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Abstract: This article investigates the due-window assignment scheduling problem with setup times
on a single machine, where setup times of jobs are past-sequence-dependent. Under common, slack
and unrestricted due-window assignment methods, the goal is to determine the optimal job sequence
and due-window such that the cost function (i.e., the weighted sum of earliness and tardiness, number
of early and tardy jobs, due-window starting time and size) is minimized. We solve the problem
optimally by introducing a polynomial time algorithm. An extension to the problem with learning and
deterioration effects is also studied.
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1. Introduction

Koulamas and Kyparisis [1] studied single machine problem with past-sequence-dependent setup
times (denoted by psdst). They showed that the problem 1|psdst|Z can be solved in polynomial time,
where Z € {Cpax = max{C,[ = 1,2,...,n}, X, G, 1L, X1, IC; — C)l} and C, is the completion time
of job J;. Biskup and Herrmann [2] showed that the problem 1|psdst| Y./, L; can be solved by the
SPT (smallest processing time) rule, where L, = C, - d, and d, is the due date of job J;. Koulamas
and Kyparisis [3] showed that the problem 1|psdst|Z can be solved in O(n?) time, where Z € {Lya =
max{C,—d;, [ =1,2,...,n}, Tmax = max{T},] = 1,2,...,n}} and T, = max{0, C, — d,}. For the objective
functions ), w,T; (total weighted tardiness) and )}, w, U, (weighted number of tardy jobs), they
proposed dynamic programming algorithms, where w; is the weight of job J;. Kuo and Yang [4],
Wang et al. [5], and Mani et al. [6] studied single-machine scheduling with psdst. Under learning
effects (i.e., the the actual processing time of J; if it is scheduled in position r is pf = p;r®, where
a < 0 is the learning rate), Kuo and Yang [4] proved that the problem llpf = pir®, psdst|Z can
be solved in polynomial time, where Z € {Cax, 2oy Ci Xiny 24 IC; = Cil, 20y aEy + bT) + ydy),
a,b and y are given non-negative constants. Wang et al. [5] showed that 1|p?* = p;r®, psdst|Z can
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be solved in polynomial time, where Z € {¥_, C7, YL, W, T, 25, IW; — Wil and W, = C, — P}
is waiting time of job J;. Mani et al. [6] gave a parametric analysis of normalising index on the
problem llpf = pir®, psdst| Y-, Z;?:, IC = C)| for a given value of a constant learning index. Under
job-dependent learning effects, Soroush [7] considered a bicriteria single machine scheduling problem
with psdst. Wang et al. [8] studied common and slack due-date assignment scheduling problems with
psdst. They showed that a non-regular objective function minimization remains polynomially solvable.
For new trends in scheduling problems with setup times/costs, please refer to Allahverdi [9], Pei et al.
[10], Mustu and Eren [11] and Weerdt et al. [12].

Recently, Wang [13] considered the due-date assignment problem, the objective is to minimize
P (aEl +bT,+6,U,+6,V, + ydl), where 6, and ¢§; are given non-negative constants. Under com-
mon (CON), slack (SLK) and different (unrestricted, DIF) due-date assignment methods, they showed
that 1|lCON/S LK/DIF, psdst| ¥}, (aEl +bT,+ 0,0, +6,V, + ydl) remains polynomially solvable. The
due-date assignment assumes that each job has a due-date, which is a point in time. However, in prac-
tice, the completion of a job (task) is often acceptable without penalty within a time interval, this is the
due-window (DW) assignment scheduling. DW assignment has become an important topic in Just-In-
Time manufacturing philosophy (see review papers Janiak et al. [14] and Rolim and Nagano [15]), i.e.,
the starting time and size of the DW can be adjusted to increase the flexibility of production and attrac-
tiveness to customers. For example, the process of negotiation between the producer and the customer
about the delivery time of the final products, the producers are responsible for quoting the starting time
of the DW and the window width to their customers. Both variables (i.e., the starting time and size of
the DW) are penalised at costs that represent the industries’ competitiveness (see Liman et al. [16]).

In this article, we address single-machine scheduling simultaneously with psdst and common (slack,
unrestricted) due-window assignment. The purpose is to identify an optimal job sequence, starting time
and size of DW, such that the generalized cost (penalty) is to be minimized. The contributions of this
article are given as follows: 1) We study the DW assignment single-machine scheduling with psdst,
where the objective is to minimize the generalized earliness and tardiness penalties (including earli-
ness, tardiness, number of early and delayed, due-window starting time and size); 2) Some optimality
properties are presented and showed that the problem remains polynomially solvable; 3) It is further
extended the model to the case with learning and deterioration effects.

The rest of this paper is organized as follows. In Section 2, the problem is described. In Section
3, we analyze the optimal properties of the problem and present polynomial time algorithms for the
methods of CONDW, SLKDW and DIFDW. In Section 4, we present extensive results to the model
with learning and deterioration effects. We conclude the article in the last section.

2. Problem definition

We sate the problem under study as follows: A set of n independent and non-preemptive jobs
N = {J,, J5,...,J,) needs to be processed on a single machine, and these jobs are available at time
zero. Let [I] be any job scheduled in the /th position, the psdst of job Ji; is: sy = ¢ Y42} P> Where pyg
is the processing time of job Jy;, and ¢(s > 0) is a given constant. The total processing requirement of
job J~[,] is gZi;ll P + piy- The due-window of job J; is defined as follows: (d/, d;'), where d; (d}) is
the starting (finishing) time of the due-window, and D, = d;' — d] is the due-window size of job J;. The
earliness (tardiness) of job J; is given by E; = max{0,d; — C;} (T; = max{0, C; — d}'}). If job J; is early

Mathematical Biosciences and Engineering Volume 19, Issue 3, 3110-3126.



3112

in a job sequence (i.e., C; < d)), U, = 1; otherwise, U, = 0; if job J; is tardy (i.e., C; > d;), vV, =1;
otherwise, V;, = 0.

The common due-window (denoted by CONDW, see Huang et al. [17], Wang et al. [18] and Wang
et al. [19]) assignment: d; = d’, and d;’ = d”, and D, = D = d” — d'. Our objective is to identify an
optimal sequence ¥, d’ and d” to minimize

n

G\, d'.d") =) (aEy+bT,+ 6,0, + 6,V + yd + wD), (1)
=1

where a, b, 0;, 6;, y and w are given non-negative constants.

The slack due-window (denoted by SLKDW, see Wang et al. [19], Wang et al. [20], Yin et al. [21]
and Yin et al. [22]) assignment: d; = s;+ p;+¢',d = s;+ p;+ 4", and D= d —d; = q”~— q’,yvhere
g’ and g” are the common flow allowances (i.e., common due-window parameters) and ¢! < ¢*. Our
objective is to identify an optimal sequence ¥/, ¢’ and ¢"’ to minimize

62(170, C[’, q,/) = Z (aEl + le + 91[]] + 61‘7] + ’}/q/ + (,t)D) . (2)
=1

The unrestricted due-window (denoted by DIFDW) assignment: it is assumed that there is a due-
window {(d;,d;") with no restrictions for job J;. Our objective is to identify an optimal sequence , d;
andd; (I=1,2,...,n) to minimize

Gy, dj,d)'y = > (aky+ b, + 6,0, + 6,V + yd; + wD). 3)

=1

Denoting the above methods of the problem by

1|/CONDW, psdst| Z (aZy + bT) + 0,0, + 6,V + yd + wD), (4)
=1
1|SLKDVV, deS[l Z (al:?l + le + 0101 + (5[‘71 + ’)’q, + wD) (5)
=1
and
1\DIFDW, psdist| Z (aEy + BT, + 0,0, + 6,V + yd; + wD)) (6)

=1

Obviously, there exists an optimal sequence such that all the jobs are processed consecutively with-

out idle time from time zero. For a given sequence ¥ = (J;13, Jpa, - - - » Jn)), as in Wang [13], we have
I I
Cip = (5w + pu) = Y [1+ 6 = )] pra- (7)
k=1 k=1
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3. Main results

3.1. CONDW/SLKDW

Lemma 1. For a given sequence ¥ of the CONDW assignment method, the optimal values of d' and
d" coincide with the completion time of some job respectively, i.e., d’ = Cyq and d”’ = Cp,y (k < ).

Proof. Case (i): Let Cj,_1; < d’ < Cpq and d” = Cy,), it follows that

k—1 n

k—1 n
Gi=Y ald -Cu)+ Y bCuy—d )+ ) O+ Y ou+nyd +nwd’ -d).

1=1 I=v+1 1=1 I=v+1
If & = C,_1) and d” = C},;, we have

k—1 n

k=2 n
GNII = a(C’[K_l] - é[[]) + Z b(é[[] - d”) + Z 9[[] + Z 5[1] + HYC[K_I] + I’l(,()(d” - C[K—l])'

=1 I=v+1 =1 I=v+1

If & = Cy,y and d” = Cy,}, we have

k—1 n

k—1 n
G;’ = Z Cl(é[K] - C[[]) + Z b(é[l] - d”) + Z 9[1] + Z 5[]'] + I’l’)’é[,d + I’l(,()(d” - C[K]),

=1 I=v+1 =1 Jj=v+1

G -G, = (k=Dad - Cpu_1y) + Oy + ny(d — Cp_1y) — nw(d — Ce_1y)
= (k= Da+n(y — )@ - Cp-1y) + O

and

G] — Gll, (K - l)a(d’ - C[K]) + ny(d' - C[K]) — I’l(,l)(d, - C[K])

[(x — Da + n(y — w))(d — Cpy).

If (k — Da +n(y — w) > 0, then G, > G’l, otherwise G| > GN’I’. Hence, the due-window starting time
d’ is equal to the completion time of some job.
Case (ii): Let &’ = Cj,y and Cp,_1; < d” < Cy, it follows that

K k—1 n

G = Z a(Crq = Cpy) + Z b(Cy —d") + Z O + Z o +nyd + nw(d” = d).

=1 I=v =1 I=v
When d’ = Cyy and d” = Cy,_yj, it follows that

K

n k—1 n
G~; = Z a(é[,(] - C[l]) + Z b(é[l] - C[v—l]) + Z 9[[] + Z 6[1] + l’l’}/d' + I’l(x)(é[y_l] - d/)

=1 I=v =1 I=v

When d’ = Cq and d” = Cy, it follows that
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K n k—1 n
G~,1/ = Z (l(é[K] - é[[]) + Z b(é[[] - é[v]) + Z 9[[1 + Z 5[1] + l’l’)’d, + I’l(A)(é[VJ - d,),
=1 I=v I=1 I=v+1

G -G = [mw-m-v+1)bld’ - C[v—]])
and
Gl —GN;’ = [na)— (I’l—V+ 1)b](d’/ —C[V]) +6[V].

If nw—(n—v+1)b >0, then G, > G~’1, otherwise G| > G’l’. Thus, the due-window finishing time
d"” is equal to the job completion time.

Case (iii): Similarly, let Cj,_;; < d’ < Cpq and Cp,_1; < d” < Cp,;. When d” is shifted to the left
(right) d”” — C},_1; (Cyy — d”’) units of time until @’ = Cj,_;; (@ = Cyy)), this is Case i. When d’ is
shifted to the left (right) &’ — Ci,_1j (Cjq — d’) units of time until &’ = Cpy (@’ = Ci,_1)), this is Case ii.

In summary, an optimal sequence exists in which d’ and d” are equal to the job completion time,
respectively. m|

Lemma 2. For a given sequence y of the CONDW assignment method, the optimal values d' = Ci

and d" = Cy,,, where
k< ["(w_—ﬂ ®)
a

ys {@} | ©)

Proof. This lemma can be easily proved by the standard technique of small perturbations. As given
in Lemma 1, there is an sequence in which @’ = Ci, and d” = C},;. When d’ reduces A (job Jiq is in
the due-window and job Jj,_y; is early), the effect of moving &’ is [-(k — 1)a — ny + nw]A > 0, it can be
obtained that k < @ + 1. When &’ increases A (job J,q is early and job J,4/; is in the due-window),

and

the effect of moving d’ is (ak + ny — nw)A + 64 > 0, thus, « > @ - % Since it is impossible to
determine the value %, it follows that « < |-"(“’T_7)-|
Similarly, it follows that v > [“&-]. o

Corollary 1. For a given sequence  of the CONDW assignment method, if 6, =6, =0(l =1,2,...,n),
the optimal values d' = Cyq and d” = C,;, where

K= V(w—_yﬂ (10)

a

and

)= {@} (11)

From Lemmas 1 and 2, for the CONDW assignment method, we have

G1(lﬁ, d/’d//)
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Z (GEU] + bTU] + 0[1] 0[1] + (5[1] ‘7[1] + ’yd, + OJD)
=1

k=1
= Z ClE[[] + Z bT[[] + Z 9[1] + Z (5[1] + I’l’)/d + nwD
=1 I=v+1 I=v+1

k—1 n

= Z G(C[K] - é[l]) + Z b(é[[] - é[y]) + Z 9[1] + Z 5[1] + I’l’}/é[,(] + l’l(,()(é[y] - C[K])

=1 I=v+1 =1 I=v+1

k=1
= Z [Z(1+g‘(K k) pig — Z(l"'g'(l_k))p[k])

=1 k=1

. I
+Z (Z(I‘FS‘(l—k))P[k Z(1+S‘(V—k))l7[k]) 29[1]4'25

I=v+1 1 I=v+1

+m{§ja+gw—k»pm}+m4;;a+g@—k»ma—;;a+bu—k»mm

= Z Opy + Z O + Z o1

I=v+1
where
a L(l = 1)(1 + gk — 1)) + Setpich|
o, = :L”(‘) +ry(1+ (k= D) +nwsv —1),  1=1,2,...,k
PUED e + 6(v = D), L= k4 LK+ 2,0,
b[—(2+g(n_lz))(n_l+])] , l=v+1,v+2,..,n

Similar to the CONDW assignment method, the following results can be obtained.

(12)

(13)

Lemma 3. For a given sequence ¥ of the SLKDW assignment method, the optimal values ¢’ = Cj,_1,

q" = Cp_1}, where k < ["(” 7)-| and v > ["(b;w)-| (k < V).

Corollary 2. For a given sequence  of the SLKDW assignment method, if 6, =6, =0(1 = 1,2, ...

. ~ ~ — b-
the optimal values q' = Cy_y) and q"” = C,_1), where k = [WW and v = [w-‘ .

From Lemma 3, it follows that
GZ(w» q” q//)

= Z (“Em +bT 1 + 6301 + 6,V +vq + w[))
=1

k—1

= Z aE[[] + Z bT[[] + Z H[[] Z 5[1] + l’l’yq + l’l(A)(q” —-q )
=1 I=v+1 I=v+1
k—1 n

= Z a(d[l] - C[l]) + Z b(C[l] - d[l]) + Z 9[[] + Z 6[1] + I’l’yC[K 1+ I’l(,t)(C[y - C[K 1])

=1 I=v+1 I=v+1

k—1 n

= Z a(sp + piy + Cre-ny = Ci) + Z b(Cry = sy = p = Cry-1p) + Z Oy + Z o)

=1 I=v+1 =1 I=v+1

,n),
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+nyC'[K_1] + nw(é[v_l] - C'[K 1)

k—1

= Za(C[K_l] —Cin) + Z b(Cpioyy — Cpony) + Z Oy + Z o

=1 =11 =1
+1yCie-ny + nw(Cyoy = Cpey)

k—1

k—1 -1
= Za[Z(l +sk—1-k) pu — Z(l +c(l-1 —k))P[k]]

=1

k=1
+Z (Z(1+§(l—1—k))l?[k1 Z(1+g<v—1—k>>p[k]]+ i

I=v+1  \k=1 =1
+ Z o +n7[Z (I+¢k-1 —k))p[k])
I=v+1

+nw[2(1 +6(v = 1-k) py — Z(l + (k=1 —k))P[k]J
k=1

= Z ©py + Z Oy + Z S (14)

I=v+1

aLl(1+g(K—1-1))+w]

¢(n—v+1)(n—v)

o = + +ny(1 + gk —1—-1)) + nws(v — «), [=1,2,..,k—1, (15)
P vt Do) (1 + g(v = 1= 1)), I=kk+1,.,v—1,
b[—@*“”‘l;”)(”")], I=v,v+1,..,n

Let x;, = 1if J; is placed in rth position, and x;, = 0; otherwise, If x and v are given, the op-
timal job sequence of the problems 1|CONDW, psdst| Y}, (aE, +bT,+6,U0,+6,V, +yd + wf)) and

1|SLKDW, psdst| 3/, (aEl + T +0,U,+6,V,+vq + u)f)) can be obtained by solving the following

Assignment Problem (AP):
Min Z Z \P[JX[J (16)
=1 r=1

Z?:l x, =1, r=1,2,...,n,
st Yooxy=1, [=1,2,..,n, a7
x,=0 or 1,
where,
®,p +6, r=12,...k—1,
Y, =2 0,p, r=xk,k+1,..v, (18)
®,p + 9y, r=v+1,v+2,..n,
for the CONDW assignment method, ©, is given by Eq (13); for the SLKDW assignment method, ©®,
is given by Eq (15).
From the above analysis, a polynomial time algorithm can be proposed to solve 1|CONDW, psd st|
27:1 (CZEI + le + 910] + 51‘71 + ’}/d, + Q)D) and 1|S LKDW, deSll Z;lzl(aEl+bT1+9101+51‘7[+’)/ql+(UD).
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Algorithm 1

Step 1. Calculate k and v (see Lemmas 2 and 3).

Step 2. For each pair of « and v, calculate ¥;, (see Eq (18)), to solve the AP (16)—(17). For each
pair of « and v, a suboptimal sequence ¥ (k, v) and a suboptimal objective value G(«, v) (G,(k, v)) can
be obtained.

Step 3. The global optimal solution is the one with minimum value

GT(G;) = min {G~1(K, V)(GZ(K, V))lK < "@“ v > "n(bl; 0))“} .

Step 4. For the CONDW assignment method, calculate &’ = Cq and d” = Cp,; (such D = d” -
d’ = Cp,) — C). For the SLKDW assignment method, calculate ¢ = Cj,_;; and ¢” = Cj,_yj (such
D=q"-q =Cy1) = Cp-1p)

Theorem 1. Algorithm I solves both the problems 1|\CONDW, psdst| Z?zl(aEI + b7, + 6,0, + 6,V
+yd' + wD) and 1|S LKDW, psdst| 3., (aEy + bT, + 6,0, + 6V, + yq' + wD) in O(n®) time.

Proof. The correctness of Algorithm 1 is guaranteed by Lemmas 1-3, and above analysis. Steps 1
and 4 take O(n); In Step 2 for each pair of k and v, solving the AP needs O(n*); k and v are less than n;
Step 3 takes O(n?). In summary, the overall time complexity of Algorithm 1 is O(n%). O

Now, we consider a special case, i.e., 6, =6, =0 ([ = 1,2,...,n), then « and v can be obtained by
Corollary 1, we have

n

Gi(w,d',d")Gow,q',q") = ) (aEip+bTiy +yd (¢) + wD) = ) Oupy, (19)
=1

J=1

where, for the CONDW assignment method, ©; is given by Eq (13); for the SLKDW assignment
method, @ is given by Eq (15).

The term (19) can be minimized by sequencing the vectors ®; and p; in opposite order (i.e., the HLP
rule, see Hardy et al. [23]) in O(n log n), hence, the problems 1|CONDW, psdst| Z;’:l(aE, +bT, +yd +
wD) and 1S LKDW, psdst| - (aE  + b1 +yq + a)ﬁ) can be solved by the following algorithm:

Algorithm 2

Step 1. Compute « and v (see Eqs (10) and (11)).

Step 2. By using the HLP rule to identify the optimal sequence.

Step 3. For the CONDW assignment method, calculate d’ = Cpq and d” = Cp,; (such D = d” -
d’" = Cy,) — Cq). For the SLKDW assignment method, calculate ¢ = Cj,_;; and ¢” = Cj,_yj (such

D=q"-q =Cp-1j— Cpee1)-

Theorem 2. Algorithm 2 solves both the problems 1|CONDW, psdst| 3], (aE, + b1, +yd + a)D) and
1|ISLKDW, psdst| 31, (aEl +bT +yq + a)D) in O(nlogn) time.

Mathematical Biosciences and Engineering Volume 19, Issue 3, 3110-3126.
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3.2. DIFDW

For a given sequence i, the objective function of job Jy; is
G~3,[1] = amax{d{l] - é[l], 0} + bmaX{C'[l] - dEl,]’ 0} + 9[1] U[[] + 6[1] ‘7[1] + ’)/dEl] + (.t)(dfl,] - dEl])' (20)
Lemma 4. For a given sequence y, there exists an optimal solution such that dy, < djj, < Cur-

Proof. Note that d;, < dy, then it can be divided into the following two cases.

Case (i). dfz] < C[l] < dEZ’], for job J;, we have

Gsp = ydy + w(dyy — diy).

4

If we move dj, to the left ensure that dj, = Cyj, we have
63,[1] = Vdfz] + w(é[l] - dfl]) < G3,[1],

it can be seen that Case (i) is not optimal.

Case (ii). C‘[l] < dfz] < dle]’ 1.e.,job f[,] is an early job, we have

G = aldfy — Cpy) + ydjy + 6y + w(d) — d])).

’ 1 r_
Move d};, and dj;, to the left ensure that dj;, = d[j; = Cyy), then

Gs =vCuy < Gap,

it can be seen that case (i) is also not optimal.

’ 1" A~
Hence, dj;, < djj < Cy. ]

Lemma 5. For a given sequence s, the optimal strategy for the DIFDW assignment is:
Case (i). fw > b, setdy; =d;=0(l=12,...,n);

Case (ii). If w <bandy > w, set dfz] = O,a’El’] = C‘[l] (1=1,2,...,n);

Case (iii). If w <bandy < w, serdj, =djp = Cyy (1=1,2,...,n).

Proof. For a given sequence ¢, from Lemma 4, d};, < d[j, < Cy, then for job Jy,

G~3,[l] = b(é[l] - dE;]) + 6[1] + ’}/dEl] + U)( E[’] - dE[]) = bé[l] + 6[1] + ()/ - O.))dE[] + ((1) - b)dfll]

Obviously, if w — b > 0, then d;, should be 0, i.e., d/,, = d];

U [ = 0. fw < bandy > w, d,, should be 0
and d//

~ ~ >
i should be Cpyy. If w < b and y < w, then d};; should be Cy;y and dj;; should be Cy;). It completes

the proof. O

Lemma 6. For the problem 1|DIFDW, psdst| 31, (aE’; + 0T+ 6,0, + 6,V + yd) + wi),), the optimal
sequence can be obtained by the SPT rule, i.e., the smallest processing time first rule.

Proof. From Lemma 5, for Case (i), if w > b and dEl] =d,=0((=1,2,...,n), then E~[l] =0,

o ~ - [1
T[l] = C[l]’ D[[] = 0, and

n

63(170, d,,dl”) = Z (ClEl + le + 910] + 51‘7] + yd; + a)D,) = bZ C[l] + Z 6[1].
=1 =1

=1
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For Case (ii) in Lemma 5, if w < b, v > w and dEl] =0, dEl’] = C‘[l] (I=1,2,...,n), then E[l] =0,
T[[] =0 and D[[] = C[[], and
G~3(!,0, dl,’ dl”) = Z (aEl + bT[ + 610[ + 51‘7[ + ’)/dl/ + a)[),) = W Z C[[].
I=1 =1
For Case (ii1) in Lemma 35, if w < b, ¥ < w and dfz] = dEl’] = C’[,] (Il =1,2,...,n), then E[l] = 0,
T[[] =0 and D[[] = 0, and
G~3(l//, d,, dl”) = Z (GE[ + bT] + 6]01 + (5]'Vj + ’)/dl’ + a)[)l) = ’)/Z C[[].
=1 =1
Stem from Koulamas and Kyparisis [1], 1|psdst| 3.}, C; can be solved by the SPT rule. Conse-
quently, the optimal sequence for Cases (1)-(ii1) is the SPT rule. It completes the proof. O
Based on the above analysis, the 1|DIFDW, psdst| 3, (aEl +bT,+6,0,+6,V, + yd; + wf),) prob-
lem can be solved by the following algorithm:

Algorithm 3
Step 1. Arrange the jobs in non-decreasing order of py, i.e., pjij < ppags - - - » < Pags
Step 2. Calculate ‘{fz] and dj;, by Lemma 5;

Step 3. Calculate Dy, = dj, — djj;.

Theorem 3. Algorithm 3 solves the 1|DIF DW, psdst| }}_, (aEl +bT,+6,U0,+6,V, + yd; + wﬁ;) prob-
lem in O(nlogn) time.

3.3. A case study

In this subsection, we present a case study to illustrate the calculation steps and results of the three
types of due-window assignment.

Assume a 6-job problem, wherea =4, b=7,¢ =2, vy=1,w=2,p1 =6,p, =8, p3 =9, p4
Ds :4,p6:5,91 :2,92:5,93 :6,94:4,95 :7,96: 1,51 :3,92:2,93:7,94:5,0
06 = 8.

From Algorithm 1, we have [@-I = 2 and [@] = 5. For the CONDW assignment, if « =
1,v =5, the values ¥, are given in Table 1. By the AP, the sequence is (1, 5) = (Js, Jg, J1, J4, J2, J3)
and G,(1,5) = 2026. Similarly, for k = 1,2,v = 5, 6, the results are shown in Table 2. From Table 2,
the optimal sequence is ¥* = (Js, Je, J1, J4, J2, J3), G’{ =1957,d = C’[z] =13andd” = 6[5] = 52 (such
D = 39).

7,
9

b

Table 1. Values of ¥;, fork = 1 and v = 5.

J\r 1 2 3 4 5 6
J| 696 588 444 300 156 45
J, 928 784 592 400 208 58
J; 1044 882 666 450 234 170
J, 812 686 518 350 182 54
Js 464 392 296 200 104 37
Jo 580 490 370 250 130 43
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Table 2. Results for the CONDW assignment.

(K, v) Gi(k,v)
(Js, Jo, J1, J4, T, J3) 2026
(JS’ J6’ Jl, J4, 12,13) 2340
(Jss Jos J1s Jay Iy J3) 1977
(Js, Js, J1, J4y T2y J3) 2315

NN = =X
AN LDt N | <

For the SLKDW assignment, the results are shown in Table 3. From Table 3, the optimal sequence
isy* = (Js, Jo, J1, Ju, Ja, J3), G = 1282, ¢ = Cpyy = 4 and ¢” = Cpgy = 37 (such D = 33).

Table 3. Results for the SLKDW assignment.

L”(K, V) G~2(K, V)
(JS’ J6’ -]1, J4, 12,13) 1307
(Js, Js, J1, J4, Jo, J3) 1340
(Js, Jo, J1, Jay Jo, J3) 1282
(Js, Jos J1, sy J2y J3) 1315

N N = =X
AN Lt N | <

For the DIFDW assignment, the optimal sequence is ¥* = (Js, Jg, J1, J4, J2, J3), G~§ =199, d; =
d/ =Cs=4,d,=d! =Co=13,d; =d/ =C,=24,d, =d] =C, =37,d;, =dj = C, = 52,
dgzdg,:C~'3:69,D5:D6:D1 :D4:D2:D3:0.

4. Extensions

As in Wang [24] and Yang and Kuo [25], for learning and deterioration effects, if job J; is scheduled
in rth position, its the actual processing time is pf = (p; + pt)r* and p‘;‘ = pir™ + Bt;, where 5 > 0
is the deterioration rate (see Gawiejnowicz [26]), @ < 0 (; < 0) is the learning rate (Azzouz et al.
[27], Wang et al. [28]), and #, is the starting time of J;. As in Cheng et al. [29], for the position-based
learning and deterioration (aging) effects, if job J; is scheduled in rth position, its the actual processing
time is pf = pir®r?, where —1 < a < 0 is the learning rate of job J;, 0 < 8, < 1 is the deterioration
(aging) rate of job J;. The problem with learning and deterioration effects can be denoted by

11X, 7, psdstlZ,

where X € {CONDW, S LKDW,DIFDW}, Y € {p! = (p; + Btpr®, p} = pir™ + By, p! = pir*r®} and
Z € {27:1 (aE, + le + 91(71 + 51‘71 + yd,/q’/d; + C()D/Dl)}

4.1. Case p!' = (p; + Bi)r”
For pj' = (p; + Bt)r", from Wang [13] and Wang [23], we have

-1 -1
Py = pul® +BI" {Z pai” | | +ﬁi“>] , 21)
j=1 i=j+1
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hence

n k—1 n
G\ d,d") G q,q") = D Oply+ > O+ ) o
=1 =1 [=v+1
n k—1 n
= Z Lipyy + Z Oy + Z Orp» (22)

=1 =1 I=v+1

where

n—1
T} =0 + 5270, + 3°(1 + 2905 + B4°(1 + f2°)(1 + B304 + ...+ pn” | |1 + 1O,
h=2
T, = 290, + 27370 + B2°4°(1 + B30, + B275(1 + B3)(1 + B4)Os + ...
n—1
+p2°n” [ (1 +BH"0,
h=3

(23)
I_‘n—l = (l’l - 1)(l®n—1 +ﬁ(l/l - l)wnae)n
Ir,=0,n",

for the CONDW (SLKDW) assignment, ®; is given by (13) (®, is given by Eq (15)), [/ = 1,2,...,n.
Similar to Subsection 2.1, we have

Theorem 4. Both the problems 1|{CONDW, pj‘ = (p;+Bt)r", psdst| Z}Ll(aEl +bT,+6,0,+6,V, +yd' +
wD) and 1|S LKDW, pf‘ = (p; + Bt)r®, psdst] Y-, (aEl +bT,+ 0,0, +6,V, + vq + a)D) can be solved
in O(n®) time.

Similarly, for the DIFDW assignment, minimize );_ l(aE’l +bT,+ 6,0, +6,V, + yd; + wD)) is equal
to minimize ) ;_, min{b, 7y, w}C;, we have

Ga(,d;,d}") = Y min{b,y,w}Ci = > Tipy, (24)
=1 =1

where I'; is given by Eq (23) and ®; = min{b, y, w}(n — [ + 1)(1 + g("T_l)) (see Koulamas and Kyparisis
(1), 1=1,2,...,n.

Theorem 5. The 1|\DIFDW, p;‘ = (p; + Btpre, psdst| Y1, (aEl +bT,+ 60,0, +6,V, + yd; + a)f)l) prob-
lem can be solved in O(nlogn) time.

4.2. Case p!' = pir™ + By

For p# = pyr™ + 1, from Yang and Kuo [24] and Subsection 3.1, we have

Py = pul™ + Bpy-n( = D + B+ B)pp—ay(l = ™2 + ...+ B(L + B P pyl™,  (25)

hence

n k—1 n
G d . d)CW.qq") = Y Oply+ > b+ . 8y
=1 =1

I=v+1
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n k—1 n
= Z Flp[l]la[” + Z 9[1] + Z 6[[], (26)
=1 =1

I=v+1

where
[ =0 +60,+p(01+p)0; +B(1+B)°Os +...+B(1 +p) 7?0,
[ =0, + 05+ (1 +B)0s + (1 +5)°Os + ...+ (1 + B0,
. 27)
Lot = 0,01 + SO,
I =0,
for the CONDW assignment, ©, is given by Eq (13); for the SLKDW assignment, O, is given by Eq
(15),1=1,2,...,n.
Similar to Subsection 3.1, if x and v are given, the optimal job sequence of 1|{CONDW, p}' =
pir® + B, psdst| Y-, (aEl +bT,+6,U,+6,V, + vd + wf)) and 1|SLKDW, pf‘ = pir + B, psdst|
PN (aE, +bT,+ 60U, + 6,V +yq + wﬁ) can be formulated as the following AP:

Min G = Z Z ¥,,x, (28)

=1 r=1

s.t. (17),
where,
L.pir* + 6, r=12,..,k-1,
Y, =3 I,pr®, r=K,k+1,...,v, 29)
L. pir* + 6, r=v+1,v+2,..,n,
I', is given by Eq (27).

Theorem 6. Both the problems 1|CONDW, pf = pir“+pt,, psdst| Z;’:](aEl+le+91(~],+5l\~/, +yd' +wD)
and 1|S LKDW, pf‘ = pir“+pt, psdst] Y, (aE, +bT+0,U,+6,V,+yq + a)D) can be solved in O(n’)
time.

For the DIFDW assignment, we have
Gs(.d;,dy) = Y min{b,y,w}Ci = > Tipyl"™, (30)
I=1 I=1

where I is given by Eq (27) and ®; = min{b, y, w}(n — [ + 1)(1 + S*("T_l)), [=1,2,...,n. Similarly, the
optimal job sequence of 1[DIFDW, p} = p;r® + B, psdst| Y], (aE, + 0Ty + 6,0, + 6,V + yd) + le)
can be formulated as the following AP:

Min G = Z Z ¥, X, 31)

=1 r=1
st. (17,
where ¥, = [, pyr, ©, = min{b,y, w}(n — r + D(1 + <2, 1= 1,2,...,n.

Theorem 7. The 1|DIFDW, pj‘ = pir® + B, psdst| Y-, (aEl +bT,+60,0,+6,V, + yd; + wﬁl) problem
remains polynomially solvable in O(n?).
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4.3. Case pf = pir°r?
For p? = p;r®r?, from Section 2 (see Eqs (12) and (14)), we have

n k=1 n
G\, d',d"\Cow.qq") = D Oppl"F+ Y 6+ D o, (32)
=1 =1

I=v+1

where, for the CONDW assignment, ©; is given by Eq (13); for the SLKDW assignment, ©; is given
by Eq (15),/=1,2,...,n.
For the DIFDW assignment, we have

G, dj,d)'y = > minib,y,w}Ci = > OpplP, (33)
=1 =1

where ©; = min{b,y, w}(n — 1+ 1)(1 + &), 1=1,2,...,n.
Similar to Subsection 3.2, we have the following results.

Theorem 8. Both the problems 1|{CONDW, pf = pir®r?, psdst| Z}’:l(aEl +bT,+6,0,+6,V, +yd' +wD)
and 1|SLKDW, p} = pir*r®, psdst| Y, (aE, +bT,+ 6,0, + 6,V +yq + wf)) can be solved in O(n)
time.

Theorem 9. The 1|DIFDW, pf‘ = pir®rP, psdst| Py (aEl +bT,+ 60,0, +6,V, + yd; + w[),) problem
remains polynomially solvable in O(n?).

5. Conclusion and future research

In this article, we focused on minimizing a general non-regular performance measure with psdst.
We introduced solution algorithms to three due-window assignment methods (i.e., CONDW, SLKDW
and DIFDW), and we proved that the problem can be solved in polynomial time. Future research
could study the problem with group technology, investigate the problem in other machine setting (e.g.,
flowshop or unrelated parallel machines) or explored the problem with rate-modifying activities (see
Ma et al. [30], Wang and Li [31] and Wang et al. [32]).
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