and invasive FFR were all greater than 0.05, indicating that the correlation was 
statistically insignificant. 

Table 1. Patient characteristics. 

Variables Value P value 

Gender (male/female, percentage) 20/6, 76.9% 0.455 

Age (𝑥̅ േ 𝑆, year) 60.73 ± 8.79 0.573 

Heart rate (𝑥̅ േ 𝑆, beat/min) 66.86 ± 13.43 0.285 

Systolic blood pressure (𝑥̅ േ 𝑆,mmHg) 127.57 ± 25.64 0.275 

Diastolic blood pressure (𝑥̅ േ 𝑆,mmHg) 73.67 ± 16.24 0.293 

Left ventricular end-systolic volume (ESV) (𝑥̅ േ 𝑆,ml/min) 81.79 ± 50.96 0.449 

Left ventricular end-diastolic volume (EDV) (𝑥̅ േ 𝑆,ml/min) 60.45 ± 43.72 0.895 

Calculated Rm under Q ∝ 𝐷ଷ (3Rm) (𝑥̅ േ 𝑆,mmHg/ml/s) 146.02 ± 80.73 0.004 

Calculated Rm under Q ∝ 𝐷ଶ.଻ (2.7Rm) (𝑥̅ േ 𝑆,mmHg/ml/s) 149.13 ± 80.94 0.005 

Calculated Rm under Q ∝ 𝐷଻/ଷ (7/3Rm) (𝑥̅ േ 𝑆,mmHg/ml/s) 154.17 ± 83.60 0.010 

3.2. Clinical reliability of the 3FFRCT, 2.7FFRCT and 7/3FFRCT 

The average values of 3FFRCT, 2.7FFRCT and 7/3FFRCT were 0.827 ± 0.172, 0.825 ± 0.169 
and 0.824 ± 0.167, respectively, which were slightly higher than the clinically measured FFR (0.814 
± 0.151). Figure 6 shows the scatter plot of FFRCT and FFR under the three different power-laws. 
The Pearson correlation coefficients of 3FFRCT, 2.7FFRCT and 7/3FFRCT with FFR were 0.95, 
0.95 and 0.96, respectively, p-value < 0.001, indicating a good correlation between the results of the 
simulation calculation and those of the clinical measurement. In particular, the simulated 7/3FFRCT 
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was slightly better than the other two. 

 

Figure 6. Scatter plots of three kinds of blood flow-diameter. 

Figure 7 shows the Bland-Altman diagram. The average difference between 3FFRCT, 
2.7FFRCT, 7/3FFRCT and FFR was 0.01, and the 95% LoA were -0.11~0.12, -0.09~0.11 and 
-0.08~0.11 (n = 26), respectively. Obviously, FFRCT was slightly overestimated compared with the 
clinically measured FFR, but the results of 7/3FFRCT-FFRCT were most concentrated in the 
simulation results of the three different blood flow-diameter power laws. 

 

Figure 7. Bland-Altman diagram between three kinds of blood flow-diameter power-law 
simulation FFRCT and clinically measured FFR. 

3.3. Diagnostic performance of FFRCT under three power-laws of blood flow-diameter 

The diagnostic performance of FFRCT was evaluated using the ROC curve analysis. Figure 8 
shows the ROC curve of FFRCT using a cut-off clinically measured FFR of ≤ 0.80. In the case of 
3FFRCT, 2.7FFRCT and 7/3FFRCT, the AUC values were 0.944 [95% (CI): 0.777–0.996], 0.962 [95% 
(CI): 0.805–0.999], and 0.962 [95% (CI): 0.805–0.999], respectively. 
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Figure 8. Receiver-operating characteristic (ROC) curve of FFRCT using the cut-off 
invasive FFR of ≤ 0.8 on a per-vessel basis. (A) The blue line represents the ROC curve 
of 3FFRCT; (B) The green line represents the ROC curve of 2.7FFRCT; (C) The orange 
line represents the ROC curve of 7/3FFRCT. 

Correspondingly, the standard errors were 0.0536, 0.0400 and 0.0400, respectively, as shown in 
Table 2. The metrics of sensitivity, specificity, positive predictive value (NPV), negative predictive 
value (NPV) and accuracy were also important indicators for evaluating the diagnostic performance, 
as shown in Table 2. 

Table 2. The diagnostic metrics of three numerical simulation results. 

Diagnostic metrics 3FFRCT 2.7FFRCT 7/3FFRCT 

AUC (95% CI) 0.944 (0.777–0.996) 0.962 (0.805–0.999) 0.962 (0.805–0.999) 

SE 0.0536 0.0400 0.0400 

Sensitivity 94.7% 100% 100% 

Specificity 85.7% 85.7% 85.7% 

PPV 85.7% 85.7% 85.7% 

NPV 94.7% 100% 100% 

Accuracy 92.3% 96.15% 96.15% 

Threshold 0.816 0.787 0.791 

2.7FFRCT and 7/3FFRCT had the same sensitivity, specificity, PPV, NPV and accuracy in 
judging myocardial ischemia, which were higher than the metrics of 3FFRCT. During the whole 
calculation process, the corresponding thresholds for judging the myocardial ischemia were 0.816, 
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0.787 and 0.791, respectively. The diagnostic threshold of 7/3FFRCT was the closest to 0.8. Based 
on the above-presented data, it was found that FFRCT had the best diagnostic performance when the 
blood flow-diameter power-law scaling was 7/3. 

4. Discussion 

The blood flow diameter power-law scaling combined the structure and function and 
represented the supply-demand relationship between blood and the myocardium. The variable 
power-law size affected the distribution of blood flow in the blood vessel. In addition, it further 
affected the setting of the CFD exit boundary condition Rm, which had special significance for the 
accuracy of the simulation results. 

4.1. The relationship between Rm and FFR 

A significant correlation between Rm and the clinically measured FFR can be observed in Table 1, 
which was closely related to the calculation method and process of Rm. The calculation method was 
explained by the theoretical simplified model, as shown in Figure 9. 

 

Figure 9. A simplified model explaining the calculation method. 

Blood flow from the left ventricle into the blood vessel, and finally circulates to the right atrium 
through the capillaries. Since the pressure (Pv) of the right atrium is smaller than the pressure (Pa) of 
the left ventricle, this work assumed Pv to be 0 mmHg. Vascular resistance (Rv) is mainly caused by 
the blood viscosity, and the blood pressure drop ( p ) can be obtained. Then, the calculation method 
of Rm can be obtained by Ohm’s law, as shown in Eq (11). 

𝑅௠ ൌ ௉ೌ ି௱௣

ொ
                                 (11) 

Rm represented the resistance produced by all blood vessels at the back of the stenosis. In 
Equation 11, p  denoted the pressure drop of a blood vessel, which is related to the length and 
cross-sectional area of the corresponding blood vessel. Similarly, Q represented the mean flow, 
which is affected by the diameter of the blood vessel. Throughout the entire calculation process, Rm 
did not only involve the patient’s personalized physiological parameters, but also involved the 
patient’s coronary artery structure. Therefore, the calculated Rm represented the predictive value of 
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the comprehensive calculation of the patient’s structure and function evaluation. 

4.2. Analysis of three kinds of simulation results and evaluation of diagnostic performance 

The prediction threshold of 3FFRCT (0.816) was greater than 0.8, but the prediction threshold 
of 2.7FFRCT (0.787) and 7/3FFRCT (0.791) was less than 0.8. This was related to the data 
distribution. ROC curve analysis could get the Yoden index, as shown in the Eq (12).  

Youden Index = Sensitivity + Specificity -1                     (12) 

The value corresponding to the largest Youden index was the prediction threshold. In other 
words, the threshold was the value with the best sensitivity and specificity. The predicted threshold 
value distinguishes the result of ischemia and ischemia to the greatest extent consistent with the 
result of FFR judgment. According to the distribution of the simulation results, the ROC curve 
analysis automatically calculated the points with the highest sensitivity and specificity to obtain the 
predicted threshold. The distribution of FFRCT data was not the same, and the prediction threshold 
was also different. However, the closer the threshold was to 0.8, the closer the distribution of FFRCT 
was to that of FFR. 

Figure 7 shows that the average difference between 2.7FFRCT, 7/3FFRCT and clinical FFR was 
0.01, which showed that the simulation results overestimated FFR. Correspondingly, Table 2 shows 
that the prediction threshold of 2.7FFRCT and 7/3FFRCT was lower than 0.8. This phenomenon was 
related to the data processing method. FFR was a continuous variable when performing 
Bland-Altman diagram analysis. In contrast, the thresholds of the three methods were predicted by 
ROC curve analysis, with FFRCT as the test variable and FFR (0.8) as the state variable. FFR was a 
categorical variable. FFR ≥ 0.8 was defined as non-ischemic, and FFR < 0.8 was defined as ischemic. 
So, for non-ischemic data, no matter whether FFRCT was 0.8 or 1, there was almost no difference 
for the ROC curve. 

4.3. Effect of the three kinds of blood flow-diameter power-law scaling on the flow in bifurcated vessels 

The allometric scaling law represents the basis to understand the morphological and 
hemodynamic characteristics of biological vascular trees and is of great significance to the 
construction of vascular models. In this work, we found that having blood flow proportional to the 
power 7/3 of the diameter is more suitable for the simulation calculation of FFRCT, and it has a 
higher accuracy than the FFRCT calculated by the powers 3 and 2.7. This phenomenon may be 
related to the geometry of the coronary artery. 

The influence of the coronary artery structure on the blood flow diameter scaling law was 
mainly reflected in the branch diameters of blood vessels of the same bifurcated vessel. Assuming 
that the stenosis was on vessel j of branch i, and there were two vessels at the bifurcation, the blood 
flow of the vessel could be calculated as in Eq (6). Dij/Di(j+1) could represent the relative size of the 
blood vessel in which the stenosis was located, represented by the letter A. Then the formula can be 
transformed into Eq (13). 

lA
QQ ）（

1

1
1

ij 
 

                             (13)
 



3141 

Mathematical Biosciences and Engineering  Volume 19, Issue 3, 3127-3146. 

This is a piecewise function. When A was greater than 1, as the power increased, the flow 
gradually increased, and A when was less than 1, as the power increased, the flow gradually 
decreased. Correspondingly, only when A was 1, no matter how the power changed, it would not 
affect the flow. This phenomenon leads to a greater dispersion of FFRCT obtained by simulation 
when the power is 3. In the past 80 years, many papers on Murray’s law and exponential verification 
have been published. These studies show that the 3.0 application has significant dispersibility in all 
coronary trees with an internal flow that obeys laminar flow conditions [14–20]. This may be the 
reason why 7/3FFRCT is better than the other two methods. 

4.4. The differences among three kinds of results 

 

Figure 10. Scatter plot of the differences between the three types of FFRCT. The figure shows 

the differences in three kinds of simulation results of 26 patients. The blue dots represent the 

difference between 3FFRCT and 2.7FFRCT; the red dots represent the difference between 

3FFRCT and 7/3FFRCT; and the green dots represent the difference between 2.7FFRCT and 

7/3FFRCT. The simulation result of the 25th patient has the largest difference, which is 0.027 

marked with a red circle. The FFR cloud chart of patients with the largest results difference under 

the three kinds of blood flow-diameter scaling laws. 

The simulation results of the three power scaling laws did not show much change, but this 
phenomenon was acceptable. The scatter plots of the difference between 3FFRCT and 2.7FFRCT, 
3FFRCT and 7/3FFRCT, and 2.7FFRCT and 7/3FFRCT were shown in Figure 10A. It could be 
found that the maximum difference of the simulation results was 0.027, and its corresponding 
3FFRCT and 7/3FFRCT values were 0.947 and 0.920, respectively, as shown in Figure 10B and 10C. 
Correspondingly, the difference between 3Rm and 7/3Rm was 84 mmHg/ml/s. Previous works that the 
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Rm in the hyperemic state to be 0.24 times Rm in the resting state [29], which narrows the gap in the 
exit boundary conditions simulated by FFRCT. At the same time, FFR is a dimensionless value 
between 0–1 [8,29,31], which further narrows the gap between the simulation results of different 
power scaling laws. 

4.5. Application of blood flow diameter scaling law in recent research methods 

The simulation of FFRCT makes non-invasive FFR calculation possible, which has passed the 
FDA certification [1,6]. However, it has disadvantages, including the long time of the entire process, 
large amount of calculation and complicated operation. This makes non-professionals unable to 
operate it, so the simulation results cannot be presented in real time and the clinical development of 
this technology is limited. 

The rapid development of machine learning (ML) has made the application of FFRCT possible. 
The process of using ML generally consists of four parts: 1) the ML framework is built; 2) the 
training set is used for supervised learning; 3) the verification set is used to determine the parameters 
of the network; 4) the test set is used to verify the optimal performance of the model. Previous 
research focused on the ML framework, such as random forest (RF), self-organizing map (SOM), 
support vector machine (SVM), fully connected neural network (FC), long and short-term memory 
unit (LSTM), TreeVes -D, TreeVes-U and TreeVes-Net [32–36]. 

However, the training set includes a set of samples of known categories to adjust the parameters 
of the classifier to achieve the required performance. Hence, the accuracy of the training set is very 
important. The method of this research improves the accuracy of FFRCT, which can be applied to 
improve the accuracy of the training set and validation set. This lays the foundation for the use of 
machine learning in the flow field in the coronary arteries. 

smartFFR was a new method of true onsite and real-time, geometrically derived coronary artery 
stenosis function assessment. Its inlet boundary condition was an average static pressure of 100 
mmHg, and its outlet boundary condition was an increased transient flow profile. In order to do this, 
after evaluating the diameter and cross-sectional area of the branch, Murray’s law was applied, 
which stated that the flow of the branch was proportional to 3 exponent of the corresponding 
diameter of the branch. This study pointed out that the accuracy of FFRCT simulation with an 
application of the 7/3 exponent was higher than that of the 3 exponent. In future work, it could be 
applied to smartFFR to check whether 7/3 could improve the accuracy of smartFFR [37]. 

4.6. Limitations 

This work had some limitations. Firstly, the number of enrolled groups was not large enough, 
the selection of data was biased, and there were fewer ischemic vessels than non-ischemic vessels. 
Secondly, the research performed based on the assumption that the ratio of flow distribution between 
the left and right coronary arteries was 6:4, which was not personalized. Finally, a constant blood 
viscosity value of 0.0035 Pa.s was applied in the simulation, which was not a personalized value. 

5. Conclusions 

The blood flow-diameter power-law scaling affects the calculation of blood flow distribution 
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and microcirculation resistance; hence, it affects the simulation results of FFRCT. This paper 
simulated and calculated FFRCT in the case of 3, 2.7 and 7/3 powers. Through retrospective analysis 
between these results and invasive FFR, the accuracy of FFRCT was shown to be the highest when 
the blood flow diameter scale law was 7/3. This has positive significance for the improvement of the 
FFRCT model and the accuracy of the model. 
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