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Abstract: This work proposes a mathematical model on partial nitritation/anammox (PN/A) granu-
lar bioreactors, with a particular interest in the start-up phase. The formation and growth of granular
biofilms is modelled by a spherical free boundary problem with radial symmetry and vanishing ini-
tial value. Hyperbolic PDEs describe the advective transport and growth of sessile species inhabiting
the granules. Parabolic PDEs describe the diffusive transport and conversion of soluble substrates,
and the invasion process mediated by planktonic species. Attachment and detachment phenomena are
modelled as continuous and deterministic fluxes at the biofilm-bulk liquid interface. The dynamics of
planktonic species and substrates within the bulk liquid are modelled through ODEs. A simulation
study is performed to describe the start-up process of PN/A granular systems and the development of
anammox granules. The aim is to investigate the role that the invasion process of anaerobic ammonia-
oxidizing (anammox) bacteria plays in the formation of anammox granules and explore how it af-
fects the microbial species distribution of anaerobic ammonia-oxidizing, aerobic ammonia-oxidizing,
nitrite-oxidizing and heterotrophic bacteria. Moreover, the model is used to study the role of two
key parameters in the start-up process: the anammox inoculum size and the inoculum addition time.
Numerical results confirm that the model can be used to simulate the start-up process of PN/A gran-
ular systems and to predict the evolution of anammox granular biofilms, including the ecology and
the microbial composition. In conclusion, after being calibrated, the proposed model could provide
quantitatively reliable results and support the start-up procedures of full-scale PN/A granular reactors.
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1. Introduction

In the last decades, granular sludge technologies have completely revolutionized the treatment and
valorization of industrial and municipal wastewater as they can be applied for the simultaneous re-
moval of organic, nitrogen and phosphorus compounds and the production of bioenergy [1]. Granular
sludge reactors are biofilm systems where biomass grows arranged in granules, dense and compact
aggregates with an approximately spherical shape [2]. In contrast to the traditional biofilm systems,
where biofilms develop on solid surfaces, biofilm formation in granular sludge reactors occurs due to
the self-immobilization of cells without the involvement of a surface, in a process known as granu-
lation. Such process can be initiated from an inoculum in granular or suspended form. In the latter
case, the process is named de novo granulation. Conversely to conventional wastewater systems, high
amounts of extracellular polymeric substances (EPS) constitute biofilm granules which, consequently,
have higher biomass densities, more regular shapes and stronger structures [3]. These characteristics
also provide protection for sensitive microbial species which have difficulties to develop in suspended
form [4]. Moreover, due to the high settling velocity of granular sludge, solid-liquid separation is
facilitated [5] and high biomass concentrations can be achieved in the system [6]. Additionally, the ge-
ometry and free movement of granules limit external boundary layer resistances and promote the mass
transport of substrates towards the various granule microbial layers [1]. All these features contribute to
high removal efficiencies and reduced-footprint systems, and, consequently, specific granular biofilms,
such as aerobic, anaerobic and anammox granules, have been adapted for various wastewater treatment
processes.

Although the traditional process of nitrification/denitrification (N/D) is commonly used to remove
nitrogen compounds from wastewater, it is energy-intensive as it requires dissolved oxygen supply
for ammonium oxidation. Moreover, an external carbon source is necessary for the heterotrophic
metabolism of denitrifying bacteria, in the case of low carbon-to-nitrogen ratio wastewater. Therefore,
in recent years the combination of partial nitritation and anammox processes (PN/A) has been in-
creasingly studied for the treatment of nitrogenous wastewater. Such process allows the conversion of
ammonium into molecular nitrogen: in the first step the partial nitritation takes place and about half of
the ammonium present in the wastewater is converted to nitrite by aerobic ammonia-oxidizing bacteria
(AOB); then, in the subsequent anammox step, the nitrite produced and the remaining ammonium are
simultaneously converted into nitrogen gas and small amounts of nitrate by anammox bacteria (AMX).
In the case of suspended biomass, the two processes occur in separate reactors arranged in series as
they require aerobic and anoxic conditions. The granular biofilm technology represents a cost-effective
and alternative solution, since both processes can be carried out simultaneously in a granular sludge re-
actor. Indeed, the formation of two distinct zones inside the granules is induced by providing a constant
and appropriately low oxygen level in the reactor: an external zone where oxygen necessary for partial
nitritation is guaranteed and an internal zone where oxygen is not present and ideal anoxic conditions
for anammox processes occur.

Compared to the traditional N/D process, PN/A granular process results in lower aeration costs,
CO2 emissions and sludge production. Additionally, due to the autotrophic metabolism of anammox
bacteria, no external carbon addition is required. For these reasons, PN/A granular process is con-
sidered a promising technology for N-removal. Nevertheless, anammox bacteria are very sensitive to
environmental and operating conditions, and are characterized by very low growth rates and cellular
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yields [7, 8, 10, 12]. Consequently, the start-up of anammox granular sludge reactors is a long and
complex process, which represents the main drawback of this technology [8, 11] and deeply impacts
the operating strategies and procedures [13].

The start-up process of anammox granular sludge systems can be divided into four phases: cell
lysis phase, lag phase, activity elevation phase and stationary phase [8–10, 15]. The lysis phase occurs
frequently when microbial species constituting the granular sludge inoculum find new and unknown
environmental conditions and carry out processes of microbial autolysis leading to the disintegration
of biofilm granules. A transition period occurs in the successive lag phase, when the biomass begins
to adapt to the reactor conditions and new biofilm granules begin to develop. In the elevation phase,
the well-adapted biomass grows and a continuous and increasing ammonium and nitrite removal is
observed. Finally, in the stationary phase, red mature granules are detected, dominated by anammox
bacteria, with the presence of ammonia-oxidizing bacteria and denitrifying heterotrophic bacteria. In
this phase, an optimum and stable N-removal efficiency is achieved [8, 14].

Many studies deal with the start-up of PN/A granular sludge systems by focusing on factors which
govern the biological processes involved and the growth of anammox bacteria, such as inoculum
sludge, hydraulic retention time, dissolved oxygen, temperature, pH, wastewater composition and re-
actor configuration. Among these, the inoculation procedure appears to be a key element to reduce the
start-up period [14, 16]. In experimental works reported in literature, different selected sludges have
been used as inocula of lab-, pilot- and full-scale bioreactors, such as anaerobic granular sludge [7–10],
flocculant nitrification sludge [7, 9, 13], flocculant denitrification sludge [7], activated sludge with or
without addition of anammox sludge [15]. Anaerobic granular sludge can be a competitive alternative
solution, as the biomass is already in granular form and acclimatized to anaerobic conditions. More-
over, the conventional flocculant sludge represents a further alternative, due to its greater availability.
The latter two types of inoculum can also be enriched with anammox sludge. In this context, the
search for new procedures and strategies that can significantly accelerate the process start-up remains
an interesting challenge.

The study of the anammox process and start-up strategies through experimental activities requires
high cost and long time, mainly due to very low growth rates of anammox bacteria. Consequently,
mathematical modelling appears to be an attractive alternative solution for the description and opti-
mization of PN/A granular sludge reactors, for the understanding and investigation of microbial dy-
namics which govern the growth of anammox granules, and for testing a wide range of environmental
and operational conditions which could influence the process. In the recent years, numerous mathe-
matical models have been proposed to describe anaerobic [17–20], aerobic [21–23] and anammox pro-
cesses [24–28] in granular-based systems, by considering the evolution of biofilm granules. Depending
on the approach used to model the development and the structure of granular biofilms, two types of
models can be distinguished: continuum and discrete models. The first ones describe granular biofilms
as spherical continuum domains, through a quantitative and deterministic approach [18, 19, 21, 25],
while discrete models, such as individual-based models [23, 29], consider microbial cells as discrete
entities and introduce elements of randomness and stochastic effects in the solution. Most of contin-
uous models have been formulated as spherical free boundary problems with radial symmetry. Some
of them take into account attachment [17, 30, 31] and invasion [31] processes. Moreover, the initial
formation of biofilm granules has been modelled in Tenore et al. [31] by setting a zero initial granule
radius. Continuum models frequently assume one single granule size class [25, 27, 28], while some-
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one takes into account the size distribution of granules within the reactor by considering more size
classes [18, 19, 26]. However, some works [19, 26] demonstrate that one single size class allows to
correctly describe the global treatment process, while the granule size distribution could be required to
investigate more specific aspects, such as the microbial composition and the solute exchange between
granules of different sizes. Although most models consider all the biomass in the granular form, a
few include both the sessile biomass and the planktonic biomass present in the reactor and model the
microbial mass fluxes between granular biofilms and liquid medium [28, 31]. Many free boundary
models describe the granules evolution by fixing the steady-state dimension [25–28], while in other
works the steady-state dimension is supposed to be a function of microbial metabolic activities and
operating conditions of the system [19,32]. Except for a few cases [33], almost all models on granular
biofilms consider the perfect retention of biofilm granules and, consequently, assume the number of
granules in the system as a constant [21, 25].

Among the models on granular biofilms, some focus on processes of partial nitritation and anammox
[25–27], by taking into account the dynamics of main microbial species involved, such as aerobic
ammonia-oxidizing bacteria, nitrite-oxidizing bacteria (NOB), anammox bacteria and main soluble
substrates, such as ammonium, nitrite and nitrate. However, someone includes also the conversion
of organic compounds by heterotrophic bacteria (HB) [28, 34]. Indeed, when sufficient amounts of
organic carbon occur in the system, heterotrophic bacteria can play a negative role in the N-removal
process, by proliferating within the granules and competing with AOB and AMX.

Models on PN/A granular systems propose some interesting numerical studies, aimed at describ-
ing the PN/A process and looking into the effects of some key factors on the reactor performance and
microbial composition of granules. Specifically, the effects of the following factors have been inves-
tigated: bulk oxygen concentration [24, 25] and aeration pattern [35], granule size [24–26, 34] and
granule size distribution [26], influent concentration ammonium [24, 25], influent concentration COD
and heterotrophic growth [28, 34]. Furthermore, the impact of the coexistence of microbial flocs and
granular biofilm on the reactor performance has been studied by Hubaux et al. [28]. The emission of
nitrous oxide and nitric oxide occurring in the treatment process has been investigated by Vangsgaard
et al. [27], exploring the effects of ammonium load, granule size and temperature. Finally, a model
which propose the integration of methane removal in PN/A granular sludge reactors is reported by
Castro-Barros et al. [36]. Nevertheless, all models related to anammox granular biofilms completely
neglect the attachment process in the initial phase of biofilm formation, and the initial data that pre-
scribe biofilm domain size and species composition are arbitrarily assigned.

In this context, the present work proposes a mathematical model aimed at describing and investigat-
ing aspects of the PN/A granular sludge bioreactor that have never been addressed in literature, such
as the initial formation of anammox granules (anammox de novo granulation) and the start-up pro-
cess. The general framework has been introduced in Tenore et al. [31] for anaerobic biofilm granules
and has been applied here to PN/A processes. The model is formulated as a spherical free boundary
value problem under the assumption of radial symmetry. The de novo granulation process is modelled
by assuming a vanishing initial granule size [37, 38]. This means that all the biomass present in the
system at the beginning of the process is supposed in planktonic form (flocculant sludge inoculum).
Then, the granules formation is initiated by the attachment phenomena. This first stage in biofilm
formation process is followed by a subsequent colonization of anammox bacteria that benefit from
the protective environment characterizing the anoxic core of granular biofilms. By using a contin-

Mathematical Biosciences and Engineering Volume 19, Issue 10, 10374–10406.



10378

uum approach [39,40], the model takes into account the dynamics of soluble substrates and biomasses
in planktonic and sessile form. In particular, processes of microbial growth, substrates conversion,
microbial invasion, attachment and detachment are included in the model.

This model has been integrated numerically by developing an original code in the MATLAB plat-
form and numerical studies have been carried out for the following purposes: (i) test the model be-
haviour; (ii) examine the fundamental role of anammox bacteria invasion in the de novo granulation
process; (iii) explore the formation, evolution and ecology of anammox granules in PN/A granular
sludge systems; (iv) study the autotrophic nitrogen removal through PN/A processes; (v) investigate
and optimize the process start-up of these bioreactors. In particular, numerical simulations have been
carried out to investigate how the size and the addition time of the anammox inoculum can affect the
invasion process and optimize the process start-up. The numerical results refer to both the individ-
ual biofilm granule and the macroscale reactor performance and include the distribution and relative
abundance of active sessile biomasses within the granule, the evolution of granule dimension, and the
profiles of soluble substrates and planktonic biomasses within the reactor. This work is organized as
follows. The mathematical model is reported in Section 2, while the biological context is described
in Section 3, where model variables and kinetic rate equations are introduced. Numerical studies are
presented and discussed in Section 4. Finally, the conclusions are outlined in Section 5.

2. Mathematical model

As mentioned in Section 1, the mathematical formulation of granular biofilm reactors presented
in Tenore et al. [31] for anaerobic digestion is applied here to partial nitritation/anammox granular
processes. In this Section, the model equations are recalled for convenience.

A granular-based reactor is an extremely complex multiphase biological system which requires
the introduction of some assumptions to be modelled. Such a system is supposed here to consist of
two distinct components: the granular biofilm phase and the bulk liquid phase. These components
influence each other through continuous mass exchanges involving sessile and planktonic biomass and
soluble substrates. The granular biofilm phase is represented by a fixed number of biofilm granules
(NG) immersed within the bulk liquid and assumed to have identical properties at any instant of time.
Specifically, biofilm granules are modelled as spherical free boundary domains with radial symmetry
and with a vanishing initial radius. The attachment flux of planktonic biomass from the bulk liquid
is accounted to initiate the granulation process. Biofilm granules evolves over time as a result of
various processes such as metabolic activities, detachment and transport of sessile biomass, diffusion
and conversion of soluble substrates and invasion of planktonic species. The term attachment is used
here to indicate the aggregation of planktonic cells, which contributes to the genesis and growth of
biofilm granules. Invasion phenomena consist in the colonization of a pre-existing granule mediated
by planktonic motile cells living in the surrounding environment, which can penetrate the porous matrix
of the biofilm and convert to sessile biomass. Detachment phenomena lead to sessile biomass losses,
induced by external shear forces, substrates depletion and biomass decay.

In order to model all these processes, the following model variables have been considered within
the granular biofilm domain:

• radius of the biofilm granule: R(t),
• concentration of n sessile species: Xi(r, t), i = 1, ..., n,
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• concentration of n planktonic invading species: ψi(r, t), i = 1, ..., n,
• concentration of m dissolved substrates: S j(r, t), j = 1, ...,m.

The free boundary domain is described by the time-dependent granule radius R(t), while all other
variables are expressed as functions of time t and radial coordinate r, where r = 0 identifies the granule
center. The liquid present in the voids of granules is not included as a model variable, since it is
supposed to not play a limiting role in the microbial metabolic activities. Planktonic cells are supposed
to have a negligible spatial occupancy due to the small particle size. Assuming that all sessile species
are characterized by the same constant density ρ, the biofilm volume fraction of each individual species
fi can be calculated by dividing Xi by ρ. Furthermore, it is assumed that the sum of the biomass volume
fractions is equal to one at each location and time,

∑n
i=1 fi = 1 [41]. Since Xi and fi are mutually

dependent variables, only fi is included among the model unknowns.
The reactor is modelled as a completely mixed continuous system. Therefore, the properties of the

bulk liquid are the same at every point and change over time due to the conversion processes of the
planktonic biomass and soluble substrates present in the bulk liquid and due to mass exchanges with
the biofilm granules. In order to take into account these aspects, the following model variables have
been considered within the bulk liquid:

• concentration of n planktonic biomasses: ψ∗i (t), i = 1, ..., n,
• concentration of m dissolved substrates: S ∗j(t), j = 1, ...,m.

In the following lines, all model equations and boundary and initial conditions related to the biofilm
domain and the bulk liquid domain are reported.

The growth and the transport of the ith sessile species across the granular biofilm is governed by the
following hyperbolic partial differential equations (PDEs):

∂Xi(r, t)
∂t

+
1
r2

∂

∂r
(r2u(r, t)Xi(r, t)) = ρrM,i(r, t,X,S) + ρri(r, t,ψ,S),

i = 1, ..., n, 0 ≤ r ≤ R(t), t > 0,
(2.1)

Xi(R(t), t) =
va,iψ

∗
i (t)ρ∑n

i=1 va,iψ
∗
i (t)

, i = 1, ..., n, σa(t) − σd(t) > 0, t > 0, (2.2)

where u(r, t) is the biomass velocity, rM,i(r, t,X,S) and ri(r, t,ψ,S) are the specific growth rates due to
sessile and planktonic species, respectively, X = (X1, ..., Xn), S = (S 1, ..., S m), ψ = (ψ1, ..., ψn), va,i is
the attachment velocity of the ith planktonic biomass and ψ∗i (t) is the concentration of the ith planktonic
biomass in the bulk liquid.

When the attachment flux from bulk liquid to granule σa(t) is higher than detachment flux from
granule to bulk liquidσd(t), the free boundary is a space-like line and the condition (2.2) at the interface
granule-bulk liquid r = R(t) is required. Conversely, when σa(t) is lower than σd(t), the free boundary
is a time-like line and the condition (2.2) is not needed.

The function u(r, t) satisfies the following problem:

∂u(r, t)
∂r

= −
2u(r, t)

r
+ G(r, t, f,S,ψ), 0 < r ≤ R(t), t > 0, (2.3)

u(0, t) = 0, t > 0. (2.4)
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where G(r, t, f,S,ψ) =
∑n

i=1(rM,i(r, t, f,S) + ri(r, t,ψ,S)) and f = ( f1, ..., fn).
By considering Eq. (2.3), Eqs. (2.1) and (2.2) can be rewritten as follows:

∂ fi(r, t)
∂t

+ u(r, t)
∂ fi(r, t)
∂r

= rM,i(r, t, f,S) + ri(r, t,ψ,S) − fi(r, t)G(r, t, f,S,ψ),

i = 1, ..., n, 0 ≤ r ≤ R(t), t > 0,
(2.5)

fi(R(t), t) =
va,iψ

∗
i (t)∑n

i=1 va,iψ
∗
i (t)

, i = 1, ..., n, σa(t) − σd(t) > 0, t > 0, (2.6)

The free boundary evolution is described by the granule radius R(t) and depends on processes of
sessile metabolic growth, detachment and attachment. Attachment phenomena dominate the granula-
tion process, while detachment phenomena become predominant as the granule dimension increases.
The variation of R(t) is governed by the following ordinary differential equation (ODE), derived from
the mass balance on the granule volume [31]:

Ṙ(t) = σa(t) − σd(t) + u(R(t), t), (2.7)

R(0) = 0. (2.8)

In particular, attachment process is modelled through a continuous flux from bulk liquid to gran-
ule, given by the sum of the attachment fluxes of each planktonic species σa,i(t), which are linearly
dependent on the concentration of planktonic biomasses within the bulk liquid ψ∗i (t) [37, 38]:

σa(t) =

n∑
i=1

σa,i(t) =

∑n
i=1 va,iψ

∗
i (t)

ρ
. (2.9)

Meanwhile, the detachment process is modelled through a continuous flux from granule to bulk
liquid, which is a quadratic function of the granule radius R(t) [42]:

σd(t) = λR2(t), (2.10)

where λ is the detachment coefficient and is supposed to be equal for all microbial species.
The diffusion and conversion of planktonic cells and soluble substrates within the biofilm granule

are governed by the following parabolic PDEs:

∂ψi(r, t)
∂t

−Dψ,i
∂2ψi(r, t)
∂r2 −

2Dψ,i

r
∂ψi(r, t)
∂r

= rψ,i(r, t,ψ,S),

i = 1, ..., n, 0 < r < R(t), t > 0,
(2.11)

∂ψi

∂r
(0, t) = 0, ψi(R(t), t) = ψ∗i (t), i = 1, ..., n, t > 0, (2.12)

∂S j(r, t)
∂t

−DS , j
∂2S j(r, t)
∂r2 −

2DS , j

r
∂ j(r, t)
∂r

= rS , j(r, t, f,S),

j = 1, ...,m, 0 < r < R(t), t > 0,
(2.13)
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∂S j

∂r
(0, t) = 0, S j(R(t), t) = S ∗j(t), j = 1, ...,m, t > 0, (2.14)

where rψ,i(r, t,ψ,S) represents the loss rate for the invading species; rS , j(r, t, f,S) represents the sub-
strate production or consumption rate due to microbial metabolism; Dψ,i and DS , j denote the diffusion
coefficients within the biofilm for the ith planktonic species and jth dissolved substrate, ψ∗i (t) and S ∗j(t)
denote the concentrations of planktonic cells and dissolved substrates within the bulk liquid, respec-
tively. All equations which refer to the biofilm domain do not require initial conditions, since the
extension of the biofilm domain is set zero at t = 0.

ψ∗i (t) and S ∗j(t) represent the solutions of the following ordinary differential equations, which de-
scribe the dynamics of planktonic biomass and soluble substrates within the bulk liquid, respectively,
and are derived from mass balances on the bulk liquid volume:

Vψ̇∗i (t) = Q(ψin
i − ψ

∗
i (t)) − σa,i(t)ρA(t)NG − A(t)NGDψ,i

∂ψi(R(t), t)
∂r

+ r∗ψ,i(t,ψ
∗,S∗),

i = 1, ..., n, t > 0,
(2.15)

ψ∗i (0) = ψ∗i,0, i = 1, ..., n, (2.16)

VṠ ∗j(t) = Q(S in
j − S ∗j(t)) − A(t)NGDS , j

∂S j(R(t), t)
∂r

+ r∗S , j(t,ψ
∗,S∗),

j = 1, ...,m, t > 0,
(2.17)

S ∗j(0) = S in
j , j = 1, ...,m, (2.18)

where V is the volume of the bulk liquid, assumed equal to the reactor volume, Q is the continuous
flow rate, A(t) is the area of the granule and is equal to 4πR2(t), ψin

i is the concentration of the plank-
tonic species i in the influent, S in

j is the concentration of the substrate j in the influent, r∗ψ,i(r, t,ψ
∗,S∗)

and r∗S , j(r, t,ψ
∗,S∗) are the conversion rates for ψ∗i and S ∗i , ψ∗i,0 is the initial concentrations of the ith

planktonic species within the bulk liquid, S∗ = (S ∗1, ..., S
∗
m), ψ∗ = (ψ∗1, ..., ψ

∗
n).

No contribution by detachment to planktonic or detached biomass is considered in this model.
Indeed, the detached biomass has different characteristics from both sessile and planktonic biomass,
and several hours are required for its conversion into the planktonic form [43–45]. Moreover, granular-
based reactors are typically characterized by high selection pressures (low HRT and high velocities)
to promote the biomass aggregation [2]. Under these high selection pressures, granules are retained in
the reactor, while planktonic and detached cells are rapidly washed out [4].

The mass of the ith sessile species within the granule can be derived from:

mi(t) =

∫ R(t)

0
4πr2ρ fi(r, t)dr, i = 1, ..., n, (2.19)

while, the total mass can be calculated as follow:

mtot(t) =

n∑
i=1

mi(t) =
4
3
πρR3(t). (2.20)
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3. Modelling de novo anammox granulation

The mathematical model described in the previous Section has been applied to the partial nitrita-
tion/anammox process, with the aim of describing the dynamics of anammox granules and investigating
the start-up of combined partial nitritation-anammox reactors.

The anaerobic ammonia oxidation process (anammox process) allows to remove nitrogen from
wastewater via anaerobic pathways of specific autotrophic microbial species, known as anammox bac-
teria. Such bacteria use ammonium as electron donor to convert nitrite into nitrogen gas and small
fractions of nitrate. However, since nitrite are not commonly present in nitrogenous wastewater, the
anammox process is preceded by a partial nitritation step, where the necessary amount of nitrite is pro-
duced. As mentioned in Section 1, under appropriate operating conditions these two processes can be
carried out simultaneously in one single granular sludge reactor, exploiting the coexistence of anoxic
and aerobic zones within biofilm granules.

In order to comprehensively model the treatment process and the evolution of granules occurring
in these reactors, all the main biological processes, microbial species and soluble substrates have been
considered. Specifically, processes of nitritation, anammox, denitrification, organic carbon and nitrite
oxidation are supposed to occur in biofilm granules and in the bulk liquid, induced by the metabolic ac-
tivities of the planktonic and sessile biomass. Hence, the following active microbial species have been
considered both in sessile and planktonic form: aerobic ammonia-oxidizing bacteria AOB, anaerobic
ammonia-oxidizing (anammox) bacteria AMX, aerobic nitrite-oxidizing bacteria NOB and faculta-
tive heterotrophic bacteria HB. All sessile species are supposed to decay and produce sessile inactive
biomass I which accumulate within the biofilm granules. Conversely, although it is assumed that plank-
tonic biomasses also decay, the inactive biomass in planktonic form has not been included in the model
because it is likely to play a negligible role in the development of the successive processes. Moreover,
in order to describe the metabolic activity of the active microbial species, the following soluble com-
pounds have been modelled: ammonium NH4, nitrite NO2, nitrate NO3, soluble organic carbon OC
and oxygen O2.

During the nitritation process, ammonium-oxidizing bacteria AOB convert ammonium NH4 and
oxygen O2 to nitrite NO2 under aerobic conditions, according to the following reaction:

NH+
4 + 1.5O2 → NO2 + H2O + 2H+ (3.1)

Under aerobic conditions, nitrite NO2 is oxidized with O2 to form nitrate NO3 by nitrite-oxidizing
bacteria NOB:

NO2 + 0.5O2 → NO3 (3.2)

During anammox processes, under anoxic conditions, anammox bacteria AMX convert ammonium
NH4 and nitrite NO2 in nitrogen gas and little amounts of nitrate NO3, as follows:

NH+
4 +1.32NO−2 +0.066HCO−3 +0.13H+ → 1.02N2+0.256NO−3 +0.066CH2O0.5N0.15+2.03H2O (3.3)

The model considers metabolic processes of facultative heterotrophic bacteria HB as well. Specifi-
cally, HB are supposed to growth both under aerobic and anoxic conditions. Under aerobic condition,
they oxidate organic carbon OC by using free oxygen O2, while they carry out two denitrification
reactions under anoxic conditions: first they oxidate OC by using the nitrate bound oxygen and NO3
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reduces to nitrite NO2; then they oxidize OC by using nitrite bound oxygen and NO2 reduces to molec-
ular nitrogen.

In summary, the list of all model variables is reported below:

fi(r, t), i ∈ {AOB, AMX,NOB,HB, I}, (3.4)

ψi(r, t), i ∈ {AOB, AMX,NOB,HB}, (3.5)

S j(r, t), j ∈ {NH4,NO2,NO3,OC,O2}, (3.6)

ψ∗i (t), i ∈ {AOB, AMX,NOB,HB}, (3.7)

S ∗j(t), j ∈ {NH4,NO2,NO3,OC}. (3.8)

As mentioned in Section 1, a constant and appropriate oxygen level is maintained in PN/A granular
reactors, in order to guarantee distinct zones for ideal growth of both anaerobic and aerobic species.
To model this, oxygen concentration is assumed to be variable only within the biofilm S O2(r, t), where
it varies due to microbial consumption and diffusion phenomena. Instead, oxygen concentration in the
bulk liquid does not represent a model variable and is fixed at a constant value S ∗O2

(t) = S O2 .
Biological pathways described above have been included in the model through the mathematical

formulation of the reaction terms. According to D’Acunto et al. [46], specific growth rates due to
sessile species rM,i in Eqs. (2.3) and (2.5), with i ∈ {AOB, AMX,NOB,HB}, are modelled as Monod-
type kinetics, while the formation rate of inactive biomass rM,i in Eqs. (2.3) and (2.5), with i ∈ {I}, is
modelled as first order kinetic and given by the sum of decay rates of each active species. The rates ri

in Eqs. (2.3) and (2.5), with i ∈ {AOB, AMX,NOB,HB}, are modelled as Monod-type kinetics as well.
Moreover, the rates rψ,i in Eq. (2.11), with i ∈ {AOB, AMX,NOB, HB}, and rS , j in Eq.(2.13), with

j ∈ {NH4,NO2,NO3,OC, O2}, are formulated from the corresponding microbial growth rates through
the stoichiometric coefficients and specific microbial yield Yψ,i and Yi, respectively.

Similarly, the rates r∗ψ,i in Eq. (2.15), with i ∈ {AOB, AMX,NOB,HB}, and r∗S , j in Eq.(2.17), with
j ∈ {NH4, NO2,NO3,OC}, are expressed as Monod-type kinetics and are assumed to be proportional
with each other through the stoichiometric coefficients and specific microbial yield Yi.

All kinetic rate equations have been reported in Supplementary material, while the values used for
all stoichiometric and kinetic parameters have been summarized in Supplementary Table S1.

4. Numerical studies and results

4.1. Influent characteristics, reactor configuration and simulation parameters

Numerical simulations have been carried out to test the model behaviour, simulate the evolution
and ecology of anammox granular biofilms and investigate the treatment process occurring in PN/A
granular sludge reactors, with a focus on the start-up phase.

The modelled influent wastewater represents a typical high ammonium wastewater treated in PN/A
granular sludge reactors. It is characterized by 300 gN m−3 of ammonium and 50 gCOD m−3 of soluble
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organic carbon, while nitrite and nitrate amounts are supposed to be negligible. Specifically, S in
NO2

and
S in

NO3
are set to 0.0001 gN m−3 in order to avoid numerical errors arising from zero concentrations in the

kinetic expressions. The constant oxygen level within the reactor is fixed at 0.75 gO2 m−3. Microbial
biomasses are assumed to be not present in the influent (ψin

i = 0).
The strategy of using two separate inocula is studied: at t = 0 the bioreactor is inoculated with

the activated sludge coming from a conventional nitrification-denitrification reactor, where anammox
biomass is not present. Once the process has started, an anammox inoculum is added at a fixed time
instant t̄. Then, the AMX planktonic cells are supposed to colonize the granules through invasion
phenomena and grow in sessile form in the innermost part, where anoxic conditions are guaranteed.
The parameter t̄ has been varied in the simulations to investigate the effect of granules dimension on
anammox growth. The activated sludge inoculum is modelled by setting the initial concentration of
planktonic biomasses in the bulk liquid: ψ∗AOB,0 = ψ∗NOB,0 = ψ∗HB,0 = 300 gCOD m−3, ψ∗AMX,0 = 0.
Meanwhile, in order to consider the addition of the anammox inoculum at t̄, Eq. (2.15) for ψ∗AMX has
been replaced by the following impulsive ordinary differential equation (IDE):

Vψ̇∗AMX(t) = Q(ψin
AMX − ψ

∗
AMX(t)) − σa,AMX(t)ρA(t)NG − A(t)NGDψ,AMX

∂ψAMX(R(t), t)
∂r

+ r∗ψ,AMX(t,ψ∗,S∗), t , t̄, t > 0,
(4.1)

∆ψ∗AMX(t̄) = ψ∗AMX,t̄ = ψ∗AMX(t̄+) − ψ∗AMX(t̄−), (4.2)

where ψ∗AMX,t̄ is the concentration of anammox planktonic biomass added in the bulk liquid at t̄ and
is related to the anammox inoculum size. ψ∗AMX(t̄+) and ψ∗AMX(t̄−) are the right and left limits of ψ∗AMX
at time t̄. Since the parameters ψ∗AMX,t̄ and t̄ are varied in numerical studies, their values are provided
below, case to case.

Table 1. Wastewater influent and inoculum composition.

Parameter Definition Unit Value
S in

NH4
Inlet concentration of ammonium gN m−3 300

S in
NO2

Inlet concentration of nitrite gN m−3 0.0001
S in

NO3
Inlet concentration of nitrate gN m−3 0.0001

S in
OC Inlet concentration of organic carbon gCOD m−3 50

ψ∗AOB,0 Initial concentration of planktonic AOB gCOD m−3 300
ψ∗NOB,0 Initial concentration of planktonic NOB gCOD m−3 300
ψ∗HB,0 Initial concentration of planktonic HB gCOD m−3 300
ψ∗AMX,t̄ Concentration of AMX sludge added in the reactor at t̄ gCOD m−3 varied1

t̄ Addition time of AMX sludge d varied1

1The values used are reported in the text

Reactor volume V is assumed equal to 400 m3 [25, 26, 28] and fed with a constant flow rate Q of
2000 m3 d−1 (hydraulic retention time HRT = 0.2 d). The number of granules NG has been selected
through an iterative procedure which involved the detachment coefficient λ [31], with the aim to guar-
antee a 25% filling ratio [25, 26, 28] by considering 1 mm as steady-state particle radius (an average
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size representative of the anammox granules [25, 26, 28]). In accordance with [39], diffusivity of sol-
uble substrates in biofilm is assumed to be 80% of diffusivity in water. The values reported above for
all operating parameters are characteristic of PN/A granular reactors [47]. All model parameters have
been summarized in Supplementary Table S1 and Table 1.

Four numerical studies have been performed with the aim of investigating how the invasion phe-
nomena of anammox bacteria affect the formation process of anammox granules and the distribution
of microbial species involved in the biological processes:

• The first study (S1) presents a reference case to test the model behaviour and explores the de novo
granulation of anammox granules and the global treatment process of PN/A granular bioreactors;
• The second study (S2) examines the effect of the anammox addition time t̄ on the start-up process

and granules evolution;
• The third study (S3) investigates the influence of anammmox inoculum size ψ∗AMX,t̄ on the start-up

process and granules evolution;
• The last study (S4) analyzes the combined effects of both the addition time and the size of the

anammox inoculum on the start-up process.

4.2. S1 - Partial nitritation/anammox process in granular-based reactors

In the first numerical study (S1) the de novo anammox granulation and the dynamics of solutes and
planktonic biomasses within the PN/A granular system are investigated. As mentioned in Section 1,
the granular sludge reactor is initially inoculated with activated sludge while an anammox inoculum
is added later. Such study concerns a reference case (RUN1) where the addition time of anammox
inoculum t̄ is set to 10 d and the anammox inoculum size ψ∗AMX,t̄ is set to 500 gCOD m−3. Numerical
results are summarized in Figures 1–4.

Figure 1 shows the time evolution of soluble substrates and planktonic biomasses within the bulk
liquid during the initial 3 days. Initially, biofilm granules have small size and the dynamics of sub-
strates are governed by planktonic biomass. In particular, under aerobic conditions nitritation and NO2

and OC oxidation occur in the reactor due to the metabolic activities of planktonic AOB, NOB and HB.
Ammonium S ∗NH4

(blue in Figure 1-top) is consumed and converted into nitrite S ∗NO2
(red in Figure 1-

top) by planktonic AOB ψ∗AOB (nitritation process), and subsequently nitrite is converted into nitrate
S ∗NO3

(yellow in Figure 1-top) by planktonic NOB ψ∗NOB (nitrite oxidation). Meantime, the consump-
tion of organic carbon S ∗OC (cyan in Figure 1-top) indicates the activity of planktonic HB ψ∗HB. This
initial trend is followed by a turnover phase in which the planktonic biomass rapidly decreases (Figure
1-bottom), due to the granulation process and the low hydraulic retention time (HRT), and is replaced
by the sessile biomass of growing biofilm granules. Nevertheless, when the planktonic species con-
centrations approach to zero the amount of grown sessile biomass is still low to compensate the lost
contribution of substrates conversion by planktonic biomass, and sudden increases in ammonium and
organic carbon and reductions in nitrite and nitrate are observed (according to the composition of the
influent wastewater). In real granular-based plants, the decrease of planktonic biomass is sometimes
slowed down by considering variable HRTs or loading rates [10, 13]. Although these procedures have
been not included in the model, this does not compromise its reliability in describing the successive
biological processes and substrates dynamics.
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Figure 1. S1 - Evolution of soluble substrates (top) and planktonic biomasses (bottom)
concentrations within the bulk liquid in the first 3 days. S ∗NH4

: Ammonium, S ∗NO2
: Ni-

trite, S ∗NO3
: Nitrate, S ∗OC: Organic carbon, ψ∗AOB: Aerobic ammonia-oxidizing bacteria, ψ∗AMX:

Anaerobic ammonia-oxidizing bacteria, ψ∗NOB: Aerobic nitrite-oxidizing bacteria, ψ∗HB: Het-
erotrophic bacteria. Wastewater influent composition: S in

NH4
= 300 gN m−3 (Ammonium),

S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3

(Organic carbon). Fixed oxygen concentration within the reactor: S O2 = 0.75 gO2 m−3. Con-
centration of AMX bacteria added in the reactor: ψ∗AMX,t̄ = 500 gCOD m−3. Addition time of
AMX sludge: t̄ = 10 d.

Figure 2 shows the time evolution of soluble substrates and planktonic AMX concentrations, and
sessile masses within the system, until a steady-state configuration is reached. After the initial days,
the variation of the substrates concentration due to the sessile metabolism begins to be visible. In
particular, since granules are still small, aerobic conditions are found in almost all the biofilm domain
and dynamics of substrates are governed by aerobic sessile species: AOB convert ammonium (blue in
Figure 2-top) into nitrite (red in Figure 2-top) and HB oxidate organic compounds (cyan in Figure 2-
top). On the contrary, the conversion of nitrite to nitrate (yellow in Figure 2-top) by NOB is not visible.
This happens because NOB have a high O2 affinity constant and are less competitive than AOB and
HB at low oxygen levels. Consequently, high masses of sessile AOB and HB and negligible amounts
of NOB are observed in the first 30 days (Figure 2-bottom). Furthermore, no anammox biomass
is detected in the reactor until t̄ = 10 d, when the anammox inoculum is added and a discontinuity is
generated in the graph of planktonic AMX concentration (Figure 2-top). Then, planktonic AMX invade
the innermost layers of granules, where anoxic conditions optimal for their anaerobic metabolism are
found and begin to grow in sessile form. The nitritation process by AOB lead to the partial removal of
ammonium, which reaches a temporary equilibrium at about 50% of the influent concentration, while
all the organic matter is oxidized aerobically by HB. At this moment, a very long transition phase
begins, in which ammonium and nitrite concentrations remain almost constant. Granules are fully
developed and present anoxic conditions and shortage of organic carbon in the internal layers, which
inhibit the AOB and HB growth.
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Figure 2. S1 - Evolution and steady-state of soluble substrates and AMX planktonic biomass
concentrations within the bulk liquid (top) and of mass of active sessile species within
the granule (bottom). S ∗NH4

: Ammonium, S ∗NO2
: Nitrite, S ∗NO3

: Nitrate, S ∗OC: Organic
carbon, ψ∗AMX: Anaerobic ammonia-oxidizing bacteria, mAOB: mass of aerobic ammonia-
oxidizing bacteria, mAMX: mass of anaerobic ammonia-oxidizing bacteria, mNOB: mass of
aerobic nitrite-oxidizing bacteria, mHB: mass of heterotrophic bacteria. Wastewater influ-
ent composition: S in

NH4
= 300 gN m−3 (Ammonium), S in

NO2
= 0.0001 gN m−3 (Nitrite),

S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen

concentration within the reactor: S O2 = 0.75 gO2 m−3. Concentration of AMX bacteria
added in the reactor: ψ∗AMX,t̄ = 500 gCOD m−3. Addition time of AMX sludge: t̄ = 10 d.

At the same time, such anoxic conditions and the simultaneous presence of ammonium and nitrite
in the reactor promote the AMX growth. However, as the AMX biomass is characterized by very low
growth rates, the further ammonium and nitrite consumption induced by the anammox process begins
to be relevant after 100 days. Specifically, a considerable growth of anammox biomass is observed
between 100 and 200 days and leads to the consumption of ammonium and nitrite and small production
of nitrate. The steady-state configuration shows a residual ammonium concentration lower than 40 −
50 gCOD m−3, and very low concentrations of nitrite and nitrate. In conclusion, the system presents
an ammonium removal efficiency of about 90%, which is achieved through a two-stage treatment
process: the first stage is governed by AOB which halve the ammonium concentration and produce
nitrite necessary for the successive stage; the second stage is governed by AMX which consume a
further relevant amount of ammonium by using nitrite.

In Figure 3, the distribution of sessile species within the granule is shown at 15, 50, 120, 150 and
300 days. At T = 15 d, the granule is constituted mostly by HB (cyan), which have high growth rates,
and AOB (blue), favored by the availability of ammonium and oxygen. At T = 50 d, the granule is
fully developed and is characterized by internal anoxic zones.
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Figure 3. S1 - Active microbial species distribution in the diametrical section, at T = 15 d,
T = 50 d, T = 120 d, T = 150 d, T = 300 d. Wastewater influent composition: S in

NH4
=

300 gN m−3 (Ammonium), S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3

(Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen concentration within

the reactor: S O2 = 0.75 gO2 m−3. Concentration of AMX bacteria added in the reactor:
ψ∗AMX,t̄ = 500 gCOD m−3. Addition time of AMX sludge: t̄ = 10 d.
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Figure 4. S1 - Biofilm radius evolution over time. Wastewater influent composition:
S in

NH4
= 300 gN m−3 (Ammonium), S in

NO2
= 0.0001 gN m−3 (Nitrite), S in

NO3
= 0.0001 gN m−3

(Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen concentration within

the reactor: S O2 = 0.75 gO2 m−3. Concentration of AMX bacteria added in the reactor:
ψ∗AMX,t̄ = 500 gCOD m−3. Addition time of AMX sludge: t̄ = 10 d.

Therefore, aerobic AOB and HB accumulate in the outermost layers of the granule, while AMX
(red) grow in the centre. However, due to the low growth rate, a small AMX core only begins to be
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visible at T = 120 d. Their growth intensifies strongly in the successive phases, up to a steady-state
configuration where the granule is dominated by AMX while AOB and HB are limited to the thin
outermost layer. The amount of NOB (yellow) present in the granule is negligible throughout the
process. Such result is in agreement with Vlaeminck et al. [48], which shows that low oxygen levels
limit the NOB metabolic pathways. Indeed, as explained above, NOB are less competitive than AOB
and HB in the presence of low oxygen concentrations. This is beneficial for the ammonium removal
process because NOB metabolic activities would include the consumption of nitrite necessary for the
AMX growth.

The microbial distribution and the relative abundance here reported are in agreement with experi-
mental observations in literature [48–50]. However, they can be influenced by various factors, such as
the granule size, the oxygen level in the reactor, the influent composition. First, the AMX/AOB ratio
within the granules varies due to the granule size and the oxygen level. Specifically, large granules
(described in this study) have more extended anoxic zones and consequently are characterized by an
high AMX/AOB ratio, while smaller granules have reduced anoxic cores and lower AMX/AOB ra-
tios [48, 50]. Then, the extension of the anoxic zone and therefore the AMX/AOB ratio increases as
the oxygen level set in the reactor decreases [25, 28]. Furthermore, the influent composition can affect
the evolution of granules and the relative abundance of individual species. For example, as shown in
Mozumder et al. [34], the presence of organic substance within the influent promotes the heterotrophic
growth in the granules.

Lastly, the evolution of the granule radius over time R(t) is reported in Figure 4. R(t) starts from
a vanishing initial value and it increases rapidly during the first days, when the granulation process is
more intense. It reaches a temporary constant value after 30 days, and increases slightly again due to
the anammox growth. The final steady-state value is approximately 1 mm.

4.3. S2 - Effects of the anammox addition time on the process

Results presented in Section 4.2 describe the evolution and dynamics of anammox granules in a
granular-based reactor inoculated initially with a nitrifying/denitrifying activated sludge and later with
an anammox sludge. The addition time of the anammox inoculum appears to be a key element in the
process, since the development of the anammox biomass strongly depends on the conditions inside the
reactor at the addition time.

Specifically, different addition times can lead to different scenarios. In such context, this study
(S2) focuses on the effects that the addition time of anammox sludge t̄ has on the growth of anammox
granules and on the duration of the start-up period. For this purpose, six simulations (RUN2 − RUN7)
have been carried out by setting the addition time t̄ equal to 0, 3, 5, 10, 20 and 40 days, respectively.
The inoculum size ψ∗AMX,t̄ has been fixed equal to 500 gCOD m−3 for all simulations. Results are
reported in Figures 5–9.

Figure 5 shows the oxygen concentration within the granule at t̄ for simulations RUN3 − RUN7.
As can be seen, the extension of the anoxic zone increases as t̄ increases. Indeed, when the anammox
inoculum is introduced in the initial phase, granules are small and oxygen fully penetrated. On the
other hand, when the inoculum is added later, granules are fully developed and almost completely
anoxic, except for the most external layers. The extension of the anoxic zone at t̄ affects the invasion
and the growth of the anammox biomass.
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Figure 5. S2 - Oxygen concentration within the granule (diametrical section) at the addition
time of AMX sludge t̄. Wastewater influent composition: S in

NH4
= 300 gN m−3 (Ammonium),

S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3

(Organic carbon). RUN3: t̄ = 3 d; RUN4: t̄ = 5 d; RUN5: t̄ = 10 d; RUN6: t̄ = 20 d;
RUN7: t̄ = 40 d. Fixed oxygen concentration within the reactor: S O2 = 0.75 gO2 m−3.
Concentration of AMX bacteria added in the reactor: ψ∗AMX,t̄ = 500 gCOD m−3.

Figure 6. S2 - AMX distribution within the granule (diametrical section) at T = 90 d,
T = 120 d, T = 150 d, T = 180 d, T = 260 d for different addition times of AMX sludge t̄.
Wastewater influent composition: S in

NH4
= 300 gN m−3 (Ammonium), S in

NO2
= 0.0001 gN m−3

(Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). RUN2:

t̄ = 0; RUN4: t̄ = 5 d; RUN5: t̄ = 10 d; RUN7: t̄ = 40 d. Fixed oxygen concentration within
the reactor: S O2 = 0.75 gO2 m−3. Concentration of AMX bacteria added in the reactor:
ψ∗AMX,t̄ = 500 gCOD m−3.
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This is visible in Figure 6, where the distribution of anammox sessile biomass at different times is
reported for simulations RUN2, RUN4, RUN5, RUN7. When the AMX addition occurs at the begin-
ning of the process (RUN2), the invasion process is inhibited by the presence of oxygen throughout
the biofilm. Hence the anammox growth is very slow. Conversely, when t̄ is high (RUN4, RUN5,
RUN7) anammox cells colonize the anoxic granule core and grow more rapidly in sessile form. Any-
way, although the addition of the anammox inoculum can be delayed to promote more intense invasion
phenomena, this also leads to a delay in the initiation of the anammox process. This means that the
effects of t̄ on the anammox growth are not unique. Indeed, the complete development of the anammox
biomass for t̄ = 10 d (RUN5) appears earlier than for t̄ = 40 d (RUN7).
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Figure 7. S2 - Evolution of soluble substrates and planktonic AMX concentrations within
the bulk liquid for different addition times of AMX sludge t̄. S ∗NH4

: Ammonium, S ∗NO2
:

Nitrite, S ∗NO3
: Nitrate, S ∗OC: Organic carbon, ψ∗AMX: Anaerobic ammonia-oxidizing bacteria.

Wastewater influent composition: S in
NH4

= 300 gN m−3 (Ammonium), S in
NO2

= 0.0001 gN m−3

(Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). RUN2:

t̄ = 0; RUN3: t̄ = 3 d; RUN4: t̄ = 5 d; RUN5: t̄ = 10 d; RUN6: t̄ = 20 d; RUN7: t̄ = 40 d.
Fixed oxygen concentration within the reactor: S O2 = 0.75 gO2 m−3. Concentration of AMX
bacteria added in the reactor: ψ∗AMX,t̄ = 500 gCOD m−3.

Since t̄ influences the anammox growth, it affects also the rate of the biological processes within the
reactor. The concentrations of soluble substrates and AMX planktonic biomass within the reactor are
reported in Figure 7. As can be seen, the first stage of the process (first 100 days) does not depend on
t̄, since the amount of anammox sessile biomass is limited and plays a negligible role. The successive
trends of ammonium S ∗NH4

(blue) and nitrite S ∗NO2
(red) concentrations are influenced by the anammox

biomass and, therefore, by t̄, while not significant variations of nitrate S ∗NO3
(yellow) and organic

matter S ∗OC (cyan) occur. When the anammox growth is faster, ammonium and nitrite are more rapidly
consumed and the time necessary to reach the steady-state configuration decreases. Specifically, the
minimum duration is achieved for t̄ = 20 d, while the start-up in the case of t̄ = 0 is not yet completed
after 260 days. Furthermore, t̄ does not affect the planktonic AMX wash out after the addition. No
variation is observed for planktonic AOB, NOB and HB concentrations (data not shown).
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Figure 8. S2 - Relative abundances of active microbial species within the granule at
T = 100 d, T = 120 d, T = 140 d, T = 160 d, T = 180 d, T = 260 d for different addition
times of AMX sludge t̄. Wastewater influent composition: S in

NH4
= 300 gN m−3 (Ammonium),

S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3 (Or-

ganic carbon). RUN2: t̄ = 0; RUN3: t̄ = 3 d; RUN4: t̄ = 5 d; RUN5: t̄ = 10 d; RUN6: t̄ =

20 d; RUN7: t̄ = 40 d. Fixed oxygen concentration within the reactor: S O2 = 0.75 gO2 m−3.
Concentration of AMX bacteria added in the reactor: ψ∗AMX,t̄ = 500 gCOD m−3.

Figure 9. S2 - Biofilm radius evolution for different addition times of AMX sludge t̄
(left), with a focus to the last 210 days (right). Wastewater influent composition: S in

NH4
=

300 gN m−3 (Ammonium), S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3

(Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen concentration within

the reactor: S O2 = 0.75 gO2 m−3. Concentration of AMX bacteria added in the reactor:
ψ∗AMX,t̄ = 500 gCOD m−3.

Figure 8 displays the relative abundances of active microbial within the granule at different times. It
confirms the results previously described: the growth process of anammox biomass is deeply affected
by t̄ and is faster in the case of t̄ = 20 d (RUN6). However, in all cases except t̄ = 0 (RUN2), the
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steady-state microbial distribution is reached within the observation period of 260 days.
Lastly, the evolution of the granule radius R(t) over time is shown in Figure 9. t̄ affects the granule

evolution in the second stage of the process (Figure 9-right), since the further radius increase around
100-180 days is associated to the AMX growth. However, the steady-state granule dimension achieved
is not dependent on t̄.

From all these results, it is clear that the addition time of the anammox inoculum t̄ influences the rate
of biological processes related to the AMX biomass and therefore the duration of the start-up period.
Anyway, it does not affect the steady-state configuration and the removal efficiency of the process.

4.4. S3 - Effects of the anammox inoculum size on the process

As explained in Section 1, the most interesting strategy to carry out the start-up of a PN/A granular
reactors is based on the use of anammox sludge inocula.

Figure 10. S3 - AMX distribution within the granule (diametrical section) at T = 90 d,
T = 120 d, T = 150 d, T = 180 d, T = 260 d for different concentrations of AMX bacte-
ria added in the reactor ψ∗AMX,t̄. Wastewater influent composition: S in

NH4
= 300 gN m−3

(Ammonium), S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC =

50 gCOD m−3 (Organic carbon). RUN8: ψ∗AMX,t̄ = 100 gCOD m−3; RUN10: ψ∗AMX,t̄ =

500 gCOD m−3; RUN11: ψ∗AMX,t̄ = 700 gCOD m−3; RUN12: ψ∗AMX,t̄ = 1000 gCOD m−3.
Fixed oxygen concentration within the reactor: S O2 = 0.75 gO2 m−3. Addition time of AMX
sludge: t̄ = 10 d.

However, although this strategy allows to significantly reduce the start-up duration, it has high
costs related to the limited availability of anammox biomass around the world. Therefore, in order to
optimize timing and costs, an exhaustive knowledge of effects of anammox inoculum and its size on
the process start-up is needed. To this aim, the present study (S3) analyzes numerically the role that the
anammox inoculum size ψ∗AMX,t̄ plays in the process and investigates how this size affects the duration
of the start-up period. Six simulations (RUN8 − RUN13) have been carried out with different values
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of ψ∗AMX,t̄ (100, 300, 500, 700, 1000, 1500 gCOD m−3), while the addition time of anammox sludge t̄ is
fixed to 10 d. Results are summarized in Figures 10-13.

Figure 10 reports the distribution of anammox species within the granule for ψ∗AMX,t̄ equal to 100,
500, 700, 1000 gCOD m−3, at different times. Since the invasion process is proportional to the con-
centration of AMX planktonic biomass, it becomes more intense as the AMX inoculum size increases
ψ∗AMX,t̄. Then, by increasing the AMX inoculum size, the anammox sessile biomass grows faster and the
steady-state microbial distribution is reached earlier. However, ψ∗AMX,t̄ has no effects on the steady-state
configuration.
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Figure 11. S3 - Evolution of soluble substrates and planktonic AMX concentrations within
the bulk liquid for different concentrations of AMX bacteria added in the reactor ψ∗AMX,t̄. S ∗NH4

:
Ammonium, S ∗NO2

: Nitrite, S ∗NO3
: Nitrate, S ∗OC: Organic carbon, ψ∗AMX: Anaerobic ammonia-

oxidizing bacteria. Wastewater influent composition: S in
NH4

= 300 gN m−3 (Ammonium),
S in

NO2
= 0.0001 gN m−3 (Nitrite), S in

NO3
= 0.0001 gN m−3 (Nitrate), S in

OC = 50 gCOD m−3

(Organic carbon). RUN8: ψ∗AMX,t̄ = 100 gCOD m−3; RUN9: ψ∗AMX,t̄ = 300 gCOD m−3;
RUN10: ψ∗AMX,t̄ = 500 gCOD m−3; RUN11: ψ∗AMX,t̄ = 700 gCOD m−3; RUN12: ψ∗AMX,t̄ =

1000 gCOD m−3; RUN13: ψ∗AMX,t̄ = 1500 gCOD m−3. Fixed oxygen concentration within
the reactor: S O2 = 0.75 gO2 m−3. Addition time of AMX sludge: t̄ = 10 d.

Trends of soluble substrates and AMX planktonic biomass within the reactor are reported in Figure
11. The AMX inoculum size influences the rate of anammox processes and then, the trend of substrates
involved. The first stage seems to be independent of ψ∗AMX,t̄, since anammox processes are negligible
and the grown AMX biomass is not still sufficient to significantly affect the substrates concentration. In
the second stage, anammox processes intensifies and the consumption rates of ammonium S ∗NH4

(blue)
and nitrite S ∗NO2

(red) varies with the variation of ψ∗AMX,t̄. As the addition time of the AMX inoculum
t̄, the AMX inoculum size does not affect the steady-state concentrations of substrates and AOB, NOB
and HB planktonic biomasses (data not shown).

Figure 12 displays the relative abundances of active microbial species within the granule at dif-
ferent times. It confirms that as ψ∗AMX,t̄ increases, the anammox growth is faster and the steady-state
distribution is achieved earlier.
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Figure 12. S3 - Relative abundances of active microbial species within the granule at
T = 100 d, T = 120 d, T = 140 d, T = 160 d, T = 180 d, T = 260 d for different concen-
trations of AMX bacteria added in the reactor ψ∗AMX,t̄. Wastewater influent composition:
S in

NH4
= 300 gN m−3 (Ammonium), S in

NO2
= 0.0001 gN m−3 (Nitrite), S in

NO3
= 0.0001 gN m−3

(Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). RUN8: ψ∗AMX,t̄ = 100 gCOD m−3;

RUN9: ψ∗AMX,t̄ = 300 gCOD m−3; RUN10: ψ∗AMX,t̄ = 500 gCOD m−3; RUN11: ψ∗AMX,t̄ =

700 gCOD m−3; RUN12: ψ∗AMX,t̄ = 1000 gCOD m−3; RUN13: ψ∗AMX,t̄ = 1500 gCOD m−3.
Fixed oxygen concentration within the reactor: S O2 = 0.75 gO2 m−3. Addition time of AMX
sludge: t̄ = 10 d.

Figure 13. S3 - Biofilm radius evolution for different concentrations of AMX bacteria added
in the reactor ψ∗AMX,t̄ (left), with a focus to the last 210 days (right). Wastewater influ-
ent composition: S in

NH4
= 300 gN m−3 (Ammonium), S in

NO2
= 0.0001 gN m−3 (Nitrite),

S in
NO3

= 0.0001 gN m−3 (Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen

concentration within the reactor: S O2 = 0.75 gO2 m−3. Addition time of AMX sludge:
t̄ = 10 d.

Figure 13 reports the evolution of the granule radius R(t) over time for different ψ∗AMX,t̄. As noted
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above, an increase in ψ∗AMX,t̄ leads to a faster anammox growth and thus a faster increase in R(t).
From the results shown it is possible to draw a general conclusion: the AMX growth rate and the

duration of the process start-up are directly proportional to the AMX inoculum size. Anyway, it has no
effect on the steady-state configuration occurring inside the reactor.

4.5. S4 - Combined effects of anammox addition time and anammox inoculum size

The last numerical study (S4) analyzes the combined effect of the addition time t̄ and the anammox
inoculum size ψ∗AMX,t̄ on the biological process, in order to show how the choice of these operating
parameters affects the process start-up of PN/A granular bioreactors. For this purpose, 25 simulations
are performed by varying t̄ and ψ∗AMX,t̄ (values reported in Table 2). The duration of the process start-up
is assumed equal to the time necessary to achieve the steady-state ammonium concentration T ∗.

Table 2. Values of the parameters investigated in the numerical study S4.

ψ∗AMX,t̄ [gCOD m−3] → 100 300 500 1000 1500
t̄ [d] ↓

3 RUN14 RUN15 RUN3 RUN16 RUN17
5 RUN18 RUN19 RUN4 RUN20 RUN21

10 RUN8 RUN9 RUN1 RUN12 RUN13
20 RUN22 RUN23 RUN6 RUN24 RUN25
40 RUN26 RUN27 RUN7 RUN28 RUN29
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Figure 14. S4 - Amount of AMX sessile biomass mAMX at T = 170 d for different addition
times of AMX sludge t̄ [3 - 40 d] and different concentrations of AMX bacteria added
in the reactor ψ∗AMX,t̄ [100 - 1500 gCOD m−3]. Wastewater influent composition: S in

NH4
=

300 gN m−3 (Ammonium), S in
NO2

= 0.0001 gN m−3 (Nitrite), S in
NO3

= 0.0001 gN m−3 (Nitrate),
S in

OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen concentration within the reactor:
S O2 = 0.75 gO2 m−3.

Figure 14 shows the anammox sessile mass mAMX for different t̄ and ψ∗AMX,t̄. These results are
shown for T = 170 d, which is the minimum time, among all the simulations carried out, necessary to
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reach the steady-state anammox sessile mass (RUN25: t̄ = 20 d; ψ∗AMX,t̄ = 1500 gCOD m−3). As the
ψ∗AMX,t̄ increases, mAMX at T = 170 d increases. However, mAMX has a less than linear behaviour with
increasing ψ∗AMX,t̄. On the other hand, mAMX does not present a unique trend as t̄ varies. Specifically, it
increases as t̄ increases up to 20 d, while it decreases again for t̄ > 20 d. As explained in Section 4.3,
this happens because the further delay in the addition of the AMX inoculum prevails over the further
acceleration in the process of invasion and anammox growth related to the increase of the anoxic zone
within the granule.

0 5 10 15 20 25 30 35 40 45
100

120

140

160

180

200

220

240

T
*
 [

d
]

Figure 15. S4 - Time necessary to achieve the steady-state ammonium concentration T ∗ for
different addition times of AMX sludge t̄ [3 - 40 d] and different concentrations of AMX bac-
teria added in the reactor ψ∗AMX,t̄ [100 - 1500 gCOD m−3]. Wastewater influent composition:
S in

NH4
= 300 gN m−3 (Ammonium), S in

NO2
= 0.0001 gN m−3 (Nitrite), S in

NO3
= 0.0001 gN m−3

(Nitrate), S in
OC = 50 gCOD m−3 (Organic carbon). Fixed oxygen concentration within the

reactor: S O2 = 0.75 gO2 m−3.

The duration of the start-up T ∗ for different t̄ and ψ∗AMX,t̄ is reported in Figure 15. As expected,
T ∗ presents a behavior inversely proportional to the anammox mass mAMX at T = 170 d. When the
invasion and growth of anammox biomass are more intense, mAMX grows faster. As a result, ammonium
consumption is faster and the steady state value is achieved earlier.

It seems evident that the duration of the start-up can be reduced by increasing the anammox in-
oculum size and by adding it when most part of granules is under anoxic conditions. However, some
considerations need to be done. First, higher is the anammox inoculum size, higher is the total cost.
Furthermore, as can be seen in Figure 15, the time saved for the start-up is reduced as the inoculum size
increases. For example, considering a 50% increase of ψ∗AMX,t̄ from 1000 to 1500 gCOD m−3 (dash-dot
line and thick line, respectively), the start-up period reduces only by a few days. Finally, the anammox
inoculum should be added into the reactor at the time that maximizes the rates of anammox growth and
ammonium removal.
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5. Conclusions

In the present work, we propose a mathematical model on the combined PN/A granular system.
Such model describes the de novo anammox granulation through a spherical free boundary domain with
radial symmetry, and simulates the start-up process of this wastewater system by considering both the
biofilm and bulk liquid dynamics. In particular, growth and decay of sessile and planktonic biomasses,
diffusion and conversion of substrates, invasion phenomena of planktonic biomass, attachment and
detachment phenomena are modelled. A planktonic anammox inoculum is supposed to be added in
the system at a specific time. Then, microbial invasion is accounted to initiate the anammox sessile
growth.

Numerical results show that the evolution and composition of the biofilm granule mainly depend on
oxygen trends. When the granule is small, high oxygen concentration throughout the granule promote
the growth of aerobic species (AOB and HB bacteria). On the contrary, when the granule reaches larger
dimensions, anoxic conditions arising in the granule center favor the anaerobic metabolic activity of
AMX bacteria. In the final steady-state configuration, granules are dominated by AMX bacteria and
small amounts of AOB and HB bacteria are detected in the outermost layers. Furthermore, NOB
bacteria are negligible throughout the process. The 90% of ammonium is removed through a two-stage
treatment process: aerobic oxidation of ammonium and organic carbon by AOB and HB; anaerobic
ammonium consumption by AMX bacteria.

Moreover, numerical studies have been carried out to investigate the effects of two significant factors
on the start-up process: the anammox inoculum size and the anammox addition time. Such parameters
affect the anammox invasion and growth, and then, the duration of the start-up period. The combined
effect of the addition time and the anammox inoculum size on the start-up process is finally investi-
gated, with the aim of providing a numerical support in the choice of the start-up strategy. However, it
should be noted that such model results are qualitative, and a calibration procedure should be carried
out in order to provide engineering relevance to the model output.
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35. L. Corbalá-Robles, C. Picioreanu, M. C. van Loosdrecht, J. Pérez, Analysing the effects of the
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Supplementary material

According to D’Acunto et al. [46], the specific growth rates due to sessile species rM,i are modelled
as Monod-type kinetics:

rM,i = fi(µi − kd,i), i ∈ {AOB, AMX,NOB,HB}, (S.1)

µAOB = µmax,AOB
S NH4

KAOB,NH4 + S NH4

S O2

KAOB,O2 + S O2

, (S.2)

µAMX = µmax,AMX
KAMX,O2

KAMX,O2 + S O2

S NH4

KAMX,NH4 + S NH4

S NO2

KAMX,NO2 + S NO2

, (S.3)

µNOB = µmax,NOB
S NO2

KNOB,NO2 + S NO2

S O2

KNOB,O2 + S O2

S NH4

KNOB,NH4 + S NH4

, (S.4)

µHB = µHB,1 + µHB,2 + µHB,3 = µmax,HB
S OC

KHB,OC + S OC

S O2

KHB,O2 + S O2

S NH4

KHB,NH4 + S NH4

+β1µmax,HB
KHB,O2

KHB,O2 + S O2

S OC

KHB,OC + S OC

S NO3

KHB,NO3 + S NO3

S NO3

S NO2 + S NO3

S NH4

KHB,NH4 + S NH4

+β2µmax,HB
KHB,O2

KHB,O2 + S O2

S OC

KHB,OC + S OC

S NO2

KHB,NO2 + S NO2

S NO2

S NO2 + S NO3

S NH4

KHB,NH4 + S NH4

,

(S.5)

where µmax,i is the maximum growth rate for biomass i, Ki is the affinity constant of the consumed
substrate for biomass i, and kd,i is the decay constant for biomass i, β1 and β2 are the reduction factors
for denitrification.

The formation rate of inactive biomass is given by the sum of decay rates of each active species,
modelled as first order kinetics:

rM,I =
∑

i

fi kd,i, i ∈ {AOB, AMX,NOB,HB}. (S.6)

The specific growth rates due to planktonic species ri, with i ∈ {AOB, AMX, NOB,HB}, are defined
as:

rAOB = kcol,AOB
ψAOB

ρ

S NH4

KAOB,NH4 + S NH4

S O2

KAOB,O2 + S O2

, (S.7)

rAMX = kcol,AMX
ψAMX

ρ

KAMX,O2

KAMX,O2 + S O2

S NH4

KAMX,NH4 + S NH4

S NO2

KAMX,NO2 + S NO2

, (S.8)

rNOB = kcol,NOB
ψNOB

ρ

S NO2

KNOB,NO2 + S NO2

S O2

KNOB,O2 + S O2

S NH4

KNOB,NH4 + S NH4

, (S.9)

rHB = kcol,HB
ψHB

ρ

( S OC

KHB,OC + S OC

S O2

KHB,O2 + S O2

S NH4

KHB,NH4 + S NH4

+
S NO3

S NO2 + S NO3

KHB,O2

KHB,O2 + S O2

S OC

KHB,OC + S OC

S NO3

KHB,NO3 + S NO3

S NH4

KHB,NH4 + S NH4

+
S NO2

S NO2 + S NO3

KHB,O2

KHB,O2 + S O2

S OC

KHB,OC + S OC

S NO2

KHB,NO2 + S NO2

S NH4

KHB,NH4 + S NH4

)
,

(S.10)
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where kcol,i is the maximum colonization rate of motile species i.
The conversion rates of planktonic species rψ,i are expressed by:

rψ,i = −
1

Yψ,i
ri ρ, i ∈ {AOB, AMX,NOB,HB}, (S.11)

where Yψ,i denotes the yield of non-motile species i on the corresponding motile species. While, the
conversion rates for soluble substrates within the biofilm rS , j, with j ∈ {NH4,NO2,NO3,OC,O2}, are
listed below [46]:

rS ,NH4 =

((
−

1
YAOB

− iN,B

)
µAOB fAOB +

(
−

1
YAMX

− iN,B

)
µAMX fAMX

− iN,B

(
µNOB fNOB + µHB,1 fHB + µHB,2 fHB + µHB,3 fHB

))
ρ,

(S.12)

rS ,NO2 =

( 1
YAOB

µAOB fAOB −

( 1
YAMX

+
1

1.14

)
µAMX fAMX

−
1

YNOB
µNOB fNOB −

(
1 −

1
YHB

) 1
1.14

µHB,2 fHB +

(
1 −

1
Y4

) 1
1.72

µHB,3 fHB

)
ρ,

(S.13)

rS ,NO3 =

( 1
1.14

µAMX fAMX +
1

YNOB
µNOB fNOB +

(
1 −

1
YHB

) 1
1.14

µHB,2 fHB

)
ρ, (S.14)

rS ,OC = −
1

YHB

(
µHB,1 fHB + µHB,2 fHB + µHB,3 fHB

)
ρ, (S.15)

rS ,O2 =

((
1 −

3.43
YAOB

)
µAOB fAOB +

(
1 −

1.14
YNOB

)
µNOB fNOB +

(
1 −

1
YHB

)
µHB,1 fHB

)
ρ, (S.16)

where YAOB is the yield of AOB on NH4, YAMX is the yield of AMX on NH4, YNOB is the yield of NOB
on NO2 and YHB is the yield of HB on OC.

Moreover, the conversion rates of planktonic biomasses r∗ψ,i within the bulk liquid are defined as:

r∗ψ,i = ψ∗i (µ∗i − kd,i), i ∈ {AOB, AMX,NOB,HB}, (S.17)

µ∗AOB = µmax,AOB

S ∗NH4

KAOB,NH4 + S ∗NH4

S O2

KAOB,O2 + S O2

, (S.18)

µ∗AMX = µmax,AMX
KAMX,O2

KAMX,O2 + S O2

S ∗NH4

KAMX,NH4 + S ∗NH4

S ∗NO2

KAMX,NO2 + S ∗NO2

, (S.19)

µ∗NOB = µmax,NOB

S ∗NO2

KNOB,NO2 + S ∗NO2

S O2

KNOB,O2 + S O2

S ∗NH4

KNOB,NH4 + S ∗NH4

, (S.20)

µ∗HB = µ∗HB,1 + µ∗HB,2 + µ∗HB,3 = µmax,HB
S ∗OC

KHB,OC + S ∗OC

S O2

KHB,O2 + S O2

S ∗NH4

KHB,NH4 + S ∗NH4

+β1µmax,HB

S ∗NO3

S ∗NO2
+ S ∗NO3

KHB,O2

KHB,O2 + S O2

S ∗OC

KHB,OC + S ∗OC

S ∗NO3

KHB,NO3 + S ∗NO3

S ∗NH4

KHB,NH4 + S ∗NH4

+β2µmax,HB

S ∗NO2

S ∗NO2
+ S ∗NO3

KHB,O2

KHB,O2 + S O2

S ∗OC

KHB,OC + S ∗OC

S ∗NO2

KHB,NO2 + S ∗NO2

S ∗NH4

KHB,NH4 + S ∗NH4

,

(S.21)
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while, the conversion rates of soluble substrates r∗S , j, with j ∈ {NH4,NO2,NO3,OC}, within the bulk
liquid are listed below:

r∗S ,NH4
=

((
−

1
YAOB

− iN,B

)
µAOBψ

∗
AOB +

(
−

1
YAMX

− iN,B

)
µAMXψ

∗
AMX

− iN,B

(
µNOBψ

∗
NOB + µHB,1ψ

∗
HB + µHB,2ψ

∗
HB + µHB,3ψ

∗
HB

))
,

(S.22)

r∗S ,NO2
=

( 1
YAOB

µAOBψ
∗
AOB −

( 1
YAMX

+
1

1.14

)
µAMXψ

∗
AMX

−
1

YNOB
µNOBψ

∗
NOB −

(
1 −

1
YHB

) 1
1.14

µHB,2ψ
∗
HB +

(
1 −

1
YHB

) 1
1.72

µHB,3ψ
∗
HB

)
,

(S.23)

r∗S ,NO3
=

( 1
1.14

µAMXψ
∗
AMX +

1
YNOB

µNOBψ
∗
NOB +

(
1 −

1
YHB

) 1
1.14

µHB,2ψ
∗
HB

)
, (S.24)

r∗S ,OC = −
1

YHB

(
µHB,1ψ

∗
HB + µHB,2ψ

∗
HB + µHB,3ψ

∗
HB

)
, (S.25)

The values used for all stoichiometric and kinetic parameters are reported in Supplementary Table
S1.
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Table S1. Kinetic, stoichiometric and operating parameters used for numerical simulations.
Parameter Definition Unit Value Ref
µmax,AOB Maximum specific growth rate for AOB d−1 2.05 [46]
µmax,AMX Maximum specific growth rate for AMX d−1 0.08 [46]
µmax,NOB Maximum specific growth rate for NOB d−1 1.45 [46]
µmax,HB Maximum specific growth rate for HB d−1 6.0 [46]
kd,AOB Decay-inactivation rate for AOB d−1 0.0068 [46]
kd,AMX Decay-inactivation rate for AMX d−1 0.00026 [46]
kd,NOB Decay-inactivation rate for NOB d−1 0.004 [46]
kd,HB Decay-inactivation rate for HB d−1 0.06 [46]
KAOB,NH4 NH4 affinity constant for AOB gN m−3 2.4 [46]
KAOB,O2 O2 affinity constant for AOB gO2 m−3 0.6 [46]
KAMX,NH4 NH4 affinity constant for AMX gN m−3 0.07 [46]
KAMX,NO2 NO2 affinity constant for AMX gN m−3 0.05 [46]
KAMX,O2 O2 inhibiting constant for AMX gO2 m−3 0.01 [46]
KNOB,NH4 NH4 affinity constant for NOB gN m−3 0.1 [46]
KNOB,NO2 NO2 affinity constant for NOB gN m−3 5.5 [46]
KNOB,O2 O2 affinity constant for NOB gO2 m−3 2.2 [46]
KHB,NH4 NH4 affinity constant for HB gN m−3 0.1 [46]
KHB,NO2 NO2 affinity constant for HB gN m−3 0.5 [46]
KHB,NO3 NO3 affinity constant for HB gN m−3 0.5 [46]
KHB,OC OC affinity constant for HB gCOD m−3 4.0 [46]
KHB,O2 O2 affinity/inhibiting constant for HB gO2 m−3 0.2 [46]
YAOB AOB yield on NH4 gCOD gN−1 0.150 [46]
YAMX AMX yield on NH4 gCOD gN−1 0.159 [46]
YNOB NOB yield on NO2 gCOD gN−1 0.041 [46]
YHB HB yield on O2 gCOD gCOD−1 0.63 [46]
iN,B N content of biomass gN gCOD−1 0.07 [46]
β1 Reduction factor for denitrification NO3 − NO2 −− 0.8 [46]
β2 Reduction factor for denitrification NO2 − N2 −− 0.8 [46]
kcol,i Maximum colonization rate of ith planktonic species d−1 0.02 (a)
Yψ,i Yield of non-motile microorganisms on motile species −− 0.02 (a)
DS ,NH4 Diffusion coefficient of NH4 in biofilm m2 d−1 1.49 · 10−4 [39]
DS ,NO2 Diffusion coefficient of NO2 in biofilm m2 d−1 1.12 · 10−4 [28]
DS ,NO3 Diffusion coefficient of NO3 in biofilm m2 d−1 1.12 · 10−4 [28]
DS ,OC Diffusion coefficient of OC in biofilm m2 d−1 0.83 · 10−4 [39]
DS ,O2 Diffusion coefficient of O2 in biofilm m2 d−1 1.75 · 10−4 [39]
Dψ,i Diffusion coefficient of ith planktonic species in biofilm m2 d−1 10−5 (a)
va,AOB Attachment velocity of AOB planktonic species m d−1 3.75 · 10−3 (a)
va,AMX Attachment velocity of AMX planktonic species m d−1 0 (a)
va,NOB Attachment velocity of NOB planktonic species m d−1 3.75 · 10−3 (a)
va,HB Attachment velocity of HB planktonic species m d−1 3.75 · 10−3 (a)
ρ Biofilm density gCOD m−3 25000 (a)
λ Detachment coefficient m−1 d−1 25 (a)
V Reactor volume m3 400 (a)
Q Volumetric flow rate m3 d−1 2000 (a)
NG Number of granules in the reactor −− 2.4 · 1010 (a)
S O2 Oxygen level in the bulk liquid gO2 m−3 0.75 (a)
(a) Assumed
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